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10. FILTRATIONS, GRADED RINGS AND COMPLETIONS

Definitions. A (Z)-filtration on a ring A is a set of additive subgroups (4;)icz
such that
A; C Ai+1 for all i € Z;
AiAj - Ai+j for all i, € 7
1e AQ;
A= ez Air
We say A with such a filtration is a filtered ring.
The filtration is
e separated if (VA; = 0;
e positive if A; =0 for all 1 < 0;
e negative if A; = A for all i > 0.

We will be most interesting in negative filtrations. Notice that always Ay is a
subring of A and A, is an ideal in Ag for i < 0.

Ezxamples.

(1) If I is a proper ideal in A, A; = " fori < 0and A; = Afori >0is a
negative filtration of A called the I-adic filtration of A.

(2) A special case of (1), if A= C[X] and A € C; A; = (X —\)*C[X] for i < 0
and A; = C[X] for i > 0. So A; = {functions with a zero of order > —i}.

(3) f A=C(X)and A € C; 4; = {functions with a pole of order at most i at A}.

(4) If A =7 and p prime, A; = (p~%) for i <0 and A; = Z for i > 0.

(6) If A=Clx1,...,z5], A; =0 for i < 0 and A; is the span of all monomials
of total degree at most ¢ for ¢ > 0.

Definitions. Given a filtered ring A and an A-module M, a filtration on M is a
set of additive subgroups (M;);cz of M such that
o M, C Mi+1 for all 7 € Z;
° AlMJ C Mi+j for all i,J € Z;
o User Mi = M.
The filtration is said to be separated if (;., M; = 0.

Example. If X is a generating set for M and M; = A; X for all i € Z is a filtration
of M. In particular A is a filtered A-module.

Definition. We say a filtration is good if there are my,...,m, € M and ky, ..., k, €
Z such that M; =>"" | A;_j,m; for all j € Z.

Lemma. If M, and M] are two good filtrations of M then there is n, € N such
that

My —pny C M) C Myin,
foralln € Z.

Proof. Let m1,...,m, € M and kq,...,k, € Z such that M,, = >\ ;| A,_p,m;
for all n € Z. Now we can find t1,...,t. € N such that m; € MlQthi- Then if
t = max(ty,...,t,) then m; € My, for all i and M,, C M},_, = > Ap_y,m; for
all n € Z.

By symmetry also there is a t' such that M) C M, _p for all n € Z. Finally
taking no = max(t,t’) gives the result. O
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This result should be viewed as analogous to the statement that any two norms
on a finite dimensional vector-space are Lipschitz equivalent.

Definition. A Z-graded ring is a ring A together with a decomposition

A=Pa

i€z
with A; additive subgroups of A such that A;A; C A;4; for all 4,5 € Z.

Notice Ay is a subring of A. We say a € A is homogeneous (hgs) if a € A; for
some 4.

Ezample. A = Clxy,...,z,] and A; is the span of all monomials of degree .

Definition. Given a graded ring A, a graded A-module is an A-module M that

decomposes as M = @iez M; such that A;M; C M;,; for all 4, j.

Proposition. If A is a graded ring with A, = 0 for all n > 0 then the following
are equivalent:

(i) A is Noetherian

(i) Ag is Noetherian and A is a finitely generated Ag-algebra.

Proof. ((it) = (¢)) follows from Hilbert’s basis Theorem.

((7) = (i1)) If A is Noetherian then Ay = A/ P, A; is Noetherian and P, _, A;
is a finitely generated ideal in A. Suppose z1,. ..,y generate P, _, A; as an ideal,
then without loss of generality we may assume that the x; are hgs of strictly negative
degree. Let B = Ag[x1,...,zx] a graded subring of A.

We claim that B = A. For this it suffices to show that A, C B, for all n < 0.
We do this by induction on —n. The case n = 0 is clear.

Suppose n < 0 and A,;; = B,y for all ¢ > 0 and a € A,. Then there are
a; € An—_degs; such that > a;z; = a. Since degx; < 0 for all ¢, each q; is in
By, _degz; by the induction hypothesis. Thus a € B as required. O

Definition. If A is a filtered ring, the Rees ring of A is the graded ring
A=PAit' C Alt,t7").

i€z
If A is filtered I-adically then A = B[t] where B = Bio It
Then if A is Noetherian and {x1,...,2,} is a generating set for I as an ideal

then B is Noetherian since it is generated as an By = A-algebra by {z;t}. Thus
A = B[t] is Noetherian.

Definition. If A is a filtered A-module, the Rees module of M is the graded A-
module .
M= Mit' ¢ Mt t7'].
i€z
Lemma. If A is a fillered ring and M is a filtered A-module then the filtration is
good if and only if M is a finitely generated A-module.

Proof. (=) Suppose my,...,m, € M and ky,...,k. € Z are such that M, =
S" A, mi. Then m; € My, and so m;tF € M.

