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INDEPENDENCE OF /¢ FOR FROBENIUS CONJUGACY
CLASSES ATTACHED TO ABELIAN VARIETIES

MARK KISIN AND RONG ZHOU

ABSTRACT. Let A be an abelian variety over a number field E C C and let G
denote the Mumford—Tate group of A. After replacing E by a finite extension,
the action of the absolute Galois group Gal(E/E) on the f-adic cohomology
Hét (Ag, Qg) factors through G(Qg). We show that for v an odd prime of E
where A has good reduction, the conjugacy class of Frobenius Frob, in G(Qy)
is independent of £. Along the way we prove that every point in the p-ordinary
locus of the special fiber of Shimura varieties has a special point lifting it.
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1. INTRODUCTION

Let A be an abelian variety over a number field E C C and E an algebraic
closure of E. For v a place of E dividing a prime p where A has good reduction
and ¢ # p a prime, the action of Gal(E/E) on the (-adic cohomology H}, (Ag, Q)
is unramified, and the characteristic polynomial P, ;(t) of a geometric Frobenius
Frob, € Gal(E/E) has coefficients in Z, and is independent of ¢. The aim of this
paper is to prove a refinement of this statement for the image of Frob, in the
Mumford-Tate group of A.

Recall that the Mumford—Tate group G of A is a reductive group over Q, defined
as the Tannakian group of the Q-Hodge structure given by the Betti cohomology
Vi := HE(A(C), Q). It may also be defined as the stabilizer in GL(V3) of all Hodge
cycles on A. A fundamental result of Deligne [Del82] asserts that there exists a
finite extension E’'/E in E such that for any prime ¢, the action of Gal(E/E’) on
HZ, (A5, Q) is induced by a representation

pS : Gal(E/E') — G(Q0).

It is not hard to see that for any finite extension E'/E, if p& exists for one ¢, then
it exists for all £. Moreover there is a minimal such extension E’. The existence of
pZG is in fact predicted by the (in general still unproved) Hodge conjecture for A.
Upon replacing E by E/, we assume there is a map p$ : Gal(E/E) — G(Qy).

For any reductive group H over Q we write Conjyy for the variety of semisimple
conjugacy classes of H and g : H — Conjg for the natural projection map. We
thus obtain a well-defined element

e =7(v) == xa(pg (Frob,)) € Conjg (Qe),
the conjugacy class of f-adic Frobenius at v. Our main theorem is the following.

Theorem 1.1. Let p > 2 and v|p a prime of E where A has good reduction. Then
there exists v € Conjg(Q) such that

v = € Conjg(Qp), VYl #p.

Since P, ¢(t) is independent of £, the image of v in Conjgr,v(Qe) is defined over
Q and independent of £. However, in general the map Conjg(Q) — Conjgrv)(Q)
is not injective, so the theorem gives more information than the /-independence of
P, (t).

An analogue of the above theorem for any algebraic variety (or more generally
motive) over a number field was conjectured by Serre in [Ser94, 12.6], but in general
one does not even know the analogue of Deligne’s theorem on the existence of p&.

Previously proved cases of our theorem include a result of Noot who showed
a version of this theorem where Conjg is replaced by a certain quotient Conjg R
and under the additional assumption that the Frobenius element v, is weakly neat
[Noo09]. More recently, one of us [Kis17] proved the Theorem when G is unramified
at p, at least for some E'. Noot’s argument uses the independence of ¢ of P, ¢(t),
together with group theoretic arguments to analyze the map Conjg — Conjgy,v)-
The result of [Kis17] is proved by showing that, on the Shimura variety associated
to G, the isogeny class corresponding to A contains a point which admits a CM
lift. It does not seem possible to extend either method to prove Theorem 1.1.

For the rest of the introduction we assume p > 2. Our proof of Theorem 1.1
makes use of families of abelian varieties with Mumford—Tate group contained in
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G, and especially the structure of their mod p reductions. These families are
parameterized by a Shimura variety Shik (G, X) associated to G, and defined over
a number field (its reflex field) E C C which is contained in E. We take K = K,K?
with K, € G(Q,) a parahoric subgroup and K? C G(AIJZ) a compact open subgroup.
Let w be the restriction of v to E. Write E,, for the completion of E at w, Og,
for the ring of integers of E,, and k(w) for its residue field. Under some mild
conditions we show that Shk(G, X) has an integral model .k (G, X) over Og,,,
which is smoothly equivalent to a “local model”, defined as the closure of an orbit
of G acting on a certain Grassmannian. This extends the results of the first author
and Pappas [KP18], which were restricted to the case when Gg, was a tamely
ramified group.

For each prime ¢ # p, Yk (G, X) is equipped with a G(Qg)-torsor L,. In partic-
ular, for any finite extension k/k(w) and z € Sk (G, X)(k), the ¢ = |x|-Frobenius
acting on the geometric fiber of L, at x, gives rise to an element v, , € Conjg (Qy).
We say x has the property (¢-ind), or the ¢-independence property, if there exists
an element v € Conjg(Q) such that

Y = Yo, € Conjg(Qy), Ve # p.

Now suppose that (G, X) satisfies the conditions needed to guarantee the ex-
istence of .Yk (G, X) (cf. Theorem 5.2.13); the general case of Theorem 1.1 is
eventually reduced to this one. Then for a suitable choice of K, our abelian variety
A corresponds to a point 4 € Shk(G, X)(E) and its mod v reduction is a point
7 a of the special fiber Sk := Sk (G, X) ®og,, x(w). Moreover there is an equality
Ye(V) = Yz, ¢ as elements of Conjg(Qg). Thus in order to show Theorem 1.1, it
suffices to prove

(1) If k/k(w) is finite, and = € Sk (k), then z satisfies (¢-ind).

By considering A as a point on a larger Shimura variety related to a group of
the form Resp,oG where F is a suitably chosen totally real field, one can show that
Theorem 1.1 follows from the following special case of (f).

Theorem 1.2. Let (G, X) be a Shimura datum of Hodge type and assume Gq, s
quasi-split, K,, is a very special parahoric and the triple (G, X,K,) is acceptable.
Then for any k/k(w) finite and x € Sk(k), x satisfies ((-ind).

The condition of acceptability of the triple (G, X,K,) is a technical one, and
we refer the reader to §5.2.8 for the definition (cf. also Definition 5.2.6). We only
mention here that this condition is always satisfied if p > 3 and the associated
adjoint datum (G.q, Xaq) has no factors of type D™.

As a first step towards Theorem 1.2, we prove the following analogue of Serre—
Tate theory, which allows us to show that under the assumptions of Theorem 1.2,
(£-ind) holds on a dense, Zariski open subset of Sk.

Theorem 1.3. Assume (G, X) is Hodge type and the triple (G, X,K,) is accept-
able. Then

(1) Any closed point x lying in the p-ordinary locus Sk ), C Sk admits a
lifting to a special point T € Shix (G, X).

(2) If in addition G, is quasi-split and K, is very special. Then Sk, b, S
Zariski open and dense in Sk .
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The lifting constructed in (1) is the analogue in our setting of the canonical lift
for ordinary abelian varieties and had been considered for Shimura varieties with
good reduction in previous work of Moonen [Moo04] and Shankar and the second
author [SZ21]. For these points, the Frobenius lifts to an automorphism of the
associated CM abelian variety, and we obtain the desired element v € Conjg(Q)
by considering the induced action on Betti cohomology.

To prove Theorem 1.2, one considers a smooth curve C with a map 7= : C —
Sk. Using a theorem of L. Lafforgue [Laf02, Théoréeme VIL.6] on the existence
of compatible local systems on smooth curves, we show that if the property (¢-
ind) holds for a dense open subset of points on C then it holds for all points of
C. Our results on the structure of the integral models (G, X) imply that Sk
is equipped with a certain combinatorially described stratification, the Kottwitz-
Rapoport stratification. The stratum of maximal dimension is the smooth locus of
Sk. A theorem of Poonen [Poo04] shows that 7 can be chosen so that its image
intersects Sk p), and any point z of the maximal stratum. The p-ordinary case
explained above then implies that any such z satisfies (f-ind). We now argue by
induction on the codimension of the strata; for a closed point x in some stratum
of Sk, we show that 7 can be chosen so that its image contains x, and also meets
some higher dimensional stratum.

In fact, using general arguments with ampleness, it is not hard to construct
a m whose image contains any closed point z € Sk, and meets the p-ordinary
locus. This would appear to avoid the induction on strata above. However, this
argument would only allow us to prove the f-independence result for some power
of the Frobenius. To prove Theorem 1.2 in full, one needs the existence of a y € C,
with 7(y) = x, such that 7 induces an isomorphism of residue fields k(z) ~ x(y).
To construct such curves, we first construct a sequence of smooth curves which are
subschemes of the local model associated to .Zx (G, X), using the explicit group
theoretic description of this local model. These are then pulled back to .7k (G, X)
via the local model diagram. The assumption that K, is very special is key to
our argument, as this not only guarantees the density of Sk [),, but also that
the Kottwitz—Rapoport stratification on the local model has a particularly simple
description (cf. §6.2.2) which is used in the construction of .

The induction argument would also be unnecessary if one could show a conjecture
of Deligne [Del80, Conjecture 1.2.10] on the existence of compatible local systems
on a normal variety. For smooth schemes Deligne’s conjecture has been proved by
Drinfeld [Dril2], but the special fiber Sk is not smooth, so Drinfeld’s theorem does
not suffice for our purposes.

We now explain the organization of the paper. In §2-5 we construct the integral
models of the Shimura varieties we will need. These are then used to prove Theorem
1.1 in §6,7. As explained above, there are two main results we need about these
integral models: the local model diagram, which relates them to an orbit closure
on a Grassmannian, and an analogue of Serre-Tate theory at p-ordinary points.
The properties of these local models are established in §3. In particular, we show
that a suitable Hodge embedding induces a closed immersion on local models (cf.
Proposition 3.2.6) which generalizes [KP18, Proposition 2.3.6]. In §4 we review the
deformation theory of p-divisible groups equipped with a collection of crystalline
tensors following [KP18], and show the existence of canonical deformations for u-
ordinary p-divisible groups. The latter uses a generalization to general parahorics
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of a result of Wortmann on p-ordinary o-conjugacy classes, which is proved in §2.3.
We combine the previous results to construct the required integral models in §5,
first in some special Hodge type cases, then in general following [KP18, §4.4-6].
A key input for the general case is the notion of R-smoothness, introduced in §2,
which allows us to extend the twisting construction of [KP18, §4.4] beyond the
tamely ramified case.

In §6, we prove Theorem 1.2 following the strategy outlined above and in §7
we prove Theorem 1.1 using Theorem 1.2. Finally we remark that for technical
reasons related to the level structure on A, we actually work with Shimura stacks
(i.e. Shimura varieties where the level structure is not neat) in §5-7.

Acknowledgments: M.K. was supported by NSF grant DMS-1902158. R.Z. was
supported by NSF grant DMS-1638352 through membership of the Institute for
Advanced Study, and by the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No.
804176).

2. GROUP THEORETIC RESULTS

In this section, we prove some group theoretic results which will be needed in §5.
§2.1-82.3 contains the main results needed for the construction of canonical liftings
in §4.3 and §5.3. In §2.4 we study some properties of Néron models of tori which
will be used in §5.2 to construct integral models for Shimura varieties of abelian

type.
2.1. o-straight elements.

2.1.1. Let F be a non-archimedean local field with ring of integers Op. We fix a
uniformizer wp € O and we let kp denote the residue field of Op. We let F
denote the completion of the maximal unramified extension of F' and O} its ring
of integers, and we fix F' an algebraic closure of F. We let k be the residue field of
O which is an algebraic closure of kr. We write I' for the absolute Galois group

Gal(F/F) of F and I for the inertia subgroup, which is identified with Gal(g/ﬁ).
We let o denote the Frobenius element of Aut(F/F).

Let S be a scheme. If X is a scheme over S and S’ — S is a morphism of
schemes, then we write Xg: for the base change of X along S’ — S.

2.1.2. Let G be a reductive over F'. Let S be a maximal F—split torus of G defined
over F and T its centralizer (cf. [Tit79, 1.10] for the existence of S). By Steinberg’s
Theorem, G is quasi-split over F' and T is a maximal torus of G. We let B(G, F)
(resp. B(G,F)) denote the (extended) Bruhat-Tits building of G over F (resp.
F). Let a denote a o-invariant alcove in the apartment V := A(G, S, F) over F
associated to S; we write Z for the corresponding Iwahori group scheme over Op.
The relative Weyl group Wy and the Iwahori Weyl group are defined as

(2.1.2.1) Wy = N(F)/T(F) W =N(F)/To(Op)

where N is the normalizer of T' and 7y is the connected Néron model for 7. These
are related by an exact sequence




6 MARK KISIN AND RONG ZHOU

For an element A\ € X,.(T); we write ¢y for the corresponding element in W;
such elements will be called translation elements. We will sometimes write W or
Wg, for W if we want to specify the group that we are working with.

2.1.3. We also fix a special vertex s lying in the closure of a. Such a vertex induces
a splitting of the exact sequence (2.1.2.1) and gives an identification

(2.1.3.1) VX, (T) @R

Let Aff(V) denote the group of affine transformations of V. Then we have an
identification Aff(V) 2 V x GL(V'). The Frobenius o acts on V via affine transfor-
mations and we write ¢ € GL(V) for the linear part of this action. The identification
(2.1.3.1) also determines a dominant chamber Cy C X, (T);®zR; namely by taking
the one containing a, and we write B for the corresponding Borel subgroup defined
over F'. We write oo for the automorphism of X,(T'); ®z R defined by ¢ := wgo¢
where wg € Wy is the unique element such that wg o ¢(C1) = C. We call this the
L-action on X, (T); ®z R; by definition it preserves C..

2.1.4. Let S denote the set of simple reflections in the walls of a. We let W, denote
the affine Weyl group; it is the subgroup of W generated by the reflections in S.
Then (W,,S) has the structure of a Coxeter group and hence a notion of length
and Bruhat order. The Iwahori Weyl group and affine Weyl group are related via
the following exact sequence

(2.1.4.1) 0 W, W ™ (G); — 0.

