Partial Solutions for Exercises in
Where do Numbers Come From?
DRAFT C

T. W. Korner

When I was young, I used to be surprised when the answer in the back of
the book was wrong. I could not believe that the wise and gifted people who
wrote textbooks could possibly make mistakes. I am no longer surprised.

Here are what I believe to be sketch solutions to the bulk of the exer-
cises. They may be considered proof that the chef has tasted the dishes he
supplied. However the reader should note the following warnings.

(1) Much less care has been put into writing and checking the sketch
solutions than into writing and checking the main book.

(2) There is substantial variation in the amount of detail supplied. These
are sketch solutions — not model solutions.

(3) There are often several ways of proving a result. If your proof differs
greatly from the one supplied, try to understand why the two proofs differ,
but do not ask if one is ‘better’ than the other.

I would appreciate the opportunity to remedy problems. Please tell me of
any errors, unbridgeable gaps, misnumberings etc. I welcome suggestions
for additions.

ALL COMMENTS AND CORRECTIONS GRATEFULLY RECEIVED.

If you can, please use IfTEX 2¢ or its relatives for mathematics. If not,
please use plain text. My e-mail is twk@dpmms.cam.ac.uk. You may
safely assume that I am both lazy and stupid, so that a message saying
‘Presumably you have already realised the mistake in Exercise Z’ is less
useful than one which says ‘I think you have made a mistake in Exercise
Z because you have assumed that the sum is necessarily larger than the
integral. One way round this problem is to assume that f is decreasing.’

It may be easiest to navigate this document by using the table of contents
which follow on the next few pages. To avoid disappointment, observe that
those exercises marked % have no solution given.
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Exercise 1.1.1

Using commutativity, the distribution law and commutativity again,

b+co)xa=axb+c)=(@@xb)+(axc)=(bxa)+(cXa).

Exercise 1.1.2

(1) We have
aBb=2X(a+b)=2%x(b+a)=bHa.

(i1) We have

axXbaEc)=ax2xb+c)=@x2)xb+c)=2xa)x(b+c)
=(2xXa)xXb)+((2xa)Xxc)=2x((axb))+ 2 x(axc))
= (axb)@ (aXoc).

(iii) Take a = 1, b = 2, ¢ = 3. We have
1B2E3)=1810=22,

but
(1m2)m3=6m3=18.
Exercise 1.2.1
(1) We have

a B vy
45 103

22 206 103
11 412

5 824 412
2 1648 824
1 3296

We have 3296 + 824 + 412 + 103 = 4635.
(i1) See Exercise 4.3.15.



Exercise 1.2.2%

See Exercise 4.3.14.

ExEercise 1.3.1

The commutative law of multiplication and the equation labelled ‘One is
a unit’ give

aXl=1Xxa=a.

ExEercise 1.3.2

(Note that this is a special case of Theorem 5.1.13 with p = 2.)
Commutative laws a + b = b + a, a X b = b X a by inspection.
Associative law of addition,

1 if odd number of a, b, ¢ take value 1,
a+((b+c)= )
0 otherwise,

1 if odd number of a, b, ¢ take value 1,
(a+b)+c= .
6 otherwise,

soa+((b+c)=(a+b)+c.

Associative law of multiplication, a X (b X ¢) = 6 = (a X b) X ¢ unless
a=b=c=1,butthenax (bxc)=1=(@xb)Xc.

1 is a multiplicative unit.
Distributive law
OXb+c)=0=0+0=(0@xb)+ (@ Xc)
IXb+c)=b+c=(10xb)+(1 Xc)



10

Exercise 1.3.5

0=0+6,s000380.
I1=60+1,s01056.
f=1+1,506005 1.
1=1+6,s01 1.

Exercrise 1.3.6

Suppose (i) and (ii) hold.

(HDIfa>band b > aand a # b, thena > b and b > a which is is
impossible by (i).

2)Ifa>band b > c, then, if a = b, we have a > ¢ and, if b = ¢, we
havea > c. Ifa # band b # ¢, thena > b and b > ¢ so, by (ii), a > ¢
whence a > c.

(3) By trichotomy (that is to say, by (i1)), a > bsoa > b, or a = b, so
a>borb>a,sob>a.

(4) Follows from trichotomy.

Suppose (1), (2), (3) and (4) hold.

(1) If a > b and b > c, then, certainly,a > band b > csoa >c. Ifa=c,
thena > b and b > a so a = b, by (1), which is excluded by the condition
a>b. Thus a > c.

(i1) By (3), we know that at least one of the three conditions a > b, a = b
or b > a holds.

By (4), the two conditions a > b and a = b cannot hold together and the
two conditions b > a and a = b cannot hold together. If a > b and b > a,
thena > b and b > a so, by (1), a = b and we know, by (4), that the two
conditions a > b, a = b cannot hold together. Thus at most one of the three
conditions a > b, a = b or b > a holds
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ExEercise 1.3.7

By trichotomy, exactly one of the following is true
a=bora>borb>a.

If a = bora > b, set max{a,b} = a, min{a,b} = b. Otherwise, set
max{a, b} = b, min{a, b} = a.

We now observe that, if a = bora > b,

max{a, b} + min{a,b} =a+ b
and, otherwise,
max{a, b} + min{a,b} =b+a=a+b

(using the commutative law of addition).

Exercise 1.3.10

(i) If a > b, then a X ¢ > b X ¢ and, by trichotomy, a X ¢ # b X c.
Similarly, if b > a, then b X ¢ > a X ¢ and, by trichotomy, a X ¢ # b X c.
Since a X ¢ = b X ¢, trichotomy tells us that a = b.

(iii) If a = b, then a + ¢ = b + ¢ which is impossible by trichotomy. If
b > a, then b + ¢ > a + ¢ which is impossible by trichotomy. Thus, by
trichotomy, a > b.

(iv) If a = b, then a X ¢ = a X b which is impossible by trichotomy. If
b > a, then b X ¢ > a X ¢ which is impossible by trichotomy. Thus, by
trichotomy, a > b.

Exercise 2.1.1

9 7 3

5 6 2 X
59 8 1
4 7 2 2
8 5 7
534001

One hundred thousand four hundred and thirty five. (Please pass the as-
pirin.)
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EXxERcisE 2.1.2

Two quadrillion, one hundred and forty trillion, six hundred and seventy
six billion, nine hundred and twelve million, nine hundred and twenty six
thousand nine hundred and twenty seven.

Perhaps:- Count the number of digits. If your expression is (3 X r) + k
digits long with 3 > k > 0, group it as

AA, ... A

where the group A, is k digits long and each other group is 3 digits long.
Translate A, into words as B, where we suppress initial zeros unless all the
entries are zeros in which case we omit the words entirely. Now say ‘B,
r-illion, B,_; r — 1-illion, ... B, million, B; thousand and By’.

I am sure the reader can to better.

ExEercise 2.1.3

(1) In octal, 153 + 672 = 1045, 53 x 72 = 4676.

(i1) 104 in decimal is 110100 in binary.
10011 in binary is 35 in decimal.

Exercise 2.1.4%

Exercise 2.1.5%
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ExErcise 2.2.1

= is reflexive, symmetric and transitive.
> is reflexive and transitive, but not symmetric (3 > 2, but 2 # 3).

> is not reflexive (1 # 1) and not symmetric (3 > 2, but 2 # 3), but is
transitive.

EXERCISE 2.2.2
(i) Not reflexive (x + x), not symmetric (x ~ y, but y + x), not transitive
(x ~yandy ~ z, but x » 2).

(i1) Reflexive, not symmetric (x ~ y, but y + x), not transitive (x ~ y and
y ~ z, but x » 2).

(ii1) Not reflexive (x + x), symmetric, not transitive (x ~ y and y ~ x, but
X * X).

(iv) Not reflexive (x + x), not symmetric (x ~ y, buty + x), but transitive.
(v) Not reflexive (z + z), but symmetric and transitive.
(vi) Reflexive, not symmetric (x ~ y but y + x), transitive.

(vii) Reflexive and symmetric, but not transitive (x ~ y and y ~ z, but
X+ 2),

(viii) Reflexive, symmetric and transitive.

EXERcise 2.2.3

If x € X, we can find a y € X such that x ~ y. Since the relation is
symmetric, y ~ x. By transitivity x ~ x.
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EXERcISE 2.2.8

(dx@x f)xc=((dxa)x f)xc
=(dxa)x(fxc)
=(axd)yx(cxf)
=(bXxc)x(exd)
=bx(cX(exd))
=bx((exd)Xc)
=(bx(exd)xc
=((bx(dxe)xc
=((bxd)xe)xc
=((dxb)yxe)xc
=(dx((bxe)xc

(associative law multiplication)
(associative law multiplication)
(commutative law multiplication)
(substitution)

(associative law multiplication)
(commutative law multiplication)
(associative law multiplication)
(commutative law multiplication)
(associative law multiplication)
(commutative law multiplication)

(associative law multiplication)
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EXERcISE 2.2.9

We write = when we use the associative law and = when we use the
A c

commutative law.

((a)(b))(c)xdi(aXb)X(CXd)?(aXb)X(dXC)i((axb))(d)XC)
j(aX(bXd))XCE(aX(de))XCi((aXd)Xb))XC
j((an)Xb))XCi(an)X(bXC)?(an)X(CXb)
f((an)XC)ij(dX(aXC))Xbi(dX(CXa))Xb
j((dXC)Xa)ij(dXC)X(aXb)E(dXC)X(bXa)
j((dXC)Xb)Xa

Exercise 2.2.10

1x4=2x%x2,50][(1,2)] = [(2,4)]. However
[(1+1,2+ D] =[(2,3)]and [((1 +2),2+4)] = [3,6)],
whilst2x 6 =12 #9 =3 X 3 s0
[(1+1,2+ DD # [((1+2),2+4)]

ExXERcise 2.2.12

Using the commutative law of multiplication together with the symmetry
of ~ and %

((axm")y+bxn"),bxm')=((m xa)+ @ xXb),m xXb)
=(m' xd)+ @ xb),m xb)
=@ xm')+ " xn),b" xm).
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ExErcise 2.2.13

Suppose that (a,b) ~ (a’,b’) and (n,m) ~ (n’,m’)soa x b’ = a’ X b and
nxm =mxn

Then, using the associative and commutative laws of multiplication,

(axn)yx(bxm)=ax(n x({bxm)) (associative law)
=ax ((bxm)xn'))) (commutative law)
=ax(bx(mxn")) (associative law)
=aXx(bx(nxm)) (substitution)
=ax ((nxm') x b)) (commutative law)
=aXx (nx(m' x b)) (associative law)
=(axn)x(m' xb) (associative law)
=(axn)xbxm) (commutative law)

Thus

(axn,bxm)~ (axn',bxm).

Similarly (or using commutativity),

(axn',bxm')~ (@ xn',b xm')
so, by the transitivity of ~,

(axn,bxm)~ (a xn',b xm).
Thus we may define

[(a,D)] ® [(n,m)] = [(a X n,bxm)]
unambiguously.

We are thinking of

— X bb' = )
a’ ab’
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ExErcise 2.2.15

(bxm)xa=bx(@axm)

> b X (a' Xm) (1)
=@ xb)yxm
=(@xb)yxm (2)
=" xm)Xxa.

(Step (1) uses the multiplication law for inequalities from lemma 1.3.8. Step
(2) uses the fact that (a,a’) ~ (b,b’). The remaining steps use the associa-
tive and commutative laws of multiplication, sometimes condensing several
steps into one.) The cancellation law for multiplication (see Lemma 1.3.9)
now gives

bxm' >b' xm
as required.
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EXERCcISE 2.3.2

(1) We have, using the commutative laws of addition and multiplication

for N*,

adb=[axb)+((bxdad)ad xb]
[0 xa)+(a xXb),b xd]
[(@ xXb)+ (' xa),b xd]
b®a.

(i1) We have, using the associative laws of addition and multiplication for
N*, together with the left handed and right handed versions of the distribu-
tive law

ad(boc)=[a,d]®[(bx)+(cxb),b x|
=[lax® xc))+@x((bxc)+(cxb)),a x® xc]
=[lax® xc)+ (@ xbxc))+ (@ x(cxb)),a x b xc)]
=[((ax ' x)+ @ xbxc)))+ (@ x(cxb)),a xb xc)]
=[((axb)yxc)+({(a xb)yxc))+({(d xc)xb),(a xb)xc)]
=(adb)dc.

(iii) We have, using the commutative law of multiplication for N*,
a®b=[axb,ad xb'l|=[bxa,b' xa']l=b®a.

(iv) We have, using the associative law of multiplication for N*,
a®(bec)=a®[bxc,b’' Xl =lax(bxc),a x (b xc)]
=[(axb)xc, (@ xb)xc]=[laxb,ad xb'®c
=(a®b)®c

(ix) By trichotomy for N*, exactly one of the following will occur
axb >a xb,d xb>axb oraxb =ada xb.

In other words, exactly one of the following conditions holds: aSborbSa
ora=bh.
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ExERrcisE 2.3.3

Just a word for word copy of the lemmas mentioned in the hint (except
for (b)).

(ix) If a© b and b © c¢ then, by definition, we can find u and v such that
a=>b +u,b = c+v. Using the associative law of addition we have

a=b+u=(+v)+u=c+(v+u),
soagc.

(x) If a © b, then we can find a u such that a = b + u. By the associative
and commutative laws of addition,

adc=(bou)dc=bdudc)=bod(ceu)=(bodc)du
soadcoObdc.

(xi) If aS b, then we can find a u such that a = b @ u. By the distributive
law and the commutative law of multiplication

ac=(boun)®c=cx(bou)=(>cb)d(c®u)=(bec)d(beu)
soacobgec.

(a) By trichotomy we know that exactly one of the following holds: aSb,
bSaorb=a Ifacb,thena®cSb®c and (by trichotomy again)
adc+bdc. Ifb>a thenb®dc >adcandadc # b ®dc. Thus, if
adc=bodc, wehavea=b.

(b)Ifa®c S b®ecthen
a=@ecxc'cdec)xc ' =bh.

ExEercise 3.1.1

In modern notation, the first four girls took

2 1 1 1 73
—+—=+-+=-=—
7 12 6 3 84

of the nuts leaving 11/84 of the original quantity. But there are
204+ 124+ 11+1=44

nuts left over, so the original quantity is

84
11 X 44 = 336.

There were 336 nuts originally.
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ExErcise 3.1.2

In modern notation, we must solve
n*—64n+12x64=0
and, using the standard formula,
64+ V647 —48x 64 64 +8 V64 — 48
2

2
There were 16 or 48 monkeys in the troop.

=32+4V16=32+16

n

Exercise 3.1.3

(1) It is harder than it looks to make up amusing stories, but the quadratic
(n+ 1)(n — 2) = n> — n — 2 associated with the equation n> = n + 2 has one
positive and one negative solution. ‘The square of the troop is the same as
the size of the troop joined by two monkeys’.

(ii) The quadratic (n+ 1)(n+2) = n*+3n+2 associated with the equation
n* +4n + 4 = n + 2 has two negative solutions. Perhaps ‘if two monkeys
leave the square of the troop of monkeys joined with two more monkeys
then the new troop is the same size as the old’.



ExEercise 3.1.4

In modern notation, we must solve
n=1+n/5-3),
that is to say,
25n =25 + (n — 15)?

which yields
n?—55n+10x 5% =0.

Using the standard formula,

55+ V55 40x5 _ 55:5VIIZ-40 _ 5545

2 2
son=50o0rn=>5.

Exercise 3.1.5

In modern notation, we must solve

8+7vVn=n
SO
T\n=n-8
and
49n = n* — 16n + 64
SO

n* - 65n+ 64 = 0.
Using the standard formula, son = 1 or n = 64.

2

b

21

*k

However, although Y% follows from ¥, it is not true that % follows
from Y. Thus the only possible solutions to our initial problem are so
n =1 orn = 64. By substitution we check that n = 1 is not a solution but

n = 64 is.
Looking at thing in different way, we must solve
8+7vVn=n,

son = 11is only a solution to our initial problem if we allow negative square

roots that is to say V1 = —1.
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ExEercise 3.2.1

Reflexive a+ b = a + b, so (a,b) ~ (a,b).

Symmetric If (a, b) ~ (c, d), then, using the commutative law of addition,
c+b=b+c=a+d=d+a

and (c,d) ~ (a, b).

Transitive If (a,b) ~ (c,d) and (c,d) ~ (u,v),thena+d =c+b,c+v =
d + u so, using the commutative and associative laws of addition,

(a+v)+c=a+@W+c)=a+(c+v)=a+(d+u)
=(a+d)+u=(+b)+u=0b+c)+u=>b+(c+u)
=b+Ww+c)=0b+u) +c.

The cancellation law now gives a + v = b + u, so (a, b) ~ (u, v).

EXERcIsE 3.2.2
If (a,a’) ~ (b,b") and (c,d) ~ (¢’,d"), then
a+b' =ad +b,andc+d =c +d
so0, using the commutative and associative laws of addition repeatedly,
(a+o)+(B'+d)=(a+b)+(c+d)=(@ +b)+(c'+d)=(d +)+(b+d)

Thus

(a+c,d +c)~b+d, b +d)
and we may define
[(a,a)] @ [(b,b)] = [(a+b,a" + )]

unambiguously.
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ExErcisE 3.2.4

Using the commutative laws of multiplication and addition and the result
already obtained,

((axd)+ (@ xd)(axd)+ (@ xd))
=(dxa)+(d xad),(d xa)+(d xd))
=((dxb)+(d xb),(d xb)+ (b xd))
=((bxd)+ " xd),(bxd)+(dxD))
=((bxd)+ (" xd),dxb)+(bxd))
)
((axd)+(d' xd"),(axd)+(a' xd)) ~ (bxd)+ (' xd"),(bxd")+(b" xd)).

EXxERcISE 3.2.5

Suppose (a,a’) ~ (¢,c’)and a + b" > a’ + b. Then, since a + ¢’ = a’ + c,
we have, using associativity, commutativity and the addition inequality law
(Lemma 1.3.8 (i), if x > y, then x + z > y + 2),

b +c)+a=(c+b)+a=c+ D +a)
=c+@+b)>c+(d +b)
=(c+d)+b=W@+c)+b
=(a+c)+b=a+(c" +b)
= +b)+a=0b+)+a

We now use Lemma 1.3.9 (iii) to obtain b + ¢’ > b" + ¢

A similar calculation shows that, if (b, ") ~ (d,d’) and b+c’ > b’ +c, then
c+d >c +d. Thus,if (a,a’) ~ (c,c’), (b,b') ~(d,d)anda+ b’ > a’ + b,
thenc+d > ¢ +d.

It follows that the definition,

[(a,a")] S [(b,b)]
if and only if a + b’ > a’ + b, is unambiguous.
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EXERcISE 3.2.6

(i)a+1=a+1so(a,a)~(1,1)and [a,a] =[1,1].

Using the associative law of addition, (@ + 1) + 1 = a + (1 + 1). Thus
(a+l,a)~A+1,D)and [a+ 1,a] =[1 +1,1].

(i1) Using the commutative law of addition,
[a,d'1®[b,b'] =[(axb)+(a’ xb'),(axb")+ (a’ xb)]
=[(@ xb)+(@xb),(dxb)+(axb)]=[d,al®[V,b].

ExERciSE 3.2.8

Using the distributive law (together with the remark of Exercise 1.3.1),
the rule 1 xd = d X 1 = d, and making repeated use of the commutative and
associative laws of addition,

(T+)xA+c))=(UxA+c))+(cxT+c™)
=(I+cH+(exD+(exc™)
="+ D+Cc+D=0+D+(+ch.

Thus, again making use the rule 1 Xd = dx1 = d, and then making repeated
use of the commutative and associative laws of addition,

((T+)xA+cN+AxD =0+ D+ +(c+c ™).

The commutative and associative laws of addition give
c+ D+ +D=1+0+(c+c™),

so % follows.
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EXxERcISE 3.2.9

(aeb=[a+b,d+b]=[b+a,b +d]=boa.
(i1) We have
ad(boc)=ad[b+c,b'+l=[a+ b +c),a + b +)]
=[a+b)+c,(d+b)+c1=[a+b,a +b]+¢c
=(a®b)®c.

i@+ DH+d =a+{1+d)=a+ @ +1),s0

Ova=[1l,1]1®[a,d]=[l1+a,1+d]=[a+1,d +1]=]a,d'] =a.

(v) We have

a®b=[(axb)+ (@ xb),(a xb)+ (axb)]
=[(axb)+ (@ xb'),(axb)+ (a’ xb)]
=[(bxa)+ (b xd),(b"xa)+(bxd)=b®a.

(vi) Making use of the distributive law at the beginning and the distribu-
tive law together with the commutative law of multiplication at the end and
making free use of the associative and commutative laws of addition and
multiplication, we have
a®bec)=ax[(bxc)+ ' x),(bxc)+ (b xc)]

=[lax(bxc)+ (" xc)))+ (@ x (b xc)+(bxc)),

(@ x((bxc)+ (B xc))+(ax((b'xc)+ (bxch)))]
=[((ax(bxc)+@x B xc))+{(a x b xc))+ (@ xbxc)),

((@xbxe))+@x® xc))+{(ax® xc))+(axbxc))]
=[((axb)yxc)+({(axb)xc))+{(a xb)xc)+ ((a xb)xc)),

(@ xbyxc)+ (@ xb)xc)+ ((axb)xc))+ ((axb)xc))]
=[((axb)xc)+ (@ xb)xc)+((a xXb)xc)+ ((axb)xc)),

(@ xb)yxc)+(axb)xc)+({(axb)xc)+ ((axb)xc)]
=[((axb)+ (@ xb))xc)+ (((a" xb)+ (axb))xc)),

(@ xb) +(ax D)) X))+ (((a" xb')+ ((ax b)) x )]
=(a®b)®c

(vii) We have

Ia=[((1+D)xa)+1xd,(1+1)xa)+1xa]
=[a+a)+d,(d+ad)+al=[a+(a+d),ad + (@ +a)]

=la+(a+ad),d+@+d)]=[a,d]=a
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(ix) We have, making use of the distributive law and free use of the asso-
ciative and commutative laws of addition for Q*,

a®(b+c)=a®[b+c,b +']

=[axb+c)+@x® +c)), (@ xb+c)+@x® +c)))]
=[((axb)+(axc))+((a xb)+(d xc)),

(@ xb)+ (@ xc)+{(axb)+ (axc))]
=[((axb)+ (@ xb))+((axc)+(d xc)),

(@ xb)+(@xb))+({(axc)+ (@ xc))]
=[(axb)+ (@ xb),(axb)+(a Xb)]

+[(axc)+ (@ xc),(axc)+ (@ xc)]
=(a®b)d(a®c)

x)Ifacbandboc,thena+b' >a +b, b+ > b +c. Thus
(a+c)+b+b)=(a+)+b)+b =@+ (" +b)+b
=(a+b+)+b =a+({(b+)+Db)

—a+B" +b+)=@+b)+ b+
>@+b)+ B +c)=0B"+c)+(a+Db)

>bB +c)+ (@ +b)=(@W +c)+(b+Db)

and, by the cancellation law of Lemma 1.3.9 (iii), a + ¢’ > a’ + ¢, whence
aoec.

(xi) By trichotomy for Q*, exactly one of the following is true
a+b >d +b,a+b =d +b,ord +b>a+b,
so exactly one of the corresponding resultsa S b ora =b orb S a s true.
(xii) Ifac b, thena+ b’ > a’ + b, so
a+o)+B +)=(a+c)+b)+c)=@+(+b)+c
=@+ +c)+c’=(a+b)+c)+
=(a+b)+(c+)>@+b)+(c+)
=@+c)+b+c)
anda®ccSbaoec.
(xiv) By the order rule stated as part (viii) Theorem 2.3.1 we have
I1+D)+1>1+1
so 1 & 0 and, by trichotomy, 1 # 0.



Exercise 3.2.10

Secretly we know that 1 > 0, but (—=1) X 1 # (-1).

In the language of the theorem (repeating our proof of (xiv))
I+D+1>1+1sol=[1+1,1]][1,1]=0.
However
-Del1=-1

and

DHe0=[1,1+1]®[1,1]

=[AxDH+@A+DHxD,AxDH+@+1)x1]=[1,1]=0
whilst IX1=1#1+1=1x(1+1)so
D0 (-1)e1.

Exercise 3.2.11

(i) Using commutativity of addition for A,
0=000=000=0.

(i1) Using commutativity and associativity for addition,
a’=a"o0=2a"o(aad(-a))
=@ o®a)d(-a)=(a®a’)d(-a)
=0@(-a)=(-a)®0=-a

(ii1) Using commutativity of multiplication for A,
I=1e1=101=1.

(iv) Using commutativity and associativity for multiplication,

a*=a*®l=-a*®@®al)

1 1

=—(a®a*)®a”

—a'®@l=a".

—(a*®a)®a”

—1®a™

27



28

ExERrcise 3.2.12

(i) Ifa®c=bac,then
a=00a=a00
=ad(cd(-c)=(a@adc)d(—c)
=(hec)d(-c)=bd(cd(-c))
=b®0=0&b=>b
as required.
(i) Ifa®c=b®candc # 0, then
a=1®a=a®l
—a®c®c)=@ec)®c!
=b®c)®c ' =b®(c®c™)
=b®1=1®b=>b
as required.
(iii) If ¢ = (—a) @ b, then
adc=ad((-a)eb)=(ad(-a))eb
=((-ra)y@a)eb=0eb=>).

(iv)Ifc=a'®hb, then
ac=a®@ ' '®b)=(a®a)®b
=(@a'®a)eb=1®b =b.



ExEercise 3.2.13

By trichotomy, exactly one of these three things must be true:-
0c-aor —a=0or —acs0.
If —-a© 0or—a=0,then
0=aod(-a)o0.
Thus the only possibility is 0 © —a.

The second part follows by a similar argument.

