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crit f – the set of critical points of f , i.e., where all the partial derivatives of f vanish.

Hessxf – the Hessian at x at f , which in local coordinates (xi) looks like the matrix ( ∂2

∂xi∂xj
|xf)ij .

indxf – the index of f at x.
Hn
k – the n-dimensional handle of index k.

Definitions

Definition (Morse function). A smooth function f : X → R on a connected compact oriented
manifold X is called Morse if

(a) every critical point x ∈ crit f of f is isolated, and
(b) Hessx f is nondegenerate at every x ∈ crit f .

Definition (index of a critical point). If f : X → R is Morse, then for any critical point
x ∈ crit f of f , the index indx f of x with respect to f is the number of negative eigenvalues
of Hessx f (counted with multiplicity).

Note that the nondegeneracy of Hessx f at x ∈ crit f implies that the combined number of
negative and positive eigenvalues of Hessx f equals the dimension of X.

Definition (self-indexing Morse function). A Morse function f : X → R is called self-
indexing if f(x) = indxf for every x ∈ crit f .

Definition (handle, core, co-core). An n-dimensional k-handle, or handle of index k, Hn
k is

the product decomposition
Hn
k := core × co-core = Dk ×Dn−k.

of the ball Bn into a k-dimensional core Dk and (n−k)-dimensional co-core Dn−k.

Definition (handle-body). The genus g handle-body is the unique compact oriented 3-manifold
Ug with boundary ∂Ug ∼= Σg, for Σg the closed oriented surface of genus g.

Note: a handle-body is not a handle!

Definition (Heegaard splitting). Let Ug and Vg be genus g handle-bodies. A Heegaard split-
ting of genus g for a closed oriented 3-manifold M is a decomposition

M ∼= Ug ∪Σg Vg

with respect to some gluing map ϕ : ∂Ug → −∂Vg.

Definition (surgery basis). Let K ⊂ S3 be a knot in S3, with exterior XK := S3 \ ◦ν(K). A
surgery basis for K is a basis µ, λ ∈ H1(∂XK ;Z) for which

(a) µ is the meridian K, i.e. µ bounds the compressing disk of ν(K),
(b) λ, called the longitude of K, generates the kernel of the map

ι∗ : H1(∂XU ;Z)→ H1(XU ;Z) induced by inclusion ι : ∂XU ↪→XU , and

(c) µ · λ = 1.

Definition (Dehn surgery on a knot in S3). Let µ, λ be a surgery basis for a knot K ⊂ S3.
The p/q surgery on K, XK(p/q), is the 3-manifold XK ∪T2 S1 × D2 where [∂(pt × D2)] is
identified with pµ+ qλ.
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Exercises

1. (Handle decomposition of the torus) The following questions are asked with respect to the
Morse function f : T2 → R shown in diagram below.

(a) Label the index of each critical point of f .
(b) Describe the corresponding handle decomposition: draw a rough sketch of each step

as you build the T2 one handle at a time, starting with the empty set.

2. (Self-indexing Morse functions) Let X be a compact oriented smooth n-manifold.
(a) Show that X is diffeomorphic to a manifold built by attaching handles in order

of index, that is, by starting with the empty set, then attaching all the 0-handles, then
attaching all the 1-handles, etc.

(b) If X is connected, show that it has a handle decomposition with only one 0-handle.

3. (Poincaré duality) Let X be a closed oriented n-manifold admitting a handle decomposition
with rk k-handles for each k ∈ {0, . . . , n}.

(a) Show that X is homotopy equivalent to a finite cell complex with rk k-cells. Deduce
that H∗(X) ' H∗(C cell

∗ (X)), where C cell
k (X) is generated by elements ek1, . . . e

k
rk

correspond-
ing to the handles of X.

(b) Let Xk ⊂ X be the manifold obtained by attaching all handles of index ≤ k. Show

that d(eki ) =
∑
aije

k−1
j where aij is the intersection number of the attaching sphere of the

ith k-handle with the belt sphere of the jth k − 1 handle in ∂Xk−1.
(c) Use the fact that Dk ×Dn−k ∼= Dn−k ×Dk to show that M admits another handle

decomposition with rn−k k-handles.
(d) By considering the chain complexes associated to these two handle decompositions,

show that Hk(X) ' Hn−k(X). (Where did we use the fact that X was orientable?)

4. (Handle bodies and Heegaard splittings) Let M be a closed connected orientable 3-manifold.
(a) Show that M1 (notation as above) is homeomorphic to Ug for some g.
(b) Deduce that M admits a Heegaard splitting.

5. (Lens spaces: surgery on the unknot) Let U ⊂ S3 be the unknot.
(a) Show that 0-surgery on U is homeomorphic to S1 × S2.

The 3-manifold obtained from p/q surgery on U is called the lens space L(p, q).
(b) If q ≡ q′(mod p), show that L(p, q) ∼= L(p, q′).
(c) If qq′ ≡ 1(mod p), show that L(p, q) ∼= L(p, q′).
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6. Let K8 ⊂ S3 be the figure 8 knot in the diagram below.
(a) Use skein relations to compute the Alexander polynomial ∆K8(t).
(b) Find a presentation of π1(S3 \ K8) with two generators and one relator. Compute

the Alexander polynomial ∆(S3 \K8)(t) using Fox calculus.

(c) The figure 8 knot K8 ⊂ S3 is fibered; that is, it has fibered exterior XK8 := S3\ ◦ν(K8).
Thus, XK8 can be realized as a mapping torus Mφ, for some monodromy φ : T2 → T2 (since
in this case, K8 is genus 1). Use ∆(S3 \K8)(t) to deduce this monodromy φ (up to isotopy).

7. Let T (p, q) ⊂ S3 be the (p, q) torus knot.
(a) By considering the decomposition S3 = (S1 × D2) ∪T 2 (S1 × D2), where K ⊂ T 2,

show that S3 −K ∼= (S1 ×D2) ∪S1×(0,1) (S1 ×D2).

(b) Use Van Kampen’s theorem to show that π1(S3 −K) = 〈x, y |xp = yq〉.
(c) Use Fox calculus to compute ∆K(t).

8. Let K ⊂ S3 be a knot.
(a) Show that ∆K(1) = 1, both by using the skein relation and by applying the universal

coefficient theorem to the homology of the universal abelian cover.
(b) Using the skein relation, show that ∆K(t) = ∆k(t

−1).

9. Suppose that K ⊂ S3, and that 0-surgery on K is homeomorphic to S1×S2. By considering
the homology of the universal cover, show that ∆K(t) = 1.
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