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1. (Hopf Line Bundle) For p ∈ RPn let Lp denote the subspace Rn+1 spanned by p.
Show that the set

{(p, w) ∈ RPn × Rn+1 : w ∈ Lp}
is the total space of a rank 1 vector bundle on RPn with projection map π(p, w) = p.
[This is called the Hopf line bundle]

2. (Transition functions for vector bundles) Suppose {Uα} is an open cover of a manifold
M and that for all α, β we have a smooth map ϕαβ : Uα ∩Uβ → GLr(R) that satisfy
the cocycle conditions. Prove that there exists a rank r vector bundle E on M whose
transition functions are ϕαβ. [For thought: how does this statement differ from the
vector bundle construction theorem given in lectures? Also, as an extension for those
interested, when do two sets of such data determine isomorphic vector bundles?.]

3. (Metrics on vector bundles) Define what it means for g to be a smooth metric on a
vector bundle E. Prove that any vector bundle E admits at least one smooth metric,
and so in particular any manifold admits at least one Riemannian metric [Hint: start
locally in some trivialization]. Prove that if g and g′ are metrics on vector bundles
E and F over the same manifold then there are induced metrics on E∗ and E ⊗ F .
Show that a metric g on E induces a smooth bundle isomorphism between E and
E∗.

4. (Cup Product) Show that the map

Hp
dR(M)×Hq

dR(M)→ Hp+q
dR (M)

given by

([ω], [σ]) 7→ [ω ∧ σ]

is well-defined.

5. Complete the proof from lectures that if U, V are open in M then the sequence

0→ Ωp(U ∪ V )→ Ωp(U)⊕ Ωp(V )→ Ωp(U ∩ V )→ 0

is exact for all p.

6. (Naturality of Mayer-Vietoris) Let f : M → N be a smooth map between manifolds.
Let U ′, V ′ be open in N and set U = f−1(U ′) and V = f−1(V ′). Show that the
linear map defined in the statement of the Mayer-Vietoris Theorem is natural, in
the sense that for all p the diagram

Hp
dR(U ′ ∩ V ′) δ−−−→ Hp+1

dR (U ′ ∪ V ′)yf∗ yf∗
Hp
dR(U ∩ V )

δ−−−→ Hp+1
dR (U ∪ V )



commutes.[The most direct way to do this is to look carefully at the definition of
δ. Another (almost equivalent) way is to first show the corresponding result for
the diagram in the previous question. In any case, this is an expected result but is
important as we will use it later on]

7. (deRham Cohomology of Spheres)
(i) Show that Rn \ 0 is smoothly homotopy equivalent to Sn−1.

(ii) Use the Mayer-Vietoris Theorem to compute the de-Rham cohomology of the
sphere Sn. [Hint: Use induction on n and cover the sphere by two pieces
slightly larger than a hemisphere.]

8. (i) Is α ∧ α = 0 true for every differential form α of positive degree?
(ii) Let α be a nowhere-zero 1-form. Prove that for a (p+ 1)-form β (p ≥ 0), one

has α ∧ β = 0 if and only if β = α ∧ γ for some p-form γ. [You might like to
do it on Rn first. Partitions of unity are useful in the general case.]

9. (Well-definedness of integration) Prove the following exercises set in lectures
(i) Let U, V be open subsets of Rn and G : U → V an orientation preserving

diffeomorphism. Show that for any compactly supported n-form ω on V we
have ∫

U

G∗ω =

∫
V

ω.

(ii) Now suppose that ω is an n-form on a manifold M with compact support in a
chart (U,ϕ). Show that the definition∫

M

ω :=

∫
ϕ(U)

(ϕ−1)∗ω

does not depend on choice of such (U,ϕ).
(iii) Finally use this to show that the definition of integration given in lectures

using an open cover and partition of unity does not depend on the choice of
cover (or partition of unity). [Hint: first do the case that ω is supported in
some chart]

10. (Orientability)
(i) Show that any Lie Group is orientable

(ii) Show that RPn is orientable if and only if n is odd.

11. (Induced Volume forms on boundaries)
(i) Let M be an oriented manifold-with-boundary of dimension n. Show that the

boundary ∂M is a manifold of dimension n−1 and the inclusion ι : ∂M →M is
smooth. If g is a Riemannian metric on M show that g induces a Riemannian
metric g̃ on ∂M and that the induced volume forms satisfy

dVg̃ = ιN(dVg)|∂M

where N is an outward normal vector field on ∂M normalised so g(N,N) = 1.



(ii) Now prove the identity

ιX(dVg)|∂M = g(X,N)dVg̃

where X is any vector field along ∂M .[Hint: decompose X into a part normal
to ∂M and a part tangential to ∂M ]

12. (Divergence Theorem) Let M be an oriented manifold-with-boundary of dimension
nand g a Riemannian metric on M . Show that the map

∗ : Ω0(M)→ Ωn(M)

defined by
∗f := fdVg

is an isomorphism. For any X ∈ V ect(M) let div(X) be defined by

div(X)dVg = d(ιX(dVg))

(which is well defined by the first part of the question). Prove that if M is compact∫
M

(divX)dVg =

∫
∂M

g(X,N)dVg̃.

where N is the outward pointing unit normal vector along ∂M and g̃ is the induced
Riemannian metric on ∂M from the previous question.

13. (Hamiltonian Vector Fields) Let ω be a symplectic form on M . Verify that ω induces
an isomorphism

α : TM → T ∗M

Given f ∈ C∞(M) the Hamiltonian vector field Xf associated to f is defined by

Xf = α−1(df)

Now consider R2n with coordinates x1, . . . , xn, y1, . . . , yn. Check that

ω :=
∑
i

dxi ∧ dyi

is a symplectic form, and compute Xf for a smooth function f(x1, . . . xn, y1, . . . , yn)
in terms of the partial derivatives of f .
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