Exercise 3.2.14

(1) We have
(—ra)®a=ad(-a) =0,
so, by the uniqueness result of Exercise 3.2.11 (ii), —(—a) = a.
(i1) We have
a=1a=a®l
—a(1e0)=(ae)e(@®0)
=(1a)o(0®a)=asd(0®a)
Thus, using the associative and commutative laws of addition,
0=ad(-a)=(ad(0®a))d(-a)
=(ad(-a)od0®a)=08(0®a)
=0®a)e0=0%a=ax0

(iii) We have

0=b®0=b®(ad®(-a))
=(b®a)d(b®(-a) =(a®b)®d((-a)®b)

so, by the uniqueness result of Exercise 3.2.11 (ii), (—a) @ b = —(a® b).

(iv) We have
(-a)®(-b) = —(a®(-b)) = —((-b)® a)
=—(-(b®a))=b®a=a®b.

29
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ExEercise 3.2.15

(1) Using the commutative and associative laws for addition.
@aeb)o(-a)@(-b)=(@e(-a)eb)®(-b) =000=0
so by uniqueness of additive inverses (see Exercise 3.2.11).
(1) Using the commutative and associative laws for multiplication
@a®b)e@'eb)=(@ea)emdaeb)=101=1

so a®b # 0 and, by uniqueness of multiplicative inverses, (see Exer-
cise 3.2.11) (a®b) ! =a' @b~

Using the distributive law, the commutative laws for addition and multi-
plication and the associative law of addition freely together with part (i) of
this question and parts (ii) and (iv) of the previous question, we have

(ad(-a))e(be(-b)) =(as(-a))eb)a((ad(-a’))®(-b"))
=((a®b)® ((-a")®b)) @ (a® —b) ® ((—a") ® -b))
=(agb)o(-@ @b)&(-(a®b)) @ (@ b))
=(a@b)e@b)d((—(@1b)d(—(a®b’))
=((a@b)e@®b)d(—((a’®b)d(axb))).

Exercrise 3.2.16

OEEDHeEED)=191=1.
(i1) Apply condition (xiii) of Theorem 3.2.7 withe¢ =aand b = 0.

(ii1) If a © 0 we use (i1). If not, 0 © a and using condition (xii) from
Theorem 3.2.7, we have

—a=00(-a)cad(-a)=0

(iv) We note that, if we consider Q, then1®0=0=0®0yet1 # 0.

(v) We have
1=10150

SO
0=1e(-DH)=(-Delc(-1)ae0=-1.
(vi)0® 0 =0 and, if a # 0, then
aRac.
Part (v) and trichotomy tell us that
aa# -1



31

ExEercise 3.2.17

If we define f : Q© — B/~ by f(a) = [a + 1, 1], then, if f(a) = f(b), we
have
a+(1+D)=@+D)+1=b+DH)+1=b+({1+1)
so, by the cancellation law for addition, @ = b. Thus f is injective.
Further
f@efb)=la+1,1]eb+1,1]=[(a+ 1)+ B+ 1),1+1]
=[((a+b)y+ D)+ 1,1+1]=[a+b+1,1] = f(a+b)

and, using the distributive, commutative and associative laws and multi-
plicative property of 1,

flaxb)y=la+1,1][b+1,1]

=[a+1D)xbG+1D)+(Ax1),(a+1)x1)+ (1 x(®D+1))]
[@xb)+({((@a+B+1)+1),(a+ 1)+ B+ 1)]
[((@xD)+ 1)+ ({(a+b)+1),1+((a+b)+1)]
[(@xb)+1,1] = f(a)® f(b)

Finally, if a > b,thena+1 >b+1land (a+ 1)+ 1 > B+ 1)+ 1, so
fl@=la+1,11c[b+1,1]= f(b).

Exercise 3.2.20

()IfaeN* thena=(a+1)-1€Z

(i)Ifa, beZ,thena=a; —a, b =b, — b, witha;, b; e N" [j =1, 2].
Thus

a+b=(@ +b)—(a,+b)€eZ,
axXb=(a1b; +axby) — (a1b; + aby) € Z,

—a=a,—a €2.

Exercise 3.2.21

H2-1=1#£-1=1-2.
(i)2+1=1£1/2=1=2.
(ii)3-2-1)=2#0=3-2)- 1.
(iV)122(6+2)=4%1=(1226)=2.
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EXERCISE 3.4.3
The first paragraph of the exercise is a simple (but therefore long) modi-
fication of Section 3.2.

Consider the collection X of ordered pairs (n, n’) with n, n’ € N*. We say
that (n,n’) ~ (m,m’)ifn+m’ =n’ + m.

(a) We observe that, since n + n = n + n, we have (n,n) ~ (n, n).

) If (n,n’) ~(m,m’),thenm+n" =n"+m=n+m =m +n and so
(m,m’) ~ (n,n’).

(©) If (n,n") ~ (m,m"), (m,m’) ~ (p, p’), then, making free use of the
commutative and associative laws of addition,

(n+p")+(m+m’) = (n+m’)+(m+p’) = (0" +m)+(m’ +p) = (W' +p)+(m+m’),
so, using the cancellation law, n + p’ = n’ + p. Thus (n,n") ~ (p, p’).
Thus ~ is an equivalence relation and we may consider X/~.

Observe that if (n,n’) ~ (m,m’) and (4, u") ~ (v,v") we have, making free
use of the commutative and associative laws of addition,

m+uw)+(m +u')=m+mH+w+u') =W +m)+w+u') =\ +u')+(m+u)

so (n+u,n’+u’) ~ (m+u,m’+u’). Similarly (m+u, m’+u’) ~ (m+v,m’+v"),
so, by transitivity, (n + u,n’ + u’) ~ (m +v,m’ +v'). Thus we may define

[(n,n)] @ [(m,m")] = [(n + m,n" + m)]
unambiguously.
Now suppose (a,a’) ~ (b,b’) and (¢, c’) ~ (d,d’).
((axc)y+ (@ xc))+((axd) +(d xd))
=((axco)+(axd))+ (@ xc)+ (@ xd))

= ((ax(c+d")))+((@ x(c" +ad))) (D
=((ax (" +d))+((d x(c+d)))
=((axd)+@axd)+ (@ xc)+ (@ xd)) 2)

=((axd)+ @ xd))+({(axc)+ (@ xc))

as required. (In addition to the commutative and associative laws of addition
and multiplication, we used the distributive law for N* at steps (1) and (2).)

A similar calculation now shows that
((axd)+(a' xd"),(axd)+ (@ xd)) ~ (bxd)+ (' xd),(bxd)+ (' xd))
SO

((axc)+ (@ xc),(axc)+ (@ xc)) ~ (bxd)+ (' xd),(bxd)+ b xd)).
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Thus we may define
[(@,a)] ®[(c,c)] =[((axc)+ (@ x),(axc)+(a X))
unambiguously

Suppose (a,a’) ~ (c,c’)and a + b’ > a’ + b. Then, sincea + ¢’ =a’ +c¢
we have, using associativity commutativity and the addition inequality law
(ifx>ythenx+z>y+2),

(c+b)Y+a=c+B +a)=c+(a+b)
>c+(@ +b)=(c+d)+b
=(@a+c)+b=a+ (' +b)
=(+b)+a=b+)+a

We now use Lemma 1.3.9 (iii) to obtain b + ¢’ > b’ + ¢

A similar calculation shows that, if (b, ") ~ (d,d’) and b+c¢’ > b’ +c, then
c+d >c +d. Thus,if (a,a’) ~ (c,c’), (b,b’) ~ (d,d)anda+ b’ > a’ + b,
thenc+d > ¢ +d.

It follows that the definition
[(a,a)] e [(b,b")]ifandonlyifa+b" >d +b
is unambiguous.

The statements and proofs of Theorem 3.2.7 supplemented by Exercise 3.2.9
go over without change, except for Theorem 3.2.7 (viii) which must be re-
placed by a cancellation law.

Ifb#0anda®b = 0 then a = 0. (Multiplicative cancellation)

To prove this, suppose b # 0. and a ® b = 0. This means that b # b’ but
(axb)+ (@' xb") = (a’"*xb)+ (axb’). Trichotomy tells us that either b > b’
or b’ > b. Suppose that b* > b. Then we know by the rules for N* that we
can find a ¢ € N* such that b’ = b + c.

Thus
(axb)+ (@ xb+c) =@ xb)+ (ax(b+c))

s0, using the distributive law,

(@axb)+ (@ xXb)+ (a xc))=(d xXb)+ ((axb)+ (axc)).
Thus, using the associative and commutative laws of addition freely,

(axc)+ ((axb)+ (a xb))=(a"xc)+ ((axb)+(a xb))
so, by the cancellation law for addition in N*,

axc=d Xc

so, by the cancellation law for multiplication in N*, ¢ = ¢’ anda = 0. A
similar argument applies if b > b'.
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The verification of the laws for an ordered integral domain (see Defini-
tions 10.4.1 and 10.4.7) follow very closely the verifications we made for
Theorem 3.2.7 with one exception.

The construction of an ordered field from an integral domain undertaken
in Section 10.4 (Exercises 10.4.11, 10.4.13 and 10.4.15, all of which have
written out solutions in these notes) will produce Q from N.
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ExErcisE 3.4.4

We write out the winning plays (in increasing order within a game).
9

B W WD N ==
[V, IV, I e NV, BN e V)|
~ 0 J 00 \O oo

6

These are the reordered horizontal, vertical and diagonal lines of the magic
square.

618
7153
2194

If the first player puts an X on any number she chooses and the second
player puts a O on any number she chooses, we recover ‘Noughts and
Crosses’.



36

ExErcise 3.4.8
(i) Not injective, fi(1) = fi(2). Not surjective, fi(x) # 2 for all x € X.
Therefore not bijective.
(i1) Injective, surjective, so bijective from definition.

(iii) Injective since f3(1) # f3(2). Not surjective, f3(x) # 3 for all x € X.
Therefore not bijective.

(iv) Surjective, since fy(1) = 1, f4(2) = 2. Not injective, since fy(1) =
f4(3). So not bijective.

EXxERcISE 3.4.9

(1) Injective since fi(r) = fi(s) implies 2 X r = 2 X s and so (considering
Z as embedded in Q) r = s. Not surjective, since fi(r) # 1 for all r € Z.
Thus not bijective.

(i1) Injective, since f>(r) = fo(s) yields 2 X r = 2 X s so r = s Surjective
since f>(27! x r) = r. Thus bijective.

(1i1) Surjective, since f3(2r) = r for every r € Z. Not injective since
f3(0) = f5(1) = 0. Thus not bijective.

(iv) Not injective, since f4(1) = f4(—1). Not surjective, since fy(r) > 0
forall r € Z, but 0 > —1, so fy(r) # —1 for all r € Z. So not bijective.
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Exercise 3.4.11

(1) If y € Y, then, setting x = g(y), we have f(x) = y. Thus f is surjective.
If g(u) = g(v), then u = f(g(u)) = f(g(v)) = v. Thus g is injective.

(i1) By (1), f and g are bijective. Theorem 3.4.10 and the definition that
follows it tell us that g = 1.

(ii1) and (iv) Let X = {0, 1}, Y = {0}, f(0) = f(1) =0, g(0) = 0.

ExErcise 3.4.15
(i1) Define the identity function¢ : A — A by «(a) = afor all a € A. Then
¢ is bijective and «(a) + «(b) =a+ b = (a + b) forall a, b € A.
It follows that ¢ is an isomorphism and (A, +) ~ (A, +).

(iii)) We know that there exist bijections f : A —» Band g : B — C such
that f(a+a’) = f(a)® f(a’) forall a,a’ € Aand g(b® b') = g(b) B g(b’)
for all b, b’ € A.

We define h : A — C by h(a) = g(f(a)) for a € A.

If h(a) = h(a’), then g(f(a)) = g(f(a’), so, since g is injective, f(a) =
f(a’) so, since f is injective, a = a’. Thus A is injective.

If ¢ € C then, since g is surjective, we can find b € B such that g(b) = ¢
and, since f is surjective we can find a € A such that f(a) = b and so
h(a) = c. Thus h is surjective.

Finally
ha+a) = g(f(a+a") = g(f(@ef(a") = g(f(a)Bg(f(a")) = h(a)Bh(a").

It follows that % is an isomorphism and (A, +) ~ (C, B).
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ExERcisE 4.1.2

OIfmeZ thenm>m-—1.
(If you want to make a meal of this, m = (m—-1)+1>m—1.)
(ii))Ifae E,then(a+1)/2 € E,buta > (a+1)/2.

Formally,
a=2"a+2%a>2"a+2"'=2Ya+ 1) =(a+ 1)/2

and
@+ D2=2"a+D=2"a+2'>27+271 =1,

ExErcise 4.1.3

Since r > n the subtraction principle tells us that there is a u € N* such
that » = n + u. We then have n + 1 > n + u so, by cancellation, 1 > u. By
the base number principle u = 1. Thus r = n + 1.

Exercise 4.1.9

(1) If u and v are greatest members, # > v and v > u so, by trichotomy,
u=nv.

(i1) N* itself has no greatest member. (If n € N*, thenn + 1 € N* and
n+1>n.)
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Exercise 4.1.10

Let E be the set of r for which Q(r) is false. If E is non-empty, then it
has a least member ey. By hypothesis, Q(1) is true, so (since 1 is the least
element of N*) we have ¢, > 1.

The subtraction rule tells us that, if a > b, then we can find a ¢ such that
b+ ¢ = a. Taking a = ey, b = 1 we see that there there is a ¢ such that
eo = 1 +c =c+ 1. Now e is the least natural number e such that P(e) is
false, so P(r) is true for all r < ¢ and, by hypothesis, P(ey) = P(c + 1) is
true.

Since the assumption that E is non-empty leads to a contradiction, we
must have E empty and we are done.

Exercise 4.1.11

If m = 1, there is nothing to prove. If m > 1, the subtraction rule tells
us that there exists a ¢ such that m = ¢ + 1. Let Q(r) be the statement that
P(c+r)is true. Then Q(1) is true and Q(u) implies Q(u+1) so, by induction,
Q(u) is true for all u € N*.

If n > m then since m > ¢, we have n > ¢, so there exists a u € N* with
n = c¢ + u so, since Q(u) is true, P(n) is true.

Exercise 4.1.13

(1) Suppose, if possible, that
ng>ny>n3>....

Then, automatically,

ng=n,=>2n3=>...
so, by Lemma 4.1.12, there exists an N such that n; = ny for all j > N. In
particular ny = ny,1, SO ny ¥ ny; contrary to our original assumption.

i) -1>-2>-3>...
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EXERcISE 4.2.2

Define h : S, — X by h(r) = f,(r) forall r € S ,. We have h(1) = f,(1) =
x; and
h(r+1) = fu(r + 1) = gra1 (fu(r) = g1 (A(r))
for all r € §, with r + 1 < p. Thus, by uniqueness h(r) = f,(r) for all
r € § . In particular

Ju(m) = h(m) = f,(m).

ExERciSE 4.2.5

() Letn e N*,a € Q a>0. Thena"® =a" =a"x1 = a" xd,
By commutativity of addition and multiplication, a®*" = a° x a". Finally

A =a"=1=1x1=a"xd
(i) Ifa, beQ, thena®x b’ =1x1=1=(axb).
(ii1) If n is an integer with n > 0 and a € Q, then
@y =1"=1=d" = g
and

(an)O =1= ClO — aOXn.
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EXERcISE 4.2.6

(i) Let P(n) be the statement that ™ = (a~')". Since
(@' =a',

it follows that P(1) is true.

Now suppose that P(n) is true for some n € N*. Then

@) = (@ xa)y = @) ' xa =@y xa =@y

so P(n + 1) is true.

By induction, P(n) is true foralln > 1,s0a™ = (a” ') for all n > 1.

Certainlya® =a’ =1 = (a")".

If n is a negative integer, then, setting m = —n,

d'=a" ="y =@’
SO
@) = (@) =a"=a"

(1) We wish to show that a"*" = a"a™. We know that the result is true for
n, m > 0. Using the commutativity of addition and multiplication, we need
only check the casesn > 0 > m and 0 > n, m.

If O > n, m then

an+m — (a—l)—(n+m) — (a—l)—n(a—l)—m — anam.

Ifn>02>m,setp=—-m.Ifn > p, then

n+m

a’d"™ =ad’ad"? = d"

SO
an+m — (ap)—lan =ald =d"qd" = d"a".
If p > n then, using the result just obtained,
(an+m)—l — a(—n)+(—m) — a—na—m — (an)—l(am)—l — (anam)—l
n+m

so a"™ = a"a™ again.

(i) We wish to check that, if a, b > 0, then (ab)" = a"b" for all integers
n. We know this true for n > 0, so we need only check it for n < 0.

In this case,
(ab)" = ((ab)™)™" = (@ 'b™)™" = (@)™ = (@) = d'P",
so we are done.

(i11)) We wish to show that (a")" = a"" for all integers n and m.
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We first prove it in the case that m > 0. If n > 0, we know the result is
true. If n < 0, then
(an)m — ((a—l)—n)m — (a—l)(—n)xm — a—((—n)xm) — anm,
and we are done.

We now prove the result for general m. If m > 0 we know the result to be
true. If m < 0 then

(a”)m — ((an)—l)—m _ ((a—l)n)—m — (a—l)nx(—m) — a—(nx(—m)) _ anm,

and we are done.
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ExErcise 4.2.7

(i) Suppose b > a. Let P(n) be the statement that »" > a". Since b' = b >
a=a', P(1) is true.

If P(n) is true,
A" =axd <axb' <bxb'=b"!
so P(n + 1) is true.

The required result follows by induction

(i) Wesetl!=1,(n+1)!=m+1)xn!
Let P(n) be the statement that 2"~' < n! < n". Since
2 =20 =1=11=1=1
P(1) is true.
If P(n) is true
2 =2 x2"<2xnl=(1+Dxnl<(m+1)xn!=0n+1).
and

m+D!=m+Dxn <+ D)xn"<m+D)xm+1)"=m+1)".

The required result follows by induction

EXERcISE 4.3.2

Suppose that E is a non-empty subset of the integers bounded above by
M. Then the set F of elements —n with n € E is a non-empty subset of the
integers bounded below by —M. Thus F has a least element f. We have
e=—fecFEand —e < —gforallge E,soe > gforall g € E and e is the
greatest member of E.

ExEercise 4.3.3

Let Q(n) = P(n —m + 1). Then Q(n) implies Q(n + 1) for all n > 1 and
that Q(1) is true. By induction Q(n) is true for all n > 1 and so P(n) is true
for all n > m.
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EXERcISE 4.3.6
Without loss of generality, we may suppose r > r’. Thusm > r —r" > 0.
Since m(k — k') = r — ' this gives us
m>mk—-k)>0

so, by cancellation, 1 > k — k" > 0, so, since no strictly positive integer is
lessthan 1, we have k — k' =0sok =k and r = 7.

ExERrcise 4.3.9

(1) 6. (Note that, so far as this book is concerned, justification will come
later.)

(i1) See Exercise 4.3.10.

Exercise 4.3.10

(1) We have
156 =3x42+ 30
42 =1x%x30+12
30=2x12+6
12=2%6
Euclid delivers 6.
(i1) We have
107748 = 1 X 69126 + 38622
69126 = 1 x 38622 + 30504
38622 = 1 x 30504 + 8118
30504 =3 x 8118 + 6150
8118 =1 x 6150+ 1968
6150 = 3 x 1968 + 246
1968 = 8 x 246
Euclid delivers 246.

Note 107748 = 438 x 246, 69126 = 281 x 246.

(ii1) You are on your own.
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Exercise 4.3.13

Suppose that we apply one step of Euclid’s algorithm to a pair (u, v) with
u>v > 1. If vdivides u, then v is, indeed, the highest common factor of u
and v, so the algorithm has delivered the right answer. Since e divides v, e
divides d = v.

If not, then the algorithm delivers a new pair (u’,v") with u’ = v and
u=kv+v

We know that then u = ae, v = be for some natural numbers a and b, so
u' = be,

V' =u—kv=ae—kbd = (a-kbe
and e divides «’ and Vv'.

Thus e divides each of the entries in the ordered pairs produced by Eu-
clid’s algorithm. Since the final pair has d as second entry, e divides d.
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Exercise 4.3.14

(i) Observe that, if r > k + 1, then

1
> —.
r

QS

thus there must be a least natural number &’ such that

p.1
qg K
We have
1
>£2l *
k-1 qg K

as required.

If p/q = 1/k’, there is nothing to do. Otherwise,

p_1_71
qg kK q

with
p=Kp-q,q =qk.
Using %, we have
q> pk' —1)
sop—-p' =q—-plk —1D)k'p—qg>qg—q=0and p > p’. Observe thatif g/p

is an integer u, then k' = u and, if p/q is not, then k’ is the smallest integer
greater than ¢’ /p’.

Applying the Egyptian algorithm r times gives

where the p, form a strictly decreasing sequence and the k; form a strictly
increasing sequence. Since a strictly decreasing sequence of positive in-
tegers must terminate the algorithm halts and it will halt at an Egyptian
fraction expansion.
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(i1) Observe that

17 1
— =4+ -
4 4
4 1 3
17 5 85
85 1
— =28+ =
3 3
3 1 2
_ = — 4 ——
85 29 ' 2465
2455 o34l
2 2
2 1 .\ 1
2465 1233 3039345’
SO
4 1 1 1 1

— ==+ —+ + .
17 5 29 1233 3039345
Direct calculation (once we are told what to look for) gives
4 1 1 1

— =t — 4+ —.
17 5 30 510
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Exercise 4.3.15

(1) In both cases m even and m odd, we have m > m’. We have n’ = 2n >
n>m>m' >2/2 = 1. Further

't + d 2nxX (m/2)+a=nm+a if m is even
n'm =
2nim—1)/2+(@+n)=nm+a ifmisodd

son'm +a =nm+ a.

Let (ny,m,a;) = (N, M,0) We get a sequence of triples (n;, mj,a;) with
m; > mj,1, so since a strictly decreasing sequence of natural numbers must
halt, the system must halt at j = k, say, with m; = 1 (since otherwise we
could continue). Since nj,imj, + aj. = nm; + a;, we have njm; + a; =
nymy; +a; = NM for each j. Thus writing (u, 1,w) = (ng, my, a;) we have
MN =u+w.

Note that n;, m; are the first two numbers in the jth row for Egyptian
multiplication and a; is the result of adding the numbers in the third column
for the first j rows. Thus Egyptian multiplication works as promised.

(ii) Suppose n = 2° e, + 2526, + ... + 2% (with ¢ taking the value O
or1)and m = 25, +2"2,_; +...+2%, (with 5, taking the value O or 1).
Then long multiplication instructs us to add those numbers

22 e + 2 e + ...+ 2%)
for which n7, = 1 and this is the Egyptian method.

Thus computers, which work in binary, are in some sense, using the
Egyptian algorithm.
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Exercise 4.3.17

(1) We have u = rd, v = sd for some integers r and s, so, if n = au + bv,
we have n = ard + bsd = (ar + bs)d so d divides n.

By Bézout’s identity
d = klu| + I|v|
for some integers k and /, so
d=Ku+Lv

for some integers K and L. If d divides n, n = Rd for some integer R so
n = au + bv with a = RK, b = RL integers.

@11) If u,v > 1 (so, for example, if u = 2, v = 3) any non-zero score
exceeds 1, so 1 is not a possible score.

By Bézout’s identity we can find integers a and b so that
1 =au+ bv.
Let N = u X (ula| + v|b|). If r > N, then
r=N+uk+s
withk > 0, u > s > 0. Thus
r = u X (ula| + v|b|) + uk + s(au + bv) = (ula| + sa)u + (u|b| + sb)v

and ula| + sa > (u — s)|al > 0, ulb| + sb > (u — s)|b| > 0.

Exercise 4.3.18

We have u = €|u|, v = 6|v| with € = %1, and 6 = +1. We can find A, B
such that Alu|+ B|v| = d, so, setting r = €A and s = 6B, we have ru+ sv = d.
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ExEercise 4.3.19

(1) We have au + bv = 1 for some integers a and b so
k = (au + bv)k = a(ku) + (bk)v = a(lv) + (bk)v = (al + bk)v

and v divides k.

(1) Suppose that ru + sv = 1 and ’u + s'v = 1. Then

O=1-1=@(u+sv)—(Fu+svy=F-rHu+(s—s")v
and
(r=rHu= (" —s)v.

By part (i), s — s divides u, so there exists an integer k such that s" — s = ku.
We now have r — 1’ = kv.

(111) We may write u = Ud, v = Vd. Bézout’s identity au + bv = d gives
aU + bV =1, so U and V coprime.

If r, s are integers with
ru+sv=d
(thatis to say rU + sV = 1) then integers r’ and s also satisfy
ru+sv=d
(thatis tosay U + s’V = 1) if and only if there exists an integer k such that
r—r' =kvands — s = ku.

(iv) If u and v have highest common factor d then Bézout’s theorem give
au + bv = d for some a and b. If e divides u and v, thenu = EU, v = ¢V for
some U and V, so

d = alelU) + b(eV) = e(aU + bV)

and e divides d.
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Exercise 4.3.20

Our initial calculations repeat Exercise 4.3.10.

(1) We have
156 =3x42+ 30
42 =1x30+12
30=2x12+6
12=2%6
Euclid delivers 6.

Reversing we get
6=30-(2x12)
=(42-12)-2x12)=42-(3%x12)
=42 - (3x (42 -30)) = (-2 x42) + (3 x30)
=(-2Xx42)+ (3% (156 — (3 x42)) =3 x 156 + (—11 x 42)
s06 =3x 156+ (—11) x 42.
(i1) We have
107748 = 1 X 69126 + 38622
69126 = 1 x 38622 + 30504
38622 = 1 x 30504 + 8118
30504 =3 x 8118 + 6150
8118 =1 x 6150 + 1968
6150 = 3 x 1968 + 246
1968 = 8 x 246
Euclid delivers 246.