The choice of a induces a splitting of this exact sequence and 71 (G); can be identi-
fied with the subgroup Q C W consisting of elements which preserve a. The length
function ¢ and Bruhat order < extend to W via this choice of splitting and 2 is
identified with the set of length 0 elements.

We let kKg(w) denote the image of w € W in m(G); and kg (w) its projection
to m(G)r. For w € W, there is an integer n such that ¢™ acts trivially on W
and wo(w)...o" H(w) =ty for some A € X.(T);. We define the (non-dominant)
Newton cocharacter v, € X, (T)rq = X*(T)(é to be %A, which is easily seen to be

independent of n. We let 7,, € X*(T)(IQ5+ be the dominant representative of v,.

2.1.5. Let Ty, denote the preimage of T in the simply connected covering Gg. of
the derived group of G. Then W, is the Iwahori Weyl group for G5, and we have
the following exact sequence

0 HX*(TSC)] W, Wo 0.

Since the action of I permutes the set of absolute coroots, X, (Ts.)s is torsion free
and there is an inclusion X, (Ts.); — X«(T);. By [HRO8], there exists a reduced
root system X such that

W, ~ QY (X) x Wy

where QV(X) and W (X) denotes the coroot lattice and Weyl group of 3 respectively.
The roots of X are proportional to the roots of the relative root system for G;
however the root systems themselves may not be proportional.

As explained in [HRO8, p7], we may consider elements of ¥ as functions on
X«(T)r ®z R, and we write (, ) for the induced pairing between X, (7T'); ®z R and
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the root lattice associated to X. We let p denote the half sum of all positive roots
in . Then for any A € X, (T'); we have the equality

(2.1.5.1) o(t2) = (%, 2p),

where A € Wy - A is the dominant representative of A, i.e. the image of A in
X.(T); ®z R lies in C.

2.1.6. We say that an element w € W is o-straight if for any n € N,
lwo(w)...o" Hw)) = nb(w).
It is straightforward to check that this is equivalent to the condition (w) = (T, 2p).

In this paper, we are particularly interested in translation elements ¢, which are
also o-straight; the key property of these elements that we will need is that they
are central for some Levi subgroup of G defined over F'.

For any v € X,.(T); ®z R, we let ®,( be the set of relative roots a for G
such that (v, ) = 0. We may then associate to v the semi-standard Levi subgroup
M, C G generated by T' and the root subgroups U, corresponding to a € ®,.
If in addition v is fixed by ¢, then M, is defined over F. We say A € X,.(T); is
central in G if it pairs with any relative root (equivalently any root in ) to give 0.

Lemma 2.1.7. Let i/ € X.(T); such that t, is a o-straight element and let
M = M,, , be the semi-standard Levi subgroup of G associated to the Newton
"

cocharacter vy ,. Then M s defined over F and p' is central in M.
Proof. For any A € X, (T);, and for sufficiently divisible n we have
MWty = 0(tx) ... 0" (tx) = 5 gty = nu,

Note that o(ty) = ts(n; it follows that vy, ) = <(v¢,) and hence v, is fixed by <.
Therefore M is defined over F'.
We let u € Wy be such that u(l/tu,) =7, Fora sufficiently divisible n, we have

n—1

3 (s, 20)

=0

Uty = (71,,,2p)

where the first equality follows from the o-straightness of ¢,,. Now (us’(1'),2p) <
£(t,) with equality if and only if us*(y1’) is dominant. Therefore uc’(y’) is dominant
for all 4 and hence ¢%(') is contained in the translate C’ of the dominant chamber
Cy by u~? for all i.

Now M corresponds to a sub-root system X, of ¥ consisting of the roots o € %
such that <Vt“,,04> = 0. Then ¥js is also the reduced root system associated to
the affine Weyl group for M as in §2.1.5. We must show for all a € ¥,;, we have
(i',a) = 0. Let a € X1 be a root, then since ¢*(¢') is contained in a single Weyl
chamber for all i, it follows that (¢’(z'), @) have the same sign for all 1.

Without loss of generality, assume (s*(u'), ) > 0,Vi. Then we have

2.1.7.1 0= {1 ,,a)=— ), ).
( ) (w1, 0) = — ;k (W), )
Since all the terms in the sum are non-negative, they must be 0. Hence p’ is central
in M.
O
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2.1.8. Now let {u} be a geometric conjugacy class of cocharacters of G. Let pu €
X«(T); denote the image of a dominant (with respect to the choice of Borel B
defined above) representative i € X, (T") of {u}.

Lemma 2.1.9. Let w € Wy such that for / := w(u), t,v is a o-straight element.

Let X :=w(p) € X.(T). Then X is central in M := M,, . Here, we consider Wy
i

as a subgroup of the absolute Weyl group for G.

Proof. Let w(Cy) C X.(T); @z R be the translate of the dominant chamber by w.
Then w(C4) determines a chamber Cy; for M (it is the unique chamber for M such
that w(C1) C Cy) and @’ € Cpy. The chamber C)s determines an ordering of the
root system Xj;. Let a be a positive root for Xj; and @ € X*(T') an (absolute)
root lifting «; such a lift exists by the construction of 3, see eg. [Bou68, VI, 2.1].
We let (, ): X.(T) x X*(T) — Z denote the natural pairing.

Let K/F be a finite Galois extension over which T splits. We have by definition
of ZM

0= a)=c Z (X, 7(@))

TeGal(K/F)

for some positive ¢ € R, where the first equality follows since u' is central in M.
For any T € Gal(K/F), Cyy is preserved by 7 and hence 7(&) is a positive root for
M. Therefore (A, 7(a)) > 0, and hence (A, 7()) = 0 for all 7. Applying this to

every relative root a for M, we see that A is central in M. O

2.2. p~ordinary o-conjugacy classes.

2.2.1. Let {u} be a geometric conjugacy class of cocharacters of G; we let i € X, (T')
and p € X.(T); as above. The p-admissible set is defined to be

Adm({u}) = {w € W|w <ty for some z € Wo}.

It has a unique minimal element denoted 7{,, which is also the unique element of
Adm({u}) N Q.

For b € G(F), we let [b] denote the set {g~'bo(g)lg € G(F)}, the o-conjugacy
class of b. The set of o-conjugacy classes B(G) has been classified by Kottwitz
in [Kot92] and [Kot97]. For b € G(F), we let v, : D — G denote its Newton
cocharacter and

7y € Xo(T)fo = X (T)g*

the dominant representative for vy; it is known that 7, is invariant under the action
of og. We let kg : G(F) — m1(G)r denote the Kottwitz homomorphism and we
write

ke GF) = 1 (G)r

for the composition of K¢ and the projection map 71 (G); — 71 (G)r. This induces
a well-defined map B(G) — 71 (G)r, also denoted kg. Then there is an injective
map

(kG,b—Dy)
T

(2.2.1.1) B(G) m(G)r x (XL (T)gH)7.
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2.2.2. There is a more explicit description of this map using W. For w € W, its
o-conjugacy class is the set {u~lwo(w)|lu € W}. We let B(W, ) denote the set of
o-conjugacy classes in W. For w € W, we let w € N(F') denote a lift of w. Then
to w € W, we associate the o-conjugacy class of w; by Lang’s theorem this does
not depend on the choice of representative w. We write
U : B(W,o0) — B(G)
for the map induced by w — [w].
By [Hel4, Theorem 3.7], ¥ is surjective and we have a commutative diagram

N4

m wra)

(X (T)g™) x 1 (G)r

(2.2.2.1) B(W,0)

B(G) .

The map ¥ is not injective in general, however it is proved in [Hel4, Theorem 3.7]
that its restriction to the set of o-straight o-conjugacy classes is a bijection. Here,
a o-conjugacy class in W is said to be o-straight if it contains a o-straight element.

2.2.3. Note that there is a partial order on the set X*(T)(a; for \, N € X*(T)a,
we write A < X if X — X is a non-negative rational linear combination of positive
roots. For {u} as above, we write pf for the common image of an element of {u}
in 7 (G)r and we define

N
1 i ~ 5
B = Do) € X(T)f g = X.(T)".
=1

where N is the order of the element oy acting on X.(T); ®z Q. We set
B(G,{u}) = {[t] € B(G) : ha(b) = 7 < p°}.
Note that for [b1], [b2] € B(G,{u}) such that T, = 7p,), we have [b1] = [b]
since [by] and [by] have common image p? under sg.
Definition 2.2.4. Suppose there exists a class [b] € B(G, {u}) such that Tp) = pu®

(such a class is necessarily unique if it exists by the above remark). We write [b],
for this class; it is called the p-ordinary o-conjugacy class.

Remark 2.2.5. [HN18, Theorem 1.1] have shown that B(G, {u}) always contains a
maximal element with respect to the partial order <. When G is quasi-split, this
class is just [b],. However if G is not quasi-split, there may be no [b] € B(G, {u})
such that D = p°.

Lemma 2.2.6. Assume there exists [b],, € B(G,{u}) with V), = pu°. There exists
W € Wo - pu with t,, o-straight such that i, € [b],,.

Proof. Since [b], € B(G,{u}), there exists a o-straight element w € Adm({u})

such that w € [b],, by [Hel6, Theorem 4.1]. The commutativity of diagram (2.2.2.1)
implies that 7,, = u°®. Since w is o-straight, we have

Uw) = (Tw,2p) = (1°, 2p) = (1, 2p) = L(ty),
where the final equality uses (2.1.5.1) and the fact that p is dominant. Since w €
Adm({p}), £(w) < £(t,) with equality if and only if w = ¢, for some ' € Wy-p. O
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2.2.7. Now let G’ be another reductive group over F and f : G — G’ a group
scheme morphism which induces an isogeny Gaer — G- We write {u'} for the G'-
conjugacy class of cocharacters induced by {u}. We have the following relationship
between p-ordinary o-conjugacy classes for G and G’.

Lemma 2.2.8. (1) There exists [b],, € B(G,{u}) with ), = p° if and only
if there exists [V'],y € B(G', {p'}) with vy, = p'°.
(2) Let [b] € B(G,n) and [V'] := [f(b)] € B(G',{i'}). Then [b] = [b], if and
only if [b'] = [b/],.

Proof. (1) Note that we have a commutative diagram

B(G) —— (X(D)g™") x m(G)r

| |

B(G") —— (X.(T")g ") x m(G')r

where T is the centralizer of a maximal F-split torus of G’ containing f (T'). Thus
one direction of (1) is clear.

For the converse, suppose there exists [b'],, € B(G',{i'}). Note that by as-
sumption, there is an identification of relative Weyl groups for G and G’. Then by
Lemma 2.2.6, there exists wg € Wy such that £,,,(,) is a o-straight element of the
Iwahori Weyl group for G’ and £,,,(,v) € [b'],. Then it is easy to check that ()
is a o-straight element of the Iwahori Weyl group for G and that Dty = u. It
follows that [f,,(n] = [b], € B(G,{n}).

(2) One direction is clear. Suppose then that [0'] = [V'],. It follows that 7 =
1° + a for some a € X, (ker(G — G'))!. But [b] € B(G,{u}) and hence pu® — vy, is
a rational linear combination of positive coroots. Thus o = 0 and [b] = [b],,.

(I

2.3. Parahoric group schemes.

2.3.1. Recall the extended Bruhat-Tits buildings B(G, F') and B(G, F) associated
to G. For a non-empty bounded subset = C B(G, F') which is contained in an
apartment, we let G(F)z (resp. G(F)z) denote the subgroup of G(F) (resp. G(F))
which fixes E pointwise. By the main result of [BT84], there exists a smooth affine
group scheme G= over Op with generic fiber G which is uniquely characterized by
the property JE(OF) = G(F)E. As in [KP18, §1.1.2], we will call such a group

scheme the Bruhat—Tits stabilizer scheme associated to Z. If Z = {z} is a point we
write G(F), (resp. G,) for G(F){xy (resp. §{$}).

For = C B(G, F), we write Gz for the “connected stabilizer” = (cf. [BT84, §4]).
We are mainly interested in the cases where = is a point x or an open facet f. In
this case, G, (resp. Gj) is the parahoric group scheme associated to x (resp. f). By
[HRO8], G=(O}) = G=(O}) Nker k. It follows that G=(OF) = G=(Op) Nker kg If
f is a facet of B(G, F) we say z € f is generic if every element of G(F') which fixes
x also fixes § pointwise. The set of generic points in f is an open dense subset of f,
and for any generic point z € f, we have G, = éf and G, = Gj.

We may also consider the corresponding objects over F and we use the same
notation in this case. When it is understood which point of B(G, F) or B(G, F)
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we are referring to, we simply write G and G for the corresponding group schemes.
A parahoric group scheme G is said to be a connected parahoric if there exists
x € B(G, F) such that g}, = G, = G; if such a point exists, it is necessarily a generic
point in the facet containing it.

Let G’ be another connected reductive group and assume there is an identification
Gad = Gl 4 between their respective adjoint groups. Then there are surjective maps
of buildings B(G, F) = B(Gaq, F) and B(G', F) — B(G'4, F') which are equivariant
for G(F) and G'(F) respectively. If G = G, is a parahoric group scheme for G
corresponding to z € B(G, F), then G determines a parahoric group scheme G’ = G/,
for G’ where 2’ € B(G', F) lies in the preimage of the image of z in B(Gaq, F).

2.3.2. Now let J C S be a subset and we write W for the subgroup of W generated
by J. If Wy is finite, J corresponds to a parahoric group scheme G over O; such
parahorics are called standard (with respect to a). We let W (resp. W) denote
the set of minimal length representatives of the cosets W/W; (resp W;\W).

We recall the Iwahori decomposition. For w € W, the map w — w induces a
bijection y

WAW/W; = GO\G(F)/G(Of).