Let N = /Nl{mltk} C M. Then N,, = 22:1 Ap_;mit"™ = M, and so N=M
and the latter is finitely generated.
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(<) Suppose that Mis a finitely generated A-module. Let maithr, . mythr
be a hgs generating set with m; € M. Then M, = ZAn_kit"_kimitki, ie M,, =
> Ap_k,m; as required. O

Definitions. If M is a filtered A-module and N < M is a submodule then

e N, := M, N N defines the submodule filtration on N.
e (M/N), := M,, + N/N defines the quotient filtration on M/N.

Theorem. If A is a filtered ring with A Noetherian and M is an A-module with
a good filtration. Whenever N is a submodule of M the submodule filtration on N
and the quotient filtration on M/N are also good.

Proof. If N and M/N have the submodule/quotient filtrations respectively, then
N is an A-submodule of M and (M/N) = M /N as A-modules.
Since the filtration on M is good, M is a finitely generated A-module and so

N and (W) as finitely generated A-modules. It follows that the filtrations are
good. ([

Lemma. Suppose that A is filtered I-adically and M is an A-module with a good
filtration. Then IM, = M, for all n << 0.

Proof. Since the filtration is good Misa finitely generated A-module. If n is smaller

that the degrees of all the elements in such a generating set then Mn_l = t’llﬁn.
The result follows. O

Corollary (Artin-Rees Lemma). Let A be a Noetherian ring, I an ideal of A and
N a submodule of a finitely generated A-module M. Then there is k > 0 such that

(I""*MYNN =T1"(I*"M N N)
for allm > 0.

Proof. If we define M,, = I""M for n < 0 and M,, = M for n > 0 then this gives
a good filtration on M. It follows by the Theorem that the subspace filtration on
N is good. By the Lemma it follows that for k >> 0, I**"'M NN = I(I*M N N).
The result follows. O

Definition. If A is a filtered ring and M is a filtered A-module we may define a
topology on M by declaring a subset to be open precisely if it is a union of cosets
m + M; with m € M and i € Z. We call this the filtration topology.

Note that is a filtration is positive the filtration topology is just the discrete
topology.

A filtration is separated if and only if the filtration topology is Hausdorff — if
the filtration is separated and z,y € M are distict then there is an i € Z such
that © + M; # y + M;; conversely if the filtration is not separated every open
neighbourhood of 0 will also contain any other element of [, M;.

We may define a distance function on M by taking a real constant ¢ > 1 and
settting d(z,y) = 0 if z — y € ;e M; and d(z,y) = PHIT=vEMi} otherwise.
Exzxercise. Show that
(z,y) = d(y,z) for all z,y € M;

o d
e d(z,z) <max(d(z,y),d(y,z)) for all z,y,z € M;
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e d(z,z) =0 for all x;
e (d(z,y) = 0=z =y) if and only if the filtration is separated.

Ezxample. If Z is filtered p-adically and ¢ = p this is called the p-adic norm.
Lemma. Any two good filtrations M,, and M/ of M have the same topology.

Proof. We've seen that there exists ng such that M,,_,, C M/, C My 4n,- [l

Definition. Suppose M is a filtered A-module. A Cauchy sequence in M is a
sequence (M, )n>0 such that for every open set U containing 0, there exists ¢(U) € N
such that if 7,5 > ¢(U) then m; —m; € U.

We say two Cauchy sequences (m,,) and (m],) are equivalent if for every open
set U containing 0, there exists ¢(U) € N such that if n > ¢(U) then m,, —m/, € U.

Exercise.

(1) Show that equivalence in this sense is an equivalence relation.

(2) Moreover if we define [(m,,)] to be the equivalence class of (m,,), and M to
be the set of all equivalence classes, show that M is an abelian group under
[(mn)] + [(m,)] = [(man +m)]. .

(3) Also show A becomes a ring under [(z,)][(yn)] = [(nyn)], M becomes
an A-module under [(z,)][(mn)] = [(2nmn)], and A is an A-algebra under
a — [(a)] with kernel NpezA,.

(4) Finally show that M is an A-module and M — M: m — [(m)] is an A-
module map with kernel N, czM,.

Definition. We call A the completion of A and M the completion of M. We say
that A is complete if A — A is an isomorphism.

Remark. The completion of an A-module does not depend on the choice of good
filtration.