Reversing we get

246 = 6150 — (3 x 1968)

= 6150 - (3 x (8118 —6150)) = (-3 x 8118) + (4 x 6150)

= (-3 x8118) + (4 x (30504 — (3 x 8118))) = —(15 x 8118) + (4 x 30504)

= (4 x 30504) — (15 x (38622 — 30504) = —(15 x 38622) + (19 x 30504)

= —(15 x38622) + (19 x (69126 — 38622)) = (19 X 69126) — (34 x 38622)

= (19 x 69126) — (34 x (107748 — 69126)) = ((—34) x 107748) x (53 X 69126)
$0 246 = (—34) x 107748 + 53 X 69126.

Exercise 4.3.21%
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EXxERcISE 4.4.4

Ifa,beS,thena = 10n+ 1, b = 10m + 1 for some integers n, m > 0.
We have

ab = (10n+1)(10m+1) = 10*nm+10m+10n+1 = (10nm+n+m)x10+1 € S.

Let E be the collection of elements in § which are not the product of
irreducibles. If E is non-empty, E has a least member e. Automatically,
e 18 not itself irreducible. Thus e = uv with u,v € S andu # 1, v # 1.
Thus u, v < e, so u and v are the product of irreducibles, so e is, in fact, the
product of irreducibles. This contradiction shows that E is empty and every
element S can be written as the product of irreducibles.

3 X7 = 21 which is irreducible (since only factors 3 and 7)

13 x 17 = 221 which is irreducible (since only factors 13 and 17)
3xTx13x17=03x7)x(13x17)

3 x 17 = 51 which is irreducible (since only factors 3 and 17)

7 x 13 = 101 which is irreducible (since only factors 7 and 13)
21 x221 =B x7)x(13x17) =B x17)x (7x13) =51 x 101.

EXERrcisE 4.4.6

If u and v are natural numbers and p is a prime which divides ab, then
ab = kp for some k. If p does not divide a, then, since p is a prime, p and a
are coprime and, by Exercise 4.3.19 (i), p divides b.

Exercise 4.4.7

Let p be a prime and P(n) be the statement that, if u;, u,, ... u, are natural
numbers and p divides u;u, . . . u,, then p must divide at least one of the u;.

P(1) is trivially true. Suppose P(n) is true. Then, if u;, us, ... u,, are nat-
ural numbers and p divides u u; . .. u,.1, we have, writing u = wu, ... u,,
vV = U1, and applying Theorem 4.4.5, that either p divides u,,; or p di-
vides u;u, . . .u, in which case, since P(n) is true, p must divide at least one
of the u; with 1 < j < n. Thus p must divide at least one of the u; with
I<j<n+1.

Since we have shown that P(n) implies P(n + 1), the result follows by
induction.
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ExERrciSE 4.4.8

(1) Just another way of stating the uniqueness of factorisation.

(ii) If r; and s; are simultaneously non-zero, then p; is a common factor.
Thus a necessary condition for coprimality is that r; and s; are never both
non-zero [1 < j < n].

Conversely, if r; and s; are never both non-zero, k is a common factor of
py'p”...py and pi'p®™...p,, then k cannot have p; as a factor for any j
and cannot be divisible by any prime not of the form p;. Thus k = 1 and the
two numbers are coprime.

Exercise 4.4.10

2x3x5x7x11x13)+1=30031 =509 x 59.
Thus it may not be true that, if p;, p, ... p, are all primes less than or equal
to p,
N=ppy...pn+ 1.
is itself a prime.

Exercise 4.4.13

Suppose that x is a rational number with x> = a/b. We may suppose
x > 0 and so we can write x = u/v with u and v coprime positive integers.
Since n, u and v are strictly positive integers, we can find distinct primes p;,
D2, ... pn and integers h;, kj, s;, t; > 0 [1 < j < n] such that

k Sn n

— h — ki ko k — 51,52 — 0
a=p,/'py...p,,b=pi'py...p,u=pi'py...py,andv=p'p;...p;
where h; and k; are never simultaneously non-zero.

Since a/b = x> = u*/v?, we have au® = bv?, so

h1+2t; _hy+2t Iy ki+2s1 _ko+2s3 kn+2s,

2)1 —_—
Py T = P T
and, by the uniqueness of factorisation,

l’lj+2tj :kj+28j.

Since h; and k; are never simultaneously non-zero, they must both be even,
so a and b are squares of integers.
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EXERCISE 4.4.14%

ExErcIsE 5.1.2%

Exercise 5.1.3%

ExErcise 5.1.4

As in Exercise 3.2.14 (ii), we have a X 0 = 0 so
a=ax1=ax0=0

forall a € F.

EXERrcIsE 5.1.6

f0)=f0+0)=f(0)o f(0)
SO
0=70)®e(-f(0) =0 f(0)e(-f(0)
= fO) & (f(0) & (-f(0)) = f(0)&0 = f(0).
Again
f)=fAx1)=fA)e f(1)
so, either f(1) = 0, or multiplying both sides by f(1)~!, we have f(1) = 1.
But f is injective, so f(1) # f(0) and f(1) = 1.

Exercise 5.1.8

Typical checks.
) Ifa, be G,thena, be Fsoa+b=b+a.
(iv)Ifa € G, then —a € Gand a + (—a) = 0.
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EXxERcISE 5.1.9

Everything goes through word for word.

Exercise 5.1.10

Reflexiver —r =0=0Xnsor ~,r.

Symmetric If r ~, s, then r— s = kn and s — r = (—k)n for some k, so s ~,, r.
Transitive If r ~, sand s ~, t,thenr—s = kn, s—t = lnandr —t =
(r—2s5)+ (s —1t) = (k + Dn for some integers k and [ so r ~, t.

Ifn=1,thenr—s=(r—s)x1,sor ~; sforall rand s. There is a single
equivalence class Z.

If n = 0, then r ~¢ s if and only if r = 5. The equivalence classes are the
one point sets {r}.

If |n| > |m| > 0, then m +, n so the equivalence classes for ~, and ~,, are
different. If [n| > O = m then n +,, m but n ~,, n so the equivalence classes
are distinct. Thus the equivalence classes are the same for ~, and ~,, only
ifm=norm= —n.

Ifa~, bthena—-b = kmand b —a = —km so a ~_,, b. Thus the
equivalence classes are the same for ~, and ~,, if m = n orm = —n.
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EXERcISE 5.1.12
Since u — u’ = kn and v —v" = [n for some integers [ and k we have

uw+v=w—-kn)+v-In)=u+v+(=k-10Dn,

sou+v~,u +v.

Exercise 5.1.14

(i) We have [a] + ([b] +[c]) = [al +[b+c] = [a+(b+c)] = [(a+b)+c] =
[a + D] + [c] = ([a] + [D]) + [c].
(v) We have [a] X [b] = [ax b] = [b X a] = [b] X [a]

(vi) We have [a] X ([b] X [c]) = [a]X[bXc] = [ax(bXc)] = [(axb)Xc] =
[a x D] X [c] = ([a] X [D]) X [c].

(vii) We have [1] X [a] = [1 x a] = [a].
Sincen >2,1 +, 0, so [0] # [1].

Exercrise 5.1.15

2 ~8~2+1~2°

Exercrise 5.1.16

Since a = a', we have [a'] = [a]. Further [a"*'] = [a@" X a] = [a@"] X [a].

Exercise 5.1.17
(1) If u # 0, and uv = 0, then
O=u'X0=u'xw) =W uy=1xv=v.

(i1) Since 1 < u,v<n,wehaveu #0 mod nand v # 0 mod n, but
uw=n=0 mod n.

By part (1), (Z,, +, X) is not a field.
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ExEercise 5.1.19

Since n and a are coprime, Euclid’s algorithm followed by Bézout’s
method gives us b and ¢ such that ac + bn = 1 and soac =1 mod n.

EXERcISE 5.2.2

If » # 0, then, by Fermat’s little theorem (Theorem 5.2.1), r"~! = 1
mod psor” =rxr’'=r mod p. If r =0, then” =0? =0 =r mod p.

EXERCISE 5.2.3

(p-1)P=p-1%1=(p-1)° although p =0 mod p.
If p=2,r"=r mod2forallk, r> 1.

Exercise 5.2.4

Since F is a field (and, in particular, condition (viii) of Definition 5.1.1
holds) we know that if a # 0 then a X r = a X s implies r = 5. Thus, as x
ranges over the n— 1 non-zero elements of F, a X x ranges over n— 1 distinct
non-zero elements of F, so over the n — 1 non-zero elements of F.

We thus have, using the commutative and associative laws of multiplica-
tion together with the product notation, (see Appendix A, if necessary)

[T a=[] =

xeF,x#0 xeF,x#0
SO
a! 1—[ X = l_l X
x€F,x#0 x€F,x#0

and, since [] e 0 X is the product of non-zero elements, [],cr z0x # 0
(proof by induction). Thus a"~! = 1.
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EXERCISE 5.2.5

(1) If 1 < s < p—1,then p and s are coprime. Thus,if 1 <r < p—1,it
follows that r! and (p — r)! are coprime to p. Thus

p\__pr
r ri(p—r)!

(p)so mod p.

r

is divisible by p and

(i1) By the binomial theorem,

4 4 P\,2 p -1, [P
k+ 1) = k k“+... kP kP
N e A

=14+0+0+...40+k"=1+k” mod p.

(i) 1”7 = 1 and, if k¥» = k,then (k+ 1)’ =k + 1 =k + 1 mod p. Thus,
by induction, k¥ = k mod p for all k € N* and so k¥’ = k mod p for all k.

EXERcISE 5.2.7

If x> = 0 mod p, then p divides x?, so (since if p divides uv, then p
divides u and or p divides v) p divides x and so x = 0 mod p. We observe
that 0* = 0.
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EXERCISE 5.2.8

Recall that x> = g has two distinct roots or none, unless a = 0, in which
case, there is one root. Now observe that

—r#r, = (—r)2

for 1 < r < (p—1)/2 and that [0] together with the [r] and [-r] where
1 <r < (p—1)/2 form the distinct elements of Z,. The squares in Z, are
thus precisely the distinct elements [0], [1]?, ..., [(p — 1)/2]* and there are
(p-1/2+1=(p+1)/2 of them.

EXERCISE 5.2.9

By inspection, both elements 0 = 0? and 1 = 1? of Z, are squares and
x> = a mod 2 always has exactly one solution.

Exercise 5.2.11

Wehave 2-1)!=1!'=1=-1 mod 2.

ExEercise 5.3.1

— e ek — — —kk— —k— — — ke — exeKk*

EXErcise 5.3.2

(ii) 0000101100011000000010111001010110001 1000000000000
(iii) WELLADONE %%
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ExERcISE 5.3.3

(1) We have

G=-6=0-G=0+0o+ 8- G=0+0L+... .+ mod?2

Completely symmetric over the ;, so any one particular {; may be consid-
ered a check digit.

(i1) Dull answer, no. If the jth person takes n; lumps and all the n; are
odd, then

m+m+...+n;=1+1+...+41=10=20 mod 2.
Joke answer, yes. Let each of the first 6 take one lump. The final par-

ticipant must take 14, which is very odd number of lumps to put in your
tea.

Exercise 5.3.4

If ¢; ;t{;. for r values of j,
J+6+. .+ L=l +G+...+8)—-0
= +O+. ) -G+ o+ .+ )

= -+ (G -0+ + (G- &)
=r=0 mod?2

if and only if r is even.
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EXERcISE 5.3.5

(1) A typical example is 0201541998 for which

I0X0+9x2+8X0+7X1+6X5+5%x4+4%x1+3Xx9+2%x9+1x%x8
=0-4+0-4-3-2+4+5-4-3=-11=0 mod 11.

(i1) If a and b are ISBNs and a; = b, for i # j, then
0=0-0
= (10a; +9a, + ...+ 2a9 + ajp) — (10by + 9b, + ... + 2bg + byp)
= jla; — b))
so, since 11 is a prime and 1 < j < 10 (so j # 0), we have a; — b; = 0

mod 11 and so a; —b; = 0, so a = b. Thus two ISBNs cannot differ in
exactly one place.

(i) Letayg =1,a; =1,b1o =2,b; =2 and a; = b; = 0 otherwise. Then
a and b are ISBNs differing in two places only.

(iv) and (v) [Treated together since the answer to (v) is yes] Suppose that
10 > j> k> 1. Ifaandb are ISBNs, a; = b; fori # j kand a; = by,
ar = b; then

0=0-0
= (10a; +9a, + ...+ 2a9 + ajp) — (10by + 9by + ... + 2bg + byp)
=(-ha;—a)
so, since 11 isaprimeand 1 < j—k <10 (so j—k #0), wehavea;—a; =0
mod 11 andsoa;j—a,=0,a;=a,=b; =b,anda =Db.
(vi) If there is a single error taking x to x’
Xp 43X+ X5+ 3x, 4+ -+ x); + 3%, + x5
is congruent to 3y or y with 1 < |y| < 9 and so (since 3 is coprime to 10) is
not congruent to 0. Thus single errors are detected.

However if x; = x, = 0, x, = x] = 5and x; = x; = 0 otherwise, x
and x’ satisfy the check-sum condition. Thus not all transpositions can be
detected.
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EXERCISE 5.3.6

ci=c3+c5+c; mod 2
chb=c3+cg+c7; mod 2
cs=cs5+cg+c7; mod 2
Since each of c3, ¢s, ¢, 7 can be chosen freely in 2 ways and the remaining

c; are fixed, it follows that there are exactly 2x2x2x2 = 2* = 16 possible
words.

EXEercise 5.3.8

Observe that the correcting system sees eight possible outcomes. Each
of these is produced by either no mistake (in which case, the correcting
system makes no change) or one mistake (in which case, the correcting
system makes one change correcting the one mistake). Thus whatever the
system sees, it returns a code word and changes at most one entry.

Thus, if there are two (or more) mistakes, it will return a code word, but
will have made at most one change, so it will not return the initial code
word.

EXERCISE 5.3.9

Observe that the numbers chosen are the
u=ci+2c+4c;+...+2¢;

with the (cy, ¢z, . . ., ¢7) Hamming code words. We place u in A; if and only
if ¢; = 1. When you state whether or not u is in Aj, I take ¢, = 1 if you
answer yes and ¢, = 0 if you answer no. The Hamming procedure reveals
the j (if any) with c;. # ¢j, so I can find which j (if any) has c¢; # c;. (that is
to say, where you lied) and recover u.
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Exercise 5.3.10

(1) The tape will be accepted if each line contains an even number of
errors. Since the probability of errors is small (and the number of bits, that
is to say, zeros and ones, on each line is small) the probability of one error
is much greater than the probability of an odd number of errors greater than
1. Thus

Pr(odd number of errors in one line) ~ Pr(exactly one error in one line)
=8x10*x(1-10%" ~8x 107,

Since the the probability A4 of an odd number of errors in one line is very
small, but there are a large number N of lines, we may use the Poisson
approximation to get

1 — Pr(odd number of errors in some line) = ¢ ~ ¢™® ~ 0.00034

and conclude that the probability of acceptance is less than .04%.

If we use the Hamming scheme, then, instead of having 7 freely chosen
bits (plus a check bit) on each line, we only have 4 freely chosen bits (plus
three check bits plus an unused bit) per line so we need approximately

1
Z><7><1o4:1.75><104

lines.

If a line contains at most one error, it will be correctly decoded. A line
will fail to be correctly decoded if it contains two errors or more (see Exer-
cise 5.3.8). Since the probability of errors is small (and the number of bits
on each line is small), the probability of two errors is much greater than the
probability of more than two. Thus

Pr(decoding failure for one line) ~ Pr(exactly two errors in one line)

7
= (2) X (1072 x (1 -107%° ~ 21 x 1078,

Since the the probability of a decoding error in one line is very small but
there are a large number of lines, we may use the Poisson approximation
(or just a calculator) to get

Pr(decoding error for some line) = 1 — Pr(no decoding error in any line)
~1-— e—2l><1078><17500 ~1-— e—.003675 ~1=.9963 ~ 0.0037
and conclude that the probability of a correct decode is greater than 99.6%.
(i1) The probability of one error or less in one particular line is
(9/10)" +7 x (1/10) x (9/10)° < .86

so with high probability many lines will be wrongly corrected.
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Exercise 5.3.11

We work in Z, and use words of length 15 The words cc,c3 . .. c15 with
cj € Z, are chosen to satisfy four conditions obtained as follows.

Observe that (working in Z) each integer r with 1 < r < 15 can be written
uniquely as
r= &)+ a2+ &(r)2* + &(r)2°
with €; taking the values O or 1. Our four conditions are
(The sum of those ¢, with €;(r) = 1) =0 mod 2

or more briefly
Z ¢, =0 mod?2 ()
€j(r)=1
for0 < j<3.
If one mistake is made in the kth place and ¢’ is received then ¢/, = ¢; for
J#kandc, =c¢+1 mod 2. Thus

Z ¢,=0 mod 2

&=

Z =1 mod?2

€j(n=1

if (k) = 0 and

if (k) = 1.

If the received word satisfies all the Hamming conditions then we take it
to be the sent word. Otherwise we proceed as follows. If the received word
satisfies the jth condition that is to say

>, ¢=0 mod2 ()
€(n=1
write 17; = 0. If the received word fails to satisfy the jth Hamming condi-
tion, that is to say,
Z ;=1 mod 2 ()
€i(n=1
write 17; = 1. Then k = 1o + 2 + 2’5 + 2’3 and ¢; = ¢ for j # k,
ck=c¢,+1 mod 2.

In constructing a code word, we can choose c; freely for j # 1,2,4,8,
c1, €3, ¢4 and cg. are then fixed. The original Hamming code uses 3 out
of 7 places for check digits, so 3/7 of the transmitted bits do not convey
information. Thus the coded message costs 7/4 times as much to transmit
as the uncoded message. The new scheme only uses 4 out of 15 places
for check digits, so 4/15 of the transmitted bits do not convey information
and the coded message only costs 15/11 times as much to transmit as the
original message. However it will fail to correct if there are more than one
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error in a 15 bit word and the probability of this happening is not negligible
unless the error rate is very low.
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EXxERcISE 5.4.1

‘We have found u; and u, such that
ung + urny = 1.
Thus, if we set y, = uny,

Vo =un =1—-wun, =1 mod n,

Y2 = uiny =0 mod np.

Exercise 5.4.4

We first solve

x=2 mod3
x=3 mod>5

Applying Euclid’s algorithm to 3 and 35,

5=1x3+2
3=1x2+1

and now applying Bézout’s method,

1=3-1%x2=3-1x0B-1%x3)=-1x5+2x3.

Thus
—-5=1 mod3
-5=0 mod>5
6=0 mod?3
6=1 mod?5

Thus if we consider 2 X (=5) + 3 X 6 = 8 we have

8=2 mod3

8=3 mod>5
‘We now solve

x=8 mod 15

x=2 mod?7

Euclid’s algorithm applied to 7 and 15 stops at once, giving
15=2x7+1

and the Bézout equation
1=15-2x%T7.
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Thus
—14=1 mod 15
—-14=0 mod 7
15=0 mod 15
15=1 mod?7
Thus if we consider 8 X (—14) + 2 X 15 = —82 we have
-82=8 mod 15
-82=2 mod7
Thus
x=2 mod3
x=3 mod35
x=2 mod7.

ifand only if x = =82+ n X (3 x5 X 7) = =82 + n x 105 for some integer n,
or, equivalently, if and only if x = 23 + m x 105 for some integer m.

Of course we could have got here sooner by judicious guess work, but, if
the numbers chosen are even a little bigger, judicious guess work is much
harder.
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EXERcISE 5.4.5

Consider the the system %,
X=a mod np

xX=a, mod n,

x=a, modn,
where ny, n,,. .. n,, are positive integers with each pair n;, n; [i # j] coprime.
% is solved just by repeating the equation x = a; mod n,.
If the general solution of %,,_; has been obtained as
x=b,_1 mod nnn;...ny,_

then, since nynyn; . ..n,_; and n,, are coprime, applying the method of this
chapter gives the general solution

x=b, modnmnn;...n,
to the system

x=b,1 modnn,...n,

x=a, modn,

and so to Y% ,,.
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EXERCISE 5.4.6

We have
n=p"xpl®x... p®

with the p; distinct primes and r(j) > 1. There are two cases.
If k = 1 then, since n is not a prime, (1) > 2 and, since n > 5,

P1,2p1,3p1,...,r(py <n—1,
SO
r(Din = r(D)!p;" = pr x 2p) x Bp1) X ... (r(1p1)
divides (n — 1)! and so (n — 1)! =0 mod n.
If k> 2,then p;,2p;,3pj,....,r(j)pj <n—1s0
r()in = ()P = pix @pj) X Bpy) X ... (r(j)p;)

divides p;(j) andso (n—1)! =0 mod p;(j) for each j. The Chinese remain-
der theorem tells us that (n — 1)! =0 mod n.

2-D!'=1'=1%20 mod?2
(B3-1)!=21=2%0 mod 3
4-1D!'=31=6%0 mod 4
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EXxERcISE 5.4.7
1) If

y=a; mod n
y=a, mod n,
then, since d divides »n; and n,,
y=a; modd
y=a, modd
soa—a, =@ —-y)—(@—-y)=0-0=0 mod d
(i1) By Bézout’s theorem we can find integers u; and u, with
ung + uony =d
If z = uyny, then
z=0 mod m

z=d mod n,

(1) If a; —a, =0 mod d, then a, = a; + kd for some k and the system
X=a mod np
X=a, modn,

is solved by x = a; + kz with z as in (ii).
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EXERCISE 5.5.2

(i) The equation
¥=1 modp
has exactly two solutions 1 and —1. The equation
=0 mod g
has one root 0.

The Chinese remainder theorem tells us that the equation x> = 1 mod pg
has two distinct roots given by the two different sets of modular equations

x=1 mod p =-1 mod p
x=0 modgq x=0 mod g

If we denote the solution of the first set by 7, then the the solution of the

second set is —1.

Thus x> = a> mod pq has 2 distinct roots na and —na, so we are done.

(i1)Ifa=0 mod panda =0 mod gthena =0 mod pq. The equation
¥=0 mod p
has one root 0 and the equation
¥=0 mod g

has one root 0. The Chinese remainder theorem tells us that the equation
x> =0 mod pq has one root, 0.

(1i1) Consider the integers 0 < r < pg — 1. Exactly one of them is 0.
Exactly (p—1) are divisible by p but not ¢ and of these (p—1)/2 are squares
(since each square of this form has two roots of the same type). Exactly
(g—1) are divisible by ¢ but not p and of these (¢g—1)/2 are squares. Exactly
pq—(p—1)—(qg—1)—1 are notdivisible by porg so (pg—p—q+1)/4 of
these are squares (since each square of this form has four roots of the same
type). Thus

-1 -1 —(p=-D=(g-1)—-1
p L4 +pq(p )—(g—-1)

1+
2 2 4
:4+2(p—1)+2(q—1)+pq—(p—1)—(q—1)—1
4
_l+p+tg+pg _(p+1Dg+D
4 4

elements of Z,, are squares.
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EXERCISE 5.5.3

We seek the solution of
x=1 mod?7
x=-1 mod 13
Euclid’s algorithm gives
13=7+6
T=6+1
so using Bézout’s method
1=7-6=7-(13-7)=2x7)-13

SO
-13=1 mod 7
-13=0 mod 13
14=0 mod7
14=1 mod 13
Thus x = =13 — 14 = —27 is a solution. The two required roots are —27 and

27 (as may be checked by direct calculation).
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EXERCISE 5.5.6

We apply Euclid’s algorithm to 437 and 112.
437 = (3 x 112) + 101
112 =101 + 11
101 =Ox11)+2
11=06x2)+1
s0, using Bézout’s method,
I1=11-6%x2)=11-(5x(101 -(9x11))) =(46x11)—-(5x101)
=46 x(112-101)) - (5 x 101) = (46 x 112) — (51 x 101)
= (46 x 112) — (51 x (437 - (3 x 112)))
= ((=51)x437)+ (199 x 112).
Thus, if we take ¢ = 199 mod 437, we have ¢ X 112 =1 mod 437.
Now consider n = ¢ x 302 = 229. We know that 7 is a square root of 1
modulo 437.
Applying Euclid’s algorithm to 437 and 229 + 1 = 230 we get
437 =230 + 207
230 =207 +23
207 =9 %23

so 23 is one prime factor of 437 and, by division, the other is 19

EXERcISE 5.5.7

210 = 1024 > 10°
s0271% < 1073 (and 2'° = 1073).

The probability of failure in 400 attempts is
2—400 — (2—10)40 < (10—3)40 — 10—120
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EXERCISE 5.5.8

u=ku'+vV >u' +vV >vV+v =20 =2u"
Thus the first entry in (i, v) at least halves every two steps. Thus in 2r steps
the first entry decreases by a factor of at least 27". In 20m steps the first entry
deceases by a factor of at least 2'%" so if U < 10*" the process terminates
in less than 20m steps.

EXERCISE 5.5.9

(i) We require m—1 squarings (so multiplications) to obtain a?, a*, . .., a*"
and we then need to multiply at most m+ 1 numbers together which requires

at most m multiplications. We require at most 2m — 1 multiplications.

(i) We have (working modulo 23)

7*=3
7t=9
78 =—11
76 =6
732 =-10
76458

SO
710 =78 % 72 x 7P =8 x (-10) x 9 = (-11) x9 = -7 = 16.
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ExErcise 5.5.10

(i) Observe that, if g; =1 mod 4, then
q192...q,=1"=1 mod 4.
Thus, if N has the prime factorisation

N=qq...q,
we have N = 4n + 1 for some n.

It follows that N = 4M + 3 (note N is odd, so 2 is not a factor) must have
a prime factor p with p =3 mod 4.

(i1) Suppose, if possible, that there are only finitely many primes py = 3,
P1, P2, - - -, pi of the form 4n + 3. Then

N=4(pip2...pu) +3

is not divisible by any of py, p,, ..., p, but is divisible by some prime of
the form 4n + 3. Thus our initial assumption is false and the required result
is true.