We now assume J is o-stable; in this case G is defined over Op and is a para-
horic group scheme for G. For the rest of §2.3, we fix a geometric conjugacy class
of cocharacters {u} of G and assume the existence of [b], € B(G,{u}). We de-
fine Adm({u})s to be the image of Adm({u}) in W;\W/W;. We sometimes write
Admg({p}) s if we want to specify the group G we are working with. The following
is the key group theoretic result that we need in order to prove the existence of
canonical liftings in §5.3.

Proposition 2.3.3. Let b€ (Uyeaam((u), 9(Op)0G(Op)) N [B],.. Then

(1) b€ G(Op)EG(Op) for some o-straight element t,, .
(2) There exists g € G(Op) such that g~ *bo(g) = £,

Proof. By [HR17, Theorem 6.1 (b)], there exists h € G(O3) such that h=bo(h) €
Z(O)WI(O ) for some w € W. Thus w € /W N Adm({x}); and hence lies in
JW N Adm({u}) by [Hel6, Theorem 6.1]. Thus upon replacing b by h=tbo(h), we
may assume b € Z(Op)wZ(Oy). By [HZ20, Theorem 4.1], there exists a o-straight
element = < w such that [b], NZ(O)#Z(Op) # 0 (the Theorem in loc. cit. proves
the non-emptiness of the affine Deligne-Lusztig variety X, (b), which is equivalent
to this statement). By [Hel4, Theorem 3.5|, ¢ € [b],, and by the same argument
as in Lemma 2.2.6 we have z = ¢,/ for some ¢/ € Wy - pu. Since z < w and
w € Adm({p}), we have w = t,,. This proves (1).

For (2), the above argument shows that we may assume b € Z(O;)f,,Z(O) for
t, a o-straight element. By [Hel4, Proposition 4.5], there exists i € Z(Op) such
that i~'bo (i) = £,/; the result follows. O

Remark 2.3.4. This result is a generalization to general parahorics of [SZ21, Propo-
sition 2.5] which is due to Wortmann. In the case when G is a hyperspecial para-
horic, this result is the group theoretic analogue of the fact that there is exactly
one isomorphism class of ordinary F-crystal over O .
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2.4. Néron models of tori.

2.4.1. In this subsection, we introduce the notion of R-smooth tori and discuss
some consequences for Bruhat-Tits group schemes.

Let T be a torus over a local field F'; recall we have defined 7g to be the connected
Néron model of T. We let T (resp. Tg) denote the lft Néron model (resp. finite

9

type Néron model) for T'. Then we have 7(O) = T'(F) and Ty is characterized by
the condition T (Op) = {t € T(F)|ET(t) € X.(T) 1 tors} where X, (T)r tors is the
torsion subgroup of X, (T);. Alternatively, by [Rap05, n°1] the connected compo-
nents of the special fiber of 7 are parameterized by X.(T); and Ty is the unique
smooth subgroup scheme of 7 whose special fiber is given by the set of connected
components corresponding to the torsion subgroup X.(T); tors of Xu(T)1.

2.4.2. Let F/F be a finite Galois extension over which T splits and we let To-
denote the Ift Néron model of T. ! By [BLR90, §7.6, Proposition 6], Reso_ 0,70
is the Ift Néron model over Op for Resg / 17 There is a natural map T —
Resﬁ/FTﬁ and we define 7€ to be the Zariski closure of T' inside Res@ﬁ/@FTOﬁ.
As in [BT84, §4.4.8], T¢ does not depend on the choice of Galois splitting field of
T.

Definition 2.4.3. We say a torus T' is R-smooth if T¢ is smooth.

Since T°¢ satisfies the Néron mapping property (cf. [Edi92, Proof of Theorem
4.2]), we have T = T° if T is R-smooth.

We can similarly define a notion of R-smoothness for tori over F. It is easy to
see using compatibility of Néron models with base change along Op — O} that a
torus over I is R-smooth if and only if T} is R-smooth.

The main property concerning R-smooth tori that we need is the following.

Lemma 2.4.4. Suppose we have a closed immersion f : T7 — 15 between tori
where Ty is R-smooth, then [ extends to a closed immersion T1 — T2 of Ift Néron
models.

Proof. Let F be a finite Galois splitting field for 77 and T3. Then since T)
and T, # are just products of multiplicative group schemes, the map 7} 7 — T27 7
extends to a closed immersion of 1ft Néron models To. = T20- over Og. We
obtain a diagram

T T2

i
Reso_/0.T,0, — Reso_ 0. T2,0,

where 7 is a closed immersion since it is given by applying restriction of scalars to
a closed immersion and ¢ is a closed immersion since 73 is R-smooth. It follows
that ho f =70 g is a closed immersion, and hence f is a closed immersion since h
is separated. (I

We are abusing notation here since Toﬁ is not necessarily the base change to O of the Néron
model T of T over Op.
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2.4.5. The proof of [Edi92, Theorem 4.2] shows that if T splits over a tamely ram-
ified extension of F', then T is R-smooth. In addition, the main examples of R-
smooth tori that we will consider are given by the following Proposition.

Proposition 2.4.6. (1) Let K/F be a finite extension and S an R-smooth
torus over K. Then T := Resg/pS is R-smooth.

(2) Suppose we have tori Ty, Ty and T5 with Ty and Ty R-smooth, together with
group scheme morphisms f : Ty — T3 and g : To — T3 satisfying the
following properties

(i) f is surjective and induces a smooth map f : Ty — T3 on Ilft Néron
models.
(ii) g is a closed immersion.
Then the connected component T of the identity of the fiber product
Ty X1, To is an R-smooth torus.

Proof. (1) Let F be a finite Galois splitting field of T" which necessarily contains

K. For any F-morphism 7 : K — F, the base change of S along 7 is split. Since S
is R-smooth, it follows that we have a closed immersion of Og-group schemes

S — Res@ﬁ/OKSOﬁ7

where S (resp. So ) is the Ift Néron model for S (resp. Sg).
Applying Resp, /0, we obtain a closed immersion

ReSOK/OFS — R‘eSOﬁ/OFSOﬁ‘
Taking the product over all 7 : K — F we obtain a closed immersion

Reso, /0.8 — H Reso_ /0,80, Z Reso_ 0, To,-
T:K—F

Since Resp,. /0, S is the Ift Néron model T for T, it follows that 7 is the closure
of its generic fiber inside Resoﬁ/oF’T@}E and hence T is R-smooth.

(2) We may assume F = F. We let 7" denote the fiber product T; x7, Tz,
where the 7; are the lft Néron models for 7;. Then condition (i) implies that the
map 7" — T is smooth, and hence 7" is smooth over Op. We let T/ C T”
denote the connected component of the identity; then 77 is a smooth scheme over
Op. Moreover T’ satisfies the Néron mapping property for T’ it follows that 7" is
isomorphic to the Ift Néron model 7 for T.

Let F denote a finite Galois splitting field for 77 (and hence also for T'); we
obtain a commutative diagram:

T Ti

| |

Reso./0.To, — Reso_ /0. T1,0;

Condition (ii) and the R-smoothness of T5 implies that the natural map 7 — T3
is a closed immersion. By R-smoothness of 7;, the map 71 = Reso_ 0,710, 18
a closed immersion. It follows that 7 — Reso_ /0, To. is a closed immersion and
hence T is R-smooth.

O
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Corollary 2.4.7. Let T} = Hle Resk,/pS1,:i and T3 = Hle Resg, /rS3,i respec-
tively where K; is a finite extension of F' and Sy ;, 53 ; are K;-tori which split over a
tamely ramified extension of F;, and let Ty be an F'-torus which splits over a tamely
ramified extension of F.

Suppose we are given a group scheme morphism f : Ty — T3 which arises from
a product of surjective maps S1; — S3; over K;, and g : To — T3 a group scheme
morphism which is a closed immersion. Then the connected component T of the
identity of the fiber product Ty X, Ty is an R-smooth torus.

Proof. By Proposition 2.4.6 (1) and [Edi92, Theorem 4.2], T} and T5 are R-smooth
tori. By part (2) of Proposition 2.4.6, it suffices to show that f : 77 — T5 induces
a smooth map 77 — 73 on Ift Néron models over F'. For this it suffices to consider
the case s = 1; we thus drop the index 7 from the notation.

We first reduce to the case ker(f) is connected. Let D := ker(f) and let D°
denote the connected component of the identity of D. We assume f = Resg/ph
where h : S; — S3; then D = Resg/pkerh and D° = Resg,p(ker h)°, where
(ker h)° is the connected component of the identity of ker h. The quotient S% :=
S1/(ker h)° is a torus equipped with an isogeny S5 — S5 and we have an exact
sequence

0 — (ker h)° S, A 0.
Setting T3 := Resg/pS3, we obtain an exact sequence
0 D° T 0.

We define T3 to be the connected component of the identity of 7o X7, T5. Then we
may identify 7" with the connected component of the identity of T7 Xy T5. Since
T4 — T} is a closed immersion, we may replace T» and T5, by T5 and T} respectively
and hence assume that ker f is connected.

By properties of Weil restriction, it is enough to show that the map &1 — S3
on 1ft Néron models over Ok, obtained from S; — S; over K, is smooth. We
reduce to showing that a surjective map 7" — T” between F-tori which split over
tamely ramified extensions of F' and whose kernel is connected induces a smooth
map T — T’ between 1ft Néron models. This now follows from the same argument
as [Edi92, Theorem 6.1 (5)=-(6)] using the fact that ker(T"— T") is a torus. O

2.4.8. The previous results have the following consequences for Bruhat—Tits group
schemes. Let G be a reductive group over F' and G a Bruhat-Tits stabilizer scheme
corresponding to x € B(G, F) which is generic in the facet containing it. Let
B : G — G be a closed immersion of reductive groups over F, which induces
an isomorphism on derived groups. As in [KP18, §1.1.3], = determines a point
2 € B(G', F) and we write G’ for the corresponding Bruhat-Tits stabilizer scheme
of G'; then B extends to a group scheme homomorphism /3 : G-

Proposition 2.4.9. Assume that the centralizer of any maximal F-split torus in
G is an R-smooth torus. Then B:G — G’ is a closed immersion.

Proof. Since the construction of Bruhat-Tits stabilizer schemes is compatible with

unramified base extensions, it is enough to prove the result in the case F = F.
We let S be a maximal F-split torus in G such that z lies in A(G, S, F‘) Let

T be the centralizer of S which by assumption is an R-smooth torus. Let S’ be a
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maximal split torus of G’ such that S"NG = S and we let T” denote the centralizer
of §’. By the construction of Bruhat—Tits stabilizer schemes in [BT84, §4.6], the
Zariski closure of T' (resp. T') inside G (resp. G') can be identified with the finite
type Néron model T (resp. Ty ). We claim that the natural map 7" — 7" extends
to a closed immersion

(2.4.9.1) Tee — T,

between finite type Néron models.

Assuming this, we can prove the proposition. For any relative root «, the map
G — G’ induces an isomorphism between the corresponding root subgroups U,
and U!. If we let U, and U/, denote the corresponding schematic closures, then
by the construction of G and G’ in [BT84, §4.6], the map G — G’ also induces an
isomorphism U, — U!,. Thus by [BT84, Theorem 2.2.3] the schematic closure G of
G in G’ contains the smooth big open cell

Hufa X 7¥t X Hua;

hence by [BT84, Corollary 2.2.5], G is smooth. Since é((’)F) =G(F)n g’(OF), it
follows that G = G. , and hence we obtain a closed immersion G < G as desired.

It remains to show the existence of the closed immersion (2.4.9.1).

By Lemma 2.4.4, we have a closed immersion 7 — T of Ift Néron models. We
let ¢ : X.(T); — X.(T"); denote the morphism on the targets of the Kottwitz
homomorphism. Then it is easy to see that

¢_1(X* (T/>I,t0rs) = X* (T)I,tors~

As the finite type Néron models Ty, and 7y correspond to the subschemes of 7 and
T’ whose special fibers are given by the connected components parameterized by
X (D)1 tors and X, (T)r tors respectively, it follows that 7 — 77 induces a closed
immersion T — Ty as desired.

O

Remark 2.4.10. As all maximal F-split tori are F-conjugate, the centralizer of any
maximal F-split torus is R-smooth if there exists one such centralizer which is
R-smooth.

2.4.11. Now let 8 : G — G’ be a central extension between reductive groups with
kernel Z and G the parahoric group scheme associated to some z € B(G, F). We
let G’ denote the parahoric of G’ corresponding to G; then as above, 3 extends to
a group scheme homomorphism G — G’.

Proposition 2.4.12. Assume Z is an R-smooth torus. Then the Zariski closure
Z of Z inside G is smooth and there is an (fppf) exact sequence

B

(2.4.12.1) 0 Z G G’ 0

of group schemes over Op.

Proof. As in Proposition 2.4.9, it suffices to prove the Proposition when F = F'.
Let S be a maximal F-split torus of G such that z lies in A(G, S, F'). Let T be the
centralizer of S and we let T” be the corresponding maximal torus of G’.



16 MARK KISIN AND RONG ZHOU

Assume there exists an fppf exact sequence

(2.4.12.2) 1 Z T T 1

where Ty and 7 are the connected Néron models of T and T’ respectively. Then
we may argue as in [KP18, Proposition 1.1.4] to obtain the desired exact sequence
(2.4.12.1).

It remains to exhibit the exact sequence (2.4.12.2); we follow the argument of
[PRO8, Lemma 6.7].

By assumption we obtain a closed immersion between 1ft Néron models Z — T.
We let 2’ denote the subgroup scheme of Z with generic fiber Z, and special fiber
corresponding to the connected components of the special fiber of Z parameterized
by ker(X,(Z); — X.(T);). Then Z’ is smooth and we have a closed immersion
5/ — To. It follows that Z' coincides with Z and we obtain a closed immersion
Z — To. As in [PR08, Lemma 6.7] we have an exact sequence:

1—— Z(0p) —— To(0p) —— T(Op) —— 1

The quotient To/ Z is a smooth affine commutative group scheme with the same
generic fiber as 7j and with the same Oz-points; hence by [BT84, Proposition
1.7.6] we have 7] = 7o/ Z. The result follows.