Suppose that we have a Cauchy sequence (z,) € M. Then for every i € Z,
T, + M; is eventually constant. Thus we can define

{Cauchy sequences in M} — I<oM/M;
(zn) + (final value of z, + M);<o.
It is easy to see this induces a map
M — TL<oM/M;
(zn) = (&)i<o-

where &; denotes the eventually value of x,, + M;. Thus &; + M1 = &4 for all 4.
Moreover, if (&;)i<o € j<oM/M; with & + M; 11 = &+1 and for each i we choose
x; € M with z; + M; = & then (x;) will be Cauchy and its image is (& )i<o-

More generally,

Definition. We call a sequence (X,,)n<o of abelian groups together with maps
0n : X — Xng1 (n < —1) an inverse system. The inverse limit of X is then

liLan = {(zn) € Up<oXn | On(zn) = Tpy1}
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If we have another system (Y, )n<o and ¢, : Y, — Y41, n < —1, a morphsim
from X to Y is a sequence of maps f, € Homy(X,,Y,) such that f,4160, =
On frn, Yn < —1. This will induce a map

~

f:limX, — limY,
pra— pr—

If X,Y and Z are inverse systems and (f,) € Hom(X,Y") and (g,) € Hom(Y, Z2)

(fn) (gn)
—

then we say X Y =’ 7 is exact if X, Iy Y, & 7, is exact for all n.

Proposition. If0 — X Ly 2 7 . 0is ashort evact sequence of inverse systems
then

0 — lim X, - limY, % lim 2,
— — —
is exact. Moreover g is surjective if each map 0 : X, — X471 is surjective.

Proof. Let dx: [[ X, — [] Xn be given by (x,) — (2, — 0p—1(zn-1)) so lim X, =
kerdx. Also define dy and dz similarly. Then

Ezercise. Show that 0 — kerd, — kerdy — kerdz — cokerd, — cokerdy —
cokerd, — 0 is exact. (cf Ex Sheet 4 Q3)

Given this is suffices to prove that if 6, is surjective then cokerdx = 0 i.e. dx
is surjective.

If yo = 0 then 0,—1(yn—1) = Yn — @, has a solution inductively on —n then
dx (Yn) = Tn. O

Now suppose that M and N are A-modules with a good filtration and A is
Noetherian. Whenever f € Hom4 (M, N) the subspace filtration on f(M) is good
and so is topologically equivalent to the quotient filtrations from M — f(M). Thus
fi: M — f(M) and f(M) — N are continuous and so f: M — N is continuous.
In particular f induces f: M — N.

Theorem. Let A be a filtered ring with A Noetherian and let 0 — L — M — N —
0 be a short exact sequence of filtered A-modules with good filtrations. Then the
induced sequence 0 — L — M — N — 0 is ezact.

Proof. WLOG L has the subspace filtration from M and N has the quotient filtra-
tion from M. Then we get a commutative diagram

0 L/L, M/M, N/N, ——0
0 —> L/Lysy —= M/M, 41 —= N/N,yy —=0
with exact rows. The result then follows from the proposition. (|

Proposition. Suppose that A is a filtered ring with A Noetherian and M is an A-
module with a good filtration (in particular M is finitely generated) then A®@ 4 M —
M given by (an,m) — (apm) is an isomorphism..
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Proof. Let 0 — K — A™ — M — 0 be a s.c.s of A-modules. Since A4 2 A/(t — 1),
A is Noetherian and so K is a finitely generated A-module.
Give A", K and M good filtrations then

A9s K —=A@s A" —= A0 M —>=0

L

0 K Ar M 0
commutes and has exact rows. Moreover the middle vertical arrow is an iso-
morphism. Since the composite A® a4 A" — An — M s surjective, the map
A®a M — M must also be surjective.
But then also A® 4 K — K is also surjective since K satisfies the same conditions
as M did. The result then follows from the five lemma (Ex Sheet 4 Q2). O

Theorem (Krull’s Theorem). If A is Noetherian and filtered I-adically and M is

a f.g. A-module with a good filtration then
ker(M—>]/\/[\)={x€M|a;v=OsomeaEl—i—I}.

Proof. With loss of generality M is filtered by M,, = I""M forn <0 and M,, = M

for n > 0. Then ker(M — ]/\4\) =N,so " M.

Now by the Artin-Rees Lemma I.(\I"M) = (\I"M. Since this module is
finitely generated we may choose a generating set xi1,...,z,. Then we may find
(a;j) € I such that x; = ) a;;x; for all i. Now det(d;; —a;j)x; = 0 by Cramer’s rule.
Since det(d;; —ai;) € 1+1 we get ker(M — M\) C{zreM|ax=0someacl+I}.
But if (1 — a)z = 0 some a € I then a"z = x for all n and so z € (I"M. O

—

Corollary. If S=1+1C A is a m.c. subset then ker(M — M) = ker(M — Mg.
Moreover Ag — A so ker(Ms — M) = 0.

We say Ais faithfully flat over Ag.

Corollary. If A is a Noetherian integral domain and I is an ideal in A then (1™ =
0.

Proof. 1+ I has no zero-divisors so ker(4A — A=0. O

Corollary. If A is Noetherian and I C Jac(A) and M is a f.g. A-module then the
I-adic topology on M is Hausdorff.

Proof. 1+ 1 C A*. O