Exercise 5.5.11

If 4M? + 1 is divisible by a prime p then
2M)* =-1 mod p
so, by lemma 5.2.12 (i), p must have the form 4n + 1.

Suppose, if possible, that there are only finitely many primes py, pa, ...,
py. of the form 4n + 1. Then

N=4(pips...p)* +1

is not divisible by any of py, pi, p2, ..., Pk, but is divisible by some prime
which, by the previous paragraph, must have the form 4n + 1. Thus our
initial assumption is false and the required result is true.
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EXERCcISE 5.5.12

Write u and v for the first and second encoded message. Observe that
N and N’ are coprime. (If not, I really have been stupid, since Euclid’s
algorithm will now give SNDO the common factor.) SNDO can use the
known N and N’ together with the Chinese remainder theorem to compute
w withw = m?> (mod NN')and 0 <w < NN’ —1. But0 < m?> < NN’ -1,
so w = m? and m is the positive square root of w.

[SNDO uses Euclid’s algorithm to find a, b with aN + bN’ = 1. If w =
bN'u+aNv (mod NN’),thenw =u (mod N) and w =v (mod N’).]

SNDO is no further forward in reading other messages. Effectively SNDO
knows m and m? (modulo N) in one case and nothing else (since N’ and m?
(modulo N’) are irrelevant).

Exercrise 6.1.1

(i) (P1) False, since 1 = S(1).
(P2) True. If x,y € N{, then y = x.
(P3) True. If 1 € E, then E = {1} = NJ.

(i1) (P1) True, since 1 # S(1), S (2).
(P2) False. 1 # 2 and S,(1) = §,(2).
(P3) True. Suppose 1 € E and whenever x € E, we have S(x) € E, Then
2=8,(1)€eE,so E=Nj.

(iii) (P1) True. If x is a positive integer then S(x) = x+ 1 > 1. If
x =n+ 1/2 with n an integer then S (x) = (n + 1) + 1/2 is not an integer. In
either case Sx # 1.
(P2) True. If x,y e NJ and Sx = Sy,thenx+1=y+1,s0 x = y.
(P3) False. Let E be the set of all strictly positive integers. Then 1 € E and
xe€ EimpliesSx=x+1€ E,butl/2 ¢ E.
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EXERCISE 6.3.2

Uniqueness We first prove that there is at most one function with the
desired properties. Suppose that i, and ¢, have the properties stated so that

(@) ¢«(1) = x
(b) ¢.(y') = ¢,(y) + y for all natural numbers y.

Let E be the set of natural numbers y such that ¢,(y) = w,(y). Condi-
tion (a) tells us that

px(D) = x = ¢,(1),
so 1 € E. On the other hand, if y € E, condition (b) tells us that
¢.(0") = ¢ () +y = () +y = 1.0,
so ¥ € E. The axiom of induction (P3) now tells us that E = N* which is
what we wished to prove.

Existence Let E be the collection of natural numbers x such that we can
define u, with properties (a) and (b). Observe that, if we set fi;(y) = y, then

(@) (1) = 1, and
() f11(y’) = y" = (u1(y))” for all natural numbers y.
Thus 1 € E

We now suppose y € E and so there exists u, with properties (a) and (b).
Observe that, if we set f1,-(y) = w,(y) + x, then

@) fiv(D) =p()+1=x+1=x and

D) () = 1) + x = (u(y) + x) + x = fiy(y) + x for all natural
numbers y.

Thus x” € E. The axiom of induction (P3) now tells us that £ = N*, which
is what we wished to prove.
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EXxERcISE 6.3.3

Let E be the collection of natural numbers y such that u;(y) = y. We have
ui(l)y=1,s01 € E. If y € E, then, by the definition of y;,

) =my)+1=y
so y’ € E. The axiom of induction (P3) now tells us that £ = N* and so
pi(y) =y forall y.

Let x be a natural number and let E, be the collection of natural numbers
y such that

He(y) = ﬂx(y/)-
‘We know that

e (D) = X" = p (1) = (1) + 1 = (1)
so 1 € E,. Further, if y € E,, then

e (V) = por () + x = 1,0") + x = p (")
so y' € E,. Thus, by the axiom of induction (P3), E, = N* and this is
equivalent to the statement we were asked to prove.

EXERCISE 6.3.6%

EXERcIsE 6.3.9

Observe that A corresponds to N* , @ to 1,aton and S(a)ton + 1.
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ExEercise 6.3.10

Observe that, if we write ap([y])) = [x] + [y], then
(@ apg([1]D) = [x] + [1] = [x + 1] = S([xD

() ag(S (D) = [x] + (] + (1] = ([x] + [yD + [1] = S (upq([y])) for all
bl € Z,.

By uniqueness, g = ¢pq 50 ¢rq([y]) = [x] + [y].

Similarly, if we consider multiplication, we can use (Q3) to obtain the
following analogue of Theorem 6.3.1 (i). Let [x] € Z,. There is a unique
function y : Z, — Z, satisfying the following conditions.

(@) Y([1]) = []

(®) Ypa(S (YD) = YYD + [y] for all [y] € Z,.
We claim that y4([y]) = [x] X [y].

Observe that, if we write S,([y])) = [x] X [y], then
(@) B ([1D = [x]

(®) Bra(S (YD) = Bra(y) + [yl for all [y] € Z,.

By uniqueness, By = Y1 80 Y[y = [x] X [y].
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EXERCISE 6.4.2

We prove the following results.

(1) If there exist natural numbers m and n with n > m and a surjective
function f : F,, — F,, then there exists a surjective function g : F,_; — F,.

(i1) If there exists a natural number n and an surjective function f :
F,.1 — F,.,, then there exists an surjective function g : F,, — F,,;.

(iii) If n and m are natural numbers with n > m, then there does not exist
an surjective function f : F,, — F,.

(iv) If m and n are natural numbers, then there exists a bijective function
f:F, — F,ifand only if m = n.

Proof. (i) Define g : F,.y = F,by g(r) = f(r)forl <r <m,gr) =1
otherwise.

(ii) There are two possibilities. Either f(n+1) = n+2 ornot. If f(n+1) =
n+2,wesetg(r)=f(ryforl <r<n.

If fm+1)+# n+2,then f(n+ 1) = u for some u with 1 < u < n and
f(v) =n+2forsomevwithl <v <n. Setg(r)= f(r),if 1 <r <nand
r # v, and set g(v) = u.

(iii) By part (i), it is sufficient to prove the result for n = m + 1. To this
end, let E be the collection of natural numbers such that there does not exist
an surjective function f : F,, — F,,;. We observe that if f is a function
from F; to F,, then

S() = 1or f(1) =2,

so f is not surjective. Thus 1 € E.

On the other hand, part (ii) tells us that if m € E, thenm + 1 € E. The
axiom of induction (P3) now tells us that £ = N*, which is what we wished
to prove.

(iv) If m # n, then either n > m or m > n. If m > n, we know that there
is no surjective and so no bijective function f : E, — E,. If n > m, then
the same argument shows us that there is no bijective function g : E,, — E,
and so no bijective function f : E, — E,,.

If n = m, the identity map f(r) = r gives a bijection between E, and
itself. o
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EXERCcISE 6.4.5

(1) There is a bijection f : S, — A and a bijection g : A — B. The map
h:S, — Bgivenby h(r) = g(f(r)) is a bijection, so B is finite and |A| = |B|.

(i1) If JA| = n there is a bijection f : §, — A and a bijectionh : §, — B.
The map g = hf~! given by g(a) = h(f~'(a)) is a bijection g : A — B.

EXxErcise 6.4.7

Theorem The set P of primes is infinite.
Proof 1If P is finite then there is a bijection f : F,, — P for some natural
number n. Consider

N=(Mf2)...f(m)+1.
We observe that if 1 < j < n, then f(j) does not divide N since it leaves

remainder 1 when divided into N. However, we know that N factorises into
primes, so we have a contradiction.

ExErcise 6.4.10

Suppose |A| > |B]. We have AN (B\ A) = @ so
AUB|=]AU(B\A)|=|Al+|B\A| > |A]

The case A 2 B (for example, A = F,, B = F,, with n > m) shows this is
best possible.

Also B2 B\ A so
|AUB|=|A|+ |B\ A| <|A| +|B|.

The case AN B = @ (for example,A = F,,, B = F,.,, \ F,,) shows this is best
possible.

In general, |A| + |B| > |A U B| > max{|A|, |B|}.
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ExErcisE 6.4.11

Let P(m) be the statement that there is a bijective function from F,» to
the collection F,(m) of functions f : F,, = F,.

Observe that the map 6, : F,, — F,(1) given by (8;(r))(1) = risa
bijection, so P(1) is true.

Now suppose that P(m) is true. Then there is a bijection 6,, : Fn —
Fn(m). If we now define 6, : Fm1 — F,(m + 1) by

k fu=m+1

(O ((k = D™ + 1)) = {

forl <r<n", 1 <k<n,then6,, : Fn1 — F,(m+ 1) is a bijection so
P(m + 1) is true.

Thus, by induction, P(m) is true for all m and there is a bijective function
from F,» to the collection F,(m) of functions f : F,, = F,.

Now we can find n and m and bijections f : F,, - A, g : F,, = Band
0: Fn — F,(m). The map ¢ : F,(m) — A® given by

p(h)(a) = g(O(f ' (@)))

is a bijection, so |AB| = |F,,(m)| = |F,»| = n™ = |A|.,
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EXERcISE 6.4.12

(1) Let P(n) be the statement that, if |A| = |[B| = nand f : A — Bis
injective, then f is bijective.

P(1) is true because then A = {a} and B = {b} and the only f : A — Bis
given by f(a) = b and is bijective.

Suppose P(n) is true and A has n + 1 elements. Choose a € A and take
b = f(a). Take A’ = A\ {a} and B’ = B\ {b}. Then (since f is injective) the
map h : A” — B’ given by h(x) = f(x) for x € A" is well defined and A" and
B’ have n elements. Since f is injective, A is injective so, by the inductive
hypothesis, bijective. It follows that f is bijective. Thus P(n + 1) is true and
the induction is complete.

(i1) Let P(n) be the statement that if |A| = [Bl = nand g : A — Bis
surjective, then g is bijective.

P(1) is true because then A = {a} and B = {b} and theonly g : A — B'is
given by g(a) = b which is bijective.

Suppose P(n) is true and A has n + 1 elements. Choose distinct b, ¢ € B
and using the fact that g is surjective take some a € A with g(a) = b. Take
A’ = A\ {a} and B’ = B\ {b}. Consider the map the map k : A” — B’ given
by k(x) = g(x) if g(x) # b and k(x) = c if g(x) = b. Since g is surjective,
k is surjective so, by the inductive hypothesis, bijective. We write u for the
unique element of A” with k(1) = ¢ and observe that we must have f(u) = c.
Thus there is no x € A’ with f(x) = b. We now claim that f is injective so
bijective.

We prove this by cases. If f(x) = f(y) and f(x) # b, c, then k(x) = k(y),
sox =y If f(x) = f(y) = ¢, then k(x) = k(y) = c,sox =y = u. If
fx)=f@)=b,thenx =y =a.

It follows that f is bijective. Thus P(n + 1) is true and the induction is
complete.

If A = B = N* and we define f,g : N* —» N* by f(n) = 2n and
g(2n) = n, g(2n — 1) = 1 for all n, then f is injective, but not surjective and
g 1s surjective, but not injective.
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EXxERcISE 6.4.13

It suffices to prove that, if > is an order on F),, then F', has a least element
for that order. Let P(n) be the statement just made.

P(1) is true, since F; has only one element. Suppose that P(n) is true. If
> is an order on F,,, then it remains an order when restricted to F, so, by
the inductive hypothesis, F, has a least element u say. If n + 1 > u, then u
is a least element of F,,;. If not, u > n + 1 and, by transitivity, r > n + 1 for
alln>r>1,son+1isaleast element of F,,; under the given order. Thus
P(n + 1) is true.

The required result follows by induction.

EXERcISE 6.4.15

(1) (Reflexivity) Since the identity map is bijective, A ~ A.
(Symmetry) If A ~ B, there is a bijective function f : A — B. The inverse
function f~! : B — A is defined and bijective, so B ~ A.
(Transitivity) If A ~ B and B ~ C, then there are bijective functions f :
A — B,g: B — C. If we set h(a) = g(f(a)), we obtain a bijective function
h:A— C. ThusA ~ C.

(i1) Let n = |A|, m = |B|. By definition A ~ F,, B ~ F,, The rules given
in (i), show that if A ~ B then F,, ~ F,, so, by Lemma 6.4.1 (iv), n = m. On
the other hand if n = m, then F,, ~ F,, so, by the rules given in (i), A ~ B.

(ii1) The function f : A X B — B X A given by f((a,b)) = (b,a) is a
bijection.

(iv) The function : N — A given by f(n) = n® is a bijection.

EXERCISE 6.5.2

(1) If d is the highest common factor of a and b, then d always divides
an + b so, if d is not prime, an + d is never prime and, if d is prime, an + b
is prime if and only if an + b = d.

(i1) The only arithmetic progressions to be considered are 4n+1 and 4n+3
and these have been shown to obey the conclusion of Dirichlet’s theorem in
Exercises 5.5.10 and 5.5.11.
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EXERCISE 6.5.3

We seek an upper bound, not a best upper bound. Because of the pop-
ulation explosion, ten times the present population of the globe certainly
exceeds the number of people who have lived since the invention of writ-
ing. Today (2017) the population of the globe is less than 10 x 10° so we
have an upper bound of 10 x 10'° = 10! on the number of people since the
invention of writing. A lifetime (measured in seconds) may be bounded by

120 X 366 x 24 x 60 x 60 < 4 x 10° < 10'°.

So we have at most 10?! seconds of writing time available. It takes at least
1/10th of a second to write down a number Thus at most 10?> numbers of
size between 107° and 10% — 1 have been written down and, if we choose a
number with 80 digits at random, the chance of it having been written down
before is negligible. My choice is

65263415628 715381283 876699979 568 924 424
784517504945 692273771 682964294 422 844790 817.
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EXERCcISE 6.5.4%

EXEeRrcise 7.2.2

Suppose that (x)” and (xiii)" hold.
(x) If a > b, then, by (xii), a + (=b) > b+ (=b) = 0. Thusifa > b, b > c,
then
a+(—c)=(@+0)+ (-c)=(a+ b+ (-b)) + (—c)
=(a+ ((=b) + b)) + (—¢) = ((a+ (=b)) + b) + (—¢)
=a+Eb)+ b+ (=) >0+bB+(—¢c)) =b+(—c)>0.
Thus
a=a+0=a+(c+(-c)) = a+((-c)+c) = (a+(=¢c))+c = c+(a+(-c)) > c.

(xiii) If a > b and ¢ > O then, as before, a + (—b) > 0, so
(axc)y+((=b)xc)=(a+ (=b))xc>0.

But (—b) X ¢ = —(b X ¢) (see Exercise 3.2.14 (iii)) so (a X ¢) = (bxc¢) > 0
and
axc=(axc)y—(bxc)+bxc)>(bxc).

Conversely, suppose that (x) and (xiii) hold. Then (x)" and (xiii)" follow
on setting b = 0.

ExErcise 7.2.3
We know, from Exercise 5.1.8, that (G, +, X) is a field. The remaining
conditions are checked in much the same way. For example:-

x)Ifa,b,ceG,anda >band b > c,thena, b,ceF,a>band b > ¢
soa > c.
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EXxERciSE 7.2.4

We just do this case by case.

(1) If a > 0, then |a| = a > 0. If 0 > q, then |a| = —a > 0. By trichotomy,
it follows that if |a| = 0, then a = O.

Ifa=0,thena > 0, so |a| = 0.

(i) Ifa>0,then0=a-a> —a,so|—a|l=—(—a) =a = |al.
If0>a,then—a>a+(—a)=0,s0|—a| = —a = |a|.

(i) If a, b > 0, then ab > 0, so |ab| = ab = |a||b].
Ifa> 0> bthen —b > 05so |ab| = | — (ab)| = |a(=b)| = |a|| — b| = |a|b|.
The case b > 0 > a is similar.
If 0 > a, b then |ab| = |(—a)(=b)| = | — al| — b| = |a]|b].

(iv)Ifa,b>0,thena+b>a>0solal+|b|=a+b=la+ b
If0>a,b,then —a,—b >0sola|l+|b|=—-a—-b=—(a+b)=l|a+b|.
Ifa>0>banda> —b,then|a|+|bj=a-b>a+b=|a+b|.
Ifa>0>band -b >a,then|a|+|b|=b—a>a+b =|a+b|.

The remaining cases are similar.

(v)Ifa > b, then (a+b) + |a—b| = (a+b) + (a — b) = 2a = 2max{a, b}.
Ifb>a,then(a+b)+|a—bl=(a+b)+ (b-a)=2b=2max{a,b}.
Thus (a + b) + |a — b| = 2 max{a, b}.

If a > b, then max{a, b} + min{a, b} = a + b. If b > a, then
max{a, b} + min{a,b} =b+a=a+b
Thus max{a, b} + min{a, b} = a + b for all a and b and so
2 min{a, b} = 2(a + b) — 2 max{a, b} = (a + b) — |a — b|.
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EXERcISE 7.2.5

(i) Observe that 1 = 1> > 0. Since 1 # 0 we have 1 > 0.

@ii) If m > n, we know that m = n + r for some r € N*. Thus it is
sufficient to show that, if m is fixed, the statement P(r) which claims that
f(m+r) > f(m)is true for all r € N*,

Now f(m+1)= f(m)+1 > f(m)+ 0= f(m), so P(1) is true.

Suppose P(r) is true. Then
fm+@+1) = (fm+r+1) = fm+r)+1> fm)+1> f(m)+0 = f(m),
so P(r + 1) is true. The required result follows.

If m # neither n > m or m > n. Without loss of generality suppose
m > n. Then f(m) > f(n) so f(m) # f(n). Thus f is injective.

(iii) (a) Fix m. Let P(n) be the statement that f(m + n) = f(m) + f(n).

Since f(m+ 1) = f(m)+1 = f(m) + f(1), P(1) is true.

Suppose that P(n) is true. Then
fm+m+1)=f(m+n)+1)=f(m+n)+1

=(fm)+ fm) +1=fm)+(fm+1) = fm)+ f(n+1)

and P(n + 1) is true. Our required result follows by induction.

(b) Fix m. Let Q(n) be the statement that f(m X n) = f(m) X f(n).

Since f(mx 1) = f(m) = f(m)x 1 = f(m) x f(1), Q(1) is true.

Suppose that Q(n) is true. Then, using (a),

fmx(n+1))=f(mxn)+ (1 xm)=f((mxXn)+m)

= (f(mxn) + f(m) = (f(m) x f(n) + (f(m) x 1)
= fm) X (f(m) +1) = f(m) x f(n+ 1)

and Q(n + 1) is true. Our required result follows by induction.

av) u(1) X u(l) = u(1 x 1) = u(1) = 1 X u(1) so, by cancellation, either
u(l)y =0oru(l) = 1. If u(l) = 0, then u(2) = u(1 + 1) = u(l) + u(l) =
u(1) + 0 = u(1) and u is not injective. Thus u(1) =1

Let P(n) be the statement that u(n) = f(n).
P(1) is true, since we now know that u(1) =1 = f(1).
If P(n) is true, then
un+ 1) = un) + u(l) = f(n) + f(1) = f(n+ 1)

and P(n + 1) is true. The desired result follows by induction.
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EXERCISE 7.2.6
Z, has two elements and N* has infinitely many, so there cannot be an
injective map f : N* — Z.

Since Z, is not an ordered field, the argument of the previous question
does not apply.
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EXxERrcise 7.2.7

(i) Let N* be the copy of the natural numbers in Q*. By Exercise 7.2.5,
we can find u : N* — F which preserves >, + and X.

1 ’ ’ + —_ ’ /3 + A
) ) - B -
We observe thatif n, m, n’ m’ € N*" and n/m = n’/m’ in Q*, then nxXm
n’ X m so

u(n) X u(m’)y = u(n x m’") = u(n’ x m) = u(n") X u(m)
so u(n) X u(m)™" = u(n’) x u(m’)~'. Thus
g(n/m) = u(n) X u(m)™

gives a well defined map g : Q" — F. We observe that if g(n/m) = g(n’/m’),
reversing the calculations above gives n/m = n’/m’, so g is injective.

g(n/m) + ga/b) = (g(n) x gim)™") + (g(a) x g(b)™")
= ((g(n) x g(b)) + (g(m) x g(a))) X (g(m)™" x g(b)™")
= ((u(n) X u(b)) + (u(m) x u(a))) x (u(m)™" x u(b)™")
= (u((n X b) + (m X a)) X (u(m x b))
= g(((n x b) + (m X @))/(m X b)) = g(n/m + a/b),
so g preserves addition.
g(n/m) x g(a/b) = (g(n) x gm)™") x (g(a) x g(b)™")
= (g(n) x g(a)) x (g(m) x g(b))™"
= (u(n) X u(a)) X (u(m) X u(b))™'
= u(n X a) X (u(m x b))~
= g((n x b)/(m x b)) = g(n/m X a/b),
so g preserves multiplication.
If n/m>a/b,thenn X b > mXa, so
g(n) X g(b) = u(n) X u(b) = u(n X b) > u(m x a) = g(m) X g(a)
so since g(m), g(b) > g(0) = 0 whence g(m)™!, g(b)™! > 0s0 g(m) 'g(b)™! >
0, we have
g(n/m) = g(n) x gm)™" > g(a) x g(b)™" = g(a/b).

(i1) Suppose g, G : Q* — F preserves =, X and >. If we restrict g and h
to N* we know, by Exercise 7.2.5, that g(n) = G(n) for all n € N*. Since g
preserves X

g x gn)™ =gnxn")=g(1)=1
so g(n)™! = g(n™") and similarly G(n)™! = G(n™"). Thus
g(n/m) = g(n) x gm™") = g(n) x g(m)™" = G(n) x G(m)™" = G(n/m).
The mapping g is unique.
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(ii1) Observe thatif x, x',y,y € Qand x —x" =y—y',thenx+y = x"+y
s0 g(x) + g(y") = g(x’) + g(y) and g(x) — g(x") = g(y) — g(’). Since any
element of @ € Q can be written as a = x — x” with x, x’ € Q* (if a > 0 take
x=a+1,x =1,ifa<0,take x = 1, ¥ = 1 — a), we have well defined
map i : Q — F given by h(x — x') = g(x) — g(x') for x, x’ € Q*.

If h(x —x') = h(y —y') for x, x’, y, ¥ € Q" then

8(x) — g(x) = h(x = x') = h(y = ') = g(») — 8(")
SO
gx+y) =g(x) +g0") = g(x) + g(y) = g(x" +y)
and, since g is injective, x+y’ = x’+yand x—x’ = y—)’. Thus A is injective.

Since
Mx=x)+ =y =h(x+y)— (" +y)) =gl(x+y) - (X' +)))
= (g(x) + gO) — (8(x") + 8())
= (g(x) — g(x") + (8(») — ()
=h(x—x)+hly-y)
for x, x’, y, y' € Q*, it follows that & preserves +.

Since
h((x = X)X (y =) = h(((x X y) + (" X ¥)) = (" X y) + (x X ¥)))
= g((x X y) + (x" X y)) — g((x' X y) + (x X y"))
= ((g(x) x g(») + (g(x") X g(")) — (g(x") X g(y)) + (g(x) X g(y/))
= (g(x) — g(x) x (g(y) — g(")) = h(x — x') X h(y = ¥")
for x, x’, y, y' € Q*, it follows that & preserves X.
Suppose that x — x" > y —y’, Then
x+Y =@x-xX)+&E+y)>0-y)+ & +y)=x"+y
SO
h(x) + h(y') = h(x +y") = g(x +Y") > g(x" +y) = h(x" +y) = h(x) + h(y)
and
h(x = x') = h(x) — h(x") = (h(x) + h(}")) + (=h(x")) + (=h(}")))
> (h(xX") + h(y)) + (=h(x) = h(y)) = h(y) = h(Y") = h(y = )')
for x, x’, y, y' € Q*. It follows that h preserves >.

(iv) Suppose h, H : Q — F preserve +, X and >. If we restrict 4 and H to
Q*, we know, by (ii), that 2(x) = H(x) for all x € Q*. Since h preserves +,

h(x) + h(=x) = h(x + (—x)) = h(0) = 0,
so —h(x) = h(—x) and similarly —H(x) = H(—x). Thus
h(x—x") = h(x+(=x")) = h(x)+h(—x") = h(x)-h(x") = H(x)—-H(x') = H(x—x")
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for x, x’ € Q*. Since every y € Q can be written y = x — x’ with x, x’ € Q*,
the mapping 4 is unique.
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EXERcISE 7.2.8

We know that every ordered field contains a subfield isomorphic to the
rationals. Thus an ordered field with no strictly smaller subfield must be
isomorphic to the rationals.

Conversely, suppose G is a subfield of Q. We know that G contains a
multiplicative unit u and and a zero v. Now u?> = u, V> = v,sou = 1 or
u=0,v=1orv=0. Sinceu # vand uv = v we have u = 1 and v = 0.
Thus, if a € G, we have a + 1 € G. By induction, G contains N*, so G

contains n/m for all n,m € N*, so G contains —n/m for all n,m € N* so G
is Q itself.

EXERCcISE 7.2.9
Just follow Exercise 2.3.7. u(1) X u(1) = u(1 x 1) = u(1) =1 x u(1) so,
by cancellation, u(1) = 1.
Let P(n) be the statement that u(n) = f(n).
P(1) is true, since we now know that u(1) =1 = f(1).

If P(n) is true, then
un+1) =um) +u(l) = f(m)+ f(1) = f(n+1)
and P(n + 1) is true. The desired result follows by induction.