O

3. LOCAL MODELS OF SHIMURA VARIETIES

In this section we assume F'is a finite extension of Q, with residue field kr. We
recall the construction of local models for Weil-restricted groups following [Lev16]
and prove some properties of these models which will be needed in §5.

3.1. Local models for Weil-restricted groups.

3.1.1. Let Ko/F be a finite unramified extension. Let P(u) € Og,[u] be a monic
polynomial and G a smooth affine group scheme over Ok, [u]. We consider the
functor Flg(ou) on Ok, -algebras R given by

Fllgi(ou)(R) = {iso. classes of pairs (£, )},

where £ is a G-torsor over R[u] and 8 : &|gpun/p(w) = &0 is an isomorphism
of G-torsors, where £° denotes the trivial G-torsor. We then define the mixed
characteristic affine Grassmannian

P(u P(u
FIQ( ) = ReSOKO/OFFlg,(O )

By embedding G into a general linear group, one deduces as in [Lev16, Proposition

4.1.4], that Flg(u) is representable by an ind-scheme over Op.

3.1.2. Let (G,{u},G) be a local model triple over F' in the sense of [HPR20, §2.1].
Thus

e (G is a reductive group scheme over F'.

e {i} is a geometric conjugacy class of minuscule cocharacters of G.

e G =G, for some x € B(G, F) which is generic in the facet containing it.

In addition, we will often make the following assumption.
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(*) G is isomorphic to [];_; Resg, pH; where K;/F is a finite extension and H;
is a reductive group over K; which splits over a tamely ramified extension of K.
When r = 1, we simply write G = Resg/pH.

If p > 5, then any adjoint group satisfies (x). Using this fact, one can define
local models for any group G when p > 5 (see [Lev16, Remark 4.2.3]) although we
will not need the construction in this level of generality.

3.1.3. Let (G,{u},G) be a triple with G = Resg,;pH as above. By [Pra0l, p
172], there is an identification of buildings B(G, F) = B(H, K). Therefore we may
identify the set of parahoric subgroups of G(F') with the set of parahoric subgroups
of H(K); see [HR20, §4.2] for example. Thus, there is a parahoric group scheme H
over O such that G(Op) is identified with H(Ok) as subgroups of G(F) = H(K).
By [HR20, Proposition 4.7], we have G = Resp, /0, H. If we consider z as a point
in B(H, K), then H is the parahoric group scheme of H associated to .

Let Ky denote the maximal unramified extension of F' contained in K and write
Ok, (resp. ko) for its ring of integers (resp. residue field). We let O, [u*] denote
the ring Ok, [u,u~!]. We fix a uniformizer @ of K and we write Q(u) € Ok, [u]
for the Eisenstein polynomial which is the minimal polynomial for w over Kj.
Then [Lev16, §3,4] constructs a smooth affine group scheme H over O, [u] which
specializes to H under the map O, [u] = Ok, v+ w and such that

H :=H|oy, [ut]

is a reductive group scheme. Applying the construction of §3.1.1 we obtain the
ind-scheme Flg(u) over O which is ind-projective by [Lev16, Theorem 4.2.11].
3.1.4. For a Kj-algebra R, the completion }?[Z} of R[u] along Q(u), contains the
completion of Kylu] along Q(u). The latter ring may be identified with K[[t]], by
a map sending ¢ to Q(u) and inducing the identity on residue fields. Then E[Z}
may be identified with (K ® g, R)[[t]] by sending ¢ to Q(w). This induces an isomor-
phism from the generic fiber of FI%ES) with the affine Grassmannian Grges, i H
(cf. [HR20, Corollary 3.5]), and hence an isomorphism between the generic fiber of
Flgu) with GrRres, JpH = Grg (recall that this is the fpqc sheaf associated to the
functor on F-algebras R given by R — G(R((t)))/G(R[[t]]))-

The special fiber of Flz(u) can be identified with the partial affine flag variety
Resko/kp}—ﬁﬂko[[t”? here ]:Eﬂko[[t]] is the fpqc sheaf associated to the functor

R My 1) (R((2))) / Hgeo 12 (RU[E]])

on ko-algebras. A representative y of {u} over F determines an element of G(F'((t)))
and hence a point e, := pu(t) € Grg(F). The Schubert variety S,, is then defined
to be the closure of the G(F[[t]])-orbit of e, in Grg. The conjugacy class {u} has
a minimal field of definition F known as the (local) reflex field, and the Schubert

variety S, C Grg is defined over /. The local model Mlgof{u} is defined to be the

Zariski closure of S, in Fli(u) ®op OF.

3.1.5. In general, if G = [[;_; Resg,/rpH; as in (¥), we define Mlgoyc{#} to be the
product Mlg",‘c{#} = H:Zl Mlg(l‘f{m} R0p, Og. Here the parahoric G; of Resg, ,pH; is

determined by G = [];_, Gi, {u.} is the Resg, pH; factor of the G-conjugacy class
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{u}, and E; (resp. E) is the field of definition of {yu;} (resp. {u}). The following
theorem follows immediately from [Lev16, Theorem 4.2.7].

Theorem 3.1.6. Suppose G satisfies (x) and that p does not divide the order of
the algebraic fundamental group w1 (Gaer) of the derived group Gaer of G. Then
the scheme Mlg‘f{ } is normal with reduced special fiber. Moreover each geometric

irreducible component of Mg’c{#} ®oy k is normal and Cohen—Macaulay.

O

Remark 3.1.7. (1) Note that the input for the constructions in this subsection is a
parahoric group scheme H over O and a finite extension K/F. When K = F, the
group scheme H and the mixed characteristic affine Grassmannian F1j,"“ agrees
with those constructed by Pappas—Zhu [PZ13]. a

(2) Using the argument in [Lev16, Proposition 4.2.4, Remark 4.2.5], one can
show that the local model Mlgoc{ } depends only on G and {u} and not on the choice

of extension K or the uniformizer w

3.1.8. We may identify the geometric special fiber of MIOC{ } with a certain union
of Schubert varieties corresponding to the p-admissible set Adm({u}), defined in
2.2.1; we explain this in the remainder of §3.1. To do this, we first explain the
relationship between the Iwahori Weyl group of G and a certain reductive group
over kp|[u]].

Let S denote a maximal Iv(—split torus of H defined over K such that x lies
in a og-invariant facet in the apartment A(H, S, K ) corresponding to S (here o
denotes the Frobenius element of Aut(K/K)). Then the construction in [Lev16,
Proposition 3.1.2] provides us with a maximal Oy [uF]-split torus S of H defined
over O, [uT] which extends S. The choice of S gives us an identification of apart-
ments

(3.1.8.1) A(H,, ((u))s Sy £((w)) = A(H, S, K)
for k = IV{O, k. Moreover there is an identification of Iwahori Weyl groups
(3.1.8.2) WEN((u)} = WHf(

for H, () and Hy such that the identification (3.1.8.1) is equivariant for the
actions of these groups on the respective apartments. We let

) € A(H . ((u))s Sy £((1)))
be the point correspondmg to z under the identification (3.1.8.1). Then the group
scheme H /O, [u] has the property that its specialization to x[[u]] is isomorphic to
the parahoric group scheme corresponding to Z((v))-

3.1.9. Let QkF[[u” denote the group scheme ng[[u” = Resig [u]) /b [[u)] Hko [[u)) and
we write Gy () for its generic fiber. We let G, (resp. Gy ((u))) denote the base
change of G, 1. (resp. Gy, ((u))) to Kk[[u]] (resp. k((u))). Then by construction,

the special fiber of Flgu) is identified with the usual partial affine flag variety
associated to Qkp[[u]]; here we use [HR20, Corollary 3.6 and Lemma 3.7] for the
w = Fhle
u Lk plul]
an isomorphism of Iwahori Weyl groups

(3.1.9.1) We = Wg

identification Resko/kp}”ﬁﬂkg[ . The isomorphism (3.1.8.2) induces

Zkp((w)’
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Indeed we have identifications

We = H Wi, WQkF«u)): H Wﬂkp«u))’
h:Ko—E hiko—k

where ¢ runs over F' (resp. kp)-embeddings. Identifying ko — k with the unique
lift Ky — F and using (3.1.8.2), we obtain the identification (3.1.9.1).
Similarly, we obtain an identification of apartments

(3.1.9.2) A(Grp () Sy k() = A(G, S, F).

Here S’ is the maximal F-split torus of G determined by the maximal K-split
torus of H as in [HR20, §4.2], and S} () is the maximal k((u))-split torus of
G ((u)) Obtained from the maximal Oy, [u*]-split torus S of H. Moreover the
identification (3.1.9.2) is compatible with the action of Iwahori Weyl groups under
the identification (3.1.9.1).

3.1.10. We fix a o-invariant alcove a C A(G, S’, F') whose closure contains z. This
determines a set of simple reflections S for W and the parahoric G is a standard
parahoric for this choice of alcove; hence it corresponds to a o-stable subset J C S.
We let a denote the alcove in A(Gy . ((u))> Sk((u)), k(1)) corresponding to a and §
the set of simple reflections in the walls of a. There is an identification S = S and
we let J C S be the subset corresponding to J C S; then Qkp[[u}] is the standard
parahoric group scheme for G, _((,)) associated to J. Writing W, (resp. W) for the
finite group generated by the reflections in J (resp. J), we obtain an identification
W =2 Wy, and an identification

(3.1.10.1) WJ\WG/WJ = Wi\WG

Giepun/ Wi
In particular we may consider Adm({p}); as a subset of Wi\WQkF((u))/Wi.

For an element w € Wy, we write w € WQkF () for the corresponding ele-
ment and W € Gy, () (k((u))) a lift of w. We let S,, denote the closure of the
QkF[[u”(k[[u]])—orbit of w considered as a point of the partial affine flag variety

FLG, 1y Orr b for Gy -

Fllul

3.1.11. If G = [],_; Resk,,rH;, we may define Gl = IT_, Gi kwlul

the G, ko ([u]] BT€ the kp[[u]]-group schemes constructed in the previous paragraphs
using the groups Resg,  rH;. We let G, ;. (), denote the generic fiber of Qi.kF[[u]]

L where

and we define Gy, ((,)) = I, G, kp((u))- Since the construction of Iwahori Weyl
groups and apartments are compatible with products, the above discussion extends
to this case. In particular, we have an identification of double cosets for the Iwahori
Weyl group (3.1.10.1), and for w € W;\Wg /W, we have the associated Schubert
variety S,, in FLg ) Bk k. Applying [Lev16, Proposition 4.3.2] to each of the

=k
factors Resg,,rH;, we obtain the following theorem.

w

Theorem 3.1.12. Let G = [];_, Resk, pH; and assume that p{ |71 (Gaer)|. We
have an identification

Mg)ﬁ(u} ®op k= U S
weAdm({p})s

as closed subschemes of FLg ) @k k.

Zkpllu
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3.2. Embedding local models.

3.2.1. We now show that a suitable embedding of local model triples induces a
closed immersion of local models (Proposition 3.2.6). This generalizes [KP18,
Proposition 2.3.6] and is proved using a similar method. This result and its conse-
quences in §3.4 are the main technical results needed to establish the local model
diagram in §5.1.

We begin by recalling the construction of certain lattice chains of O, [u]-modules
from [PZ13, §5.2.1]. Let W = Ok, [u]" and W = W ®o,, [u],us0 Ok, = Ok, .
Write W = @®;_,V; for some r and direct summands V; of W, and let U; = @©;>;V;
which forms a flag of subspaces of W; we write P C GL(W) for the corresponding
parabolic. For i =0,...,r—1 we let W, C W denote the inverse image of U; under
W — W; the sequence W; satisfies

uWcCcW, . ,C...CWy=W.

We extend the sequence to Z by letting W, ,,,. = uFW, and we write W, for
the resulting chain indexed by Z. As in [PZ13, §5.2.1], the dilatation GL(WW,) of
GL(W) along P can be identified with the closed subscheme of H:;Ol GL(W,) which
respect the maps W, — W, ;. Let GL be the parahoric group scheme over O of
GL,(K) corresponding to the stabilizer of the lattice chain W, @0, [ulusw OK
in K. Then GL(WW,) is isomorphic to the O, [u]-group scheme GL associated to
GL and the extension K/F in §3.1.3. Since every parahoric of GL, (K) arises in
this way, this gives an explicit description of the associated O, [u]-group scheme
GL attached to any parahoric of GL, (K).

3.2.2. Let (G,{u},G) be a local model triple as in §3.1.2 with G = Resg,;pH .
Let p : G — GL(V) be a faithful minuscule representation, where V' is a finite
dimensional vector space over F', such that p o p is conjugate to a standard (i.e.
having weights 0, —1) minuscule coweight and such that G contains the scalars. We
will show that we may replace p by a different faithful minuscule representation
P+ G — GL(W) such that p’ induces a closed immersion of local models

Mlgof{u} - Mlgoflw,{p’ou} ®or Op

where GLyy is a certain parahoric group scheme of GL(W).
Base changing p to K, we obtain a map H — GL(Vk) given by composing

PK : GK — GL(VK)

with the diagonal map H — Gg. Let W denote the underlying F-vector space
corresponding to Vi . We consider the composition

p': G =ResgpH LA Resg,rGL(Vk) 22, GL(W)

where p; is obtained by applying restriction of scalars to the map H — GL(Vk),
and py is induced by the restriction of structure functor from K-vector spaces to
F-vector spaces.



INDEPENDENCE OF ¢ FOR FROBENIUS CONJUGACY CLASSES 21

3.2.3. Since H splits over a tame extension of K and H — GL(Vk) is a minuscule
representation, it follows from [KP18, §1.2] that there exists a H(K)-equivariant
toral embedding of buildings

(3.2.3.1) B(H,K) — B(GL(Vk), K).

