Extract from Part III Essay

Here we outline the BSSN formalism and on Pages 3-4 show strong hyperbolicity in D-dimensions,
which we have not seen elsewhere in the literature. To give a more self-contained presentation, we
first combine a few sections concerning the derivation of the BSSN equations.

BSSN Formalism

We now turn to the most successful solution to the ADM instability problem, namely the BSSN
method developed by Baumgarte and Shapiro [1| and Shibata and Nakamura [2]. Their method
uses the conformal transformation of the induced metric

;?ij = 6_4¢hij . (O].)

where the D-dimensional spacetime has been foliated as ds? = —a?dt*+ h;;(dz'+ 'dt) (dz? + (7 dt).
Lichnerowicz (1944) and York (1971) were the first to use such a decomposition® in their studies
of the time evolution problem.

A conformal equivalence class is the set of all metrics that can be related to a given metric by
a conformal transformation. We choose a representative of a conformal equivalence class having
unit-determinant det 7;; = 4 = 1. This gives one degree of freedom in ¢ and D(D—1)/2—1 degrees

1 J

of freedom in 7;;. This choice implies 0;¢p = mr{j where I'/, are the connection coefficients

associated with h;;. We can relate the connections for the two metrics h;; and 7;; by
e =Dl — 2(850k0 + 00,0 — F'5,x00)

where I'j, are the connection coefficients for 7;;. The extrinsic curvature can be decomposed into

its trace and trace-free part as K;; = %hi]‘ + A;;. It will be useful to conformally transform the

trace-free part as
K

Al] = 674¢Ai]’ = 674¢ (Kl — mh”) .

D-1 —

Using this conformal decomposition, the constraint equations for BSSN can be read off from the
conformal ADM equations [3]
D -2 -

R + mK2 - Aiinj = 167TGDp,

e e .. D-—9 o g
GZ-A” + FZkAzk — D— 1’7”81K + 2(D — 1)A”(9@q§ = 87TGD’~)/ZJpj .

The choice 7 = 1 also implies ¥;; = BT h;; and hence the conformal metric and the conformal
factor e~*¢ are tensor densities of weight W = —2/(D — 1). For a tensor density 7 = h"V/?T the
Lie derivative becomes

IThere are different conventions for the conformal factor in the literature. For example Lichnerowicz actually
used ¥~* as the conformal factor.




For example the conformal metric transforms as

. - - 2
LsTiy = B0y + 30 B* + A0:8" — m%’j@kﬁk :

Hence the evolution equations for the BSSN variables (¢, K, 7;;, A;;) can be found from the con-
formal ADM equations

=~  (aK —0: % 19
WK =—-D;D'o+ a(flijA» + K > + sma ((D —3)p+ S> + oK
’ Y D-1) D-2 o
. ~ . . . 2 .
Ocvij = —2aAy; + BOFi; + 30,8 + A0 " — D— 18’“5k%ij :

8t/1ij = 6_4¢{—DiD]’O{ + CYRZ']' — 8’/TSZ']'CY}TF + CY(KAij - 2/211]6/1?)

~ ~ ~ 2
+ 850k Aij + A0; B + Ay 0,87 — D_1

8kﬁkleij ;

where TF denotes the trace-free part with respect to the physical metric h;;, e.g., Rg;F = Rij —

¢

i;» Where Rfj contains terms that

%hij. The Ricci tensor can be decomposed as R;; = Rij + R
depend on ¢ and

_ 1 o o i
R;j ~ _5(7klakal%‘j + ik 007 + Ak 0:0F)

where ~ indicates that we only keep the derivatives of highest order, that is the principal part. The
first term is elliptic (since 7 is the spatial metric), however the other two terms are of indefinite
type. To restore ellipticity, Baumgarte and Shapiro? introduced the D — 1 auxiliary variables

P = 94F, = 0,310

which are treated as independent variables to 4. In terms of these new variables we now have the
elliptic equation

1, . - A RS 1. -
R;; ~ 5(—’Yklakal%'j + 30T + 5 0T) ~ —§’Yklakaz%'j :

Although there is enough gauge freedom to set I = 0, we instead fix the D — 1 shift components
$¢ and evolve the I'* according to the equation

8tfi = —8j (Eﬂ,?zg) — 2 (aainj + Aijﬁja) .

From this equation we can see clearly that §° and I cannot both be fixed. Expanding the Lie
derivative gives

(0; — B1O,)T" = 77%0,0,8" + 51
2

+ mf”@jﬁ” — 2(0483'1427‘ -+ flij@ja) .

