
Part III Differential Geometry

Notes on Example Sheet 1

(Sarah Rasmussen)

1. Immersions and Embeddings

{Smooth embeddings} = {Immersions} ∩ {Topological embeddings}.

An immersion is a (smooth) map ϕ : M → N which induces an injection on tangent spaces
Dϕp : TpM → Tϕ(p)N .

A topological embedding is a map ϕ : M ↪→ N which is a homeomorphism onto its image.
An immersion is already locally a smooth embedding. Thus, if ϕ : M → N is an immersion,
and M and N are compact, then ϕ is an embedding if and only if ϕ is one-to-one, i.e. if and
only if each point p ∈ ϕ(M) has precisely one preimage.

(Note: since in this class we are studying the category of smooth manifolds and smooth
maps, the term embedding will always mean smooth embedding for us.)

What does it mean to say that an immersion is locally an embedding? Well, consider the
following example. Let ϕ : S1 → R2 denote some “figure-8 immersion,” that is, a map whose
image looks like the number “8” on a piece of paper. Let p ∈ ϕ(S1) denote the “double
point” of the figure 8; that is, p is the point where the top circle and bottom circle of the “8”
intersect. This point p has two preimages in S1, but they are separated. Thus, if you look at
any arc γ ⊂ S1 small enough that it does not contain both preimages of p, then ϕ|γ : γ → R2

is an embedding, because the image ϕ|γ(γ) ⊂ R2 no longer has self-intersections. That is the
sense in which an immersion is locally an embedding.

Submanifolds. Sometimes, instead of being given a map ϕ : M → N , we are given a
solution locus in some ambient space, and asked whether this locus of solutions forms an
embedded submanifold or an immersed submanifold . Usually, the primary issue at stake here
is whether the solution space intersects itself, but to determine the answer, one must examine
the tangent space of the solution space.

For example, if you are given a function f ∈ C∞(Rn) and asked to find whether the space
{f = 0} ⊂ Rn is an embedded submanifold, you must determine if the system of equations

(∗) ∂
∂x1

f = 0, . . . , ∂
∂xn

f = 0; f = 0

has any solutions in Rn. Don’t forget the f = 0 equation!! The space {f = 0} ⊂ Rn is an
embedded submanifold if and only if the above system (*) has no solutions.

Now, if the system (*) of equations does have solutions (called the singular locus), then
the question of whether {f = 0} ⊂ Rn is an honest immersed submanifold is slightly subtle,
because you need to construct a smooth manifold M and a map ϕ : M → Rn such that
ϕ(M) = {f = 0}, and then show that this map is an immersion. For the embedded case,
the smooth manifold M was already given by {f = 0}, and ϕ was given by inclusion, and
so there was nothing additional to show, but in the nonembedded immersion case, M is not
homeomorphic to {f = 0}. (Again, think of M a circle versus {f = 0} a figure-8 curve.)

For example, in the case of problem 12, if we set fc = z2 − (x2 + y2)2 + c, then solving
the equations in (∗) for each c is sufficient to show that {fc = 0} ⊂ R3 is an embedded
submanifold for any c 6= 0. To show that {f0 = 0} is an immersion, we first observe that

{f0 = 0} = {z = x2 + y2} ∪ {z = −(x2 + y2)}.

Now, both M+ := {z = x2 + y2} ⊂ R3 and M− := {z = −(x2 + y2}) ⊂ R3 are embedded
submanifolds of R3 (which you could verify by the fact that ∂

∂z z = 1 is always nonzero, for
instance), so we can regard M+ and M− as smooth abstract manifolds, and take

ϕ : (M+ qM−) → {f0 = 0}
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to be the map which is an inclusion on each component. (Here, q indicates disjoint union.)
Since the inclusions ϕ|M+ and ϕ|M− are each embeddings, the total map ϕ is a local embedding ,

so it is an immersion.1

2. Example Sheet 1

1.-3. In the first three problems, one mostly appeals to facts which hold in Rn and transports
these facts to the manifolds in question by making appropriate arguments using charts.

4. One student suggested that we should solve number 4 by stating that dimension is a locally
constant function on connected components, but that is in fact the statement that you were
asked to prove for problem 4.

Whatever strategy is used should appeal to the fact that transition functions on chart
overlaps cannot be diffeomorphisms (or homeomorphisms for that matter) unless they pre-
serve dimension.