There are canonical identifications of B(G, F') (resp. B(Resg,rGL(Vk), F)) with
B(H,K) (resp. B(GL(Vk), K)); we thus obtain a G(F)-equivariant toral embed-
ding of buildings

(3.2.3.2) B(G,F) — B(Resg/rGL(Vk), I).
Similarly, restriction of structure induces a GL (Vi )-equivariant map of buildings
B(GL(Vk), K) = B(Resg,/rGL(Vk), F') — B(GL(W), F).

Let y (resp. z) denote the image of z in B(Resx/pGL(Vk), F') (resp. B(GL(W), I)).
We write GLg,p (resp. GLw) for the parahoric group schemes over Op for
Resg/rGL(Vk) (resp. GL(W)) corresponding to y (resp. z), and we write {ux/r}
and {uw } for the respective conjugacy class of cocharacters of Resg,/rGL(Vk ) and
GL(W) induced by {u}. If we write GL for the parahoric Og-group scheme of
GL(Vk) associated to y; then GLk /p := Resop, /0,.GL.

The natural map of group schemes G — GL,r is a closed immersion since
this map is obtained by Weil restriction of a closed immersion between Og-group
schemes as in [KP18, Proposition 1.3.3]. We will need the following lemma.

Lemma 3.2.4. Let K be a non-archimedean local field (in possibly equal charac-
teristic) and K'/K a finite (not necessarily separable) extension. Let V be a vector
space over K' and let W denote V' considered as a vector space over K. Let GL
be a parahoric group scheme of GL(V') corresponding to the stabilizer of an Ok -
lattice chain {A;}i=1,... , in V. We write {Aw,; }i=1,...» for the associated O -lattice
chain of W and we let GLyw denote the parahoric group scheme of GL(W) stabiliz-
ing {Aw,i}i=1,...r- Then the natural closed immersion Resg/ /g GL(V) — GL(W)
extends to a closed immersion of Ok -group schemes

ResoK,/@KQL’ — GLy.

Proof. The group scheme GL is the schematic closure of GL(V) — []_; GL(V)
(under the diagonal embedding) in [];_; GL(A;). Similarly GLy is the schematic
closure of GL(W) — []i_; GL(W) in [],_; GL(Aw,). Thus we have a commutative
diagram of Og-schemes

Reso,, o0 GL ————— GLw

| J

H::l Res@K,/oK GL(AZ) —_— H;:l GL(Aw)Z)

where the vertical arrows are closed immersions. It therefore suffices to show the
bottom arrow is a closed immersion, and hence we reduce to proving the lemma
when r = 1, i.e. when GL is the stabilizer GL(A) of a single Og-lattice A C V.
This case can be proved, for example, by explicitly writing down the equations for
the morphism. [
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By Lemma 3.2.4, the map L/ — GLw is a closed immersion. Composing

with G — GL K/F We obtain a closed immersion of Og-group schemes G — GLw
extending p’.

3.2.5. By our assumption on pou, uy is conjugate to a standard minuscule coweight
a — diag(1=9 (a=1)(@D)

of GL(W), where n = dimp W. The generic fiber of Mlgozm{”w} is the Grassman-
nian Gr(d, n) of d-dimensional subspaces of W. We let X, denote the generic fiber
of Mlgof{ﬂ}; it can be identified with the E-variety G/P,, where P, is the parabolic
subgroup of G corresponding to p. Then the representation p’ : G — GL(W)

induces a closed immersion
(3.2.5.1) X, = Gr(d,n) ®o, E.
Proposition 3.2.6. The map (3.2.5.1) extends to a closed immersion of local
models
(3.2.6.1) P MGG = MGE L ) ®or Og.
Proof. Recall p’ factors as ps o p1; it suffices to show there are closed immersions
loc loc loc
Mgy = MGz, o s/} @0p O = MgLy, gy ®0r O

where the first map is induced by p; and the second map is induced by p. Here,
MIQOEK/F,{MK/F} is the local model attached to the Ok-group scheme GL and the
extension K /F" as in §3.1.3, and E' is the local reflex field for the Resg,rGL(Vi)-
conjugacy class of cocharacters {jx/p}.
. loc loc

Step (1) Mgv{ﬂ} - MQQK/F;{MK/F} Q05 OF.

As in [KP18, Proposition 2.3.7], it follows from descent that it suffices to show
that such a closed immersion exists upon base change to E. Thus we need to show
that there exists a closed immersion

loc loc
MGOI_-,,{H} - MQ[’K/F,OF’{HK/F} Q0 OE
where Go . (resp. GL/ F,@ﬁ) denotes the corresponding parahoric group schemes

for G (resp. Resg/prGL(Vk)®F F) and these are the analogues of the local models

defined over F.
We have isomorphisms

Gﬁ = H ReSf(/f{OHf{, ReSK/FGL(VK) QF P H ReSf{/ROGL(Vf{>
T:Ko—)ﬁ‘ T:K0—>Fu‘

and the embedding p, j is given by the product embedding; it suffices to consider
each factor separately. Thus upon relabeling we may assume G = Resy / o Hi
and that p; is induced by restriction of scalars from an embedding
For notational simplicity, we write H for the Oy, [u]-group scheme associated to
H

The same proof as [PZ13, Proposition 8.1] shows that it suffices to show that
there exists a lattice chain V, in O, [u]™ such that ¢ extends to a homomorphism
of Oy [u]-group schemes

¢(9}~(U[u] tH — GL(Z.)
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satisfying the following two conditions
e p extends to a group scheme morphism H — GL(V,) over O Ko [u].
e The homomorphism

Hyfru)) = H Qo ) Kl[ul] = GL(V, ®o, ) klul])

is a locally closed immersion, and the Zariski closure of Hy((,) = ﬂ@oko () K((u))
in GL(W, B0 u] E[[u]]) is a smooth group scheme P’ whose connected component
may be identified with ;-

Indeed, under these assumptions, the proof in [PZ13, Proposition 8.1] shows
that extending torsors along ¢(9f<0 [w] gives a morphism Flg") — Flg(Ll&.) which

K/F,Oﬁﬁ{NK/F} ®OE’ OE'
The construction of the map ¢o, () follows, with some minor modifications,
0

A . : loc loc
restricts to a closed immersion Mgoﬁy{#} — Mg,c

from the same argument as [KP18, Proposition 2.3.7]; as in the construction of the
group scheme H in [Lev16], the key point is to realize the tame descent over O [u]
as opposed to O [u®] in [KP18]. We briefly sketch their argument, pointing out
what modifications are needed in our situation.

Let K /Iu( be a splitting field for H; which we may assume is finite, tamely

ramified and Galois. We let & := [K : K] and fix a uniformizer & of K. The action

of Gal(K /K) extends to an action on Ox, [wi]/OKO [u*], where w® = u. Using the
argument in [KP18, Proposition 2.3.7, Step 1], we obtain a representation

¢0k0 [u¥] :ﬂoko[ui] - GLn(Of(O[ui])

which extends ¢ under the map u — w; this is constructed by descending along
the cover O, [wt]/ Ok, [ut]. (In loc. cit., they apply the argument to the cover
O [w*]/ O [u*] to obtain a representation over O [u*]). Here, the specialization
of GL, (O, [u*]) along u — w is identified with GL(V};) via a suitable choice of
basis for V.

The construction of V, then proceeds in the same way as [KP18, Proposition
2.3.7, Step 1]. We write T for the diagonal torus of GL,,; then the basis of Vj; is
chosen so that y € A(GL,, T, K ). Using the identification of apartments

(3.2.6.2) A(GL,, T, K) 2 A(GL, i, () Lico(uyy: Ko((w)))-

we obtain a lattice chain N, of Ko|[u]]-modules in Ko((u))" corresponding to the
image of y in A(@n,f(o((u))’zf(o((u))’RO«u)))' Then if we define V, := N, N
Ok, [ut]™, ¢Of<0 [u] extends to a map ¢0f<o ) : H — GL(V,) satisfying the required
conditions.

Step (2): MlQOZK/Fv{:U‘K/F} = MIQOZW,{NW} ®or Op.

Since GL(W) is a split F-group, the local model MIQOZW{MW} is naturally a

subscheme of FIQ?VF . Here, GL,;, is an O [v]-group scheme and FIQTVF is defined

by applying §3.1.3 with K = F. We first show there exists a map Flgéu) = Flg .=
w

here GL is the O, [u]-group scheme associated to the Og-group scheme GL and
the extension K/F as in §3.1.3.

Let Wy denote the underlying Ky-vector space of V. Denote by GLy, the
parahoric group scheme over O, corresponding to the image of y under the map
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of buildings
B(GL(VK),K) = B(RGSK/KOGL(VK), Ko) — B(GL(W()),K())

We first define a map Flgg‘g — F1g.%" . (This amounts to constructing the map
, GLy, -

above in the special case when F' = Kj).
Define the map

r: Ok, [v] = Ok, [u], v Qu) + wp,

which lifts the inclusion Ok, — Ok, via v = wp, and v — w. Let @K/KO
denote the group scheme given by Weil restriction of GL along r; then the base
change of GL,. . along O, [v] = Ok,, v = wr is identified with GLg/k, :=
Resoy /oy, GL. We begin by constructing a map

0 GL ke, = GLw,

extending the map of Of,-schemes GLk k, — GLw, under the specialization
v — wp, such that the base change to k[[v]]

k(o)) 9Lk ko k1)) — G k(]

is a closed immersion.

To construct 7, let W, denote the lattice chain of Og,[u]-modules associated to
GL via the construction in §3.2.1; then G£ may be identified with the automorphism
group of W,. We may view W,, via r, as a lattice chain of O, [v]-modules W .
Then we may identify %WO with the automorphism group of W, ,. Since any
Ok, [u]-automorphism of W, gives an Ok, [v]-automorphism of W, ,, we obtain a
natural map of O, [v]-group schemes i : GL, . — GLy, - as desired. The base
change i) : @K/Ko,k[[v]] — %Wo,k[[v]] is induced by restriction of structure
from k[[u]]-lattices to k[[v]]-lattices under the map v — u®, where e = [K : K.
Therefore it is a closed immersion by Lemma 3.2.4.

By [HR20, Corollary 3.6], the Weil restriction of torsors along r induces an
isomorphism

FIZW) & FIL.=r .
geo = Flgo o
Combining this isomorphism with the map given by extending torsors along i, we
obtain the required map
to : FIGL) = Flge™" o= Flgc™".

Now applying Resp Ko /Or WE obtain a map

L: FL&U) — Reso,, /OFFIQ?V:.
A standard argument (cf. [PRO8, Theorem 1.4]) shows that ¢ ®¢,. k is a locally
closed immersion. Since the domain of this map is ind-projective it follows that
L Qo k is a closed immersion.
We compose ¢ with the map

/. ) v—w v—w
Lo RGS(QKO /OFFlﬂwj — Fl%WF
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induced by the embedding Resg,,rGL(Wy) — GL(W). As in [PZ13, Proof of

Proposition 8.1], ' ®o,. k is a closed immersion, since Resg,,»GL(Wp) is an un-

ramified group and the embedding Resg,, pGL(Wy) — GL(W) is minuscule. It

follows that the composite map ¢’ o is a closed immersion on special fibers.
Restricting to the local models we obtain a map

(3.2.6.3) M2 ptiresot — MGl () ©0r O
which is a closed immersion on special fibers. An argument involving Nakayama’s
Lemma as in [PZ13, Proposition 8.1] shows that (3.2.6.3) itself is a closed immersion.
It remains to check the statement regarding the generic fiber. This follows from
the definition of local models in §3.1.4, and the fact that the map r takes v — wp
to Q(u).
O
3.2.7. More generally if G = [[;_; Resg,/pH; as in (¥) and p : G — GL(V) is
a faithful representation such that p o u is a conjugate to a standard minuscule
coweight and G contains the scalars, we let W; denote the underlying F-vector space

of V ®0, K;. Then as before we obtain a new faithful minuscule representation
given by the composition

o G =[] Resk, pHi — [ [ GL(W;) — GL(W).
i=1 i=1

where the first map is induced from a product of maps pj : Resg,,p H; — GL(W;)
and W :=[],_, W;. We let GL, denote the parahoric for GL(W;) as constructed
in §3.2.3; this determines a parahoric GLy of GL(W) given by the stabilizer of
the lattice chain in W formed by all possible products of the lattice chains in W;
corresponding to GLy,. We let uyy, denote the i*"-component of the [],_, GL(W;)-
conjugacy class of cocharacters induced by {u}. By [KP18, Proposition 2.3.7], there
is a closed immersion

(3'2'7'1) H Mlé)zwi7{liwi} = MIQOZW7{/)/OM}
i=1
Applying Proposition 3.2.6 to each factor and composing with (3.2.7.1), we obtain
the following.
Proposition 3.2.8. There is a closed immersion
(3.2.8.1) P MGGy = M2 (propy ®0r Op.

extending the natural map on generic fibers.

3.3. Local models and the admissible set.

3.3.1. We keep the notation of the previous subsection. We now give a more explicit
description of the closed immersion
P o, b MES,y ©op k= MGE 1,4 Qo k

constructed in Proposition 3.2.8 on the level of k-points. This description will be
needed in §4.3 in order to relate the relative position of Frobenius to the Kottwitz—
Rapoport stratification on local models.
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We first consider the case G = Resy,pH with K,H as above. Let Qkp[[u]] denote
the kp[[u]]-group scheme defined in §3.1.9 and Gy () its base change to k[[u]]. We
may identify Mlgo,c{u} (k) with the union

3311) Mg,k = U Swlk) C Gy, R(W))/Gy, 1y (KIu])).
weAdm({u}),s

For notational convenience we write GLy for the group scheme GL(W). We
also write GL,,, for the Op[v] group scheme associated to GLy in [PZ13], and we
let GLy;, denote its base change to Op[vT]. Then similarly to (3.3.1.1), we may
identify

MGZ (uwy (K) © GLyy (k((v)))/GLy, (K[[0]])

with a union of Schubert varieties for Admgar,, ({pw})s. Here J' is a subset of
the set of simple reflections for the Iwahori Weyl group of GLy corresponding to
the parahoric GLy . On the other hand, the discussion in [Zho20, §3.4] shows that
there is an embedding

ME% {3 (K) € CLw (F)/GLw (O ).