770,00" — T90;8"

2Shibata and Nakamura introduced a similar variable F; = &7 ¥i; which at the linear order also fixes the problem.

This satisifies F; = 4;;T7 — (/% — f7%)Dy4;; where f is some flat reference metric that needs to be used in their
formalism.



The momentum constraint can be used to remove the divergence term 8]/1” , giving

~ . ~ . ~ o~ D—2 . . ~. .
O = ~2499;0 + 2a (T3 A" — 70K — 877p; +2(D — 1)9;047)
o~ ~ . , 2 <. ) D — ) ) ) )
+ ﬁfc‘?jl" - Fjajﬁl + mlﬂajﬁj + D—_i):}/makajﬁj + ’V’“&,ﬁjﬂl .

Combined with the constraint equations above, the remaining constraints are

I'+047 =0, 49A;=0, =1,

Well-posedness of BSSN

The BSSN formalism was first shown to be strongly hyperbolic in [4] for D = 4. We shall now give
a proof of strong hyperbolicity for BSSN in general D-dimensions by adding a factor of £ times
the momentum constraints to the evolution equation for I'*. This is an extension of the D = 4
example given in [3|. Start by introducing new variables
- 1

a; =0;Ina, d;j; = 5@-%, O, = 0,0, (0.2)
so the principal parts of the evolution equations become first order in time. Defining 9y = 9, — 3°0;
we let the lapse evolve through the equation dyo = —a?f(a)K for some non-negative function
f(a). This is called the Bona-Masso slicing condition [5]. The principal parts of the BSSN
evolution equations then become

Oa; ~ —afo, K, Bo Ay ~ —046_4¢5k/~\fj,
5oCZijk; o~ —Oédizzljk:, O K ~ —a6_4¢8iai,
0, = — e ool = al€ — 2)0, A0 + €223k K

where

- - - 1 _
Note that because we are only considering the principal part, this analysis holds for non-vacuum
and vacuum spacetimes.

We now look for characteristic variables w, that evolve via the advection equation 0w, + A\ O, w, =~
0 with characteristic speed )\,. These variables must be formed by linear combinations of the
(D—-1)(2+ %2) variables (a;, ®;, dijr, K, A;;, T?). In particular we only consider derivatives along
the z-direction, since the tensor structure of the BSSN equations ensures that all spatial directions
have the same form.

We find that the (D — 1)(22=2) 1 9) fields

ag, O, dgij, az —2(D = 1) [y, T + (£ = 2)d;7" — 2(D — 2)€7"* Py,

3



propagate with speed A\ = — (3% where ¢ # x. For the remaining fields, we use the observation that
for functions uq, us which satisfy the coupled equations 0;u; = ad,us and dyus = b0, uq, the system
will have characteristic variables wy = uq F \/%Ug with propagation speeds A = v ab.

For example the pair of equations dya* = —a f3**9,K and 0, K = —ae *?0,a® define two charac-
teristic variables

e*\/fA**K T a® with speeds Ay = —f% 4+ ae 2?/ f3.

The need for f(a) > 0 becomes clear here, as we must have real characteristic speeds. The
remaining variables are found to be

/77 (E[2) A%y F A7 Ai = —f" + ae /37 (¢/2),

e\ /3% <A pg + Squlm> = ([\‘” + Spqﬁx’”"”) , = —f3% & e 2\ /757
(szx_g_:y ~ >:Fp(A:cJ:_D 1,waK) :_ﬁm:l:e 2(1506\/717373 D+§D 2)7
where S, = = Z’”’ and p = €% \/fy”%_(f)_z).

In order to have strong hyperbolicity we must find (D — 1)(2 + %2) characteristic variables. The
first and last equations here are for 2(D — 2) and 2 variables respectively. The middle equation is
for D(D — 3) variables because the variables are symmetric and surface trace-free, which means
trace-free with respect to the metric induced by 7;; on the D — 1 dimensional slices spanned by
xP. Summing these up we find we get the required number of variables.

Most importantly the characteristic speeds must be real to ensure strong hyperbolicity, which
means we must have

D -3
> —.
¢ D -2
In the D = 4 case this reduces to the condition { > 1/2 as given in [3]. Indeed the choice & > 1
will always give a strongly hyperbolic system in any number of dimensions, which accommodates

for the standard choice of £ = 2 in 4 dimensions.
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