5. ϕ1 and ϕ2 cannot belong to the same atlas because ϕ1 ◦ ϕ−12 is not a diffeomorphism.
For the second part of the question, the part about showing R1 and R2 to be diffeomor-

phic, there was a question raised in class that I didn’t understand at the time, but I think
I do in retrospect. We wanted a diffeomorphism f : R1 → R2, and that means we needed
the induced map ϕ2 ◦ f ◦ ϕ−11 : R→ R,

R1 R2

R R

f

ϕ1 ϕ2 ,

to be a diffeomorphism. I suggested the map ϕ2 ◦ f ◦ ϕ−11 : x 7→ x, but a student asked

about the map x 7→ x1/3. I am guessing that our mutual confusion was due to the fact that
I was referring to the downstairs map ϕ2 ◦ f ◦ϕ−11 , whereas the student was referring to the
upstairs map f : R1 → R2. If so, then we had the same overall map in mind, as the map
f : x 7→ x1/3 induces the map ϕ2 ◦ f ◦ ϕ−11 : x 7→ x, which is a diffeomorphism.

6. This problem has two parts:
(a) Show that RPn and CPn are smooth manifolds of respective dimensions n and 2n.
(b) Construct smooth maps πR : Sn → RPn and πC : S2n+1 → CPn which are restrictions

of the respective canonical maps Rn+1 \ {0} → RPn and Cn+1 \ {0} → CPn sending
lines through the origin to points.

Part (a). You may have seen some of this in lecture already, but here’s a quick summary.
Two points x,y ∈ Rn+1 are on the same line through the origin if and only if y = λx for
some λ ∈ R∗. Thus, we can label any line in Rn+1 with the symbol

[x1 : . . . : xn+1] := {(λx1, . . . , λxn+1), λ ∈ R∗} ⊂ Rn+1,

where x = (x1, . . . , xn+1) ∈ Rn+1 is any nonzero point on the line [x1 : . . . : xn+1] ⊂ Rn+1.
Since the points in RPn parameterize lines through the origin in Rn+1, we can also regard
the symbol [x1 : . . . : xn+1] as labeling a point in RPn. We then call [x1 : . . . : xn+1]
homogeneous coordinates for the corresponding point in RPn. The caveat is that multiple

1These conventions (standard to low-dimensional geometry and topology) differ on one point from those in
lectures. Your lecture notes require an immersed submanifold to be the image of a one-to-one immersion, so
that an immersed-but-not-embedded submanifold can only occur for immersions of noncompact manifolds.
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labels can correspond to the same point, since we have the equivalence relation [x1 : . . . :
xn+1] = [λx1 : . . . : λxn+1] for any λ ∈ R∗.

There is standard system of affine charts used to cover RPn, namely,

ϕi : Ui → Rn, Ui = RPn \ {xi = 0},

[x1 : . . . : xn+1] 7→
(
x1
xi
, . . . ,

x̂i
xi
,
xn+1

xi

)
,

[t1 : . . . : 1 : . . . : tn+1]←[
(
t1, . . . , t̂i, . . . , tn+1

)
,

where the “1” on the third line is at the ith position, and where we delete any coordinate
marked with a ˆ symbol. Two charts Ui and Uj overlap where xi 6= 0, xj 6= 0. It is straight-

forward to compute the transition functions ϕi ◦ ϕ−1j and show they are diffeomorphisms.
If one regards CPn as a complex manifold, then the construction for CPn is precisely

the same as above, but with R replaced with C. In general, one goes from complex to
real manifolds via coordinate maps α : C → R2, x + iy 7→ (x, y), so the only subtlety is
describing the image of (xi + iyi)/(xj + iyj) under α. Rationalizing denomenators gives

α :
xi + iyi
xj + iyj

7→

(
xixj + yiyj
x2j + y2j

,
xjyi − xiyj
x2j + y2j

)
.

Part (b). We did most of part (b) in the examples class, except that I skipped the
explanation of why these maps are smooth, so let me address that now.

The maps πR and πC and each smooth because they are the given by the restrictions of
smooth maps to embedded submanifolds. Restriction is given by composition with inclusion,
the inclusion of an embedded submanifold is a smooth map, and a composition of smooth
maps is smooth.

