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Definitions

I. Alexander skein relation.

Definition (Alexander polynomial). For any oriented link diagram D for an oriented link
L ⊂ S3, the Alexander polynomial ∆ satisfies the skein relation

∀ c ∈ crossings(D).

Normalization. The unknot U ⊂ S3 has Alexander polynomial ∆(U) = 1.

Notation. We shall sometimes write ∆L(t) for ∆(L).

II. Kauffman States.
For the following discussion, we assume that D is the diagram of a non-split link L ⊂ S3,

so that its underlying embedded graph Γ ↪→R2 is connected.

A. Regions, crossings, and edges.
Recall that any link diagram D for a link L ⊂ S3 has an underlying embedded graph Γ↪→R2,

which we can regard as an embedded graph Γ↪→S2 by compactifying R2 with a point y∞ ∈ S2

at infinity, so that R2 ∼= S2\{y∞}. The graph Γ then partitions S2 into (contractible) regions,
edges, and vertices. By slight abuse of terminology, we shall also refer to these as regions,
edges, and crossings, respectively, of the diagram D.

Definition (outer region). We call the unique region containing y∞ the outer region r∞. Like
all the regions associated to D, the outer region r∞ has the topology of a disk.

Definition (adjacent). We say a region r is adjacent to an edge e or a crossing c if the closure
of r has nonempty intersection with e or with the vertex corresponding to c, respectively.

Thus, keeping in mind that the outer region is still a region, we observe that

• Each crossing has exactly 4 adjacent regions.
• Each edge has exactly 2 adjacent regions.

Definition (outer edge). An outer edge is any edge adjacent to the outer region r∞.
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B. Based link diagrams.

Definition (based link diagram). A based link diagram (D, ?) is a diagram D with a choice
of basepoint, ?, lying on the interior of some outer edge of D.

Remark. In principle, one could consider based diagrams with basepoints on non-outer edges,
but since we are free to move the point at infinity y∞ to a different region, there is no loss in
generality in demanding that our basepoint, ?, lie on an outer edge.

Definition (based edge). In a based diagram, the based edge e? is the edge containing the
basepoint ?.

Remark. One can use an Euler characteristic argument (see Problem 2) to show that

(1) #crossings(D) = #regions(D)− 2.

Thus, for a based diagram (D, ?), we have

#crossings(D) = #{regions(D) not adjacent to the based edge e?}.

C. Kauffman States.

Definition (Kauffman State). A Kauffman state s of a based diagram (D, ?) is a matching,

s : crossings(D)→ {regions(D) not adjacent to the based edge e?},

such that the region s(c) is adjacent to c for each c ∈ crossings(D). (If D is a split link, hence
with nonconnected underlying graph Γ, we say that (D, ?) has zero Kauffman states.)

Convention. To depict a Kauffman state s, we decorate (D, ?) with # crossings(D) dots.
For each crossing c ∈ crossings(D), we place a dot in s(c) near c.

The 3 Kauffman States for the based diagram .

Non-Kauffman States.

(a) 2 dots share the same region. (b) A dot occupies a region adjacent to the based edge e?.
(c) A dot occupies the outer region r∞, which by our conventions is always adjacent to e?.
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D. Kauffman state sum.

Definition (Kauffman state crossing monomial). Given a Kauffman state s of an oriented
based diagram (D, ?), the Kauffman state crossing monomial of a Kauffman-state-labeled ori-

ented crossing c is a monomial ks,c(t) ∈ Z[t−
1
2 , t

1
2 ], which depends on whether c is a positive

or negative crossing, and on the location of s(c) relative to this oriented crossing, as shown.

In other words, we assign monomials according to the diagram

.

Definition (Kauffman state monomial). The Kauffman state monomial of a Kauffman state
s of an oriented based diagram (D, ?) is the monomial

ks(t) :=
∏

c∈ crossings(D)

ks,c(t) ∈ Z[t−
1
2 , t

1
2 ].

Definition (Kauffman state sum). The Kauffman state sum kD(t) ∈ Z[t−1/2, t1/2] of a based
diagram (D, ?) is the polynomial

kD(t) :=
∑

s∈{Kauffman states(D,?)}

ks(t) ∈ Z[t−1/2, t1/2].

III. Handle decompositions.

crit f – the set of critical points of f , i.e., where all the partial derivatives of f vanish.

