
Part III 3-manifolds

Example Sheet 1

(Sarah Rasmussen, 2018)

Notation

∂X – (the manifold given by) the boundary of X, for X a manifold with boundary.
∂iX – the ith connected component of ∂X.
ν(X) – a tubular (or collared) neighborhood of X in Y , for an embedding X ⊂ Y .
◦
ν(X) – the interior of ν(X). This notation is somewhat redundant, but emphasises openness.
Bn – the compact n-ball with boundary.
Dn – the compact n-disk with boundary. Bn and Dn differ in name only.
Sn – the n-sphere
Tn – the n torus, Tn := (S1)n.
\ – complement. A \B is the complement of B in A.
∼= – homeomorphism.
' – isomorphism.

Note: All embeddings of surfaces are locally flat [1] or smooth unless otherwise stated.

Definitions

Definition (connected sum). Let X1 and X2 be compact oriented n-manifolds, choose (orient-

ation-preserving) embeddings ιi : Bn ↪→Xi, and let each X̂i := Xi \ ιi(Bn) be the respective

complement. The connected sum X1#X2 is the union X1#X2 := X̂1 ∪ϕ X̂2, where the

orientation-reversing gluing homeomorphism ϕ : ∂X̂1 → −∂X̂2 used to identify the boundaries
of X1 and X2 is the reflection map; that is, ι−1

2 |∂X2 ◦ϕ◦ ι1|∂Bn : Sn−1 → Sn−1 is the antipodal
map. The terms connected sum and connect sum are used interchangeably.

(1) There is also a notion of connected sum along other codimension-1 submanifolds, but
when this submanifold is not specified, it is taken to be Sn−1.

(2) Connected sum is also defined in the smooth category, with smoothly embedded balls and
a smooth gluing map. A joint theorem of Kervaire and Milnor [3] (really a corollary of results
of Palais [5]) states that this connected sum is independent, up to diffeomorphism, of the
choice of embeddings ιi :B

n ↪→Xi, and that it is associative and commutative with unit Sn.
(3) In dimension n ≤ 3, every orientation-reversing homeomorphism (or diffeomorphism)

ϕ : ∂X̂1 → −∂X̂2 is isotopic to the reflection map.

Definition (splitting). Given a closed embedded surface Σ⊂M in a compact 3-manifold M,

the splitting M |Σ of M along Σ is the (compact) complement M |Σ := M \ ◦
ν(Σ).

Definition (separating). A connected closed embedded surface Σ ⊂M is called separating if
the splitting M |Σ has one more connected component than M .

Definition (prime). A connected compact oriented 3-manifold M is called prime if any de-
composition M ∼= M1#M2 of M as a connected sum of compact oriented 3-manifolds M1 and
M2 implies that S3 ∈ {M1,M2}.

Definition (irreducible). A connected compact oriented 3-manifold M is irreducible if any
embedded S2 in M bounds an embedded B3 in M. A non-irreducible manifold is called reducible.

Definition (rank of a group). The rank of a finitely-generated group G is the minimum
number of generators appearing in any presentation of G.
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Theorems

Theorem (Alexander’s Trick: existence). For n ∈ Z≥0, any orientation-preserving homeo-
morphism f : Sn → Sn can be extended to a homeomorphism f̄ : Bn+1 → Bn+1 with f̄ |Sn = f .

Corollary (of Alexander’s Trick: uniqueness up isotopy). The homeomorphism in Alexan-
der’s Trick is unique up to isotopy. In particular, for n ∈ Z≥0, if f : Bn+1 → Bn+1 is an
orientation-preserving homeomorphism restricting to the identity f |∂Bn+1 = id : Sn → Sn on
the boundary ∂Bn+1 ∼= Sn, then f is isotopic to the identity map id : Bn+1 → Bn+1.

Theorem (Alexander’s Sphere Theorem). Any embedded 2-sphere S2 ⊂ R3 bounds a smoothly
embeddded B3 ⊂ R3. (This theorem is false unless the embedding is locally flat or smooth.)

Theorem (Papakyriakopoulos’s Sphere Theorem [6]). If M is a compact oriented 3-manifold
with π2(M) 6= 0, then there is a homotopically-nontrivial smooth embedding ι : S2 ↪→M . (That
is, within the set π2(M) \ {0} of nontrivial homotopy classes of maps ι : S2 ↪→M , at least one
such homotopy class has an actual embedding as a representative.)

Theorem (Kneser-Milnor’s Theorem [4]). Any connected compact oriented 3-manifold M
admits a prime decomposition: either M = S3 =: M1, or M decomposes as a connected sum
M ∼=M1# · · ·#Mk of prime oriented 3-manifolds Mi 6∼= S3. This decomposition is unique up
to orientation-preserving homeomorphism and reordering of summands.

Theorem (Van-Kampen’s Theorem for #). If M1 and M2 are connected compact oriented
3-manifolds, then the fundamental group of their connected sum decomposes as the free product

π1(M1#M2) ' π1(M1) ∗ π1(M2).

Theorem (Grushko’s Theorem). If G1 and G2 are finitely generated groups, then

rank(G1 ∗G2) = rank(G1) + rank(G2).

Theorem (Kneser-Stallings’ Theorem, or “Kneser’s Conjecture”). If π1(M) of a connected
closed oriented 3-manifold M decomposes as a free product π1(M) ' G1 ∗G2, then there exist
(connected closed oriented) 3-manifolds M1, M2 such that π1(Mi) ' Gi and M ∼= M1#M2.