More explicitly, we have πR : Sn → RPn given by πR = ϕR◦ιR, where ιR : Sn ↪→ Rn+1\{0}
is the inclusion of the unit sphere Sn = {x ∈ Rn+1 \ {0}|

∑n+1
i=1 x

2
i = 1} into Rn+1 \ {0},

and where ϕR : Rn+1 \ {0} → RPn is the map (x1, . . . , xn+1) 7→ [x1 : . . . : xn+1]. The
image ιR(Sn) ⊂ Rn+1 \ {0} is an embedded submanifold because away from the origin, the

function 1−
∑n+1

i=1 x
2
i never has all of its partial derivatives vanish. Thus, the inclusion ιR

is an embedding and is in particular smooth.
To see that ϕR is smooth, restrict to the charts Ũi := Rn+1 \ {xi = 0} ⊂ Rn+1 \ {0} and

Ui := RPn\{xi = 0} ⊂ RPn, with ϕ̃i : Ũi → Rn+1 the inclusion map, and with ϕi : Ui → Rn
the standard affine chart map. Then ϕR : Rn+1 \ {0} → RPn induces the map

ϕi ◦ ϕR ◦ ϕ̃−1i : Ũi → Ui, (x1, . . . , xn+1) 7→
(
x1
xi
, . . . ,

x̂i
xi
, . . . ,

xn+1

xi

)
on charts. This map is smooth since all of its partial derivatives are continuous (which uses
the fact that xi 6= 0). The story for πC : S2n+1 → CPn is similar.

7. There was a request for an explicit description of stereographic projection....
Classical sterographic projection provides a cover of Sn using two maps,

σ+ : Sn \ {p+} → Rn and σ− : Sn \ {p−} → Rn

(with σ for “σ”tereograhic), where the two points

p± := (0, . . . , 0,±1) ∈ {(x1, . . . , xn, xn+1) ∈ Rn|
∑n+1

i=1 x
2
i = 1} = Sn

are often called the north (p+) and south (p−) poles. The maps are given by

σ±(x) =
(x1, . . . , xn)

1− (±xn+1)
, σ−1± (u) =

(
2u1, . . . , 2un,±(

∑n
i=1u

2
i − 1)

)
1 +

∑n
i=1u

2
i

.
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Note that σ−(x) = −σ+(−x). For σ−1± , note that σ−1± (0) = p∓, and that the sums of the

squares of the entries in the numerator gives (1 +
∑n

i=1u
2
i )

2, so the denomenator is simply
dividing by the length of the vector in the numerator, to give a point on the unit sphere.
If you place an Sn so that its south pole p− is sitting on an Rn, then σ+(x) gives the
intersection with Rn of a line passing through x and the north pole p+. (Think of n = 2.)
Personally, I like to think of the stereographic projection σ+ as detonating an explosion at
p+ in an infinitely stretchy Sn. The part near p+ gets blasted out towards infinity, whereas
the part near p− is left relatively intact, just flattening out a bit.

Wait! Here’s the subtle part!! When n is even, the classical definition of stereo-
graphic projection given above is disastrous for making an atlas of charts, because the
map σ−, as described above, is orientation reversing (and σ+ is orientation preserving).
Thus, to make a good atlas, you need to fix σ− by composing with an orientation-reversing
map, such as (u1, u2) 7→ (u1,−u2) when n = 2. Thus, for S2, you could use the map

σ̄− : S2 \ {p−} → R2, σ̄−(x) =
(x1,−x2)

1 + x3

for your chart on S2 \ {p−}.
It should now be straightforward to construct a diffeomorphism S2 → CP1 using the atlas

given by (σ+, S
2 \ {p−}) and (σ̄−, S

2 \ {p+}) on S2 and the atlas given by affine charts on
CP1. If you get stuck, Google “diffeomorphism of cp1 and s2”. For my search, the top two
links are a Humboldt University link and a math.stackexchange link, which give equivalent
answers but with mildly differing expositions. For both answers, keep in mind the map
C→ R2, x+ iy 7→ (x, y).

8. We discussed this one briefly in class. Here, we have W ⊂ V ⊂ U , and need to mulitply by
a bump function which is 1 on W , varies smoothly between 1 and 0 on V \W , and is 0 on
U \ V . Then, you just follow the problem instructions.

