2015 Paper 6 Question 4

Thomas Forster

May 8, 2017

It’s part (c) that people have difficulty with.

Part (i)
One lambda-term that does the trick is

Ay AT Af. fy
Part (ii)

These S-reductions are fairly straightforward if you don’t get flustered.
NoMN = Az fx) N = Af.M)N — M
and
Nyt MN = Oz A fIN)N = (Af.fIN,) N — NN, (%)
Part (iii)
The obvious S to try is the S we obtained in Part (c)(i). We are obviously going

to have to an induction. The thing to try to prove is ...fix a natural number
m and prove

(Vn € N)(Pp,IN,, = IN;pp 1) (1)
To prove [1| we use the following fact from part (b) (not proved here)
P, = (Af Ay yN, (A2, S(f2))) P — Ay.y Ny (A2.5(Py 2))
which gives
P, N,, —» IN,,IN,,,(A\2.5(P,,2)) (2)

Now we can prove the induction.

Base case, n =0



P, INg = INgIN,,(A2.5(P,,2)) by
—» IN,,

Induction Step:

Pp N, — N, N, (A2.5(P,2)) by
—» A2.S(Ppnz))IN, by (*) from part (c)(i)
— S(P,IN,)
— S(Nyygn) by induction hypothesis
= Nintnt1 by (c)(i)