We did not have induction when we first looked at Exercise 2.3.7.

Lemma 3.2.18 can extended by adding: If F and G are injective functions
F, G : N* — Q such that

F(n+m) = F(n)+F(m), F(nxm) = F(n)xF(m) and n > m implies F(n) > F(m)
and

G(n+m) = G(n)+G(m), G(nxm) = G(n)XG(m) and n > m implies G(n) > G(m),
then F = G.
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Exercise 7.2.10

Part (i) We have

(al,a»@( - = )

2_~.2° 2 A2
a; —2a; ay —2a;

2

a a
=|a1 X — 2+(—2><a2)>< 5 >
aj — 2a; ay — 2a;

a (—Clz) )

X dy + ay X
ai —2a; ai —2a3

2 2
_ (al —2a; (ay X ay) - (a; X an)
—\ "2 2° 2 2

ay —2a; aj; — 2a;

) =(1,0)
Part (ii)
(i) Using the commutative law of addition for R,

adb= (al +b1,(12+b2) = (bl +(l1,b2+(l2) =boa.

(i1) Using the associative law of addition for R,

a®(bdc)=(a,a) + (b +c1,by+c2) =(a) + (by +c1),a2 + (by + 7))
= (a1 + b)) +ci,(ar + by) + ) = (a1 + by,ax + by) + (c1,¢2)
=(adb)oec.

() 0e®a=0,0 (a;,a2) = 0+ a;,0+ay) = (a;,ay) = a.

@iv) If we write —a = (—a,, —a,), then

ad(-a)=(a;—a;,a—a) =(0,0)=0.

(v) Using the commutative laws of multiplication and addition for R

a®b=((a xXb))+ (2 X (a, X by)),(a; X by) + (a, X by))
= ((by X a)) + 2 X (by X ay)), (by X ar) + (b) X ay))
= (b1 xa)) + 2 X (b, X ay)), (b) X ap) + (b, X a;)) =b®a.
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(vi) Making free use of the laws governing Q, we have
a®(bec)=(a,a) X (b1 X c1) + (2 X by) X 2), (b1 X 2) + (b2 X €1))

= (Cll X ((by X 1) + (2 X by) X c2) + (2% ax) X ((by X ¢2) + (by X ¢1)),
a1 % (b1 x e2) + (b2 X ) + a2 X (by X 1) = (b X )
= (((m X by) + (2% (az X by))) X c1((az X by) + (2 X ay) X by)) X ¢32),

((a1 X b)) + (2 X ay) X by)) X c2 + (a1 X by) + (ap X by)) ><C1)
=(a®b)®ec).

(vii) We have

1®a=(1,0)%x(aj,a) = (1 xXa;))+2x0Xay),(1xXa)+ (0 xa))
=(a; —0,a,+0) = (a,a) = a.
(Multiplicative unit.)
(viii) Done in part (i).
(ix) Using the distributive law for Q and making free use of the associa-
tive and commutative laws of addition.
a®(b69c) = (611,612) X (b] +C1,b2 + C2)
=(a1 X(by+c)+2Xa) X (by+cr),a; X (by+ ) +a; X (b +¢))
= (((@1 X by) + (a1 X c1)) + ((—a2) X by) + (2 X az) X ¢2),
(a1 X by) + (a; X ¢2)) + ((ay X by) + (az X ¢1)))
= (((a1 X by) + (2 X az) X by)) + ((a1 X c1) + (2 X a2) X ¢2)),
((a1 X by) + (ay X by)) + ((a1 X c1) + (a2 X ¢1)))
= ((a; X by) + ((2a2) X by), (a1 X ba) + (a2 X by)
+ ((a1 X 1) + (2 X az) X ¢2)), +((a1 X ¢1) + (a2 X 1))
=(a®b)d(a®c)

We note that 1 = (1,0) # (0,0) = 0.

Part (iii) Immediate. For example

flaxb)=(axb,0)=(a,0)®(b,0) = fla)® f(b).

Part (iv) Observe that (0,1) ® (0, 1) = (1,0) = f(2).

Part (v) Suppose that (a, b) ® (a, b) = f(3). Then (a® + 2b*,2ab) = (3,0)
so ab = 0 and eithera = 0 and 26> = 3 or b = 0 and a®> = 3. Theorem 4.4.12
tells us that neither condition can be satisfied.
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Part (vi) % (The only direct proof I can think of involves pages of case
by case arguments.)
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Exercise 7.2.11

(1) 12 miles, 4 furlongs, 9 chains, 5 yards, 1 foot and 10 inches.
(i1) 12797.199 metres.

ExXEeRrcise 7.2.12

(1) We have
i_i_3x23—4x19 _69-76

19 237 19x23  19x23 °
503/19 < 4/23.

(11) 0.361 > 0.353.

0

(iii) The average is
1(3 4 4 1 4793 4793
=+t =+=|==X=—=—==—=—.
3119 23 21 3 9177 27531

(iv) The average is
1 1
3 % (0.353 + 0.361 + 0.362) = 3 % 1.076 = 0.359

to 3 places of decimals.

Exercise 7.2.13

(1) 56 pounds and 12 shillings is 56 X 20 + 12 = 1132 shillings
1132 shillings and 5 pence is 1132 x 12 + 5 = 13589 pence
13589 pence and 2 farthings is 13589 X 4 + 2 = 54358 farthings
After a year we have 1.03 x 54358 = 55988.74 farthings
Rounding up we have 55989 farthings
that is to say 13997 pence and 1 farthing
13997 pence is 1166 shillings and 5 pence
1166 shillings is 58 pounds and 6 shillings
so the debt is now 58 pounds, 6 shillings, 5 pence and 1 farthing (correct to
the nearest farthing).

(i1) The debt is 1.03 X 56.53 = 58.2259, that is to say 58 dollars and 23
cents correct to the closest cent.
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Exercise 7.2.15

Observe that log,,a + b = log,,a — log,, b.

Take a = 8.626, b = 3.679. To the appropriate accuracy log,,8.626 =
0.9358, log,, 3.679 = 0.5657 so

log(a + b) = log,,a — log,, b = 0.3701 = log,,2.345
and 8.626 + 3.679 = 2.345.
If we consider 2.345 + 3.679

log,,2.345 = 3.679 = log,, 2.345 — log,, 3.679 = 0.3701 — 0.5657
= —0.1956 = 0.8044 — log,, 10 = log,, 6.374 — log,, 10 = log,,.6374

50 2.345 + 3.679 = 0.6374.

ExErciseE 7.2.16

(1) We first prove the result for n > 0. Let P(n) be the statement that
nlog,, x = log,, x". Since

log,, 1 =log,, 1 x1=1log,,1 +log,1
we have log 1 = 0, so P(0) is true.
If P(n) is true then
(n+1)log,, x = nlog,, x+log,, x = log,, X"+log,, x = log,,(¥"xx) = log,, X"
so P(n + 1) is true. The required result follows by induction.
If n < 0, then using the result just proved,

nlog,, x = —|n|log,, x = —log,, X" = log,,(1/x") = log x".

(i1) We have
log,, 10° = alog,, 10 = a = blog,, u/v = log,y(u/v)’

so 10¢ = (u/v)” and 104" = u’. By the uniqueness of factorisation, any
prime factor of v must be a prime factor of u’ and so of u. Since u and
v are coprime v = 1. Thus 10¢ = u”. By the uniqueness of factorisation,
any prime factor of ¥ must be a prime factor of 10, so must be 2 or 5. If
u = 2"5° we have
Daga — 2br5bs

so br = bs = a, whence r = s = k for some strictly positive integer k. We
now have u = 10*. The converse is immediate.

(iii) If x > 1 this is the result of (ii). If x = 1 then x = 10°. If 1 > x > 0,
then, since log,,(1/x) = —log,, x, part (ii) shows that 1/x is rational and so
x 1s rational.
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Exercise 7.2.17%

ExErcise 7.3.4

(1) Observe that, if € > 0, then
la, —al=0<e€
foralln > 1.

(i1) If € > 0, then, by definition, we can find a N such that |a — a,| < € for
n > N. Thus
I(—a) = (ma)l =la—a,| <€
forn > N.

(i1) Suppose, if possible, that @ 2 b. Then b > a. Set € = (b — a)/4.
Since € > 0, there exists an N, N, such that |a, — a| < € for n > N; and
|b, — b| < € for n > N,. Taking g = max{M, N, N,} we have

b—a < (b-a)—(a,~b,) = (b-b,)—(a—a,) < |b—by|+la—a,| < 2€ < (b—a)/2

which is impossible. Thus a > b. The same argument gives b > a, so, by
trichotomy, a = b.

(iv) Just use (i) and (iii).

EXxERrcrise 7.3.6

The limit of the sum is the sum of the limits, so, if ¢, — ¢,

h(t,) = f(t,) + 8(t,) = f(1) + g(1) = h(2)

as n — oo. Thus £ is continuous.

The limit of the product is the product of the limits, so, if t, — ¢,

k(ty) = f(ta) X g(t,) — (1) X g(2)

as n — oo. Thus k is continuous.
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ExERciSE 7.4.5

If b < 0 just take n = 1. From now on we suppose b > 0.

Suppose F satisfies the axiom of Archimedes and a, b > 0. Since a/b > 0
we can find an integer n > 1 such that a/b > 1/n and so na > b.

Conversely, suppose that, given a, b € F with a > 0. We can then find an
n € N* such that na > b. If € > 0 then, taking a = € and b = 1, we can find
an n € N* such that ne > 1 and so € > 1/n.

EXERcISE 7.4.6

Ifc =0taken = m = 0. If ¢ > 0 take m = 0 and apply Exercise 7.4.5
withc = b,a = 1. If ¢ < 0 consider —c.

Exercise 7.4.7

Suppose that every increasing sequence bounded above tends to a limit.

If a, is a decreasing sequence bounded below by A, then —a, is an in-
creasing sequence bounded above by —A. Thus —a, — b as n — oo for
some b. It follows that ¢, — —b and so a,, tends to a limit.

Suppose that every decreasing sequence bounded below tends to a limit.

If a, is an increasing sequence bounded above by A, then —a, is an de-
creasing sequence bounded below by —A. Thus —a, — b asn — oo for
some b. It follows that a, — —b and so a,, tends to a limit.
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EXERcISE 7.4.9

Suppose that 1 > x > 0. A simple induction shows that that x"*! > x" > 0
for all integers n > 1. Thus the x" form a decreasing sequence bounded
below by 0 and so must tend to a limit @. Thus, given any € > 0, we can
find an N such that & — xV| < € and so, automatically, | — x*"| < € for all
n > N. Thus x> — a.

However, taking a,, = b, = x" in Lemma 7.3.3 (iii), we see that
2

2

=X s axa=a
so the uniqueness of limits (Lemma 7.3.3 (i)) tells us that
Clz = Q.
Thus @ =0ora = 1. Since 1 > x > x" for all n > 1, Exercise 7.3.4 tells us
that 1 > x > @ and so @ = 0.

A simple induction gives |x|" = |x"| so, if |x| < 1, we have [x"| = |x]" — 0.
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ExErcise 7.4.13

Suppose a, b > 0.
We have va, Vb > 0. If Vb > +/a, then
b= Vbx Vb> Vax Vb> Vax Va=a.

Thus, if a > b > 0, we must have a > Vb.

Exercise 7.4.14

(1) Since x, — x certainly implies x, — x, we have f; continuous. If
J» 1s continuous, it follows that f,,; is a product of f, and fi, and f,, is
continuous. By induction, f, is continuous.

Automatically, fi(y) > fi(x) > Ofory > x > 0. If y > x > 0 and
f2(y) > fu(x) > 0, then
Joe1() =y X fu(¥) > X X fu(0) > x X fu(X) = frr1 (%)
and similarly f,;1(x) = x X f,(x) > 0. By induction f,(y) > f.,(x) > 0
whenever y > x > 0.

(i1) Since a + 1 > 1, a simple induction shows that (a + 1)" > a + 1 for
n > 1. Since f, is continuous and f,(a + 1) > a > f,(0), the intermediate
value theorem tells us that f,(x) = a has a solution.

(iii) We have x*> = (=x)? so, by a simple induction, x*" = (—x)", for all
n > 1. Thus, if m is even, x™ > 0 for all x and x™ = —a has no solution.

Again, (—x)*"*! = (=x) X (=x)*" = —x*"*! forn > 1. Thus, if m > 1 and m
is odd, then, if y" = a, we have (—y)" = —a. Thus x™ = —a has a solution.

Since f,(t) > f,(s) fort > s > 0 f,(x) = a has exactly one root y with
y > 0. Hence x" = a has a unique solution if and only if # is odd.
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EXERCISE 7.6.5

(i) No supremum. If b € F, then |b| + 1 € A and |b| + 1 > b.

(i1) Supremum 1, since 1 € A (sob > a forall a € A yields b > 1) and
1 > afor all a € A. We have observed that a € A.

(iii) Supremum 1, since 1 > aforalla € A, andif b < 1 then (b+1)/2 € A
andb < (b +1)/2. Wehave 1 ¢ A.

EXERCISE 7.6.7

Suppose F is an ordered field with the supremum property and E is a non-
empty subset bounded below, by b say. Then if A consists of the points —e
with e € E, A is non-empty bounded below by —b. Thus A has a supremum
ap say. We have

(1) ap > afor all a € A.

(i) If d > afor all a € A thend > ay.

Set ey = —ay,

(1) —eg =ag > —eforalle € E,soey <eforalle e E.

) Ifc<eforalle € E,then —c > aforalla € A, so —c > ayp = —e; and
ey = C.

ExErcise 7.6.10

Suppose a, — a. If € > 0, then €/2 > 0 so we can find an N with
la, —al < €/2 foralln > N. Now

la, — ay| =(a, —a)+(a—a,)| <l|a,—al+|a, —al <€/2+€/2=¢€

for all n > N. The sequence is Cauchy.
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EXxERcISE 7.6.13

By definition, there exists an N such that |a, — a,,| < 1 forall n, m > N.
Thus

lan| < la, — anl + lay| < lay| + 1
for all m > N. If we set

A = max |a,| + 1,
1<n<N

we then have |a,,| < A forall m > 1.

ExErcise 7.6.15

(1) We work in Q. If € > O, then € = u/v with u, v strictly positive
integers. Thus € > 1/v. We have shown that 1/n — 0 as n — oo.

(ii) The set E of strictly positive integers r with 7> < 22**! is non-empty
since 1 € E and bounded above by 2""!. Thus E has a greatest member r,
and, by definition,

r2 <2 < (r, 4+ DA

(iii) We have
ay =12 <2< 27, + 1)
=2 2r 27+ 27 = @l + 2,27 4 27
<@ 242
Thus |a? — 2| < 2*™" +27" - 0 as n — o0, s0 a> — 2. By the product rule

for limits, it follows that, if @, — a as n — oo, then a*> = 2. Since this is
impossible, the sequence a, has no limit.

(iv) Note that (2r,)*> < 2?™D+l 5o r,.y > 2r, and a, < a,.;. Since
r2 < 22l < 222y < 2" and @, < 2. (Or we could have used the
fact that > < 2.) Thus we have an increasing sequence a, bounded above
which does not converge. Thus Q does not satisfy the fundamental axiom
of analysis.

(V)Ifb > a, forall nthen b > 0 and b* > a2. Since a2 — 0, we must have
b* > 2. Since the equation x> = 2 has no solution, we must have b* > 2. If

1 2
= —[p+2
¢ 2(+b)

we have ¢ > 0 and
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so b > c¢. However

1 4 1 4
A== +4+=|=2+-(p* -4+ =
4 b? 4 b>

1, 2y
=2+-|b-—=| =22
so ¢ € A. Thus A has no supremum.

(vi) Note that (2r, + 2)*> = 2%(r, + 1)> > 22002 50 2r, + 2 > 1,y
and a, + 27" > a,,;. Since we showed earlier that a,.; > a,, we have

la, — an+1| < 27". By induction or summing a geometrical progression,
la, — @y <271 = 270)
SO
|an - aml < 2—n+1(1 - 2—(m—n))
for m > n+ 1. Thus (using the Archimedian property) the a, form a Cauchy
sequence which we have already shown has no limit.
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ExEercise 8.1.1

(i) Observe that a, —a, = 0 — 0. Thus a ~ a. (Reflexivity.)
(i) If a ~ b, then
by, —a, = —(ay, — b,) = (=1) X (a, = b,) = (-1) x0=0
asn — oo,so0b ~ a. (Symmetry.)
(iii) Ifa ~ b and b ~ ¢, then
a,—c,=@a,-b,)+b,—c,) >0+0=0

so a ~ c¢. (Transitivity)

ExEerciske 8.1.3

(i) Let € > 0. Since a, b € S, we can find N, and N, such that |a, — a,,| <
e€/2forn, m > N; and |b,, — b,,| < €/2 for n, m > N,.

Taking N = max{N;, N,}, we have
|(an+bn)_(am+bm)| = |(an_am)+(bn_bm)| < |an_am|+|bn_bm| < 6/2+6/2 =€
foralln > N. Thusa+b € S.

(ii) Suppose a, a’, b, b’ € Sanda ~ a’, b ~ b’. If € > 0, we can find N,
and N, such that |a, — a;| < €/2 forn > N, and |b, — )| < €/2 forn > N,.

Taking N = max{N;, N,}, we have
l(a,+b,)—(a,+D)| = [(a,—a,)+(b,—b))| < |a,—a,|+|b,—D| < €/2+€/2 = €

foralln > N. Thusa+b ~a’ +Db’.
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EXERcISE 8.1.6

W a,+b,=b,+a,,soa+b=D>b+aand
[a] + [b] = [b] + [a].
(Commutative law of addition.)
(i) a, + b, +c,)=a,+ b, +c,),soa+(b+c)=(a+b)+cand
[a] + ([b] + [c]) = ([a] + [b]) + [c].
(Associative law of addition.)
(i) 0+a, = a,,s00+a =aand
[0] + [a] = [a].
(Existence additive zero.)
W) a,xb,=b,%Xa,,soaxb=>bxaand
[a] X [b] = [b] x [a]
(Commutative law of multiplication.)
i) a, X (b, %xc,) =a, X (b, *xc,)soax(bxc)=(axb)xcand
[a] X ([b] X [c]) = ([a] x [b]) X [c].
(Associative law of multiplication.)
(vi)1 Xa, =a,,sol xa=aand
(1] % [a] = [a].
(Multiplicative unit.)

(ix)a,x (b, +c,) =(a,xb,)+(a,xc,),soax(b+c)=(axb)+(axc)
and
[a] X ([b] + [c]) = ([a] x [b]) + ([a] X [¢c])

(Distributive law.)

Since 1 -» 0, [1] # [0].
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Exercise 8.1.12

(x) (Transitivity of order,) If [a] > [b] and [b] > [c], then a > b and
b > ¢, that is to say, we can find strictly positive integers M, and N; such

that :
aj; > bj + M
for j > N, and we can find strictly positive integers M, and N, such that

1
ijCj+ﬁ2

for j > N,.

Taking N = max{N;, N,}, we have

1 11
>bhi+—>Ci+—+ —
GERT M T M T M,
for j > N. Thus a > ¢ and [a] > [c]

(xii) (Order and addition.) If [a] > [b], then a > b, that is to say, we can
find strictly positive integers M and N such that

1
> h.+ —
ajzbj M
for j > N. It follows that
1
aj+cj2(bj+cj)+ﬁ
soa+c>b+cand[a]+[c] > [b]+[c]

(xiii) (Order and multiplication.) If [a] > [b] and [c] > [0], then a > b
and a > 0. Thus we can find we can find strictly positive integers M, and
N, such that

1
aj; > bj + M
for j > N, and we can find strictly positive integers M, and N, such that
1
C . —
J = ]‘42
for j > N,.
Taking N = max{N;, N>} we have
1
(Clj—bj)Cj > M X ﬁz

SO
a;c;j > bjCj-i- e —
M\ M,

for j > N. Thus Thusa x ¢ > b X ¢ and

[a] X [c] > [b] X [c].
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ExeRcisk 8.1.13
(1) If g, = g, then ¢, — g as n — o0, so the ¢, form a Cauchy sequence
and u(g) € S.

(1) If f(g) = f(¢'),theng—¢q¢' - 0asn — c0,s0¢g—¢ =0and g = ¢'.
Thus f is injective.

(iii) We have
flg+4q") =lulg +q)] = [ulg) +u(g)] = [uw@)] + [ug)] = (@) + f(q")

and

flgxq") =lulg x q)] =[ulg) xu(g")] = [w(@)] x [ulg")] = f(q) x f(q).

It g > ¢, then ¢ — ¢ = u/v with u, v strictly positive integers, so g >
g’ +1/(2v) and so u(g) > u(g’) and f(q) > f(g").
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Exercise 8.1.18

(1) Let x, y € G We have
h(h™' (x +y)) = x+y = h(h™' (x)) + h(h™' () = k(™' (x) + B\ ()
so, since £ is injective,
Wl x+y)=h'(x)+h7'().
Similarly,
h(h™' (x x y)) = x Xy = h(h™' (x)) X h(h™' () = h(h™'(x) X ™' ())
so, since £ is injective,
' xexy) = (x) x ().
Further, if ~'(x) > h~(y), then x = h(h~'(x)) > h(h™'(y)) = y, if ' (y) >

h~1(x), then, as before, y > x and, if 4~!(x) = h!(y), then x = y. Thus, by
trichotomy, x > y implies h~!(x) > h~1(y).

(ii) If @ > 0, then h(a) > 0, so a = |a| and |h(a)| = h(a) = h(|al).
If a < 0, then h(a) < 0 so a = —|a| and |h(a)| = —h(a) = h(—a) = h(|al).
(iii) Suppose € € G and € > 0. Then h~'(e) > 0. Thus we can find an N
such that
la, —al < h™'(e)
for all n > N. Using part (ii), we obtain
|h(a,) = h(a)| = |h(a, — a)l = h(la, — al) < h(h™'(e)) = €
forall n > N. Thus h(a,) — h(a) as n — oo.
(iv) Suppose € € G and € > 0. Then h~!(€) > 0. Thus we can find an N
such that
0 = Xl < h7'(€)
for all n, m > N. Using part (ii), we obtain
|h(x,) — h(-xm)| = |h(x, — x| = h(x, — X)) < h(h_l(e)) =€

for all n, m > N. Thus the h(x,) form a Cauchy sequence.
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Exerciske 8.1.20

We must check that g is an injection.
Suppose that g(a) = g(b) so that
a +(l2\/§:b1 +b2\/§.

If a, # b, we have
V2 = @ = b 0)
by — by
which is impossible. Thus a; = b;, so a; = by and a = b. Thus g is
injective.

The rest of the proof is immediate. For example,
g(@a®b) = g((a1b1 + 2a2by, a1by + azxby)
= (@by + 2asb2) + (arby + b)) V2 = g(a) x g(b)
and similar but simpler remark covers addition.

The conditions defining & are precisely those which give a & b if and
only if g(a) > g(b).

Since a subfield of an ordered field is an ordered field, G is ordered by >
and so Q[ \/E] is an ordered field.
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EXERCISE 8.2.2

(1) Let P(n) be the statement that

1 _ xn+l
Sa(x) = :
1—x

Since :
So) = 1= —,
1—x

P(0) is true.
If P(n) is true,
1 _ xn+1
S (x) = S,(x) + X = : + Xt
- X

(1 _ xn+1) + xn+l(1 _ X) (1 _ xn+l) + (xn+1 _ xn+2)

1-—x 1—x
1_xn+2
1—-x
so P(n + 1) is true.

The required result follows by induction with base case 0.
(i1) Now, if 1 > x > 0, then x" — 0 (see Exercise 7.4.9) and
1= xn+l 1

— .
1-x 1-—x

Sa(x) =
Setting x = 1/2, we get
S,(1/2) -2
and, setting x = 1/10, we get
9§,(1/10) —» 1

as n — oo,
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EXxERcISE 8.2.3

Set
a as a,

b,=—+—+... .
10 10? 10"
A simple induction shows that

9 9 9
b —+—+...—,
10 102 10"
so, by summing a geometric series, we see that b, < 1. Since the b; form an
increasing sequence, the fundamental axiom of analysis tells us that b; — x
for some x € R. Since 0 < b; <1, wehave 0 < x < 1.

EXxERcISE 8.2.4

(i) Let P(n) be the statement that 1 > b, > 0and 9 > a, > 0. If P(n) is
true, then 10 > 106, > 0,509 > a,4; > 0 and 1 > b,,; > 0 by definition.
Thus P(n) implies P(n + 1). Essentially the same argument shows that P(1)
is true, so, by induction, 1 > b, >0and 9 > a, > 0 for alln > 1.

(i) Let Q(n) be the statement that 10"a = 10"a,, + b,. The definition of
a; and b, tells us that Q(1) is true. If Q(n) is true, then

10""a = 10 x (10"a) = 10 x (10"x,, + b,,)
=10""x, + 10b, = 10" x, + 10a,41 + bpe1 = 10" %41 + by
Thus, by induction, Q(n) is true for all n.
Since 0 < b, < 1, we have
X, <a<x,+10™.
Thus |x, —al < 10™ —- 0 asn — oo. and so x, = a as n — oo,

(iii) x, is the nth place entry in a decimal expansion of x.
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EXERCcISE 8.2.5

(1) Let P(n) be the statement that b,, = u,,/v, where u,, is a positive integer
with v > u, > 0. If P(n) is true, then, since Ta, is an integer,

b, = 10b, — Ta, = 102 — Ta,
\%

Since T'a, is an integer, it follows that b,.1 = u,1/v where u,,; is an integer.
Since 1 > b, > 0, we have v > u,,; > 0. Thus P(n) implies P(n + 1). A
similar argument shows that P(1) is true so, by induction, b, = u, /v, where
u, is an integer with v > u,, > 0.