9. We did this in class. S1 ∼= U(1) and S3 ∼= SU(2) are Lie groups, so it suffices to show the
result for an arbitrary Lie group G with Lie alegbra g = TeG, where e ∈ G is the identity.
For any g ∈ G, let θg : G → G denote the diffeomorphism given by “left-translation,” i.e.,
by sending h 7→ g ·h, with “·” indicating group multiplication. We then have a trivialization
map given by the diffeomorphism

TG→ G× g, (g, Xg ∈ TgG) 7→ (g, dθg−1Xg),

which translates any tangent space vector in TgG back to the tangent space at the identity.
There was some confusion in class about whether dθg−1 or dθg should be used. It depends
on whether one is giving a diffeomorphism TG→ G× g or G× g→ TG. I can’t remember
which direction I used in class.

10. There are two main subtleties on this one. The first is that you need to describe correctly
the rule for applying f∗ to vector fields, and the second is that you need to be certain that
you only ever apply f∗ to a vector field, and not to something like XY , which is not a vector
field. (Sorry for aborting this one in class. I somehow was missing the notes I had made
for this problem, and I was worried I’d make a mistake doing it in public.)

In order to make very clear the difference between test functions and maps between
manifolds, let me replace the letter f with the letter ϕ, so that we have ϕ : M → N , and
we want to show that ϕ∗[X,Y ] = [ϕ∗X,ϕ∗Y ] for X,Y ∈ Vect(M).

Here is our rule: for any vector field Z on M and test function g on N , we have

(∗∗) (ϕ∗Z)g = (Z(g ◦ ϕ)) ◦ ϕ−1.

https://www.mathematik.hu-berlin.de/~mohnke/classes/stokes/CP1S2.pdf
http://math.stackexchange.com/questions/458102/diffeomorphism-of-mathbbcp1-and-s2
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This may look strange, but the point is we have to create a test function on M for Z
to differentiate, hence Z(g ◦ ϕ), and then, since this gives a function on M , we need to
transport this to a function on N by composing with ϕ−1.

We don’t always notice this ϕ−1, because often we are considering dϕ pointwise and
thinking in terms of the manifold we are mapping from instead of the manifold we are
mapping to. That is, for any vector fields W,Z ∈ Vect(M), to say that ϕ∗W = Z means
that dϕ|pWp = Zϕ(p) for all p ∈ M , but since we ought to be thinking in terms of vector
fields on N , what we really have is Zq = dϕ|ϕ−1(q)Wϕ−1(q) for all q ∈ N .

I missed saying the punchline I had hoped to say in class, which is that you can interpret
the rule (**) as a kind of conjugation. Vect(M) is a certain vector space of linear operators
on the vector space C∞(M), and likewise for Vect(N) and C∞(N), so the homomorphism

ϕ∗ : Vect(M)→ Vect(N)

is literally a change of basis on the vector space C∞(M) ∼= C∞(N).
Now for the required calculation. For any X,Y ∈ Vect(M) and g ∈ C∞(N), we have

[ϕ∗X,ϕ∗Y ]g = ϕ∗X((ϕ∗Y )g)− ϕ∗Y ((ϕ∗X)g)

= ϕ∗X(Y (g ◦ ϕ) ◦ ϕ−1)− ϕ∗X(Y (g ◦ ϕ) ◦ ϕ−1)
= X((Y (g ◦ ϕ) ◦ ϕ−1 ◦ ϕ) ◦ ϕ−1 − Y ((X(g ◦ ϕ) ◦ ϕ−1 ◦ ϕ) ◦ ϕ−1

= (X(Y (g ◦ ϕ)− Y (X(g ◦ ϕ)) ◦ ϕ−1

= (ϕ∗[X,Y ])g.

11. First, a little more on the “cheating” version of the proof that I gave in class. For any
p ∈M , the statement (LXY )p = [X,Y ]p is a coordinate-invariant statement, so if it is true
in one coordinate system, then it is true in any coordinate system.

If X is nonvanishing at p, then by continuity, X is nonvanishing in some neighborhood U
of p. Non-vanishing vector fields have no local invariants. In particular (applying the flow-
box theorem, which is like a fancy version of Gram-Schmidt), we can choose a coordinate
system on U centered at p in which X is the constant vector field X ≡ ∂

∂x1
. (Note that in

class I used ∂
∂xi

. It doesn’t really matter which xi you pick.) Write θt : M → M for the
flow of X at time t. By continuity, we can choose a small enough t0 > 0 and a small enough
neighborhood V ∈ p, V ⊂ U such that θt(V ) ⊂ U for all |t| < t0.