Hessxf – the Hessian at x of f , which in local coordinates looks like the matrix
(

∂2

∂xi∂xj

∣∣∣
x
f
)
ij

.

indxf – the index of f at x.

Hn
k – the n-dimensional handle of index k.

Definition (Morse function). A smooth function f : X → R on a connected compact oriented
manifold X is called Morse if

(a) every critical point x ∈ crit f of f is isolated, and

(b) Hessx f is nondegenerate at every x ∈ crit f (so all its eigenvalues are nonzero).

Definition (index of a critical point). If f : X → R is Morse, then for any critical point
x ∈ crit f of f , the index indx f of x with respect to f is the number of negative eigenvalues
of Hessx f (counted with multiplicity).

Definition (self-indexing Morse function). A Morse function f : X → R is called self-
indexing if f(x) = indxf for every x ∈ crit f .
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Definitions (handle, core, cocore). An n-dimensional k-handle, or handle of index k, Hn
k is

the product decomposition
Hn

k := core × cocore = Dk ×Dn−k.

of the ball Bn into a k-dimensional core Dk and (n−k)-dimensional cocore Dn−k.

Secretly choosing a metric, we usually regard a handle as having a large core and small
cocore, so that a k-handle is the closure of a (narrow) tubular neighborhood of its k-cell core,

Hn
k
∼= ν(core(Hn

k )) ∼= ν(Dk). Hn
k
∼=

Definitions (attaching region, belt region). The boundary of a handle decomposes as

∂(core× cocore) ∼= ∂(core) × cocore ∪ core × ∂(cocore)
∼= attaching region ∪ belt region,

with attaching region := ∂(core) × cocore, belt region := core × ∂(cocore).

In the above diagram, the attaching region is colored red and the belt region is purple.

The attaching region of Hn
k is a tubular neighborhood of the boundary of the core Dk of Hn

k .

Just like a cell complex, where we attach the boundary Sk−1 = ∂(Dk) of a k-cell to the cell
complex we have built so far, in a handle decomposition we attach the closed neighborhood

ν(Sk−1) ∼= Sk−1 ×Dn−k ∼= attaching region(Hn
k )

of Sk−1 to the manifold we have built so far. The (confusingly named) belt region is the
left-over part of the handle’s boundary that didn’t get glued to anything (yet).

Definitions (attaching and belt spheres).

attaching sphere := core(attaching region) = ∂(core)× pt ∼= Sk−1,

belt sphere := core(belt region) = pt× ∂(cocore) ∼= Sn−k−1.

The attaching sphere of a 2-handle is more often called an attaching circle.

Definition (handle attachment). The attachment of a k-handle to a manifold X to produce
a manifold X ′ is induced by a k-handle-attachment cobordism Z from −∂X to ∂X ′, where

Z ∼= (∂X × I) ∪attaching reg (Hn
k ) H

n
k ,

for I ∼= D1 a small closed interval. This produces the new boundary

∂X ′ ∼= (∂X \ attaching reg (Hn
k )) ∪ belt reg (Hn

k )

∼= (∂X \ (∂Dk ×Dn−k)) ∪ Dk × ∂Dn−k,

and we have
X ′ ∼= X ∪∂X Z ∼= X ∪attaching reg (Hn

k ) H
n
k .

Theorem (Morse functions from handle decompositions). Let X be a smooth manifold. If we
specify both a handle decomposition for X and the order in which these handles were added,
then there is a Morse function f : X → R which induces the specified handle decomposition,
such that the values {f(x)|x ∈ crit f} are ordered according to the order in which the handles
corresponding to these critical points were attached.

Definition (handle-body). The genus g handle-body Ug is the compact oriented 3-manifold
obtained from attaching g 1-handles to a 0-handle. Note that ∂Ug = Σg, the closed oriented
surface of genus g.
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Exercises

1. (Alexander polynomial properties) Let K ⊂ S3 be a knot, i.e., a link with exactly one
component. Use the Alexander skein relation to show that

(a) ∆K(t)|t=1 = 1,

(b) ∆K(t) = ∆K(t−1).

2. (Crossings vs regions) Prove equation (1) from the section on based link diagrams, that

#crossings(D) = #regions(D)− 2.

3. (Kauffman state sum of figure 8 knot) Using the based diagram below, compute the Kauff-
man state sum kK8(t) of the figure 8 knot K8 ⊂ S3.

