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1. (Ideal tetrahedra) Let Hn = Hn ∪ ∂∞Hn denote the closure of Hn with respect to its
hyperbolic metric. A polyhedron P ⊂ Hn is the convex hull of a finite collection of vertices
x1, . . . , xn ∈ Hn not contained in a hyperplane. It can be realised as the intersection of
half-spaces whose hyperplane boundaries contain n−1 vertices. Write P0 := x1, . . . , xn ∈
Hn for the set of vertices of such a polyhedron. An ideal polyhedron P ⊂ Hn is the
complement P = P \ P0 of a polyhedron P ⊂ Hn with P0 ⊂ ∂∞Hn. The vertices P0 of P
are called the ideal vertices of P.

(a) Using the upper half plane model H3 for H3, draw an ideal tetrahedron with one
ideal vertex at infinity. Draw another ideal tetrahedron with no ideal vertices at infinity.

(b) Show that any isometry of H3 takes ideal tetrahedra to ideal tetrahedra. (Their
identification under the quotient by this isometry is also called an ideal tetrahedron.)
Classify ideal tetrahedra in H3 up to isometry.

(c) An ideal tetrahedron in a hyperbolic manifold is the image of an ideal tetrahedron
in its universal cover. Show that any homotopy equivalence of a finite-volume orientable
hyperbolic manifold M is homotopic to a map taking ideal tetrahedra to ideal tetrahedra.

2. (Haken manifolds with b1 > 0) Prove the following statement.

Proposition. Any compact oriented irreducible manifold with nonempty boundary is
Haken, and any closed oriented irreducible manifold with b1 > 0 is Haken.

3. (Primality of S3) Without using Perelman’s theorem, show that S3 is prime.

4. (Alternative criterion for primality) Prove the following statement.

Proposition. If M is a compact oriented 3-manifold, then M is prime if and only if
every separating embedded S2 in M bounds an embedded B3 in M.

5. (Prime ⇔ S2 × S1 or Irreducible)

(a) Show that S2 × S1 is reducible, i.e., is not irreducible.

(b) Show that S2 × S1 is prime.

(c) Prove that S2 × S1 is the unique prime oriented manifold that is not irreducible.

6. (Toroidal unions as splices) Prove the following statement.

Proposition. If X1, X2 are compact oriented 3-manifolds with ∂Xi
∼= T2, then for any

union
X1 ∪ϕ X2, ϕ : −∂X1 → ∂X2,

there are (not necessarily unique) Dehn fillings Xi(µi) of Xi and knots Ki ⊂ Xi(µi) such
that X1 ∪ϕ X2 is homeomorphic to the splice of X1(µ1) and X2(µ2) along K1 and K2.

7. (Splice invariance) Let Ki ⊂ Yi be oriented knots in compact oriented 3-manifolds, with
exteriors Xi := Yi \ ν(Ki), and with surgery basis (µ1, λ1) ∈ (H1(∂X1))2 for K1 ⊂ Y1.

(a) Suppose Y2 is closed, with H1(Y2) = 0, and let Y denote the splice of Y1 and Y2

along K1 and K2. Show that H1(Y ) ' H1(Y1).

(b) Let Y be as in (a), but suppose K2 = U ⊂ Y2 = S3 is the unknot in S3. Show that
Y ∼= Y1. In other words, splicing along the unknot is the identity operation.
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8. (Turaev torsion Theorem 3) Let M = S1 × (S2 \
∐n
i=1 int(D2

i )).

(a) Write down a finite presentation for π1(M). Hint: recall that if the groups G and H
have presentations G ' 〈SG|RG〉, H ' 〈SH |RH〉, specified by the sets SG, SH of generators
and RG, RH of relators, then G×H ' 〈SG, SH | RG, RH , {[sG, sH ], sG ∈ SG, sH ∈ SH}〉 .

(b) In lecture, we stated Fox’s Theorem for computing the Alexander matrix with re-
spect to an augmentation epimorphism from π1 to Z using Fox calculus. An analogous
result holds for epimorphisms from π1 to Zk. Use Fox calculus to compute the multivari-
able Alexander matrix for your presentation of π1(M) with respect to the abelianization
epimorphism ϕ : π1(M)→ H1(M).

(c) Write down presentations forH1(M̃) andH0(M̃) as Z[H1(M)]-modules, for M̃ →M

the normal cover specified by ϕ, i.e., M̃ ∼= M̃uc/kerϕ.

(d) Show that τ(M) = (1− [S1])2−n.

(e) Prove Theorem 3 for Turaev torsion, that for a compact oriented surface Σ, we have

τ(S1 × Σ) = (1− [S1])−χ(Σ).

9. (Turaev torsion of fiber exterior) Let M be the Seifert fibered space M :=MS2( β1α1
, . . . , βnαn

),

and let Xf = M \ ν(f0), µ ∈ H1(∂Xf ), and f := [f0] ∈ H1(Xf ) respectively denote the
exterior, meridian, and first homology class of a smooth fiber f0 ⊂M , as an oriented knot.

(a) Show that H1(M) = 0 if and only if
∣∣∣(∏n

i=1αi)
∑n

i=1
βi
αi

∣∣∣ = 1.

(b) Suppose (
∏n
i=1αi)

∑n
i=1

βi
αi

= 1, so that H1(M) = 0 and H1(Xf ) ' Z. Recall from

Example Sheet 3 that the rational longitude of Xf has Seifert slope −
∑n

i=1
βi
αi

. Show

that f = (
∏n
i=1 αi)m, for m := ι0∗(µ) the image of µ in H1(Xf ).

(c) For each i ∈ {1, . . . , n}, show that f = αiιi∗(λi) ∈ H1(Xf ) for any longitude λi of
the ith exceptional fiber.

(d) Using the decomposition

Xf = S1 × (S2 \
∐n
i=0

◦
D2
i ) ∪

∐n
i=1(S1

i ×D2
i ),

compute the Turaev torsion τ(Xf ) in terms of [f ], [ι1∗(λ1)], . . . , [ιn∗(λn)] ∈ Z[H1(Xf )].

(e) Compute the Alexander polynomial ∆(Xf ) in terms of t := [m] ∈ Z[H1(Xf )].

10. (Annular Reeb foliation) The submersion

f : [−1, 1]× R→ R≥0, f(r, t) = (r2 − 1)et

defines a foliation F̃ on [−1, 1]× R by preimages f−1(x) of x ∈ R≥0.

(a) Suppose X = Xr
∂
∂r +Xt

∂
∂t ∈ Γ(T ([−1, 1]×R≥0)) is a nonvanishing vector field such

that TpF̃ = SpanXp. Compute the slope Xt/Xr ∈ R ∪ {∞} as a function of r and t.

(b) Show that F̃ descends to a well-defined foliation F on [−1, 1]×R/Z. (This is called
the annular Reeb foliation).

11. (Taut foliation on zero surgery) Let K ⊂ S3 be a fibered knot, and let Y be the manifold
resulting from surgery of slope 0 on K. Show that Y admits a taut foliation.