Note that the convention in loc. cit. is that g € GLy (F)/GLw (O}) corresponds to

the filtration induced {gwA,; }icz, where {A; }icz are the constituent lattices of the

lattice chain corresponding to GLy, . Thus we may consider Mlgoc{u}(k:) as a subset

of GLW(F)/QEW(OF).
Now the embedding p’ : G — GLy may be extended to a morphism p’' : G —
GLw; hence we obtain a map

(3.3.1.2) H(K)/H(O) = G(F)/G(0O) — GLw (F)/GLw (O ).

If G is a connected parahoric, i.e. G = G, this map is an injection. The following
proposition is the analogue of [Zho20, Proposition 3.4] in our setting.

Proposition 3.3.2. Assume G is a connected parahoric. Let g € G(F) with
9€G(0p)wG(0p)

for some w € W;\W/W ;. Then the image of p'(g) in GLW(F)/QEW((’)F) lies in

Mlé’f{ﬂ}(k:) if and only if w € Adm({u})s.

Proof. By the construction of the map
pllOc : Mlgof{u} ®OE k — MIQOEW,{HW} ®OF k'

in Proposition 3.2.6, the map on the special fiber of local models is given by the
composition
loc loc
loc P1 loc P2 loc
MQ{M} ®op k Mgﬁx/pa{MK/F} Q0 k Mg£w7{ﬂw} ®op k-
We let W, denote the Og,[u]-lattice chain constructed in the proof of Propo-
sition 3.2.6 Step (2), and we write W, i) for the lattice chain given by base

change to k[[u]]. We let GLy denote the stabilizer of the k[[u]]-lattice chain
[yko -k We kgug)> and GLy((,,y) its generic fiber. Then we may identify Mlgf’f{u} ®0,

k (resp. ME’ZK/R{MK/F} ®o,,, k) with a closed subscheme of
FLg,

({ul] (resp. ]:L%k[m] )
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lo¢ is induced by extending torsors along a morphism

Gy — 9L
Recall e := [K : Ko and we let k[[v]] — k[[u]] denote the map sending v to u®.
We write QEWk[ o)) for the base change to k[[v]] of the Ok,[v]-group GL,,,. Then
%Wk[[ j is identified with the stabilizer of [yko—k We iy as k[[v]]-modules;

here we take all possible products of lattices in the lattice chain. There is a natural
map of k[[v]]-group schemes

and the map p7

(33.21) Resyifu/klenLaga = GLw o
induced by the forgetful functor from k[[u]]-modules to k[[v]]-modules. Then we
may identify MQLW {uw} ®Or k with a closed subscheme of fﬁggw o and the

/loc

map pk° is given by extending torsors along (3.3.2.1). The map p
then given by the injection

(38:3.2.2)  Giqquy (1)) /G gy (Kl[ul)) > GLyp gy (B((0))/GL oy gy (L.

We have a commutative diagram of maps of apartments
(3.3.2.3)

A(G, 8", F)——— A(Resg/pGL(Vk), T', F)———— A(GLw, T}, F)

on k-points is

(3.1.9.2) 1]l Il 1%

A(Gr((uy)» S’ k((u )))C—>-A(GLk((u))v Loy ((u)))c—>A(Gka((u)),Zk((v)yk((v)))

Here the tori T and Ty, are defined as follows. Let A denote the Oy [u]-
module corresponding to the base change to O % of the common generic fiber of
W,. The torus T C @k((u)) is the maximal split torus determined by a suitable
choice of basis b of A; cf. [KP18, Proof of Proposition 2.3.7]. Then T" (resp. T ((u)))

is the base change of T” to K (resp. k((u))). The existence of the left square follows
from the construction of the basis b; cf. [Zho20, §3.3].
The tori Ty, and T,y are determined by T", T} () and the choice of uni-

formizers @, u of K and k((u)) respectively. The commutativity of the right square
then follows from the explicit description of the apartments in terms of lattice
chains. We may also identify Iwahori Weyl groups for the groups in the top row
with the respective Iwahori Weyl group in the bottom row, and the vertical isomor-
phisms are compatible with the action of the Iwahori Weyl groups. Moreover the
horizontal maps induce morphisms of Iwahori Weyl groups and they are equivariant
for the actions of these groups on the apartment.

We now argue as in [Zho20, Proposition 3.4]. Since G(Oz) maps to GLw (Op),
we may assume g = g1w. There is a G ®p, Og-action on Mloc{u} Over the special
fiber this action coincides with the one given by left multiplication by G(O}) on

Mg (k) © MGE gy © GLw (F)/GLw (Op);

note that the action of G(O) necessarily factors through G(k) since p’ o p is mi-

nuscule. Thus upon modifying g by g1 on the left, we may assume that g = w.
Using the commutativity of the diagram (3.3.2.3) and the fact that this diagram

is equivariant for the action of Iwahori Weyl groups, it follows that the image of

g in MIQOZW{MW}(k‘) C @W,k((v))(k((v)))/%k[[v]](k[[vﬂ) is given by the image of
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W € Gy (uy) (k((w))), where 1 is a lift of the element w € Wg corresponding to

Gro((uy)
w under the isomorphism (3.1.9.1). It follows from Theorem 3.1.12 that g gives a

point in Mlgo‘f{u}(k) if and only if w € Adm({u}),. O

3.3.3. We now let G = [[;_; Resg,/rH; as in (¥), and p : G — GL(V) a faithful
representation as in §3.2.7. As before we write W for the F-vector space underlying
[1—, Vk, and p'°c Mlgo’c{#} — MIQOEW,{p/op,} ®op Op the closed immersion of local
models constructed in Proposition 3.2.8. This factors as

loc loc loc
Mg’{#} - HMgﬁwi,{uwi} e Op <= Mgﬂw,{p’op} ®or Og.
i=1
As before, we may identify Mlé)zw7{p’ou} (k) with a subset of GLW(F)/Qﬁ(Oﬁ). Us-

ing the fact that the embedding G(F) < GLyy (F) factors through [l;-, GLw, (F)
and applying Proposition 3.3.2 we obtain the following.

Proposition 3.3.4. Let G = [[;_, Resg,/pH; and assume G is a connected para-
horic. Let g € G(F') with

9 € 9(0p)wG(0p)
for some w € W \W/W;. Then the image of p'(g) in GLW(F’)/QEW(OF) lies
in MY% (k) if and only if w € Adm({u});, where J C S is the set of simple

G {un} ‘
reflections corresponding to G.

O
3.4. More general local models.

3.4.1. In this subsection we extend the construction of local models to certain triples
(G,G,{u}) with the condition (*) relaxed. This is necessary for the later applica-
tions to Shimura varieties because groups of the form Resg/pH rarely arise as the
group at p of a Shimura datum of Hodge type.

Let G be a reductive group over F and {u} a conjugacy class of minuscule
cocharacters for G. Let p : G — GSp(V) be a faithful symplectic representation,
where V is a 2n-dimensional vector space over F' equipped with a perfect alternating
bilinear form W. We assume that p o p is conjugate to the standard minuscule
coweight a — diag(1(™, (a=1)(™)) and that G contains the scalars. We call such an
embedding a local Hodge embedding.

Definition 3.4.2. The pair (G,{u}) is said to be regular if the following three
conditions are satisfied.
(1) G is a subgroup of a reductive group G’ = []'_, Resg, pH; as in (*) such
that the inclusion G C G’ induces an isomorphism Gger = G/,
(2) There exists a local Hodge embedding p : G — GSp(V') such that p extends
to a closed immersion p : G' — GL(V).
(3) The centralizer T' of a maximal F-split torus of G is R-smooth.
We say a local model triple (G, {u},G) is regular if the associated pair (G, {u}) is
regular.

Remark 3.4.3. (1) For later applications, all Shimura varieties that we work
with can be related to one whose associated local model triple is regular.
Therefore, this assumption will not appear in our final result.



INDEPENDENCE OF ¢ FOR FROBENIUS CONJUGACY CLASSES 29

(2) By Proposition 2.4.9, condition (3) implies the inclusion G C G’ induces
a closed immersion G — G’, where G’ is the Bruhat-Tits stabilizer scheme
for G’ corresponding to G.

3.4.4. Let (G,{u},G) be aregular triple and G’ = [];_, Resg, ,pH; as in Definition
3.4.2. Since G and G’ have the same derived group, the parahoric G determines
a parahoric group scheme G’ of G’. We define a local model for G by setting
Mlé’,c{u} = Mlé’,c {w}> Where {i'} is the G’-conjugacy class of cocharacters induced
by {u}. If we let P, C G denote the parabolic subgroup corresponding to some
representative p of {u}, and P/u C @' the corresponding parabolic of G’, then there
is a canonical identification

X“ = G/PM,EG//P,;/

so such a definition is justified. It is possible to prove that the definition of Mlg‘jf{u}
does not depend on the choice of G’, but we will not need this, and will always
consider the definition via a choice of auxiliary group G'.

We choose a o-invariant alcove a C B(G, F) as in §3.1.10; this determines a set of
simple reflections S for the Iwahori Weyl group W and we let J C S be the subset
corresponding to the parahoric G. There is a natural G(F‘ )-equivariant map of
buildings B(G, F) — B(G’, F') and the alcove a determines an alcove a’ C B(G', F).
We let W', S’ denote the corresponding objects for G’.

By construction, there is a canonical identification S = S’ and we let J' C §
denote the subset corresponding to J. Then J’ corresponds to the parahoric G’
of G. The stratification of the special fiber of the local model has a stratification
naturally indexed by the p/-admissible Adm({u’}) s set of G’. However the natural
map G — G’ induces a map W — W’ between Iwahori Weyl groups and by [HR,
Lemma 3.6], this induces a bijection

Adme({p})s = Adme ({1'}) 5.
We may thus consider the strata as being indexed by Adm({x}),.

3.4.5. Let p: G — GSp(V) be a local Hodge embedding as in Definition 3.4.2 (2)
and p : G’ — GL(V) its extension to G'. Let p' : G’ — GL(W) be the embedding
obtained from p via the construction in §3.2.7; we write 2n’ := dimp W. Recall,
that W = [[._, Wi, with W; = V ®@p K;, viewed as an F-vector space. We may
equip W; with the alternating bilinear form given by

UYRprK,

U, Wy x Wy 2228 o U

where tr : K — F is the trace map. We then define an alternating bilinear form ¥’

on W by setting U’ := >~ W,. It is easy to check that the induced map G — GL(W)

factors through GSp(W) and we write pf for the induced map G — GSp(W).
There is a canonical equivariant toral embedding of buildings

B(GSp(W), F) — B(GL(W), F);

see eg. [KP18, §2.3.2]. Arguing as in [KP18, Lemma 2.3.3], we may choose the
embedding (3.2.3.2) such that the composition B(G, F) — B(GL(W), F) factors
through B(GSp(W), F). We write GSP (resp. GLy ) for the parahoric group
scheme of GSp(W) (resp. GL(W)) corresponding to the image of .
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The local model Mlggp (ptopy grees with the one studied by Gortz in [Gor03];

its generic fiber is the Lagrangian Grassmannian LGr(W), which parameterizes
n/-dimensional isotropic subspaces of W. The natural map

X, — Gr(n',2n") ®@p E

factors through LGr(W) @ E. The following corollary follows immediately from
Proposition 3.2.6, using the existence of the closed immersion

loc loc .
MgSP,{pHOM} - Mgﬁw,{p’ou’}’

of. [KP18, §2.3.4].

3.4.6. Arguing as in [KP18, §2.3.15], one can further modify p so that Mlgoc{u}

maps into a smooth Grassmannian.

Corollary 3.4.7. Let (G,G,{u}) be a regular triple. Then there exists a good local
Hodge embedding G — GSp(W"). O

Definition 3.4.8. Let (G,{u},G) be a regular triple and we let G C G’ as in
Definition 3.4.2 (1). Let W be an F-vector space and A C W an Op-lattice. We
say that a faithful representation ¢ : G — GL(W) is good with respect to A if the
following two conditions are satisfied.

(1) o extends to a closed immersion G’ < GLy := GL(A).
(2) There is a closed immersion of local models

MES ;= Gr(A) ®o, Op

which extends the natural map on the generic fiber, where Gr(A) is the
Grassmannian of subspaces F C A of rank d. Here d is such that g o p is
conjugate to the standard minuscule coweight a — (1*=% (g=1)(@D),

A representation ¢ : G — GL(W) is said to be good if there exists an Op-lattice

A C W with respect to which g is good, and we say that a local Hodge embedding
p: G — GSp(W) is good if the induced representation G — GL(W) is good.

Corollary 3.4.9. Let (G,G,{u}) be a regular triple and p : G — GSp(W) a
Hodge embedding as constructed in §3.4.5. Then we may find a new Hodge embed-
ding p" : G — GSp(W') such that p" is good. O

3.4.10. Let (G,{u},G) be a regular local model triple and p” : G — GSp(W') a
good Hodge embedding. We let A C W’ be a lattice with respect to which p” is
good. As explained in [Zho20, §3.6], we may identify the k-points of Gr(A) with a
subset of GLy (F)/QL’W/(OF), where GLy := GL(A). The following Corollary
can be deduced easily from Proposition 3.3.2.

Corollary 3.4.11. Assume the parahoric G is connected. Let g € G(F) with
9 € G(0p)wG(Op)

for some w € W;\W/W;. Then the image of p’'(g) in GLy~ (F)/QEW/((’)F) lies

in Mlgo,c{u}(k) if and only if w € Adm({pu})s. O
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4. DEFORMATION THEORY OF p-DIVISIBLE GROUPS

In this section we prove the deformation theoretic results needed to study integral
models of Shimura varieties in §5. §4.1-§4.2 contains the results needed to establish
the local model diagram in §5.1. In §4.3 we study the deformation theory of p-
ordinary p-divisible groups and construct an analogue of the Serre-Tate canonical
lifting.

