
Extract from Part III Essay

Here we outline the BSSN formalism and on Pages 3-4 show strong hyperbolicity inD-dimensions,
which we have not seen elsewhere in the literature. To give a more self-contained presentation, we
first combine a few sections concerning the derivation of the BSSN equations.

BSSN Formalism

We now turn to the most successful solution to the ADM instability problem, namely the BSSN
method developed by Baumgarte and Shapiro [1] and Shibata and Nakamura [2]. Their method
uses the conformal transformation of the induced metric

γ̃ij = e−4φhij . (0.1)

where the D-dimensional spacetime has been foliated as ds2 = −α2dt2+hij(dx
i+βidt)(dxj+βjdt).

Lichnerowicz (1944) and York (1971) were the first to use such a decomposition1 in their studies
of the time evolution problem.

A conformal equivalence class is the set of all metrics that can be related to a given metric by
a conformal transformation. We choose a representative of a conformal equivalence class having
unit-determinant det γ̃ij ≡ γ̃ = 1. This gives one degree of freedom in φ and D(D−1)/2−1 degrees
of freedom in γ̃ij. This choice implies ∂iφ = 1

2(D−1)Γ
j
ij where Γjik are the connection coefficients

associated with hij. We can relate the connections for the two metrics hij and γ̃ij by

Γijk = Γ̃ijk − 2
(
δij∂kφ+ δik∂jφ− γ̃ilγ̃jk∂lφ

)
,

where Γ̃ijk are the connection coefficients for γ̃ij. The extrinsic curvature can be decomposed into
its trace and trace-free part as Kij ≡ K

D−1hij + Aij. It will be useful to conformally transform the
trace-free part as

Ãij ≡ e−4φAij = e−4φ
(
Kij −

K

D − 1
hij
)
.

Then hijAij = γ̃ijÃij = 0 and also KijK
ij = AijA

ij + K2

D−1 = ÃijÃ
ij + K2

D−1 .

Using this conformal decomposition, the constraint equations for BSSN can be read off from the
conformal ADM equations [3]

R +
D − 2

D − 1
K2 − ÃijÃij = 16πGDρ ,

∂iÃ
ij + Γ̃jikÃ

ik − D − 2

D − 1
γ̃ij∂iK + 2(D − 1)Ãij∂iφ = 8πGDγ̃

ijpj .

The choice γ̃ = 1 also implies γ̃ij = h−
1

D−1hij and hence the conformal metric and the conformal
factor e−4φ are tensor densities of weight W = −2/(D − 1). For a tensor density T = hW/2T the
Lie derivative becomes

LnT = (LnT )|W=0 +WT ∂ini .
1There are different conventions for the conformal factor in the literature. For example Lichnerowicz actually

used Ψ−4 as the conformal factor.
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For example the conformal metric transforms as

Lβγ̃ij = βk∂kγ̃ij + γ̃ik∂jβ
k + γ̃jk∂iβ

k − 2

D − 1
γ̃ij∂kβ

k .

Hence the evolution equations for the BSSN variables (φ,K, γ̃ij, Ãij) can be found from the con-
formal ADM equations

∂tφ = − 1

2(D − 1)
(αK − ∂iβi) + βi∂iφ ,

∂tK = −DiD
iα + α

(
ÃijÃij +

K2

D − 1

)
+

8πα

D − 2

(
(D − 3)ρ+ S

)
+ βi∂iK ,

∂tγ̃ij = −2αÃij + βk∂kγ̃ij + γ̃ik∂jβ
k + γ̃jk∂iβ

k − 2

D − 1
∂kβ

kγ̃ij ,

∂tÃij = e−4φ{−DiDjα + αRij − 8πSijα}TF + α(KÃij − 2ÃikÃ
k
j )

+ βk∂kÃij + Ãik∂jβ
k + Ãkj∂iβ

k − 2

D − 1
∂kβ

kÃij ,

where TF denotes the trace-free part with respect to the physical metric hij, e.g., RTF
ij = Rij −

R
D−1hij. The Ricci tensor can be decomposed as Rij = R̃ij + Rφ

ij, where R
φ
ij contains terms that

depend on φ and

R̃ij ' −
1

2
(γ̃kl∂k∂lγ̃ij + γ̃ik∂j∂kγ̃

kl + γ̃jk∂i∂lγ̃
kl) ,

where ' indicates that we only keep the derivatives of highest order, that is the principal part. The
first term is elliptic (since γ̃ is the spatial metric), however the other two terms are of indefinite
type. To restore ellipticity, Baumgarte and Shapiro2 introduced the D − 1 auxiliary variables

Γ̃i ≡ γ̃jkΓ̃ijk = −∂j γ̃ij .

which are treated as independent variables to γ̃. In terms of these new variables we now have the
elliptic equation

R̃ij '
1

2
(−γ̃kl∂k∂lγ̃ij + γ̃ik∂jΓ̃

k + γ̃jk∂iΓ̃
k) ' −1

2
γ̃kl∂k∂lγ̃ij .

Although there is enough gauge freedom to set Γ̃i = 0, we instead fix the D − 1 shift components
βi and evolve the Γ̃i according to the equation

∂tΓ̃
i = −∂j

(
Lβγ̃ij

)
− 2

(
α∂jÃ

ij + Ãij∂jα
)
.

From this equation we can see clearly that βi and Γ̃i cannot both be fixed. Expanding the Lie
derivative gives

(∂t − βj∂j)Γ̃i = γ̃jk∂j∂kβ
i +

1

D − 1
γ̃ij∂j∂kβ

k − Γ̃j∂jβ
i

+
2

D − 1
Γ̃i∂jβ

j − 2(α∂jÃ
ij + Ãij∂jα) .

