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294 Non-standard models of Z are not Fecursive

place relation R on N that is isomorphic to the LESS THAN ordering
in any denumerable model of Z; it would be almost as easy to
construct R so that the R-successor function is also recursive. Thus
there are models of Z in which LESS THAN and s are recursive. The
theorem of Tennenbaum, Kreisel, and McAloon implies that we
cannot do much better. In contrast, the tables in Exercise 14.2 show
that there are non-standard models of Q in which both & and & are
recursive.
A notational preliminary: Suppose that F is, e.g., the formula
Jxy x = 2. Then we shall write .# k= 3xy-x = 2[0,,0,] to mean
M gig:(Fyalzaz) = 1.

Likewise for other formulas; context and alphabetical order can be
expected to resolve any ambiguities over which objects are correlated
with which variables. ‘. F=dxy-x =% [0,,0,]" may be read: o, and
0,, when assigned to v and =, respectively, satisfy dxy-x =2 in . #. If
S is a sentence, we shall similarly write .# = S, instead of .#(S) = 1.
(Incidentally, we shall use ‘a’, ‘b’ etc. in what follows to vary over
natural numbers rather than names.)

Now let .# be an arbitrary non-standard model of Z; 5, &, and ®
are the functions that 4 assigns to the symbols '+, and.-.
A number d is called a non-standard element of .# if for every =,
MH=n<z[d. (If dis a non-standard element of #, then
M E=d< 2[d]!) Lemma 29.1 asserts that there are non-standard

elements of .#.

Lemma 2¢.I

For some d, for every n, A Fn <z [4].

Proof. Since .# is a model of Q, by Lemmas 14.11 and 14.13, for
every n, A FEV¥z(z=0V. Vz=0—1 vz=mnVn < z), and there-
fore for every d, M= (z =0V L Vz=n—I1Vz=nvn<z)[d] 1t
thus suffices to show that for some 4, for every =, M e+ nld]
Define a function £ from natural numbers to natural numbers by:
h(o) = e; h(n+1) = s(h(n)). Then, with the aid of the axioms of Q,
which hold in .#, it is easy to see that % is one—one and for all m, n,
h(m+n) = h(m)Ph(n) and h{mn) = A(m)@h(n). If also for every 4,
A ===n[d], then & would be onto the domain of .#, and

the
noe
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296 Non-standard models of Z are not recursive

Lemma 29.4

Letm>o. Then ,a™ =x-x-...-x (m ‘x’s).

Proof. A simple induction on m, like the one in the proof of Lemma
290.2.

Lemma 2g.5

b, YooV y(y > 0= [w |y o Jx(x® = 2¥)]).

Proof. Formalize in Z the following argument: Suppose vy positive,
Then 2¥ > 1. If w divides y, then for some v, v = y. Let x = 2%,
Then x* = (2")* = 2™ = 2%, Conversely, assume that x¥ = 2¥. Then
x+ 0,1 and @ + o. No odd prime divides x; otherwise some odd
prime divides 2¥. So for some v, ¥ = 2”. Then 2¥ = x* = 2", and so
vw = vy and v divides y.

Lemma 29.6

Let m > o. Buppose that .4 Fy > o[b] and .# =2 = z[b,¢c]. Then
A Em|yv[b] iff for some g, a®a®...@a (m ‘a’s) =¢.

Proof. ByLemmazg.5,.# &= m|y[bliflforscmea,.# =x™ = 2¥[a, b],
iff for some a, # Ex™ = z{a,c], f by Lemma 29.4 for some aq,
MExex . ox (m ‘x’s)=zla,c], iff for some g, a®a®...Ra
{m ‘a’s) = c.

Lemma 29.7

For any formula A(x} of L, the following sentence is a theorem of Z:
(*) Vady > oVx(Jo(f(x, w) &wly) — (x < 2 & A(x))).

(*) says that for every 2, there is a positive integer y such that for
all x, the xth prime divides y if and only if x is less than 2 and A(x)
holds.