In terms of our special coordinate system on U , X induces unit-speed flow in the x1
direction. That is, for |t| < t0, θt restricts to V as as θt(x1, x2, . . . , xn) = (x1+t, x2, . . . , xn).
Since ∂θi/∂xj ≡ δij on V , for any x ∈ V and |t| < t0, the map (dθt)x : TUx → TUθt(x) is
given by the identity map. Thus, for x ∈ V and small enough |t| that θt(x) ∈ V , we have

(LXY )x :=
d

dt

∣∣∣∣
t=0

(dθ−t)θt(x)Yθt(x)

=
d

dt

∣∣∣∣
t=0

Y(x1+t,x2,...,xn)

=
∂

∂x1
Yx

= [X,Y ]x.

Technically, since we made the initial assumption that Xp 6= 0, one must also treat
the case in which Xp = 0. We leave it as an exercise to show that Xp = 0 implies that
(LXY )p = [X,Y ]p = 0.

For a non-cheating proof that LXY = [X,Y ], this is a classic result that can be found all
over on the internet and in many differential geometry books. For example, Google “proof
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that Lie derivative equals Lie bracket” and read the answers in the math.stackexchange link
at the top.

12. See discussion on immersions and embeddings in introduction.

13. A student asked a question right after class about the dimension count that makes

f(p) = (ψ1ϕ1(p), . . . , ψmϕm(p), ψ1, . . . , ψm) ∈ Rm(n+1).

To understand this, it is important to recall that while each ψi(p) ∈ R, each ϕi(p) ∈ Rn.
To show that this is an embedding, you need to show that it is an immersion (inducing

an injection on tangent spaces) and that it is one-to-one onto its image.

14. The colloquium speaker arrived during my discussion of this problem, so I only got partway
through. I began by lifting the map ρ : RP2 → R6 to a map ρ̃ : S2 → R6. My goal in this
was to provide a quick way to show that ρ is one-to-one onto its image. One can show that

ρ̃(x, y, z) = (x2, y2, z2, xy, yz, zx)

is 2 :1, with ρ̃(x, y, z) = ρ̃(−x,−y,−z). Thus, ρ̃ factors through a 1:1 map ρ on RP2.
The harder part of demonstrating that ρ is an embedding is showing that ρ is also an

immersion, i.e., that it induces an injection on tangent spaces. To describe how one goes
about checking this, I tried to write down what a Jacobian looks like at the last minute (as
the colloquium audience was entering), but the example I wrote down was in terms of the
homogeneous coordinates given. This is not what you should do in real life! When
computing an actual Jacobian in order to determine if the induced map on tangent spaces is
injective or surjective or whatnot, you must compute the Jacobian in terms of local charts!

In the present case, the map ρ is symmetric in x, y, and z, so we only need to check ρ on
one affine chart and then appeal to symmetry. For example, composing ρ with the inverse
of the affine chart ϕz : RP2 \ {z = 0} → R2 to obtain ρz := ρ ◦ ϕ−1z , we have

ρz : R2 → R6, ρz(s, t) =
1

s2 + t2 + 1
(s2, t2, 1, st, t, s).

We then compute the Jacobian matrix for ρz, as follows:(
dρz|(s,t)

)
=

(
∂
∂sρ

z
1 · · · ∂

∂sρ
z
6

∂
∂tρ

z
1 · · · ∂

∂tρ
z
6

)
=

1

(s2+ t2+1)2

(
(t2+ 1)2s −2st2 −2s (−s2 + t2 + 1)t −2st −s2+ t2+ 1
−2s2t (s2 + 1)2t −2t (−t2 + s2 + 1)s −t2+ s2+ 1 −2st

)
.

The induced map dρz is everywhere injective on tangent spaces if and only if the 2 row
vectors of the above Jacobian are linearly independent for every (s, t) ∈ R2, a fact which
is straightforward to check by performing some column or row operations and considering
separately the cases in which s = 0 and/or t = 0.

The embedded submanifold ρ(RP2) ⊂ R6 can also be specified as the locus of solutions
to the equations

u1 + u2 + u3 − 1 = u1u2 − u24 = u2u3 − u25 = u3u1 − u26 = 0,

for coordinates u on R6.
For the embedding RP2 ↪→ R4, you can compose ρ with the projection π : R6 → R4 given

by π : u→ (u1, u2, u4 + u5, u4 + u6), for example.

15. The problems in this question are both highly important and highly standard. If you get
stuck, remember: Google is your friend!

http://math.stackexchange.com/questions/128195/lie-derivative-of-a-vector-field-equals-the-lie-bracket
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