4. (Alexander polynomial of figure 8 knot) Use the Alexander skein relation to compute the
Alexander polynomial ∆K8(t) of the figure 8 knot K8 ⊂ S3, using the diagram shown above.
Show that ∆K8(t) = tjkK8(t) for some appropriate power j of t.

5. (Equivalence of Alexander polynomial and Kauffman state sum) Optional. (It’s a bit ad
hoc and time consuming.) Show that the Kauffman state sum respects the Alexander Skein

relation, to prove that for any oriented link L ⊂ S3, there is some tj ∈ Z[t−
1
2 , t

1
2 ] such that

∆L(t) = tjkL(t).

6. (Handle decomposition of the torus) The following questions are asked with respect to the
Morse function f : T2 → R shown in diagram below.

(a) Label the critical points of f .

(b) Label the index of each critical point of f .

(c) Describe the corresponding handle decomposition: draw a rough sketch of each step
as you build the T2 one handle at a time, starting with the empty set.



6

7. (Handle-bodies) Let Ug be a genus g handle-body.

(a) Show (by drawing a picture) that Ug can be constructed by attaching two 0-handles
to the empty set, and then stretching g + 1 1-handles between these two 0-handles.

(b) Describe how to build Ug by attaching some combination of 2-handles and 3-handles
to the 3-manifold Σg × I, for I a closed interval.

8. (Self-indexing Morse functions) Let X be a connected compact oriented smooth n-manifold.
Fix a handle decomposition for X, and an associated Morse function f : X → R. Define the
time of addition t(H) ∈ R of a handle H in this decomposition to be the value f(x) ∈ R for
x ∈ crit f the critical point associated to H. Deform f slightly so that the time of addition
of each handle is distinct, and let ki denote the index of the ith handle added. Let Xm ⊂ X
denote the manifold formed from adding the first m handles of X, and consider the two
most recently added handles, Hn

km−1
and Hn

km
, with t(Hn

km−1
) < t(Hn

km
).

(a) Explain why the order of addition of Hn
km−1

and Hn
km

can be reversed (or made equal)

in this handle decomposition if they can be locally isotoped so that

(∗) belt region (Hn
km−1

) ∩ attaching region (Hn
km) = ∅.

(b) By considering the dimensions of belt spheres and attaching sphere images inside
∂Xm−1, show that it is always possible to make (∗) hold if km−1 ≥ km.

(c) Show that any handle decomposition of X can be modified to give a handle decom-
position with exactly one 0-handle and (if X is closed) exactly one n-handle.

(d) Show that X admits a self-indexing Morse function with precisely one index-0 and
(if X is closed) one index-n critical point. (You may appeal to the “Morse functions from
handle decompositions” Theorem from Section III without proof.)

9. (Poincaré duality) Let X be a closed oriented n-manifold admitting a handle decomposition
with rk k-handles Hn

k,1, . . . H
n
k,rk

for each k ∈ {0, . . . , n}. Sketched proofs are sufficient.

(a) Show thatX is homotopy equivalent to a finite cell complex with rk k-cells ek,1, . . . ek,rk ,
corresponding to the handles Hn

k,1, . . . H
n
k,rk

, for each k ∈ {0, . . . , n}.
(b) Let (C cell

∗ (X), dcell) be the chain complex with C cell
k (X) generated by the cells ek,j

constructed in (a), and dcell the usual differential for cellular chain complexes. Let Xk ⊂ X
be the manifold obtained by attaching all handles of index ≤ k. Show that dcell(ek,i) =∑
aijek−1,j , where aij is the signed intersection number of the attaching sphere of the ith

k-handle with the belt sphere of the jth k − 1 handle in ∂Xk−1. Deduce that the handles
Hn

k,j generate a chain complex (Chand
∗ (X), dhand), with dhand(Hn

k,i) =
∑
aijH

n
k−1,j , so that

H∗(X;Z) ' H∗(Chand
∗ (X), dhand).

(c) Use the fact that Dk ×Dn−k ∼= Dn−k ×Dk to show that X admits another handle
decomposition with rn−k k-handles for each k ∈ {0, . . . , n}. Construct a co-chain complex
(C∗hand(X), δhand) generated by these new handles, such that this co-chain complex has the
same cohomology as the cellular co-chain complex (C∗cell(X), δcell) generated by the dual
cells of the cells associated to these new handles.

(d) Show that Hk(X;Z) ' Hn−k(X;Z).
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