Proof. T'o prove (*) in Z, formalize in Z the following induction on
z: Basis: If 2 = o, let ¥ = 1. Then done, for no prime divides 1 and
no natural number is less than o.
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298 Non-standard models of Z are not rECUTSIVE

A set W of natural numbers is called recursively enumerable (r.e. for
short) if for some recursive relation R, W = {n: for some k, Ruk}. If
W is a recursive set, then W is automatically r.e.: Let Rnk it neW
and k = k; then R is recursive and W = {n: for some k, Rnk}.

We shall shortly give examples of r.e. sets that are not recussive.

We want now to show that a set W is recursive if and only if both W
and N—W, the set of natural numbers not in W, are r.e. The
left—right implication is clear: If W is recursive, so is N W, and
therefore both W and N— W are r.e. For the converse, suppose W
and N — W r.e. Then for some recursive relations Rand S, W ={n:
for some k, Rnk}, and N—W = {n: for some k, Snk}. Let Onk iff
either Rnk or Snk. Q is recursive and regular: For every n thereis a
kB such that Qnk. Thus the function f obtained from Q by
minimization is tecursive, as then is {m:Ruf(m)}. But W={n:
Ruf(n)}: 1f ne W, Rnk for some k: let k be least. Since ngN-—W, Sy
for no j. Thus k& is the least i such that Oni, f(n) = k, and Raf(n).
Conversely, if Raf(n), then for some k, Rnk, and ne W.

Sets W and X of natural numbers are called recursively inseparable
if they are disjoint, 1.e., have no common member, and there is no
recursive set Y such that W Y and XS N—Y. If Wand X are
recursively inseparable, neither is recursive, for if W were recursive,
then W € W and X & N—W, contra inseparability ; similarly for X
We now exhibit a pair of recursively inseparable r.e. sets.

Let Rnk iff the Turing machine with gédel number #, when
started with input #, halts at the kth stage of its computation, with
output o. Similarly, let Snk iff the Turing machine with gbdel
number n, when started with input #, halts at stage k, with output 1.
R and S are recursive relations. Let A = {n: for some &, Rnk} and
B = {n: for some &, Snkl. A and B are r.e. Since a Turing machine
produces at most one output, A and B are also disjoint. To show that

they are recursively inseparable, suppose that Y is a recursive set,
Ac Y, and BE N—-Y. Let, f be the characteristic function of Y.
Then fis recursive. Let e be the godel number of a Turing machine

that computes f.

Then ee Y, —fle) =1,
—» the Turing machine with gédel number e generates

1 when started with input ¢,
—for some k, Sek,
»e€B,
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300 Non-standard models of 7. are not recursive

with p, ‘a’s. Rna iff the final result is b, Sumnilarly, § is recursive if
@ i1s. Thus Y and N— Y are r.e. if @ is recursive. Therefore @ is
not recursive.

Replacing *@’, ‘d’, and ‘¢’ in the previous paragraph by ‘@’, ‘4’,
and ‘¢’ shows that ® is not recursive. In no non-standard model of
Z is either @ or @ recursive.

We now let .# be a non-standard model of arithmetic. We shall
show that neither @ nor &® is definable in arithmetic. We'll consider
@ to treat ®, merely replace ‘@’ by ‘@’ in what follows. Suppose
then that @ is definable in arithmetic; we shall obtain a con-
tradiction.

Let Hbn iff for some a, aSa® ... ®a (p, ‘a’s)=5b. By the
definability of @, H is definable in arithmetic: Use the g-function to

express ‘there is a finite sequence s, ..., s, of length at least p, such
that for some a, s,=a, for every i<p,—1, §.,. =s,Da, and
S$p.—1 =10

Let B(x,y) define H in arithmetic. Then for all b, #, Hbn iff A"
B(b,n). Let 4(x) be the formula — B(x, x). By Theorem 1, there is
a number & such that for every »n, .# E A(n) iff Hbn. # is a model
of arithmetic. Therefore the same sentences are true in J# and A7,
and for every n, A" E A{n) iff Hbn. But then A" = B(b, b) iff Hbb, ift
A= A(b), iff A7 — B(b, b), contradiction.