Since there are only v possible values of u,, there exist integers p and ¢
withv+1 > p > g > 1 such that u, = u,. Let Q(m) be the statement that
Upim = Ugsm- Certainly Q(0) is true and, if Q(m) is true,

Up+m+1 Ugim

" = bp+m+l = Sap+m+l = 1Obp+m - pr+m = 1Obq+m - qu+m =

By induction, u,,, = g, for allm > 0, s0 ay(p-g) = ay forallm > g + 1.

(i) If @ = 10%a — n (where n is the integer part of 10%a) is rational,
so is @. Thus there is no loss in generality in taking g = 0. If we take
A=a; +10'a; +...+107%a,, then (summing a geometric series and using
the axiom of Archimedes)

ay+107"ay + ... +107%a, + ... + 107"a,, = A1+ 1077 + ... + 1079""D)
1-1077 A
=A
—107 T-1097°%
so @ € Q and we are done.




EXERCISE 8.2.6

(i) No. Set
co=1,co=c3=...=cy=6,cy;1=9,¢c,=0forr>N+2,
ad=1c¢=ci=...=cy=6,cy,;, =0, ¢, =0forr >N +2,
di=1,dy=d;=...=dy=3,dy;1=9,d.=0forr >N + 2,
di=1,d,=d;=...=dy=3,dy,,=0,d.=0forr>N +2

and define ¢’; in the appropriate manner.

Thena, =2,a] = 1.

(i1) No. Set
ci=c=c3=...=cy =3, cys1=9, ¢, =0forr>M + 2,
g=c=c¢=...=cy=3, ¢y, =0, ¢, =0forr>M+2,
d=3,dy=dy=...=dy=0,dys1 =9,d, =0forr>M+2
d=3,dy=d;=...=dy,=0,d),,,=0,d.,=0forr >M+2

, .
and define b’ in the appropriate manner.

Then b, =1, b} = 0.

Exercise 8.2.9
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Set f(1) = x;. Once f(r) has been defined for 1 < r < m, let f(m+1) = x;,
where k is the least integer with the property that x; # f(r) for 1 <r < m.
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ExEercise 9.1.4

(1) Using the commutative law of addition for R,

a+b=1(a +b,a,+by)=(b;+a;,b,+a)=b+a.

(i1) Using the associative law of addition for R,
a+(b+c)=(a,a)+ by +c1,b+ ) =(a; + (b +cy),ar + (b + 2))
= (a1 + by) + c1, (a2 + by) + ¢2) = (a1 + by, a2 + by) + (c1, ¢2)
=(a+b)+c

1) 0+a=(0,0)+ (ar,a2) = 0+ a;,0+ay) = (a;,ay) = a.
@iv) If we write —a = (—a;, —a,), then

a+(-a)=(a —a,a—a)=(0,0)=0.

(v) Using the commutative laws of multiplication and addition for R,
axb = (a1 Xby)— (a2 X b), (a1 X by) + (az X by))
= ((b1 X ar) — (ba X @), (by X a1) + (b1 X ay))
= ((b1 X a1) = (ba X az), (b1 X az) + (b2 X ay)) =b X a.

(vii) We have
I1xa=(,0)%(a,a) =1 xa;)—-(0xay),(1xay)+ (0xay))
=(a; —0,a, +0) = (ay,a;) = a.
(Multiplicative unit.)

(ix) Using the distributive law for R and making free use of the associa-
tive and commutative laws of addition,
ax((b+c)=(a;,a) X (b +ci,by + )
= ((a1 X (b1 + ¢1)) + ((ma2 X (b2 + 2)), (a1 X (b2 + €2)) + (a2 X (b1 + 2)))
= (((a1 X by) + (a1 X ¢1)) + ((—a2) X by) + ((—a2) X c2)),
((a1 X by) + (a1 X ¢2)) + ((a2 X Dy) + (a2 X ¢1)))
= (((a1 X b1) + ((—a2) X b2)) + ((a1 X ¢1) + ((—a2) X ¢2)),
((a1 X by) + (a2 X by)) + ((a1 X ¢1) + (a2 X ¢1)))
= ((a1 X b1) + ((—a2) X by), (ay X by) + (az X by))
+ (a1 X ¢1) + ((=a2) X ¢2), (a1 X ¢1) + (a2 X ¢1))
=(axb)+(axc)

We note that 1 = (1,0) # (0,0) = 0.
Our rules give
O, Hx O, H)=((O0x0)—(1x1),0x1)+(1x0)=(-1,0)=-1.
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ExEercise 9.1.5

We observe that f(x) = f(y) implies (x, 0) = (y,0) which, in turn, implies
x =y. Thus f is injective.

We have f(x +y) = (x +y,0) = (x,0) + (y,0) = f(x) + f(y) and
SOX ) =(x0)x»0) =((xxy) —(0x0),(xx0)+(0xy)
=((xxy)=0,0+0) =(xxy,0) = f(x)x f(y).

ExErcise 9.1.6

Observe that the conditions and so the arguments of Exercise 3.2.16 hold.
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ExErcisE 9.2.4

Throughout we take z = x + iy, w = u + iv with x, y, u, v real.

HE)=x=-iy)y=x+iy=z
2 =[x+ i(=p) = V2 + (=2 = 2 +)y2 =zl
(z+w) = ((x+uw)++v))* = (x+uw)—y+v)i) = (x—iy)+(u—iv) = 7" +w".
Also

(zw)* = ((xu — yv) + (xv + yu)i)" = (xu — yv) — (xv — yu)i
=(x—iy)(u—iv) =7'w".

(i) zz" = (x + iy)(x — iy) = X2 = (iy)* = >+ y? = |z].

(iii) [zw]® = @w)(@w)* = (@w)(@W*) = (Z2)ww*) = |z2wl)* = (lz]|w])?, so,
taking positive square roots, |zw| = |z||w|.

V) z+Z7 =x+iy)+(x+iy) = (x+1iy)+ (x —iy) = 2x is real.
Further z + z* = 2x < 2|x| < 2 /2% + y% = 2|z].
(v) We have
2+ wf = E+wE+w) = @+w)(E +w)
=22+ W + W+ ww' = 2P + ((2w) + (@w")) + [wf
< Izl + 20zw'| + W = Iz + 2lzlw’| + W]
= 1zl” + 2lzllwl + Wl = (2] + Iwl)?,
so, taking positive square roots, |z + w| < |z| + [w|.
(vi)If |zl =0 then y/x2+3y2=0,50x*+y* =0,s0 x> =y*=0,x=y =0
and z = 0. Automatically, |0] = 0.
(@) d(z,w) =|z=w| 2 0.

b)Ifd(z,w) =0, then|z—w| =0soz—w=0andz = w. d(z,z) =0
automatically.

(c) We have | — z| = | — x —iy| = y/(=x)? + (=)2 = /x2 + y2 = |¢|. Thus
d(z,w) = d(w, 2).

(d) d(z, w)+d(w,a) = [z=w|+|w=a| 2 |[z-w)+(W=a)| = |z—a| = d(z, a).

EXxERcISE 9.2.5

(i) Ixle = |x + i0lc = VaZ = |x]s.

(i) |x] = Va2 < /22 +y2 =|zland |y| = \/)7 < X2 +y? =1z

Also
lx + iyl < |x| + [iyl = |x] + [yl.
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ExERrcise 9.2.7

All much the same as in the real case.

(1) If z;, = z,z, & wand z # w, then |z — w| > 0. Setting € = |z — w|/3,
we can find N; and N, such that |z, — z| < € for n > N, and |z, — w| < € for
n> N,. If N = max{N;, N,} then

2
lz—wl<l|z, —wl+|z, — 2| < glz—WI
which is impossible.

(i1) Let € > 0. We can find N; and N, such that |z, — z| < €/2 forn > N
and |w, —w| < €/2 for n > N,. Taking N = max{N;, N,}, we have

(Zp+wn) = @+W| =z =D+ W =W S|z =2+ W, —w| < €/2+€/2 =€
forn>N.Thusz,+w, > z+wasn — oo,
(iii) Let € > 0. We can find N;, N, and N3 such that

|z, —z| < 1 forn> N,

|z, —z] £ forn > N,,

€
2wl + 2

w, —w| < for n > Ns.

€

2zl + 2

Taking N = max{N;, N,, N3}, we have
|Zan - ZW| = |Zn(W - Wn) + W(Z - Zn)| < |Zn(W - Wn)l + |W(Z - Zn)|

= [zallw = wa| + Wllz = 2| < (2] + |z = zaDlw = wal + Wiz = 2,

€ . W €
w
20z +2 2lw| + 2

for n > N. Thus z,w, — zw as n — oo.

<(zd+1 <e€

@(iv)Ife>0,then|z,—zl =0 < eforn > 1.

EXERCcISE 9.2.8
(i) If lal > |b], then |a — b| + || > lal, so |a — b| > |b| - |a| = |b| — |al|- Since
la — bl = |b - al, we have |a — b| > |1b] - al| for [b] > |al.

(i1) Let € > 0. We can find N such that |z, — z| < € for n > N. Automati-
cally

20| — |Z|| <lzm—z <e
forn > N.

(iii) Use (i) and Exercise 7.3.4 (iii).
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EXERcISE 9.2.9

If x, - xand y, — y, then, given € > 0, we can find N; and N, such that
|x, — x| < €/2forn > N, and |y, — y| < €/2 for n > N,. If N = max{N;, N;}
then

|Zn _Zl = |(xn —X)+i()’n—)’)| < |xn_x| + |yn_y| <€
foralln > N. Thus z, —» zas n — oo.

If z, — z, then, given € > 0, we can find N such that |z, —z| < eforn > N
and so
|-xn —X|, |yn —)’| < |Zn _Zl <E€
foralln > N. Thus x, —» xand y, = yasn — oo.

We now use the results just proved. If z, — z, then x, —» xand y, — y,
so x, — x and —y, — —y, whence z;, — z" as n — oo.

Exercise 9.2.10

The algebraic part of the first paragraph was done in Exercise 9.1.5. Con-
tinuity follows from the fact that |x—x’| = |(x, 0)—(x", 0)|, so (x,,0) — (x,0)
whenever x, — x asn — oo.

We now look at the second paragraph. Our initial argument follows a
standard pattern. If g(1) = O then g(¢r) = g(t x 1) = g(#) x 0 = 0 for all .
Thus g(1) # 0. Since g(1) x g(1) = g(1 x 1) = g(1) cancellation now gives
g(1) = 1. Simple induction using the observation that g(n + 1) = g(n) + g(1)
now gives g(n) = (n,0) for all strictly positive integers n. The relation
g(n —m) = g(n) — g(m) gives g(n) = n for all integers n. We now use the

relation g(p/q)g(q) = g(p) to give g(p/q) = p/q for all integers p and g
with g # 0. Thus g(x) = f(x) whenever x is rational.

We now use the continuity of g. By Theorem 7.4.11, every element of
R is the limit of a sequence in Q. If x € R, choose x, € Q with x, — x.
We have g(x,) — g(x) and g(x,) = (x,,0) — (x,0) so, by the uniqueness of
limits, g(x) = (x,0) = f(x) as required.
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ExErcise 9.2.13

Exactly as in Exercise 7.6.10.

Suppose a, — a. If € > 0, then €/2 > 0, so we can find an N with
la, —al < €/2 foralln > N. Now

la, — ay| =(a, —a) + (a—a,)| < |a, —al+|a, —al <€/2+€/2 =€

for all n > N. The sequence is Cauchy.
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ExErcise 9.2.15

(1) Given € > 0, we can find an N such that |z, — z,| < e forn, m > N.
Thus
|xn - xm|, |yn _yml < |Zn - Zml <E€
for n, m > N. The x,, y, form Cauchy sequences.
(i1) Since R is complete, we can find x, y € R such that x, — x and
Y, = yasn — oo,
(ii1) Setting z = x + iy, we have
|zn =2 < % =X + [y =y >0

as n — oo,

ExERrcISE 9.2.16

(i1) We can find an N such that |z, —z,,| < 1 for all n, m > N. In particular,
setting

R =1+ max |zj],
1<j<N

we have |z,| < R for all n.

(ii1)) By Theorem 9.2.11 (Bolzano—Weierstrass for C), we can find z € C
and n(j) — oo such that z,;, — zas j — oo.

(iv) Given € > 0, we can find an N such that |z, — z,,| < €/2 for all
n, m > N. We can now find a J such that n(J) > N and |z, — 2| < €/2.
Thus, if m > N,

12 = Zml < |z = 2ol +12n) — 2ml < €/2+€/2 = €.

Thus z,, — zasm — oo.
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EXxERcISE 9.3.2

Exactly as in Exercise 7.3.6.

The limit of the sum is the sum of the limits, so, if z, — z,

h(z,) = f(z0) + 8(z) = f(2) + 8(2) = h(2)
as n — oo. Thus £ is continuous.

The limit of the product is the product of the limits so if z, — z,

k(zn) = flzn) X 8(zn) = f(2) X g(2) = k(2)

as n — oo. Thus k is continuous.

ExEercise 9.3.3

Observe that
lg(z,) — 82| = ||f(Zn)| - If(z)|| <|f@z)-f@I—0

as n — oo,

Exercise 9.3.7

We follow the proof of Theorem 9.3.5 word for word d replacing |z| < R
by |z| = R. We prove the existence of w. (The proof of the existence of w’
follows by a similar argument or considering —g.)

By Theorem 9.3.6, the set E of g(z) with |z = R forms a non-empty
subset of R which is bounded above. By the supremum property of R, it
follows that E has a supremum, that is to say, there exists an a € R with the
following properties.

(1) a > g(z) for all |z| = R.
(2) If b > g(z) for all |z| = R, then b > a.

By condition (2), there exist z,, with |z,| = R such that g(z,,) > a—1/n. Us-
ing (1), we see thata—1/n = g(z,) = a and so, by the axiom of Archimedes
g(z,) — a. By the Bolzano—Weierstrass theorem for C, we can findaw € C
and a sequence n(1) < n(2) < ... such that z,; — was j — oco. By the con-
tinuity of g, we have g(z,(j,) — g(w). By the uniqueness of limits g(w) = a
By (1), g(a) > g(z) for all |z] = R.

Finally we note that |z,;| = R and |z,(;| — a so |a| = R and we are done.
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ExERciSE 9.3.8

(1) Let z; = ay + ib; with a;, b, € Q. We have
u+zn=(@ +a)+ib +by) €A,
71 X 22 = (a1a1 — b1by) + i(a1by + axby) € A,
—z1 = (-a)) +i(-b)) € A
and, if z; # 0, bo)
- ai . (=01
G e e

The field axioms are automatically satisfied. (Note 0, 1 € A.)

(i) (Lots of ways of doing this.) Suppose z> = 2 and z € A. Automati-
cally z € C so (working in C) (z — ﬁ)(z + \/5) = 0 so, since C is a field,
z—V2=0o0rz+ V2=0.Thusz= V2 orz = — V2 and z ¢ A. The result
now follows by reductio ad absurdum.

(iii) If € > 0 then, by Theorem 7.4.11, we can find a € Q such that
la — V2| < min{1/2, €/5).
Thus, since 1 < V2 < 2, wehave 1/2 <a<3,and a + V2 < 5, whence
a2 =2 =la— V2| x|a+ V2| < 5la— V2| <,

it follows that inf,e4 |z — 2| = 0. Thus 2 € A, but there is no w € A with
w? —2| < |z> - 2| forall z € A.

Exercise 10.1.2

We have P(0) = 0> +0=0+0=0,P(1) = 12+ 1 =1+1=0and
00) =0=R(0), (1) =1 =R(1).
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Exercise 10.1.3

(1) Let a(n), be the statement that a polynomial of degree at most n is
either the zero polynomial or a polynomial of degree r for some r with
0<r<n.

a(0) is automatically true. Suppose that a(n) is true. If P is a polynomial
of degree at most n + 1, then, by definition, either P is of degree n + 1, or
P = Q where Q is a polynomial of degree of degree at most n and so, by
our inductive hypothesis, P is either the zero polynomial or P has degree r
with n > r > 0. Thus a(n + 1) is true.

The required result follows by induction.

(i1) Suppose that P is a polynomial of degree n with leading coefficient a
and R is a polynomial of degree m with leading coefficient b. If n > m > 0,
then P(¢) = at" + Q(t) with Q a polynomial of degree at most n — 1. Since R
is a polynomial of degree at mostn—1, U = Q+R is a polynomial of degree
at most n — 1 and, since P(t) = at" + U(¢), P is a polynomial of degree n.

If n = m > 1then P(t) = at" + Q@), R(t) = bt" + S(t) with R and
S polynomials of degree at most n — 1. It follows that U = Q + § is a
polynomial of degree at most n — 1. We have P(t) + Q(t) = (a + b)t" + U(t)
so, if a+ b # 0, then P + R is a polynomial of degree n with leading
coefficient a + b and, if a + b = 0, then P + R is a polynomial of degree at
mostn— 1. If n =m =0, then,ifa+ b # 0, P+ Q = a + b is polynomial of
degree O and,ifa+b=0,P+ Q = 0.

(ii1) The case when P is the zero polynomial is trivial. Suppose ¢ € F,
¢ # 0. Let a(n) be the statement that, if n > r > 0 and P is a polynomial
of degree r with leading coefficient a, then the function R = cP (defined by
R(u) = cP(u)) is a polynomial of degree r with leading coefficient ca.

a(0) is automatically true. Suppose that a(n) is true. If P is a polynomial
of degree r with n+1 > r > 0 and leading coefficient a, then P(¢) = at"+Q(t)
with Q a polynomial of degree at most r — 1 (so at most n). If Q is not the
zero polynomial, then, by the inductive hypothesis, cQ is a polynomial of
degree at most » — 1 (so at most n). If Q = 0, then cQ = 0. In either case,

cP(t) = cat™™ + cQ(1)
defines a polynomial of degree n + 1 with leading coefficient ca. Thus
a(n + 1) is true.

The required result follows by induction.

(iv) Let a(n) be the statement that, if n > r > 0 and P is a polynomial of
degree r with leading coefficient a, then the function R defined by R(u) =
uP(u) is a polynomial of degree r + 1 with leading coefficient a.
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If P(u) = a then uP(u) = au so P(0) is true. Suppose a(n) is true and
P is a polynomial of degree n + 1 with leading coefficient a. Then P(u) =
au™"' + Q(u) where Q is a polynomial of degree at most n. We have uP(u) =
au™?+uQ(u) and, by the inductive hypothesis, we know that the polynomial
S given by S(u) = uQ(u) has degree at most n + 1. Thus the function
R defined by R(u) = uP(u) is a polynomial of degree n + 2 with leading
coeflicient a.

The required result follows by induction.

(v) Suppose b € F. Let a(n) be the statement that the formula P,(u) =
(u — b)" defines a polynomial of degree n.

a(1) is true by inspection. Suppose that a(n) is true. Since
P (u) = uP,(u) + (=b)P,(u),
earlier parts of the lemma tell us that a(n + 1) is true.
The required result follows by induction.

(vi) Let a(n) be the statement that, if n > r > 0 and P is a polynomial of
degree r, then the function R defined by R(u) = P(u — b) is a polynomial of
degree r.

a(0) is true by inspection. Suppose a(n) is true. If P is a polynomial
of degree n + 1, we have P(u) = au™"' + Q(u) where Q is a polynomial of
degree at most n. It follows that

P(u—0b) =a(u—-by""' + Qu —b)

so, using the inductive hypothesis and earlier parts of the lemma, the func-
tion R defined by R(u) = P(u — b) is a polynomial of degree n + 1.

(vii) If P is a polynomial of degree n with leading coefficient a and Q is
a polynomial of degree m with leading coefficient b, then
P(u) = au" + R(u), Q(u) = bu™ + S (u)
with R of degrees at most n — 1 and U of degree at most m — 1. We have
Pw)Q(u) = abu™ + T (u)

where T'(u) = au”™S (u) + bu"R(u) + R(u)S (u). By earlier parts au”S (u) cor-
responds to a polynomial of degree at most n + m — 1, bu"R(u) corresponds
to a polynomial of degree at most n+m— 1, and R(u)S () to a polynomial of
degree at most n+m—2. Thus T is a polynomial of degree at most n+m —1
and P x Q is a polynomial of degree n + m with leading coefficient ab.
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Exercise 10.1.6

(1) By Theorem 10.1.5, we can find a polynomial Q of degree n — 1 such
that

P(u) = (u—a)Qw) + P(a) = (u — a)Q(u).

(ii) Let R(u) = P(u) — P(a). Then R is a polynomial of degree n with
R(a) = 0. By part (i), we can find a polynomial Q of degree n — 1 such that

P(u) — P(a) = R(u) = (u — a)Q(u).

Exercise 10.1.8

Consider R given by R(u) = P(u)— Q(u). We know that R is a polynomial
of degree at most n. Since R vanishes at the n + 1 points a;, Theorem 10.1.7
tells us that R = 0 and this is the stated result.

Exercise 10.1.9

We use induction.

The result is immediate if » = 1. Suppose that it is true for n = N and
P is a polynomial of degree at most N + 1. Since P(a) = 0, we know
(for example, by Exercise 10.1.6) that P(u) = (u — a)R(u), where R is a
polynomial of degree at most N. Either R(a) # 0, and we are done, or
R(a) = 0, so, by the inductive hypothesis,

R(u) = (u - a)" Q(u)
and
P(u) = (u— )" Q(u)
where N > m > 1 and Q is a polynomial of degree at most n — m such that
Q(a) # 0. We have proved the result forn = N + 1.

The full result follows by induction.
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Exercise 10.1.10

Theorem 10.1.7 tells us that if P is a polynomial of degree at most n and
we can find distinct ay, as, ..., a,+1 € Fsuch that P(a;) = Ofor1 < j <
n + 1, then P = 0. Thus, if P has degree n > 0, P(u) # O for some u € F.

Exercise 10.1.11

(1) Since z, — z certainly implies z, — z, we have f; continuous. Since
the product of continuous functions is continuous and f,,,1(z) = f1(2) X f,(2),
it follows that, if f, is continuous, so is f,.;. Thus, by induction, f, is
continuous for all n > 1.

(i1) The constant polynomials are automatically continuous. If all poly-
nomials of degree n or less are continuous, then, since any polynomial P of
degree n + 1 or less can be written as

P(z) = afy1(2) + O(2)

where a € F and Q is a polynomial of degree n or less and since sums and
products of continuous functions are continuous, it follows that all polyno-
mials of degree n + 1 or less are continuous. The required result follows by
induction.

Exercise 10.1.13

Let n be a positive odd integer. We know that P(u) = Bu" + Q(u) with
B # 0 and Q a polynomial of degree at most n — 1. By considering B~ P,
we may suppose that B = 1. By Lemma 10.1.12, we can find an A > 0
and R > 1 such that |Q(u)| < Alu/""! < Au"'. Taking b = max{R, 2A} and
a = —b, we have

P(b) > b"— A" =b" (b -A)> 0
and, similarly, P(a) < —b" + Ab"! = b"1(A - b) < 0.

Since P is continuous, the intermediate value theorem tells us that there
exists a ¢ with a < ¢ < b such that P(c) = 0.
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Exercise 10.1.14

Let P(n) be the statement that we can find an A,, > 0 such that
I(1+w)" =1 = nu| < A,lul*
for all u € F with |u| < 1/2.
If we take A; = 1, we obtain, trivially,
(1 +u) = 1= (1 xu)=0<Au?
for |u| < 1/2. Thus P(1) is true.
Now suppose that P(n) is true. If |u| < 1/2, we then have
1+ )™ =1 =+ Dul = (1 +w)(( +uw)" =1 — nu) + nid?|
<1+ w)((A +w)" = 1 = nu)| + nlul*
=1 +ull(1 +u)" — 1 — nu| + nlul
<2|(1 +w)" = 1 - nu| + nu’
< 2A,ul’ + nlul® = Ay lul
where A,.1 = 24, + n.

(Of course, there are better ways to approach this result.)

Exercise 10.2.6

If A #0,then Az + B = A(z — B/A), so P is the collection of all polyno-
mials of degree 1.

Suppose P, is the collection of all polynomials of degree n. If Q is a
polynomial of degree n + 1, then, by the fundamental theorem of algebra,
Q has a root a and, by the remainder theorem for polynomials, Q(z) =
(z — a)R(z) with R a polynomial of degree n, and so Q € P,,;.

The required result follows by induction.
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Exercise 10.2.7

(i) z-a)z—-a") =2 +(@+a")z+aa” =22+ QRRa)z+|a)? = 2 +az+b
with a = 2R« and b = |a/? real.

(1) If P(z) = a with a real, we say that P is a polynomial with real
coefficients Inductively, we say that, if P(z) = az**' + Q(z) with a real and
non-zero and Q is a polynomial of degree at most n with real coefficients,
then P is a polynomial of degree n + 1 with real coeflicients,

(iii) Since a = Ra + iJa, any polynomial of degree at most O can be
written as P(z) = P;(z) + iP>(z) where P, and P, are polynomials of degree
at most O with real coeflicients.

Suppose that any polynomial P of degree at most n can be written as
P(z) = Pi(z) +iP,(z) where P, and P, are polynomials with real coefficients
of degree at most n. If P has degree n + 1 then

P(z) = az""' + Q(2)

where a # 0 and Q is a polynomial of degree at most n. By hypothesis
0@) = 01(2) + i01(z) where Q; and Q, are polynomials with real coeffi-
cients of degree at most n. Setting

Pi(2) = (Ra)?"™ + 01(2), P2(2) = (Ba)Z"" + 0x(2),

we see that P(z) = Pi(z) +iP,(z) where P and P, are polynomials with real
coeflicients of degree at mostn + 1.

By induction, any polynomial P can be written as P(z) = P(z) + iP»(2)
where P; and P, are polynomials with real coefficients.

If P is a polynomial of degree at most zero with real coefficients, then
P(z) is real for all z and so, in particular, for z real. If every polynomial Q
of degree at most n with real coefficients has the property that Q(x) is real
when x is real, then, if

P(z) = a""' + Q(z)
with a real and Q of degree at most n with real coefficients, we have P(x) =

ax™!' + Q(x) real. Thus, by induction, if a polynomial P has real coefficients
then P(x) is real for all x real.