2Shibata and Nakamura introduced a similar variable Fi ≡ ∂j γ̃ij which at the linear order also fixes the problem.
This satisifies Fi = γ̃ijΓ̃

j − (γ̃jk − f jk)Dkγ̃ij where f is some flat reference metric that needs to be used in their
formalism.
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The momentum constraint can be used to remove the divergence term ∂jÃ
ij, giving

∂tΓ̃
i = −2Ãij∂jα + 2α

(
Γ̃ijkÃ

jk − D − 2

D − 1
γ̃ij∂jK − 8πγ̃ijpj + 2(D − 1)∂jφÃ

ij
)

+ βj∂jΓ̃
i − Γ̃j∂jβ

i +
2

D − 1
Γ̃i∂jβ

j +
D − 3

D − 1
γ̃ik∂k∂jβ

j + γ̃jk∂k∂jβ
i .

Combined with the constraint equations above, the remaining constraints are

Γ̃i + ∂j γ̃
ij = 0 , γ̃ijÃij = 0 , γ̃ = 1 .

Well-posedness of BSSN

The BSSN formalism was first shown to be strongly hyperbolic in [4] for D = 4. We shall now give
a proof of strong hyperbolicity for BSSN in general D-dimensions by adding a factor of ξ times
the momentum constraints to the evolution equation for Γ̃i. This is an extension of the D = 4
example given in [3]. Start by introducing new variables

ai ≡ ∂i lnα, d̃ijk ≡
1

2
∂iγ̃jk, Φi ≡ ∂iφ , (0.2)

so the principal parts of the evolution equations become first order in time. Defining ∂0 ≡ ∂t−βi∂i
we let the lapse evolve through the equation ∂0α = −α2f(α)K for some non-negative function
f(α). This is called the Bona-Masso slicing condition [5]. The principal parts of the BSSN
evolution equations then become

∂0ai ' −αf∂iK ,

∂0d̃ijk ' −αdiÃjk ,

∂0Φi ' −
1

2(D − 1)
α∂iK ,

∂0Ãij ' −αe−4φ∂kΛ̃k
ij ,

∂0K ' −αe−4φ∂iai ,

∂0Γ̃
i ' α(ξ − 2)∂jÃ

ij + ξ
D − 2

D − 1
γ̃ik∂kK ,

where

Λ̃k
ij = d̃kij + δk(i

(
aj) − Γ̃j) + 2(D − 3)Φj)

)
− 1

D − 1
γ̃ij

(
ak − Γ̃k + 2(D − 3)Φk

)
.

Note that because we are only considering the principal part, this analysis holds for non-vacuum
and vacuum spacetimes.

We now look for characteristic variables wa that evolve via the advection equation ∂twa+λa∂xwa '
0 with characteristic speed λa. These variables must be formed by linear combinations of the
(D − 1)(2 + D2

2
) variables (ai,Φi, d̃ijk, K, Ãij, Γ̃

i). In particular we only consider derivatives along
the x-direction, since the tensor structure of the BSSN equations ensures that all spatial directions
have the same form.

We find that the (D − 1)(D(D−2)
2

+ 2) fields

aq , Φq , d̃qij , ax − 2(D − 1)fΦx , Γ̃i + (ξ − 2)d̃j
ji − 2(D − 2)ξγ̃ikΦk ,
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propagate with speed λ = −βx where q 6= x. For the remaining fields, we use the observation that
for functions u1, u2 which satisfy the coupled equations ∂tu1 = a∂xu2 and ∂tu2 = b∂xu1, the system
will have characteristic variables w± = u1 ∓

√
a
b
u2 with propagation speeds λ = ±

√
ab.

For example the pair of equations ∂0ax = −αfγ̃xx∂xK and ∂xK = −αe−4φ∂xax define two charac-
teristic variables

e2φ
√
fγ̃xxK ∓ ax with speeds λ± = −βx ± αe−2φ

√
fγ̃xx .

The need for f(α) ≥ 0 becomes clear here, as we must have real characteristic speeds. The
remaining variables are found to be

e2φ
√
γ̃xx(ξ/2)Ãxq ∓ Λ̃xx

q , λ± = −βx ± αe−2φ
√
γ̃xx(ξ/2) ,

e2φ
√
γ̃xx
(
Ãpq + SpqÃ

xx
)
∓
(

Λ̃x
pq + SpqΛ̃

xxx
)
, λ± = −βx ± αe−2φ

√
γ̃xx ,

(Λ̃xxx − D−2
D−1 γ̃

xxãx)∓ ρ(Ãxx − D−2
D−1 γ̃

xxK) , λ± = −βx ± e−2φα
√
γ̃xx 3−D+ξ(D−2)

D−1 ,

where Spq = γ̃pq
γ̃xx(D−2) and ρ = e2φ

√
γ̃xx 3−D+ξ(D−2)

D−1 .

In order to have strong hyperbolicity we must find (D − 1)(2 + D2

2
) characteristic variables. The

first and last equations here are for 2(D − 2) and 2 variables respectively. The middle equation is
for D(D − 3) variables because the variables are symmetric and surface trace-free, which means
trace-free with respect to the metric induced by γ̃ij on the D − 1 dimensional slices spanned by
xp. Summing these up we find we get the required number of variables.

Most importantly the characteristic speeds must be real to ensure strong hyperbolicity, which
means we must have

ξ >
D − 3

D − 2
.

In the D = 4 case this reduces to the condition ξ > 1/2 as given in [3]. Indeed the choice ξ > 1
will always give a strongly hyperbolic system in any number of dimensions, which accommodates
for the standard choice of ξ = 2 in 4 dimensions.
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