4.1. The versal deformation space with tensors.

4.1.1. We recall the deformation theory of p-divisible groups equipped with a col-
lection of crystalline tensors following [KP18, §3]. As most of the arguments of
loc. cit. go through unchanged in our setting, we discuss in detail only those points
which do not.

In this section, we assume p > 2 and we work over the base field QQ, so that
(@p = W(k)[%], where W (k) denotes the Witt vectors of k. For any ring R and an
R-module M, we let M® denote the direct sum of all R-modules obtained from
M by taking duals, tensor products, symmetric and exterior products. If R is a
complete local ring with residue field of positive characteristic and ¢ is a p-divisible
group over R, we write D(¥) for its (contravariant) Dieudonné crystal.

4.1.2. Let ¢ be a p-divisible group over k£ and set D := ]D)(?%)(Zp). We write ¢ for
the Frobenius on D. Let (s4,0) C D® be a collection of ¢-invariant tensors whose
image in D(%)(k)® lie in Fil”. We assume that there exists a Z,-module U and an
isomorphism

(4.1.2.1) U®z, L,=D

such that s, 0 € U®. Write G C GL(U) for the pointwise stabilizer of {Sa,0}a SO
that Gy = can be identified with the stabilizer of sq 0 in GL(D).

We assume that the generic fiber G := g ®z, Qp is a reductive group. and that
5 = QNI for some z € B(G,Q,) which is generic in its facet. We write G for the
parahoric group scheme corresponding to x.

Let P C GL(D) be a parabolic subgroup lifting the parabolic Py corresponding to
the filtration on (%) (k). Write M'°¢ = GL(ID)/P and SpfA = M the completion
of M!°¢ at the identity; then A is isomorphic to a power series ring over Zp. Let
K’/@p be a finite extensions and y : A — K’ a continuous map such that s, €
Fil’D ®z, K’ for the filtration induced by y on D&, K’. By [Kis10, Lemma 1.4.5],
the filtration corresponding to y is induced by a G-valued cocharacter p,. Let G.y
be the orbit of y in M'°° ®z, K’ which is defined over a finite extension E / Qp, and

we write Mlgoc for the closure of this orbit in Mec.

4.1.3. Let R be a complete local ring with maximal ideal m and residue field k. We
let W(R) denote the Witt vectors of R. Recall [Zin01] we have a subring

W(R) = W(k) & W(m) C W(R),

where W(m) C W(R) consists of Witt vectors (w;);>1 with w; € m and w; — 0 in
the m-adic topology. The Frobenius of W(R) induces a map ¢ : W(R) — W(R),
and we write I for the kernel of the projection W(R) — R. We recall the following
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definition, which is [Zho20, Definition 4.6] in the case that G splits over a tamely
ramified extension of Q,.

Definition 4.1.4. Let K/Qp be a finite extension. Let ¢4 be a p-divisible group
over Og whose special fiber is isomorphic to 4. We say ¢ is (G, p1,)-adapted if the

tensors sq,0 extend to Frobenius invariant tensors s, € D(¥ )(W(Ok))® such that
the following two conditions hold:

1) There is an isomorphism D(¥4)(W (Ok)) £ DR, W (Ok) taking s, to Sq.0.
(1) b Z, g )
(2) Under the canonical identification
D(¥)(Ok) ®o, K = D®ZP K
given by [KP18, Lemma 3.1.17], the filtration on D ®y, K is induced by a

G-valued cocharacter conjugate to p,.

4.1.5. Consider the local model triple (G, {yu,'},G). We assume in addition that
the following conditions are satisfied:

(4.1.5.1) The pair (G, {u;l}) is regular and p 1 |71 (Gder)|-
(4.1.5.2) The embedding G C GL(Ug,) is good with respect to U.
(4.1.5.3) G C GL(Ug, ) contains the scalars.

Under these assumptions, Corollary 3.4.9 implies that the definition of MlgOC
above agrees with the local model Mlgoc{u_l} Qo O, cf. [Zho20, Example 3.3]
regarding the sign convention for cocharacters defining local models. We write
1\715’C = Spng for the completion of ML?C at the identity element. By Theorem 3.1.6,
Ag is normal and we have a natural surjective map A ®y, Op — Ag corresponding

to the closed immersion I\A/Il_cfc C Mlee ®s5 Op.
D

4.1.6. We now apply the construction in [KP18, 3.2]; the following is essentially
[KP18, Proposition 3.2.17].

Proposition 4.1.7. There exists a versal p-divisible group Y4 over SpfA ®y, Op
deforming 9y such that for any K/(@p finite, a map w : A ®y, Op — K factors
through Ag if and only if the p-divisible group 9= given by the base change of ¥4
along w is (G, ty)-adapted.

Proof. Under our assumptions and using [Ans, Proposition 10.3] in place of [KP18,
Proposition 1.4.3], we find that the conditions (3.2.2)-(3.2.4) of [KP18] are satisfied;

we may thus apply the construction in [KP18, §3.2] to obtain ¥4.
By construction, the base change %Ag = Y4 Qag, 0, Ag is equipped with
P

Frobenius invariant tensors sq,0,45 € ID)(%AQ.)(W(AQ))@. It is then clear that for
w: Ag — K, the tensors s, ¢ extend to

S0 € D(%)(W(0k))®
so that Definition 4.1.4 (1) is satisfied. Indeed the tensors s, are obtained from
Sa,0,Ag via base change. The argument in [Zho20, Proposition 4.7] shows that

condition (2) is also satisfied, so that ¥, is (G, ty)-adapted.
The converse is [KP18, Proposition 3.2.17] O
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4.2. Deformations with étale tensors.

4.2.1. Let K /@p be a finite extension and ¢ a p-divisible group over Ok with
special fiber %,. We write 1,4 for the p-adic Tate-module of ¢ and T,¥" its
linear dual. We let sq ¢ € Tp¥ V® be a collection of tensors whose stabilizer 5 has
reductive generic G and G = G, for some x € B(G,Q,) which is generic in the facet
containing it. We write D := D(%O)(Zp) and we let

Sa,0 € Dcris(Tpgv ®Zp Qp)® = D® ®Zp QP

denote the ¢-invariant tensors corresponding to the image of s, ¢ under the p-adic
comparison isomorphism.

Proposition 4.2.2. (1) We have s, € D® C D® ®z, @p. Moreover the sq 0

extend canonically to tensors s, € ]D)(%)(W\(OK))@ and there exists an
isomorphism

(4.2.2.1) T,9" @ W (0k) = D(@)(W(Ox))

taking S0 10 Sq.
(2) There exists a G-valued cocharacter p, such that
(i) Under the canonical isomorphism

v D ®Zp K= D(g)(OK) RO K,

the filtration is induced by a G-valued cocharacter conjugate to fu,.
(i) The filtration on D®; K induced by ju lifts the filtration on D(%O)@)ZP
k.
Here we consider G@p cDh ®z, @p via the base change of (4.2.2.1) to Qp.

Proof. The argument is the same as [KP18, Proposition 3.3.8, Corollary 3.3.10],
where again we are using [Ans, Proposition 10.3] in place of [KP18, Proposition
1.4.3]. O

4.2.3. The isomorphism (4.2.2.1) induces an isomorphism

T,9" ®z, L, =D
taking Sq 6t tO Sa,0 which we now fix. Taking 7,%" to be U, we place ourselves in
the setting of §4.1.2. Therefore we have a notion of (G, u1,)-adapted lifting where
ty is as in Proposition 4.2.2. Moreover it follows from the same proposition that
9 itself is a (G, py)-adapted lifting. The next proposition then follows immediately

from Proposition 4.2.2 and the definition of (G, y)-adapted liftings (cf. [KP18,
Proposition 3.3.13]).

Proposition 4.2.4. Let K’/@p be a finite extension and let 4’ be a deformation
of % to Ok such that

(1) The filtration on D ®z, K' corresponding to 9’ is induced by a G-valued
cocharacter conjugate to fi,.

(2) The tensors so0 € D® correspond to tensors s ¢ € Tp9'Y® under the p-adic
comparison isomorphism.

Then 94' is (é, Iy )-adapted lifting.
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4.3. Canonical liftings for p-ordinary p-divisible groups.

4.3.1. We now study the deformation theory of p-ordinary p-divisible groups. The
results in this subsection will be used in §5.3 to prove our main result on CM
(special) liftings for Shimura varieties.

We return to the setting of §4.1. Thus ¥ is a p-divisible group over k equipped
with 54,0 € D®. We fix a Zp-linear isomorphism
(4.3.1.1) U @z, Ly = D(%)
as in (4.1.2.1) so that s, € U®. In §4.3, we will assume in addition to (4.1.5.1)—
(4.1.5.3), that G is a connected parahoric so that G = G. Since the 54,0 are (-
invariant, the Frobenius is given by bo for an element b € G(@p), and modifying
(4.3.1.1) by an element h € G(Z,) modifies b by b+~ h~'bo(h). Therefore b is well-
defined up to o-conjugation by an element of G (ZP) and in particular we obtain a
well-defined class [b] € B(G).

We choose a maximal Qp—split torus S of G defined over QQ, such that = €
A(G, S, Qp) and we let T denote its centralizer. We fix a o-stable alcove a C
A(G, S, Qp) such that z lies in the closure of a; thus G corresponds to a subset
J C S of the set of simple reflections of W determined by a. We follow the notation
of §2 and let # € X.(T) denote the dominant (with respect to a choice of Borel
defined over @p) representative of the conjugacy class {1, }; we write p for its image
in X,(T);. We have a closed immersion of local models

loc
Mg,{#y_l} — GI‘(U) ®ZP OE,

where Gr(U) classifies submodules of U of rank dim,Fil’D ®y, k. By definition,
the filtration on D ®; k corresponds to an element of Gr(U)(k) which lies in

Mlg‘)c{#,l}(k). This filtration is by definition the kernel of ¢; thus its preimage in D
’ Y
is given by

{v € D|bo(v) € pD}.

This is just the Zp—lattice o (b7 1)pD. Tt follows from Corollary 3.4.11 that
o (07 € G(Z,)wG(Z,) for some element w € Adm({p;'})s, and hence that

b € G(Z,)o(1)G(Z,) for some u € Adm({p,})s. In particular we have [0~ (b)] €
B(G,{py}) by [Hel6, Theorem 1.1].

4.3.2. Now assume the existence of [b], € B(G,{1y}) as in Definition 2.2.4, and
that o—1(b) € [b],,. We will construct a (G, u,)-adapted (recall G = G) deformation
of % which will be the analogue of the Serre-Tate canonical lifting in this context.

By Proposition 2.3.3 applied to o~1(b), there exists an element h € Q(Zp) such
that h=1bo(h) = o(f,) for some y' € Wy - p with ¢,/ o-straight. Upon modifying
the isomorphism (4.3.1.1), we may assume b = o (f,,); we fix this choice of (4.3.1.1)
from now on. Let M be the semistandard Levi subgroup of G corresponding to
Vt, = Vo(t,)} then ¢,/ is central in Wy, by Lemma 2.1.7. Let w € Wy such that

w-p = p' and write Ni=w- t; then by Lemma 2.1.7, X is central in M. Let

9

M(Zp) = M(@p) N (](Zp);
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it is the Zp—points of a parahoric group scheme M of M defined over Z,. Since G
is a connected parahoric and 71 (M); — 71 (G); has torsion-free kernel, it follows
that M is a connected parahoric.

Lemma 4.3.3. Let K be the field of definition of X. The filtration induced by X on
D ®z, K specializes to Fil’D ®z, k.

Proof. Let G C G’ where G’ is as in Definition 3.4.2 and let G’ be the corresponding
parahoric. The cocharacter A determines a K-point s5_, of Grgs which lies in

Ml_gc{u_l} (cf. [Zho20, Example 3.3] for the sign convention) and whose image in
LMy

Ml = Gr(U) Rz, Zp corresponds to the filtration induced by by
The geometric special fiber of MlgOC o is a closed subscheme of FLg/ ) where
} Y —klluv

Q;C[[u” is a k[[u]]-group scheme associated to G’ as in §3.1. By [Lev16, Proposition

4.2.8], sx_, extends to an O ;-point of Mlgo‘jm_l} whose special fiber is the point i;/l.
1My

Here ;;,1 is the element of the Iwahori Weyl group for Q;c((u)) = Q;[M] Okl F(w))
corresponding to t;/l under the identification of Iwahori Weyl groups (3.1.9.1). By
construction of the embedding M°(k) < GLU(@p)/GLU(ZP) in §3.4 (cf. Proolf of
Proposition 3.3.2), the filtration on D ®3, k corresponding to the image of Ll:/ in

M!°¢(k) is given by the reduction mod p of i;/lpID) = o~ }(b71)pD. The proposition
follows.
O

4.3.4. We extend the tensors s,,0 € U® to tensors tg0 € U® whose stabilizer is M.
Viewed in D ~ U ®z, Z,, the tg o are g-invariant as b = o(f,,) € M(Q,). Since by
is an M-valued cocharacter, we may apply the construction in §4.1 to M and the
tensors tg . In particular we have a notion of (M, X)—adapted liftings of 4. It is

clear from the definition that any (M,X)-adapted lifting is also a (G, iy )-adapted
lifting.

4.3.5. Let J, denote the o-centralizer group for b. It is a reductive group over Q,
such that

Jy(R) = {g € G(Q, ®g, R)lg~"bo(g) = b}
for any Qp-algebra R. There is an action of J,(Q,) on % in the isogeny category.
Since vg-1po(g) = g 'vyg for any g € G((@p)7 it follows that for b = o(£,), we have

J(Qp) C M(Qp)-

Theorem 4.3.6. Let K/Qp be an extension over which X is defined and suppose

G = G. There exists a (G, uy)-adapted lifting 4 to Ok such that the action of
Jp(Qp) on % lifts to 4 in the isogeny category.