Now suppose P any polynomial. We can write P(z) = P1(2) + iP>(2)
where P; and P, are polynomials with real coefficients. Since P;(x) and
P,(x) are real

0=3P(x) = IJP(x) + RP>(x) = Pr(x)

for all x € R and, since a non-zero polynomial only has finitely many zeros,
P, is the zero polynomial and P = P, has real coeflicients.

(iv) A simple induction shows that (az")* = a*(z*)" so, if P(z) = az"*' +
Q(z) with a real and Q(z)* = Q(z"), we have P(z)* = P(z"). By induction on
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degree, any polynomial P with real coefficients satisfies P(z)* = P(z"). In
particular, if P(a) = 0, then P(a*) = 0.

(v) By the fundamental theorem of algebra, P has a root a. If « is real,
the remainder theorem gives us P(z) = (z — @)Q(z) with Q of degree n — 1.
If x is real and x # a then Q(x) must be real, so by continuity, Q(x), is real
for all real x. Thus Q is a polynomial of degree n — 1 with real coefficients.

If @ is not real, then @ # a*. The remainder theorem gives us P(z) =
(z — @)Q(z) with Q of degree n — 1. Part (iv) now tells us that
0=0"=Pla) = P@) =(a" —a)Q(a").
Since a* —a # 0, we have Q(a*) = 0, son > 2 and Q(z) = (z— a*)R(z) with
R of degree n — 2. Now
P(z) = (z- a)(z— @)R(2)

so since (x — @) X (x — ") is real and non-zero for all real x, R(x) is real
whenever x is real and so R is a polynomial of degree n — 2 with real coef-
ficients.

(vi) Induction on degree now shows that any polynomial of degree n > 1
with real coeflicients can be written as the product of linear and quadratic
polynomials with real coefficients.
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Exercise 10.3.3

(1) Let a(n) be the statement that, if P is a polynomial of degree n with
rational coefficients, we can find an integer N > 1 such that U(x) = NP(x)
defines a polynomial with integer coefficients.

If P has degree at most 0, we have P(x) = a with a = u/N, u an integer
and N a strictly positive integer. If U = NP then U has integer coefficients.

Suppose a(r) is true for r < n. If P is a polynomial of degree n + 1 with
rational coefficients, we can find a polynomial Q with rational coefficients
of degree at most n and a a € Q such that P(z) = ax"' + Q(x). Thus
we can find N, N, strictly positive integers such that N;Q is a polynomial
with integer coefficients and N,a € Z. Simple induction shows that sums of
polynomials with integer coefficients and integer multiples of such polyno-
mials are themselves polynomials with integer coefficients, so (N;N;)P is a
polynomial with integer coefficients.

The required result follows by induction.

(1) If « is the root of a polynomial P with rational coefficients, then we
can choose N so that U = NP has integer coefficients so « is the root of of
a polynomial U with integer coefficients.

Thus we may replace the words ‘integer coeflicients’ by ‘rational coeffi-
cients’ in Liouville’s theorem.
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Exercise 10.3.5

(1) The result is trivially true for polynomials with integer coefficients of
degree at most 0.

Suppose it is true for polynomials with integer coefficients of degree N
or less. If P is a polynomial with integer coefficients of degree N + 1 then

P@t) = at™' + Q(1),

where a is an integer and Q is a polynomial with integer coefficients of
degree N or less. Thus

¢"'P(p/g) = ap™' + g x (4" O(p/9) € Z.
The required result now follows by induction.

(i1) The result is trivially true for polynomials of degree at most 0.

Suppose it is true for polynomials of degree N or less. If P is a polyno-
mial of degree N + 1 then

P(t) = at"' + Q(n),

where a € R and Q coefficients of degree N or less. By hypothesis, we
can find a K; > 0 such that |Q(x)| < K; whenever |x| < R. Setting K =
K, + |a|R™" we have

IP(n)] = lallf™" +10(1)] < K
for all |f| < R.
The required result now follows by induction.

Alternatively (But using more advanced ideas.) We have shown earlier
that polynomials are continuous and that continuous functions are bounded
on sets of points 7 with |¢f| < R.

Exercise 10.3.7

We have
1007'+1024+10°+ 102 <x<107' +102+ 10+ 107 +2x 107!

SO
a = .110001 000 000 000 000 000 001 000 000. ..

correct to 30 places of decimals.
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Exercise 10.3.8

Observe that, if k > n, then 107" < 10~"*D'x 107**! and so (by induction
or summing a geometric series)

10 |
%3%g%+z§a—mwmwwug%+mamwm

for all m > n. Thus the a, form an increasing sequence bounded above and
so a,, — « for some a € R. Further we have

a, < a <4x 107D

A simple induction shows that 10™a, is an integer. Thus, if we write
g, = 10" and p, = 10™a,, we have p, and g, integers with g, > 1 and

Pn 4
- —|=la—ayl £ ——v = ——.
o= 22| == ) = gy =

Thus, if m is a fixed integer with m > 1 and A is a fixed real number with
A > 0, we have

4n
for n sufficiently large. By Theorem 10.3.4, it follows that & cannot be the

root of a polynomial with integral coefficients.

Exercise 10.4.2

Suppose 0+ P = P and 0 + P = P for all P. Then, using the commutative
law of addition,
0=0+0=0+0=0.

Suppose 1 x P = P and 1 x P = P for all P. Then, using the commutative
law of multiplication,
I=1xI=1x1=1.
If P+ Q =0and P + R = 0 then, using the commutative and associative

laws of addition freely,
0=0+0=P+R)+0=R+P)+Q=R+(P+Q)=R+0=R.
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Exercise 10.4.3

We use the commutative associative and distributive laws freely. Since
OXR+OxXxR)=0O+0)xR=0xR
we have
0=0O0XR)+(-(0XR)=((0xR)+(O0XR))+ (-(0xXR))
=(0XR)+(OXR+(-(0XR)=(0xR)+0=0xR
If P X R = Q X R then, since
OXR)+ (D *xR)=(Q+(-0Q)XR=0xR=0
P+ (-Q)XR=(PxXR)+((-Q)xR)=0.
Since R # 0 we have P + (—Q) =0, so
0=0+0=P+-0)+0=P+(Q+(-Q)=P+0=P

Exercise 10.4.4

Observe that (P X Q)(0) = P(0) x Q(0) = P(O)x0 =0 # 1.

Exercise 10.4.6
(i1) By the associative law of addition for fields, P(u) + (Q(u) + R(u)) =
(P(u) + Q(u)) + R(u) forallusoP+ (Q+R) = (P+ Q) + R.

(iii) Let Ry be the zero polynomial. We have Ry(u) + P(u) = 0 + P(u) =
P(u) for all u so Ry + P = P for all P.

(iv) We know from Exercise 10.1.3 that P = (—1) X P is a polynomial.
Since P(u) + (—P(u)) = 0 = Ro(u), we have P + (-P) = Ry.

(v) By the commutative law of multiplication for fields, P(u) X Q(u) =
O(u) X P(u) forallusoPx Q = QO X P.

(vi) By the associative law of multiplication for fields. P(u) X (Q(u) X
R(u)) = (P(u) X Q(u)) X R(u) for all u so P X (Q X R) = (P X Q) XR.

(vii) Let R; be the polynomial given by R;(u) = 1. We have R (u)xP(u) =
1 X P(u) = P(u) for all u, so Ry X P = P for all P.

(ix) By the distributive law for fields P(u) X (Q(u) + R(u)) = (P(u) X
O(u)) + (P(u) X R(u)) forall usoso P X (Q+R) = (P X Q)+ (P XR).

Since Ry(0) = 0 # 1 = R{(0), we have R # R;.
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Exercise 10.4.9

If P(x) = x—1, then P > 0, but P(0) = -1 <O.

Exercise 10.4.11

HPXQ=PxQ,s0(P,Q)~ (P,Q). (Reflexive)
) f(PQ) ~ (R,S),then PXxS = RXQ,s0RxQ = PxS and
(R,S) ~ (P, Q) (Symmetric)
) If (P, Q) ~ (R,S)and (R,S) ~ (U,V),then PXxS§S =RXQ,RXV =
U x §. Using the associative and commutative laws,
(PXV)XR=PX(VXR)=PX(RXYV)
=PX(UXS)=Px (S xU)
=(PxXS)XxU=RxQ)xU
=RX(OXxU)=Rx(UXQ)
= (U X Q)XR.

Since R # 0, the cancellation law for multiplication yields P X V = U x Q
s0 (P, Q) ~ (U, V).

Exercise 10.4.12

2%x3=0=2x%x3 mod6,3x4=0=3x2 mod 6 so
(121, 12D ~ (131, [3D, ([31,[3]) ~ (141, [2D).
However,2x2=4%2=2x4 mod 6, so
(21, [2]) » ([4], [2D.

The proof of transitivity in Exercise 10.4.11 made use of the cancellation
law for multiplication which fails for (Zg, +, X).
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Exercise 10.4.13

Throughout we make free use of the associative and commutative laws.
(1) We know that P; X O, = P, X Oy, so

(P1 X Ry) X (Q2 X Up) =(P1 X Q) X (R X Uy) = (P2 X Q1) X (R X Up)
= (P2 X Up) X (Q1 XRy)
Thus (P; X U;, Q1 XRy) ~ (P, x Uy, Q> X R)).
(i1) Similarly, (P, X Uy, Q» X Ry) ~ (P, X U, Q2 X R;), so, by transitivity,
(Py X Uy, Q1 X Ry) ~ (P2 X Uz, Q2 X Ry).

We have shown that if [P] = [P,], [Q1] = [Oz], [R1] = [Ry] and [U,] =
[U,], then
[((P1 X Ry, Q1 X U] = [(P2 X Ra, O X Uy)).

Thus we can define multiplication on 8/~ by
(P, X[(R,U)] = [(PXR,QxU)I

(iii)) We use the distributive law at the beginning and and end of the cal-
culation.

(P X Ry) +(Q1 X Uy)) X (Q2 X Ry)
= ((P1 X Ry) X (Q2 X Rp)) + ((Q1 X U1) X (Q2 X Ry))
= ((P1 X Q2) X (Ry X Rp)) + (U1 X Ry) X (@1 X 02))
= (P2 X Q1) X (Ry X Rp)) + (Uz X Ry) X (@1 X 02)
= ((P2 X Ry) X (Q1 X R1)) + ((Q2 X U2) X (Q1 X Ry))
= (P2 X Ry) + (02 x U2)) X (Q1 X Ry)
We have shown that if [P] = [P,], [Q1] = [O:], [R1] = [Ry] and [U,] =
[U,], then
[(P1 X Ry) +(Q1 X Uyp), Q1 XR)] = [(P2 X Ry) + (Q2 X U3), 02 X Ry)]
Thus we can define addition on B/~ by

[(P, D]+ [(U,R)] = [(PXR)+(QxU),Q xR].
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Exercise 10.4.15

We write [P, O] = [(P, Q)].
(1) We have
[P, Ol +[U,R] = [(PXR)+(QxU),QXR]
=[(RxP)+(UXxQ),Rx 0]
=[(UXxQ)+(RXP),RxQ]=[UR]+I[P,0]
(Commutative law of addition.)
(i1) We have
(UXOXRY)Y+((VXP)XR)=RX(UXQ))+(RX(VxXP))
=RX((UXxQ)+ (VxP))
=(UxQ)+(VXxP)XR
SO
(U, VI+ (P, QI+ [URD =[UV]+[(PXR)+(QxU),QXR]
=[(UX(OXR)+(VX((PXR)+(QXxU)XR),VX(QXR)]
=[(UX(Q@XR)+((VX(PXR)+(Qx(UXR))),Vx(QXR)]
=[(UX(Q@XR)+(VX(PXR)+(QX(UXR)),(VxQ)XR)]
=[(UXx Q)+ (VXP)XR))+(QxU)XR)),(VxQ)XR)]
= (U, VI+[P, QD +[UR]
(Associative law of addition.)

1) [0, 1T+ [P, O]l =[(0x Q)+ (1 X P),1 x Q] = [0+ P, Q] = [P, O]
(Additive zero.)

(iv) We have
[P,Ol+[-POl=[(PXQ)+(-PxQ),0x0]
=[(P+(=P)xQ,0x0]=[0xQ,0x0]
=[0,0x Q] =10,1]
(Additive inverse.)

WM [POIX[U,Rl = [PXUQXR]=[UxXPRxQ]=[UR]X[P,Q]
(Commutative law of multiplication.)

(vi) We have

[P,O]I X ({URIX[S,T]) =[P, Q] X [UXS,RxT]
=[PX(UXS),0x(RxT)]
=[(PxU)XS,(OXR)xT]
=[PxUQXRIx[S,T]
= (

[P, Q1 X [U,R]) x[S,T]
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(Associative law of multiplication.)

(vii) [ 11X [P, Q] = [1 X P, 1 x Q] = [P, Q]
(Multiplicative unit.)

(viii) If [P, Q] # [0, 1], then P x 1 # Q X 0 so P # 0. We have [P, Q] X
[Q, P] = [QP, QP] = [1, 1]. (Multiplicative inverse.)
(ix) We have
[P, QI X ([U,RI+[S,T]) =[P, O] X[(UXT)+(RXS),RXT]

=[PX((UXT)+(RxXS)),0x(RxT)]
=[(PX(UXT)+(PX(RXxS)),0x(RxT)]
=[PX(UXT),OXRXT)]+[PX(RXS),0x(RxT)]
=[(PXUXT,(OXR)XT]1+[(PXS)XR)),(QxT)XR]
=(PXUQXR]|+[PXS,0xT]
= ([P, QI X[U,R]) + ([P, Q]I X [S,T])

(Distributive law.)

We note that [1, 1] # [O, 1].
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Exercise 10.4.16

@IfP>0then0 =P+ (-P) >0+ (-P) = —-P. If 0 > P, then
-P=-P+0>-P+P=P+(-P)=0.

(i1) We know that —P = (—1) X P since

0=0xP=(+C1)xP=(xP)+(-1)xP)=P+((-1)x P).

If P, Q > 0, then, from the rules for an ordered integral domain, PxQ > 0.
If 0 > P, Q then (—P), (=Q) > 0 so, since (=1)> = —(=1) =1,

PxQ=(=1’xPxQ) =((-DxP)(-1)xQ)>0.
IfP>0>Q,then —Q >0, so
—~PxQ)=CEDX(PxQ)=Px(-1)xQ)=Px(-0Q)>0,

and thus 0 > P x Q.

(ii1) If (P, Q) ~ (0, 1), then

P=(1xP)=0xQ)=0.

Conversely, if P=0,then PXx1=0=0xQ, so (P,Q) ~ (0, 1).

@iv) If PxQ > 0, then either P > 0 or O > P. Since (-P,-Q) ~ (P, Q), we
may suppose P > 0 so, by (ii), Q > 0. Similarly, we may suppose U > 0.
Since PxU = QxR it follows that QXR = PX U > 0 and so R > 0 whence
RxU > 0.

(v) Follows at once.
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Exercise 10.4.18

We write P = [Py, P,] = [(P;, P»)] and so on.

xX)IfP > Qand Q > R, then writing U = P -Q, V = Q — R, we have
U, V>[0,1],s0U;xU, > 0, V;xV, > 0. As noted in the previous question
we may take U, V; > 0 and so U,, V, > 0. Thus (U X V) +(U; X V,) >0
and U; X V, > 0 so

(U1 XV2)+(U1 XVz))X(UzX VQ) >0

ThusP-R=U+V>[0,1]and P > R.
(Transitivity of order.)

(xi) Consider U = [U,, U,]. Observe that exactly one of the statements
U xU, >0, U xUy, =0,0r U; X Uy, <0 holds. In the first case U > 0,
in the second U = [0, 1], in the third U > 0. Setting U = P — Q, we see that
exactly one of the conditions holds: P > Q,P=Q or Q > P.
(Trichotomy.)

(xii) If P > Q then
P+R)-(Q+R)=P-Q>10,1]

soP+R>Q+R.
(Order and addition.)

(xiii) If P > Q and R > [0, 1], then, writing U = P — Q, we have
U > [0, 1]. As earlier, we may suppose R;, U; > 0 and so R, U, > 0. Thus
Ry x U)X (Ry,xUy) >0

and we have shown R x U > [0, 1].
It follows that
RXP)-(R%xQ)=RXP)+(RX(-Q))
=R X P+ (-Q))
=RxU>|[0,1]

and PxR > Q xR.
(Order and multiplication.)
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Exercise 10.4.20

(1) Let a(n) be the statement that, if P has degree at most n, then P can
be written as

P(t) = Q(t) X (1* —v) + (at + b)
where a, b € F.

Observe that a(1) is automatically true. Suppose a(n) is true for some
n > 1. If P is a polynomial of degree n + 1 then

P(t) = A" + U®@)

where U is a polynomial of degree at most n and so V() = U(t) + (A xv)t""!
is a polynomial of degree at most n. By our inductive hypothesis

V() = R(t) x (* = v) + (at + b)
where a, b € F. We now have
P(t) = At (2 = v) + V() = AP (P = v) + (R() X (£ = v) + (at + b))
= (A" + R(0)) X (1> = v) + (at + b) = Q(t) x (* —v) + (at + b)
where Q(f) = At"~! + R(¢). Thus a(n + 1) is true.
The required result follows by induction.
(1) Suppose that
Q1(1) X (2 = v) + (@11 + by) = Qo (1) X (7 = v) + (ax + by).
Setting Q(t) = Q,(t) — Q1(t), a = a; — ay, b = b, — by, we have
Q) X (1* = v) + (at + b) = 0.

If Q is not the zero polynomial, then the polynomial R given by R(?) =
Q(t) x (£ — v) has degree at least 2, so the polynomial U given by U(t) =
O(t) x (> = v) + (at + b) has degree at least 2 and so (by Exercise 10.1.10)
cannot be the zero polynomial. Thus Q = 0 and

at+b =0,

whence, by Exercise 10.1.10 or a direct argument, a = b = 0. Thus a; = a,
and b, = b,.

(iii) P(t) = P(t) = 0 x (1* = v) so P ~, P.
If P, ~, P,, then Pi(t) — P»(t) = O(t) X (t* — v) for some Q € P, so
Py(t) = Pi(1) = (=0(1) X (* = v) and P, ~, P,
IfP] ~y P2 and P2 ~y P3 then
Pi(t) = Py(1) = Qu(1) X (2 = v), Py(1) = P3(t) = Qa(1) X (£* = V)
and, writing Q(t) = Q,(t) + Q,(t), we have
Pi(1) = P3(t) = (P1(1) — P2(1) + (P2(1) — P3(1)) = Q1) X (£* = v)
SO P] ~y P3.
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@iv) If Py ~, P>, R| ~, Ry, then
Py(1) = Py(1) = Q1(1) X (£ = v), Ri(t) = Ra(1) = Qa(t) X (£ — v)
for some polynomials Q;, O, so
(P1() + R(1) = (P2() + Ra() = Q(1) X (£* = ),
with Q(¢) = 01 (1) + Q2(1), and
(P1(1) X R((2)) — (P2(t) X Ry(1))
= (P1(1) X (Ri(1) — Ra(1))) + ((P1(1) — P2(1))Ra(1))
= (P1(1) X (Q2(t) X (2 = v))) + ((Q1 (1) X (* = v)) X Ry (1))
=U@®) x({* -v)
where U(#) = (P1(£) X 0(1)) + (Q1(1) X Ra(1)).

Thus Py + Ry ~, P, + R, and P; X Ry ~, P, X R,, so we may make the
unambiguous definitions

[P]+[R] =[P +R]and [P] X [Q] =[P X Q].

(v) All the verifications follow the pattern:- Since F is a field we have

(P+ Q)(u) = P(u) + Qu) = Q(u) + P(u) = (P + Q)(u)
for all u € R and so P + Q = Q + P for all polynomials. Thus

[P1+[Q] =[P+ Q] =[Q+P]=[0] +[P]

(vijIfF=Randv=1,Pwu) =u-1, Q(u) = u+ 1 then P(u) X Q(u) =
u* — 1. Now P, Q +, 0 (using (ii)), but P x Q ~, 0o [P], [Q] # [0], but
[P] x [Q] = [0] and #°/~, is not an integral domain.

If F = R and v > 0, we observe that if P(u) = u — /v, Q(u) = u+ v
then P(u) X Q(u) = u*> —v. Now P, Q +, 0 (using (ii)) but P x Q ~, 0 so
[P], [Q] # [0], but [P] X [Q] = [0] and #/~, is not an integral domain.

If F=Candv = -1, we observe that if P(u) = u — i, Q(u) = u + i then
Pu)x Qu) = u*> +1 = u* —v. Now P, Q +, 0 (using (ii)) but P x Q ~, 0
so [P], [Q] # [0], but [P] X [Q] = [0] and $/~, is not an integral domain.

(vii) We work over R with v = —1. Suppose R is a polynomial. Then,
by (i), R ~ U where U(t) = at + b. If [R] # [0], then a and b can not both
be zero. Setting

—-a b
Q) = 2402 a?+b¥
we have
[P]x[Q] = [U] x[Q] =[U x Q]
Now 2 2.2 2
B b* — a‘u _,__a )
U(t)x Q(t) = T 1 = +b2(t +1)
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so U X Q ~, 1and [P] X [Q] = [1]. Thus every non-zero element has a
multiplicative inverse and, by (v), £/~ is a field.

We work over Q with v = 2. Suppose R is a polynomial. Then, by (i),
R ~ U where U(¢) = at + b. If [R] # [0], then a and b can not both be zero.
Setting

—a b
0 = Z o 3" e m
we have
[P]x[Q] = [U]x[Q] =[U x Q]
Now

b? — d*u? a?

UDx 00 =255 =1- 55— (-2

so U X Q ~, 1and [P] X [Q] = [1]. Thus every non-zero element has a
multiplicative inverse and, by (v), £/~ is a field.

(vi) Observe that, if f(b + ai) = f(c + di) (with a, b, ¢, d € R), then
(b-c)+(a—-du=(b+au) - (c+du) = Qu)u* - 1)

for some polynomial Q so, by (i), b—c=a—-d =0andai + b = ci + d.
Thus f is injective. Part (i) shows that f is surjective.

Write z; = ia; + b;, Pj(t) = aju + b;. Since
Pi(u) + Py(u) = (a1 + ax)u + (b + by),
we have
f(@+22) =[P+ P2] = [P1]+ [P2] = f(z1) + f(22).
Since
Py(u) X Py(u) = ajagu® + (arby + agh)u + byby = S (u) X (4 + 1) + R(w)
with S (1) = a1a,, R(u) = (a1by + arb))u + (b1b, — aya,) we have
f(21) X f(z2) = [R] = [Py X P2] = [P1] X [P2] = f(z1) X f(22)
Thus f : C — R/~ is a field isomorphism.
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Exercise 11.1.1

(1) Informally (since we have not really specified the rules we are using),
X®Y = (X0 + X1i + X2 ] + x3k) X (yo + yii + y2j + y3k)
= (XoYo + X1Y1i° + Xy j° + X393k7) + (Xoy1i + X1 Y0l + X2y3jk + X392k )
+ (Xoy2J + X2YoJ + X3y1ki + x1y31k) + (Xoy3k + x3y0k + x1y20] + X2¥1 ji)
= (XoYo — X1y1 — %22 — X3y3) + (Xoy1 + X1Y0 + X2y3 — X3)2)i
+ (Xoy2 + Xoyo + X3y1 — X1¥3)] + (Xoy3 + X3y + X1)2 — X2y 1)k.
(i1) Again informally. Suppose that
P=P=k=ijk=-1.
We observe that
1 = =% = i(=1)i = i(i jk)i = i*(jki) = — jki
so jki = —1 and similarly kij = —1.

Now ij = —ij(k*) = —(ijk)k = k and similarly, using the results of the
first paragraph, jk =i and ki = j.

We now observe that ji = (ki)i = ki*> = —k and similarly kj = —i, ik = — .
Conversely if
P==k=-1,ij=k, ji=—k, jk=1i, kj=—i, ki = j, ik =—},
then ijk = (ij)k = k* = —1.
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Exercise 11.1.2

We write x = (xg, X1, X2, x3) and so on. Let g : H, — H; be defined by
g(xo + ixy, X2 + ix3) = (X0, X1, X2, X3)
We have g(f(z1,22)) = (21,22) and f(g(x)) = x so f and g are inverses and
f is bijective
We check that
fxX+y) = f(xo+ Yo, X1 + Y1, X2 + ¥2, X3 + ¥3)
= ((x0 +yo) + i(xy + y1), (%2 +¥2) + i(x3 + y3))
= ((xo +ixy) + (Yo + iy1), (x2 + ix3) + (2 + iy3))
= (X0 + ix1, X2 +ix3) + (Yo + iy1, y2 + iy3)
= fx) + f(y)
whilst
FX)® f(y) = (xo + ixy, X2 + ix3) ® (Yo + iy1, y2 + iy3)
= ((xo + ix1) X (yo + iy1) — (X2 + ix3) X (y2 — iy3),
(xo + ix1) X (y2 + iy3) + (X2 + ix3) X (Yo — iy1))
= ((xoyo — X1y1 — X2y2 — X3y3) + i(X1Y0 + Xoy1 + X2y3 — X3)2),
(X0y2 + X2Yo + X3y1 — X1y3) + i(Xoys + X3y + X1y2 = X2)1))
= f(x®Yy)
and
f(X) = f(xo, —x1, =Xz, —X3) = (X0 — X11, =X — X30)
= ((xo +ix1)", —(x2 + ix3)) = f(x)°
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Exercise 11.1.4

Let (A, +, X) be a skew field with additive zero 0, additive inverse of

a given by —a, multiplicative unit 1 and multiplicative inverse of a (with

a # 0) givenby a™!.