Theorem (Perelman’s proof of the Poincaré Conjecture). If M is a closed connected 3-
manifold, then π1(M) ' 1 if and only if M ∼= S3.

Basic fundamental group results

Theorem (Product Theorem for Homotopy Groups). Any connected manifolds X,Y satisfy

πn(X × Y ) ' πn(X)× πn(Y ), n ∈ Z≥0.

Theorem (Van-Kampen’s Theorem for general #). Any connected manifolds X and Y satisfy

π1(X#Y ) ' π1(X) ∗ π1(Y ).

Proposition (Homotopy lifting property). Given connected manifolds X and Y , a covering

space p : Ỹ → Y , a homotopy ft : X → Y , and a lift f̃0 : X → Ỹ of f0, (i.e., a map

f̃0 : X → Ỹ with f0 = p ◦ f̃0), there is a unique homotopy f̃t : X → Ỹ lifting ft.

Theorem (Homotopy lifting). Given connected manifolds X and Y and a covering space

p : Ỹ → Y , any map f : X → Y has a unique lift f̃ : X̃ → Ỹ from the universal cover X̃ of

X to Ỹ That is, f ◦ πX = p ◦ f̃0 for the universal covering map πX : (X̃, x̃0)→ (X,x0).
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Exercises

Immediate corollaries.

1. (Primality of S3) Prove, without using Perelman’s theorem, that S3 is prime.

2. (Alternative criterion for primality) Prove the following statement:
If M is a connected compact oriented 3-manifold, then M is prime if and only if every

separating embedded S2 in M bounds an embedded B3 in M.

3. (Irreducible ⇒ π2 = 0) If M is a connected compact oriented 3-manifold, show that if M
is irreducible, then π2(M) = 0.

Not quite immediate corollaries.

4. (Irreducible ⇔ π2 = 0) Prove the converse of 3 to conclude the following:
If M is a connected compact oriented 3-manifold, then M is irreducible ⇔ π2(M) = 0.

5. (Uniqueness of Alexander’s Trick homeomorphism) Prove the “Corollary of Alexander’s
Trick” on the preceding page. (Hint: think about the meaning of isotopy, and look for an
application of Alexander’s trick in one dimension higher than the original homeomorphism.)

6. (Existence of prime decompositions – an ahistorical proof) Using only the theorems on the
preceding page, excluding Kneser-Milnor’s Theorem, prove that any connected compact
oriented 3-manifold admits a (finite) prime decomposition.

Several-step problems.

7. (Primality and reducibility of S2 × S1)
(a) Show that S2 × S1 is reducible, i.e., is not irreducible.
(b) Show that S2 × S1 is prime, using only “basic fundamental group results.” (Try to

do this part without Hatcher’s notes.)

8. (Prime⇔ S2×S1 or Irreducible) Prove that S2×S1 is the unique prime oriented manifold
that is not irreducible.

9. (Necessity of Orientability for well-behaved decompositions) Observations of Milnor in [4].
(a) Show that RP2 × S1 is irreducible, but that π2(RP2 × S1) 6= 0.
(b) Let N be the twisted S2-bundle over S1. In other words, if we realize this bundle as

a mapping torus, we have N ∼= (S2 × [0, 1])/((x, 1) ∼ (h(x), 0)), where h : S2 → S2 is the
antipodal map. Show that N#N ∼= N#(S1 × S2), but that N 6∼= S1 × S2.

Kneser-Stallings Theorem failure for dimension ≥ 5.

10. A student asked an excellent question in Lecture 4 about the truth of Kneser-Stalling’s
Theorem in dimension ≥ 4, so I constructed the following example in dimension 5.

Let Z be the 5-manifold Z := ((S1 × S2)#(S1 × S2))× S2.
(a) Show that π1(Z) ' Z ∗ Z.
(b) Suppose X, Y are connected closed oriented 5 manifolds with π1(X) = π1(Y ) = Z.

Show that X#Y is not homotopy equivalent to Z. (Hint: recall that homotopy equivalence
induces isomorphism on cohomology rings.)

(c) Adapt the above counterexample and argument (or use any counterexample you like)
to show that Kneser-Stallings’ Theorem fails in any dimension ≥ 5 .
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Independence of connected sum on B3 embeddings.

Definition (ambient isotopy). Let X,Y be compact oriented smooth manifolds, and let
ι1, ι2 : X ↪→Y be smooth embeddings (proper if X has boundary). An ambient isotopy for
ι1, ι2 is an isotopy (through diffeomorphisms) ψt : Y → Y with ψ0 = id, such that the
composition ψt ◦ ι1 : X ↪→X is an isotopy (through smooth embeddings) from ι1 to ι2.

Theorem (Isotopy Extension Theorem (Palais) [5]). Let X,Y be compact oriented smooth
manifolds, and let ι1, ι2 : X ↪→Y be smooth embeddings (proper if X has boundary). If ι1, ι2
are isotopic, then they are ambient isotopic.

Edwards and Kirby [2] broadened this result to locally flat ambient isotopies covering iso-
topies of locally flat embeddings. (Smooth implies locally flat, but not the converse.)

11. Suppose ι1, ι2 : B3 ↪→M are smooth embeddings, forM a closed oriented smooth 3-manifold.
Show that ι1 and ι2 are ambient isotopic.
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