() If0+a=aforalla e A, then0 =0.
Proof 0 =0+0=0+0=0.

(i) Ifa+a®* =0,thena® = —a.
Proof We have

—-a=-a+0=-a+@+a")=(-a+a)+a’
=(a+(-a)+a*=0+a"=a".

(i) If I xa=aforalla e A, then 1 = 1.
Proof 1T=1x1=1.
(i fax 1 =aforallae A, then 1 = 1.
Proof 1=1x1=1.
(iv)Ifa#0andaxa* =1, thena* =a'.
Proof a'=a'x1=a'x(@axa*)=(a'xa)xa* =1xa* =a*.

(ivy Ifa#0anda* xa=1,thena* =a'.

1 1

Proof a' = 1xa ' =(@* xa)xa'=a*x(axa')=a*x1=a*.

Exercise 11.1.6

We consider the quaternions in the form H, of Exercise 11.1.2 We write
a = (a;,a,) with a; € C and so on.

(1) (Commutative law of addition.) We have
a+b=(a,a)+(b,by) = (a) +by,a, + by)
= (b1 +ai, by + ay) = (b1,b2) + (aj,a;) =a+b.
(i1) (Associative law of addition.) We have
a-+ (b + C) = (Cl] + (b] + C]),Clz + (b2 + Cz))
= ((Cll +b1) +C1,(612 + bz) + C2) = (a+b) + C.
(ii1) (Additive zero.) Set 0 = (0, 0). Then

0+a:(0+a1,0+a2):(a1,a2):a.
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(iv) (Additive inverse.) If we set —a = (—a, —a), then

a+(-a)=(a,a)+(-a,—a)=(a—a,a—a)=(0,0)=0.

(v) (Associative law of multiplication.) We have

a®(bec)=a® (bic — by, bic; + b))
= (a1(bic1 = bac3) — ax(bica + bacy)", ai(bica + bach) + ax(bicy — byc))
= (aj(bic — bacy) — ar(bics + bycy), ay(bicy + b)) + ax(bic) — b5cy))
= (a1bic1 — a1bycs — arbic; — axbscy, arbicy + arbyc| + axbic] — axbycs)
= ((a1b1 — aab3)ct — (a1by — asbi)cs, (arby — azbs)cs + (a1by — axby)cy)

=(a®b)®c

(vi) (Multiplicative unit) Set 1 = (1,0). Then
1ea=(1xa)-(0xa5),(1xXay)+0xa))=(a,a)=a
and (since 0* =0and 1" =1)
a®l=(a X1—-a, x0,a; X0+a,x1") =(a;,a, x 1) = a.
sothat 1 ®a =a® | = a. (Multiplicative unit.)
(viii) (Distributive law.) We have
a®(M+c)=(a;,a)® (b +c1,by + ¢2)
= (a1(b1 + 1) = ax(by + c2)", a1(by + 2) + ax(by + ¢1)")
= (a1by + aic; — axb5 — axc5, a1by + aicy + arb| + axcy)
= (a1by — axb5, a1by + axb)) + (ajc) — axcy, ajcy + axcy)
=(a®b)+(a®c)
whilst
(b+c)®a = (b +c1,by + ) X (a1,ar)
= ((by + cay = (by + c2)as, (by + ¢1)ay + (by + c2)ay)
= ((b1ay + c1a1 — bya; — c,a5, biay + cray + byay + ¢ra))
= (b1a; — bya5, biay + byay) + (c1a) — ca3, c1ay + ca))
=(b®a)+ (c®a).

We also have 1 = (1,0) # (0,0) = 0.
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Exercise 11.1.8

The proofs (apart from the commutative law of multiplication) are ex-
actly as for the quaternions suppressing the * wherever it appears. The com-
mutative law of multiplication is immediate from the commutative laws of
multiplication and addition for C.

ZRW = (21w — 22W2, ZiW2 + 2ow1) = (W1Z1 — WaZa, WaZi + Wi22)
= (lel — WoZp, WiZp + W2Zl) =WKXZ.

However

Low@E 1) =G-ii-i)=(0,0).

We now say that ‘we have zero multipliers’ or give the associated argument
as follows:—

The associative law of multiplication shows that, if (i, 1)®a = (1, 0), then
(0,0) = (0, 0)ma = ((1, Hr(, 1)Ra = (1, Hr((, Dra) = (1,HR(1,0) = (1,1)

which is false. Thus (vii) fails.
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Exercise 11.1.7

All these calculations can be done in many different ways, some faster
than the ones given here.

(i) We have
i®j)* =(0,0,0,1)* = (0,0,0,-1)
and
i*®j*=(0,-1,0,00®(0,0,-1,0) = (0,0,0, 1)
SO
i®j)* #i*®j*.

(i1) We have

(X®Y)* = (Xoyo = X1y1 = X2Y2 = X33, XoY1 + X1 Yo + X2)3 — X3)2,
Xoy2 + X2Y0 + X3y1 — X1Y3, Xo¥3 + X3Yo + X1y2 — Xo)1)"
= (XoYo — X1¥1 — X2)2 — X3Y3, —=XoY1 — X1Y0 — X2)3 + X3)2,
— XoY2 — X2Y0 — X3Y1 + X1Y3, —XoY3 — X3Y0 — X1)2 + X2)1)
= (Yo, =1, —Y2, —¥3) ® (X0, —X1, X2, —X3)
=y* ®x*.

(iii) We have

YOV = (Yo, V1,2, ¥3) ® Vo, =Y1> —Y2, —¥3)
= (Yoyo + Y1y1 + Y22 + ¥3Y3, =Yoy1 + Y1Yo = Y2¥3 + Y3)2,
= Yoy2 + Y2Yo = ¥3¥1 + Y1Y3, =YoYy3 + Y3Yo = Y1Y2 + Yay1)
= (llyll*, 0,0,0).

Similarly

y* Yy = ()70, Vi, Y2, _y3) ® 0}0’ Yi,Y2, y3) = (||Y||2, Oa Oa 0)

(iv) If

(xo X X X3)
y=|— — — —
I (I (1] (]l )

then, from (iii), y® y* = y* ®y = (1, 0,0, 0).

(v) Direct calculation or use the uniqueness of inverses and the standard
observation that

xRy 'exH=x@FyoyHex'=x8(,0,0,00@x"!
=x®x | = (1,0,0,0).
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(vi) We have
i®j)"' =(0,0,0,-1) # (0,0,0, 1)
=(0,-1,0,0)% (0,0,-1,0) =i ®@j"

(vii) We have
(X +¥)* = (X0 + Yo, X1 + Y1, X2 + Y2, X3 + y3)*
= (X0 + Yo, —(x1 + y1), =(x2 + y2), =(x3 + y3))
= (X0, —x1, —X2, —=x3) + (Yo, =Y1, =2, —¥3) = X" +y*

and
(X*)* = (xo’ —X1, —X2, —X3)* = (-xO’ X1, X2, x3) =X
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Exercise 11.1.9

(1) We have
(x®yl*,0,0,0) = (Ix®yl,0,0,0)® (Ix ®yl|, 0,0, 0)*
=(x®y)®(x®y)"
=(x®Yy)®(y* ®x")
=xQ(y®y") ®x*

=x® (lyll*,0,0,0) ® x*
= (x®x*) @yl 0,0,0)
= (IxII*, 0,0,0)® (llylI*, 0,0,0) = ([IxIPllylI*, 0,0, 0)
so [[x @ ylI* = [Ix|I*llyll* and [Ix ® yI| = [Ix]lllyll.
(i1) Consider the quaternions
m = (mo, my, ny, m3), N = (ng, N1, N2, N3).

The rules for quaternionic multiplication show that ¢ = n ® m has integer
entries q = (4o, 91, 42, q3)- Applying part (1) with X = n and m =y gives the
result.
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Exercise 11.1.10

(1) We have

2
X" = (X0, X1, X2, X3) ® (X0, X1, X2, X3)

2 2 2 2
= (X5 — X] — X3 — X3, 2X0X1, 2X0X2, 2X0X3).

(ii) Thus x> = (1,0, 0, 0) yields the 4 equations

> 2 2 2
Xg—Xx{—x—x;=1,
2x0x1 = 0,
2XOX2 = O,
2XOX3 =0.
Since —x7 — x3 — x3 < 0, we must have xy # 0,80 x; = x, = x3 = 0

and x% = 1, whence xo = 1. Thus (1,0,0,0) and (-1, 0,0, 0) are the only
possible solutions. We check that these are solutions.

(iii) x> = (=1, 0,0, 0) yields the 4 equations

- - - =1,
2x9x; =0,
2XOX2 = O,
2XOX3 =0.

Since x(z) > 0, at least one of x1, x,, x3 must be non-zero, so x, = 0. We see
that

x> = (-1,0,0,0)

if and only if x = (0, xy, x2, x3) with x? + x3 + x3 = 1. This gives an infinity
of solutions.

Exercise 11.1.11

Thus if a, b, ¢, d are real,
flla+ib)+(c+id)=f((a+c)+b+d)i)=(a+c)+ (b +dnu
=(a+bu)+ (c+du)= f(a+ib)+ f(c+id))
and
f((a+ib) X (c +id)) = f((ab — cd) + (bc + ad)i) = (ab — cd) + (bc + ad)u
ab + (bc + ad)u + acu?
(a+bu)®(c+du) = f(a+ib)® f(c+id))
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Now recall from the previous question that (using the representation of
H as ordered quadruples) u = (0, u;, up, u3) with u? + u3 + u3 = 1, so, in
particular, u* = —u.

Thus, if a, b are real,

f((a+ bi)*) = f(a—bi) =a—bu= fla+bi.

Finally, using the results we have proved earlier in the question, if z, w €

C

f@=fw)= f(z—w)=0
= flz=wl) = fF(G=-wWEz-w)) = fG-w)® f((z—w))) =0
=Slz-wl=f(z-w’)=0=z=w.

(But, of course, just easy to prove directly,)



Exercise 11.2.1

Lots of ways of setting this out. (But all trivial verifications.)
(X0, X) ® (Yo, y) = (Xo, X1, X2, X3) ® (Yo, Y1, Y2, ¥3)

= (XoYo — X1¥1 — X2Y2 — X3Y3, XoY1 + X3Y0 + X2y3 — X3)2,
Xoy2 + X2Y0 + X3¥1 — X1Y3, X0Y3 + X3Y0 + X1Y2 — X2)1)

= (xoyo — X1y1 — X2y2 — X3Y3, 0) + (0, X293 — x3y2, X3y1 — X1¥3)
+ (0, xoy1, X0y2, X0y3) + (0, X3¥0, X2¥0, X3Y0)

= (xoy0 =x-,0,0,0) + (0, x A y) + (0, x0y) + (0, y0x)

= (Xoyo — X Y, X0y + YoX + X A y).

155
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ExErcISE A.3

Taken=4,x1=ys=a,x,=y3=b,x3=y,=¢C, X4 =y =d.

EXERCISE A.5

Definition If we have a sequence x; € F, then we define }}’_; x; inductively
by the rule 2}:1 x; = x; and

n+l n
Z)Cj = Z)Cj + Xpt1-

=1 =1

Theorem If yy, y,, ...y, form a rearrangement of xi, x», ... X,, then

Z Xj = Zyj'
j=1

=1
Lemma If a; € F, we have

o) (S5

j=1 k=1
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EXERCISE A.6

(1) Let a(n) be the statement that, if {; € {0, 1}, then
D<ot o,
j=0

a(0) is the statement that if {, € {0, 1}, then {, < 1 = 2 — 1 which is
certainly true.

If a(n) is true and {; € {0, 1}, then

n+l n
Z {2 = G2 + [Z §j2j]
j=0 J=0

< {n+12n+1 + (2n+1 _ 1) — (2n+1 _ 1) +€n+12n+1
< (2n+l _ 1) + 2n+l — (2n+l + 2n+l) -1= 2n+2 -1.
Thus a(n + 1) is true.
The required result follows by induction.

M Ifn>m=>0,€{0,1}for0 < j<n,n €{0,1}for0 < k < m,
{, = 1, we have

Zn: (20 =2"+ [i gjzf')
j=0 j=0

> on 2m+1 1> anzk
k=0

Similarly, if m = nbutn, = 0,

Dz > 12y g2t
j=0 k=0
Thus, by trichotomy, the conditions £, = 1 and
Z {2 = Z m2*
=0 k=0

imply m =nandn, = 1.

(iii) Let a(n) be the statement that, if {;, n; € {0, 1} for 0 < j < n, and

Zn: {2 = Zn: 1,2,
=0 =0

then; =n;for0 < j<n.
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a(0) is immediate. Suppose a(n) is true. If {;, n; € {0,1} for 0 < j < n,

and
n+1 n+1

D2 = > 02,
=0 =0

then part (iii) tells us that ,;; = 17,41. It follows that

n n+1 n+1 n
(S0 = 3o =S (Sin2
=0 =0 =0 =0
and so, by additive cancellation,
2,67 = 2 n
Jj=0 Jj=0

The inductive hypothesis now tells us that {; = n; for 0 < j < n, so, using
our previous result {; = n; for 0 < j < n + 1. We have shown that a(n + 1)
is true.

The required result follows by induction.

(iv) Let a(n) be the statement that if n > m > 0 and 2! — 1 > r > 2™,
then we can find ; € {0, 1} with £, = 1 such that

r= Zm:g“ij.
j=0

Since 1 = 1 x2°, a(0) is true. Suppose a,, is true and 2"*> — 1 > r > 21,
Then we set ,,; = 1 and consider s = r —2". If s = 0, we set ; = 0 for
n > j > 0 and observe that r = Z;f:é £;2% If s > 0, we can find an m with
n > m > 0 such that 2"*! — 1 > r > 2™ and so we can find {;j € {0, 1} with
{n = 1[0 < j < m] such that

S = Z §j2j.
=0

If n > m, we set {; = 0 forn > j > m. Once again
r= Z §J2k
Jj=0
We have shown that a(n + 1) is true.
The required result follows by induction.

(v) Every integer r > 1 satisfies 2"*! > r > 2" for some n and so satisfies
an equation of the form
n
=32
Jj=0
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with {; € {0,1} for 0 < j < n—1and , = 1. Part (iii) tells us that the
representation is unique.

(vi) Let a(n) be the statement that if a is a strictly positive integer and

r = Z{jZk
=0
with {; € {0, 1} for 0 < j < n, then

j
a’zl |a2.

gi=1

a(0) is true by inspection. Suppose a(n) is true and

n+1

r= Z{ij.
=0

Then
a" = b2 = (T 2 )rom 2!
— a(27=0 gjzj) X a§n+12n+l — a2j X a§n+]2"+l
gi=1, j<n
J
]
=1

Thus a(n + 1) is true.

The required result follows by induction.
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ExEercise B.3

Suppose that y < 0. Observing that all the terms in the final inequality
are real, we now have

g(z,) = gw) — myn — 2lalCn?.

Choosing n > 0 with n > (2|a|C)/(my) gives g(z,) > g(w) contrary to our
definition of w.

Exercise C.2

Choose coordinate axes so thatg =(1,0,0),n = (0,1,0).
(1) We have
g-q=1"+0>+0*=1,
gAn=(001)=~0,0-)=-nnrg.
gAg:(Oxa—Ox0,0xl—0><0,0><0—1><O)_: (0,0,0) =0.

(1) g An=1(0,0,1),s0 g, nand g A n are mutually orthogonal.
For example

(@Am)-qg=(0,0,1)-(1,0,00=0x1+0x0+1x0=0.

(iii) We have
(gAn)Ag=1(0,0,1)A(1,0,0)=(0,1,0) = n.

(iv) Set @ = 8 = 6/2 in the formulae
sin(a + ) = sina cos 8 + sinf cos a,

cos(a + ) = cosa@cos S — sina sinf.
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Exercise C.3

We write
P = (po, P) = (po, p1, P2, P3)-
Let ||p|| be the quaternion norm of p, that is to say,

IIpll = \/p?) + P+ 3+ P

If we write q = ||p||”'p, then q is a unit quaternion, p = ||p|lq and p~! =
Ipll~'q~". Thus

pe0.0®p" =(lpllg)® 0.0 (Pl g
=q®0,.9®q"
By Theorem C.1, we have a rotation about p through 6, where

cos0/2 = po/lpll, 0 <0 < 2n.

Exercise C.4

Write
q;®0,0®q;" = (0,R;(x)).
Then
(©®q)®0,0®(eq) " =(®q)e0,00(q;,'®q;")
=8 ®0,x8q,)®q,")
= ®0,Ri(x)®q;'
= (0, R(R1(0))).
Thus q, ® q; corresponds to the rotation R; followed by the rotation R;.
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Exercise C.5

(1) If A and B are 3 X 3 matrices and we obtain their product C from the
expressions
cij = (ap X b1)) + (ap X byj) + (a3 X b3)),
then each entry c;; requires 3 multiplications and 2 additions. There are
9 = 3 X 3 entries, so we need 27 = 3 X 9 multiplications and 18 = 2 x 9
additions.

If we do the quaternion multiplication r = p X ¢ then r has 4 entries each
of which requires 4 multiplications and 3 additions so 16 multiplications
and 12 additions in all.

(i1) The author does not know how ‘renormalisation’ is carried out in
practice for matrices, but one could use Gramm-Schmidt on the columns.
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Exercise C.6

Observe that if we write

fw)=pouep™
then
fp*‘(fp(u)) =u= fp(fp*‘(u))

so fp : H — H is bijective with inverse fp‘1 = fp-
From now on we keep p fixed and write f = f,. We have
f@+ f(v)=pouep' +pvep’
=po@ep ' +vep)
=p®U+V)®p ' = fu+v)
and
fWefW=(peuep H@pPevep )
=(PpewWe (P ' ep)e(Vep )
=(PewWe(Vep )
=poUAV)®p ' = f(udV).
Thus f is a skew-field isomorphism.
Since p~! = p*|Ipl|~2, we have
()" = plipl ™.
Thus
f@ =@pouep™)
=)' euep’
= lpl*(pew @ p’
=(pewep’ = f.
Finally, 2 = f()? = f(®) = f(-1) = —1 and, similarly, > = k&> = -1
whilst
i®jok=f)® f()®fk = fijk) = f(-1) = -1
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Exercise D.3

g((x+iy) + (a+bi)) = g((x +a) + (y + b)i) = (x + a)e + (y + b)i
= (xe + yi) + (ae + bi) = g(x + iy) + g(a + bi)

and
g(((x + iy) X (a + bi)) = g((xa — yb) + (xb + ya)i) = (xa — yb)e + (xb + ya)i

= (xe + yi) ® (ae + bi) = g(x + iy) ® g(a + bi)

fora, b, x, y e R.

Exercise D.5

Using the associative rule of multiplication, we have

) ew=(1e@y)®w=(1)®(ryew) =Arew).

Using the associative law of multiplication again,

v®(w) =y®((1e)®w) = (r® ()W = () dw

s0, using the first and second result,

v (Aw) = Ay ®w).
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ExEercise D.7

(i) Suppose f, f" € Fandy, y' €R. Settingz = f +yvand 2’ = f" +)'y

we have

@7 =fof +wef +yfev+yvey

Il
v~

‘@f+yf®v+yv®f+yywey

'®z.

Il
1N

(1) If x, y € F, then
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Exercise D.8

1) (x+y)®j = xj+yi®j = xj+ykso E consists of the quaternions
Aj+uk with A, u € R. E* is a vector space with basis 1 and i, E~ is a vector
space with basis j and k.-

(i1) Write a = ag + a;i + a,j + ask. Then
a®i:a0i—a1 —a2k+a3j
i®a=aqyl—a +ak-asj

Thus a®i = i®aif and only if a, = a3 = 0, that is to say if and only if
a € E*. On the other hand, a® i = —i ® a if and only if ¢y = a; = 0, that is
to say, if and only ifa € E™.

(iii)Ifae E*,b € E~,thena = ay + a;i and b = b,j + b3k. If a = b, then
ap+ aji—byj—bsk =0,
soag=a; =b,=by=0anda =0. Thus E* N E~ = {0}.
Since
Xo + x1i + x2J + x3K = (xo + x11) + (2 + x3K),

and xo + x;i € E*, x,j + x3k € E~, H is the direct sum of E* and E~.
(iv) Direct calculation.
(x2f + x3K)? = = — 3

is real and strictly negative if x,j + x3K is non-zero.

Exercise D.9

(1) We have
u®g=-ce+du®a
a®u=-ce—du®a
so, adding,
ce=-—=(@®u+u®a)
Thus

1
cu=ce®u=-@-u®adu).

It follows that {
dy=g-cu=-@+u®a®u).

(i1) Take ¢ = O in (i). Or prove directly.
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Exercise D.10
1)0eD*. Ifg,b e D*, A, u € R, then
(Ag+pb)®i=Qi+ub®i=AUQa+ui®b=1i(1a +ub)

so da + ub € D* and D" is a subspace.

0eD .Ifg,be D7, A, ueR,then

g +ub)@i=WQi+ub®i=-AU®a—-pi®b=-i®(1a + ub)

so da + ub € D™ and D" is a subspace.

(i1) The right distributive law gives
T(a+b)=(a+bep=@e®p +©Lep) =T +Tb)

and the associative law of multiplication gives
T(Ag) =T(1e®a)=(10)®a)®p = (1)@ (a®p) = (1) ®T(a) = ATq

forall 1 € C.
(iii) If]g € D7, then
plei=(pelee=(p' ) (pep)
=(p'e{ep)ep =-(p'e(pe)ep’
=—((p'epeep' =—-(ehap =-iep’,
so;g‘l e D
(iv) If b € D™, then
SHyei=bepHei=be(p ' e
=-be®p)=-bedep’
=(i®bhep ' =iebkep’)
=i®S5(b),

s0 S(b) € D*.
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(v) We have

(vi) (I not think this much detail is necessary.) Since U has basis e, ! when

considered as a vector space over C, any u € U can be written uniquely as
u=(@+b)@e+u+vi®j=ae+bi+uj+vk
with a, b, u, v € R,
Thus any x € U can be written uniquely as
X = Xo+ X1l +x] + x3k

with x, € R and the map f : H — U given by

f(xo + X101+ x2] + x3k) = xp€ + X1+ x2] + x3k

for x, € R is a bijection.
Automatically (and evidently)
J((xo + x10+ X2 + x3k) + (yo + y1i + Y2 ) + y3k))
= f((x0 + yo) + (x1 + y1)i + (x2 + y2)j + (x3 + y3)k)
= (Xo +Yo)e + (X1 +y)i+ (x2 + y2)j + (X3 + y3)k

= (Xog + X1L + Xp.] + x3K) + (Yo¢ + Y1l + y2] + y3k))

= f(xo + x1i + X2 + x3k) + f(yo + y1i + y2j + y3k)
f((xo + X171+ x2j + x3k) @ (yo + y1i + y2j + y3k))
= f((x0y0 — X1y1 — X2y2 — X3y3) + (Xo¥1 + X1Y0 + X2Y3 — X3)2)iy
+ (Xoy2 + X2Y0 + X3y1 — x1y3)] + (Xoy3 + X3)0 + X1y2 — 12y1)k)
= (X0yo — X1y1 — X2y2 — X3y3)e + (Xoy1 + X1yo + X2y3 — X3)2)i
+ (Xoy2 + X2Y0 + X3y1 = X1¥3)] + (Xoy3 + X3Y0 + X1y2 = X2y1)k)

= (Xo¢ + X1i + X2 + x3k) ® (Yo + Y1l + y2] + y3k)

= f(xo + x1i+ X27 + x3k) ® f(yo + yii + y2j + y3k).

Thus f preserves the operations + and ® and must be a skew-field isomor-
phism.
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Le hareng saur
Charles Cros

Il était un grand mur blanc — nu, nu, nu,
Contre le mur une échelle — haute, haute, haute,
Et, par terre, un hareng saur — sec, sec, sec.

11 vient, tenant dans ses mains — sales, sales, sales,
Un marteau lourd, un grand clou — pointu, pointu, pointu,
Un peloton de ficelle — gros, gros, gros.

Alors il monte 1’échelle — haute, haute, haute,
Et plante le clou pointu — toc, toc, toc,
Tout en haut du grand mur blanc — nu, nu, nu.

Il laisse aller le marteau — qui tombe, qui tombe, qui tombe,
Attache au clou la ficelle — longue, longue, longue,
Et, au bout, le hareng saur — sec, sec, sec.

Il redescend de I’échelle — haute, haute, haute,
L’emporte avec le marteau — lourd, lourd, lourd,
Et puis, il s’en va ailleurs — loin, loin, loin.

Et, depuis, le hareng saur — sec, sec, sec,
Au bout de cette ficelle — longue, longue, longue,
Tres lentement se balance — toujours, toujours, toujours.

J’ai composé cette histoire — simple, simple, simple,
Pour mettre en fureur les gens — graves, graves, graves,
Et amuser les enfants - petits, petits, petits.
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The Smoked Herring
Translated by Kenneth Rexroth

Once upon a time there was a big white wall — bare, bare,
bare,

Against the wall there stood a ladder — high, high, high,

And on the ground a smoked herring — dry, dry, dry,

He comes, holding in his hands — dirty, dirty, dirty,
A heavy hammer and a big nail — sharp, sharp, sharp,
A ball of string — big, big, big,

Then he climbs the ladder — high, high, high,
And drives the sharp nail — tock, tock, tock,
Way up on the big white wall — bare, bare, bare,

He drops the hammer — down, down, down,
To the nail he fastens a string — long, long, long,
And, at the end, the smoked herring — dry, dry, dry,

He comes down the ladder — high, high, high,
He picks up the hammer — heavy, heavy, heavy,
And goes off somewhere — far, far, far,

And ever afterwards the smoked herring — dry, dry, dry,
At the end of that string — long, long, long,
Very slowly sways — forever and ever and ever.

I made up this story — silly, silly, silly,
To infuriate the squares — solemn, solemn, solemn,
And to amuse the children — little, little, little.