Proof. Suppose there exists an (M,X)—adapted lifting 4 of %; from the above
discussion, we have that ¢ is also a (G, iuy)-adapted lifting. By Definition 4.1.4
(2), the filtration on the weakly admissible filtered ¢-module associated to 7,9
is induced by an M-valued cocharacter conjugate to X, hence by X itself since it is
central in M. Since J3(Q,) € M(Q,), the action of J,(Q,) respects the filtration
and hence lifts to an action on ¢ in the isogeny category.
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It suffices to show the existence of an (M, A)-adapted lifting. This follows from
the same argument as [Zho20, Proposition 4.9]; we briefly recall the argument for
the convenience of the reader.

We set & := Z,[[u]] and we let o : & — & be the map given by the usual
Frobenius on Zp and u — uP. We define MM := D D17, S, so that o*(9M) =
D ®j, S, and we let F C o*(9M) denote the preimage of the filtration induced by

AonD ®z, Ok; here the map & — Og is induced by sending u to a uniformizer
w in Ok. By [KP18, Lemma 3.2.6], which holds by [Ans, Proposition 10.3], F
is a free G-module and t5 ¢ € F. Moreover the scheme of &-linear isomorphisms
Isom,,  (F,0™(M)) taking g0 to tgo is a trivial M-torsor. Then arguing as in
[Zho20, Proposition 4.9], we may construct a morphism ¢ : ¢*(9) — 9 which
gives 9 the structure of an element of BT¥ (cf. [Zho20, §4.1]). By [Kis10, Theorem
1.4.2], 9 corresponds to a p-divisible group ¢ over Ok, and ¢ is an (M, X)-adapted
lifting for 4. O

5. INTEGRAL MODELS OF SHIMURA VARIETIES AND CANONICAL LIFTINGS

In this section we construct integral models for Shimura varieties with parahoric
level structure and establish the main geometric properties needed for later appli-
cations. These include a version of the local model diagram, which is first proved
in some Hodge type cases in §5.1 and then under some mild assumptions in the
abelian type case in §5.2, and the existence of special liftings over the p-ordinary
locus which is proved in §5.3.

5.1. Integral models.

5.1.1. For the rest of this paper we fix an algebraic closure Q, and for each place
v of Q (including v = oo) an algebraic closure Q, together with an embedding
iy : Q — Q, (here Q. = C).

Let G be a reductive group over Q and X a Gg-conjugacy class of homomor-
phisms

h:S:= RGSC/RGm — Gg

such that (G, X) is a Shimura datum in the sense of [Del71].

Let ¢ be complex conjugation. Then S(C) = (C ®@g C)* =2 C* x ¢*(C*) and we
write uy, for the cocharacter given by

C* = C* x c*(C*) & G(C).

We set wy, := puj, s "

Let Ay denote the ring of finite adeles and A’} the subring of Ay with trivial
p-component. Let K, C G(Q,) and K? C G(Ay) be compact open subgroups and
write K := K,K?. Then

(5.1.1.1) Shi (G, X)¢ = G(Q)\X x G(As)/K

can be identified with the complex points of a smooth algebraic stack over C. The
theory of canonical models implies that Shix (G, X)c¢ has a model Shx (G, X) over
the reflex field E C C, which is defined to be the field of definition of the conjugacy
class {5 }. We may consider E as a subfield of Q via the embedding i, : Q — C
and we write Og for the ring of integers of E. If K? is sufficiently small (indeed if
KP? is neat), then Shi (G, X) is an algebraic variety.
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We also define
Shk, (G, X) := lim Shk k»(G,X)
+—Kpr

Shk (G, X) := hI{(l Shk (G, X);
<
these are pro-varieties equipped with actions of G(AI}) and G(Ay) respectively.

5.1.2. We now assume that there is an embedding of Shimura data
1: (G, X) = (GSp(V), S%).

Here GSp(V) is the group of symplectic similitudes of a Q-vector space V' equipped
with a perfect alternating bilinear form ¥, and S* is the Siegel double space.

Fix a prime p > 2 and let v be the prime of E above p induced by the embedding
ip : Q = Q,. We let O denote the ring of integers of E and Og,,, the localization
v, and we write F for the completion of E at v. We let kg denote the residue
field at v and we fix an algebraic closure k of kg. Set G := Gg,. We let §7 = éz
for some = € B(G,Q,) which is generic in the facet containing it and we write G
for the associated parahoric group scheme. For the rest of §5.1, we make following
assumption.

(5.1.2.1) (G,{pn}) is regular and p t |71 (Gaer)|-

Then arguing as in [KP18, 2.3.15] (cf. Corollary 3.4.9), upon replacing ¢ by
another Hodge embedding, we may assume that the local Hodge embedding i, :
G — GSp(Vg,) is a good embedding. In this case, we say that ¢ itself is a good
Hodge embedding.

5.1.3. We set I~(p = g(Zp) and K, := G(Z,,), and we let K := RPKI’ and K := K,K?.
Let ¢ : (G,X) — (GSp(V), S*) be a good embedding and let Vz, C Vg, be a Z,-
lattice with Vz, C VZ\; and such that G — GL(Vg,) is good with respect to Vz,.

Let Vz,, = Vz, NV. We write Gz, for the Zariski closure of G in GL(VZ(p));
then Gz, ®z,, Zy = G. Let K' = K,K'” where K/, is the stabilizer in GSp(Vg,)
of the lattice Vz, and K'? C GSp(A?) is a compact open subgroup. The choice of
Vz,,, gives rise to an interpretation of Shk/(GSp, S *) as a moduli stack of abelian
varieties up to prime to p isogeny and hence an integral model . (GSp, S*) over
Ly, see [KP18, §4] and [Zho20, §6].

Assume that K? is a neat compact open subgroup. By [Kis10, Lemma 2.1.2], we
can choose K’? such that ¢ induces a closed immersion:

Shz (G, X) < Shi/ (GSp, S¥) ®g E.

Let % (G, X)™ be the Zariski closure of Shi (G, X) inside .7k (GSp, §*) ®z,,
Og,,,, and (G, X) to be the normalization of Sz (G, X)~. We also define the
pro-scheme

y}zp (G, X) = <1—HI?P yf(pKP

(G, X).

The G(A%)-action on ShRP(G,X) extends to yf(p (G, X). Hence we may define
yRPKp(G,X ) for a general (not necessarily neat) compact open subgroup K? C
G(Ay) as the quotient stack yf(p (G, X)/KP. Alternatively, we may take a compact
open subgroup K7 € K? which is neat and normal in K, and define S%(G, X) as

the quotient of .7 v (G, X) under the action of the finite group K?/KY.
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5.1.4. In order to understand the local structure of .7% (G, X), we need to introduce
Hodge cycles. By [Kis10, Proposition 1.3.2], the subgroup Gz, is the stabilizer of
a collection of tensors s, € Vzé?p)‘ Let h : A = %(G, X) denote the pullback of
the universal abelian scheme on %/ (GSp, S*) and let Vg := R! han+Zp), Where
han is the map of complex analytic spaces associated to h. Since the tensors s,
are G-invariant, they give rise to sections so g € Vg’ . We also let V = R',.Q°
be the relative de Rham cohomology of A. Using the de Rham isomorphism, the
5q,B give rise to a collection of Hodge cycles s, dr € Vg’, where V¢ is the complex
analytic vector bundle associated to V. By [Kisl0, Corollary 2.2.2], these tensors
are defined over E.

Similarly for a finite prime ¢ # p, we let V; = Vy(A) = R'heQp and V, =
Vp(A) = R'hye+Z, where h, is the generic fibre of h. Using the étale-Betti
comparison isomorphism, we obtain tensors s, ¢ € Vf’ and sq,p € VI(?.

For T' an Og,,,-scheme (resp E-scheme, resp. C-scheme), * = £ or dR (resp. ét,
resp. B) and z € % (G, X)(T), we write A, for the pullback of A to = and sq « 2
for the pullback of s, . to .

For T an Og,,,-scheme, an element x € Y% (G, X)(T') corresponds to a triple
(Az, A, €,), where X is a weak polarization (cf. [Zho20, §6.3]) and €k, is a section

~

of the étale sheaf Isom, ,(V(Asz), VA?)/K’Z’; here
‘7(“41’) = @Az[n]
pin

is the adelic prime to p Tate module of A,. As in [Kis10, §3.4.2], e}, can be promoted
to a section
ex € (T, Isom, ,(V(Az), VAI;)/KP)

which takes 54,0, to sq for £ # p.

5.1.5. Recall that k is an algebraic closure of kg and Q, = W(k)[1/p]. Let T €
J%(G,X)(k) and = € Sz(G,X)(Ok) a point lifting T, where K/@p is a finite
extension.

Let % denote the p-divisible group associated to Az and % its special fiber;
we let D := D(%)(Z,). Then T,%. is identified with H}, (Az 75 Zp) and we obtain
Gal(K /K)-invariant tensors s, 7 € 7,%.® whose stabilizer can be identified with
G. Let 504,05 € ]D)[%]® denote the tensors corresponding to s,z via the p-adic
comparison isomorphism. By [KPS, Proposition 1.3.7], s,,07 are independent of
the choice of lifting ¥ € S« (G, X)(Ok). We may therefore denote them by sq,0.z-

By Proposition 4.2.2, we have s,,07 € D® and there is a Zp—linear bijection

(5.1.5.1) VZ\; ®z, Lp = 1,9 ®z, Ly =D ®z, Ly,
taking s, t0 54,0,z. The filtration on D ®z, K corresponding to %; is induced by

a G-valued cocharacter conjugate to u;l. By a result of Blasius and Wintenberger
[Bladl], sq.arz € 2*(V)® = D(¥%)(Ok)® corresponds to s, 7 via the p-adic
comparison isomorphism. Hence s, qr,z may be identified with the image of the
elements 5, € D(%)(W(Ok))® of Proposition 4.2.2 inside (%) (O )®. The same
Proposition implies that there is an Og-linear bijection

D(%)(Ok) =D ®Zp Ok
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taking sq dRr,z tO Sa,0z and which lifts the identity over k. Thus there is a G-
valued cocharacter p, which is G-conjugate to ,u,:l and which induces a filtration
on D ®z, O lifting the filtration on D ®z, k. We may therefore define the notion

of (G, y)-adapted liftings as in §4 and it follows from Proposition 4.2.2 that & is

a (G, fy)-adapted lifting.

5.1.6. Note that G C GL(Vq,) contains the scalars since it contains the image
of wy. It follows that under our assumptions, conditions (4.1.5.1)—(4.1.5.3) are
satisfied. We let P C GL(D) be a parabolic lifting Py as in §4.1. We obtain
formal local models M°¢ = SpfA and 1\7[15C = SpfAz & I\A/Ilgf{uh}, and the filtration
corresponding to y, is given by a point y : Az — Ok.

Proposition 5.1.7. Assume KP is neat. Let (:J\f be the completion of Sz (G, X)~
at the image of T.
(1) I{J\E can be identified with a closed subspace of SpfA ®; Op containing
SpfAs. ’
(2) A deformation ¥ of 4 corresponds to a point on the irreducible component
of U containing T if and only if G is (5, Ly )-adapted.
(3) Let T € % (G, X)(k) whose image in S%(G,X)~ (k) coincides with that
of T. Then Sq,07 = Sa,0z € D® if and only if T =7T'.

Proof. Since the conditions (4.1.5.1)—(4.1.5.3) are satisfied, we may apply the con-
struction of Proposition 4.1.7; this allows us to view SpfA as a versal deformation
space for % and hence we obtain a map © : Uz — SpfA ®z, Op such that the

universal p-divisible group over SpfA ®z, O pulls back to the one over Us arising

from the universal abelian scheme over [7; The map © is a closed immersion by
the Serre-Tate theorem. R

Let Z C Uz denote the irreducible component of Uz containing . Let K’ be
a finite extension of F and let @ € Z(K’). Then the tensors Sa,p, correspond
t0 84,0,z under the p-adic comparison isomorphism. Moreover the filtration on
D ®z, K’ corresponding to % is induced by a G-valued cocharacter conjugate to

ugl, and hence conjugate to . By Proposition 4.2.4, % is a (QN, ty)-adapted
deformation of % and hence Z’ corresponds to a point of SpfAg. Since this is true
for any 2, it follows that ©|z factors through SpfAz. Since Z and SpfAz have the
same dimension, it follows that Z = SpfAz. We thus obtain (1) and (2).

One direction of (3) is clear. For the other direction, let ¥’ € (G, X)(Ok/)
be a lift of Z’. Then by Proposition 4.2.2, s, 0z arises from the specialization of
tensors s, € D(%;/)(W\(OK)). By Assumption, we have s4,07 = Sa,0z- 1t follows
that ¢ corresponds to a (C;, fy)-adapted lifting and hence to a point of SpfAs.
By what we have seen, T’ corresponds to a point in the same irreducible component
Z C (75 containing Z and hence T = 7'.

O

5.1.8. The above description of the local structure of % (G, X) may be globalized

as follows.

Theorem 5.1.9. (1) yﬁp (G, X) is an Og,, -flat, G(A})-equivariant exten-
sion of Shf{p(G, X).
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(2) Assume KP is neat. Let Uz be the completion of S%(G, X) at some k-point
T. Then there exists a point Z € Mg’f{#h}(k) such that Uz isomorphic to the
completion of Mlgof{ﬂh} at Z.

(3) (G, X) fits in a local model diagram:

%G, X))oy

/ \
%G, X))o, Mlé’y‘f{uh}

where 7 is a G-torsor and q 1s smooth of relative dimension dimG.

Proof. (1) is clear and (2) follows from Proposition 5.1.7.

For (3), we first assume KP? is neat. Recall we have the vector bundle V over
Z%(G, X) corresponding to the de Rham cohomology of the universal abelian va-
riety over #%(G, X). Its generic fiber Vg is equipped with tensors sq 4r € Vg
and these extend to V by the same argument as [KP18, Proposition 4.2.6]. More-
over the argument of loc. cit. also shows that the scheme classifying isomorphisms
f: V(XE(H) =V which take s, to Sq.dr is & G-torsor I%(G, X).

Let (z, f) be an S-point of Z?(G, X)og. The map q is defined by sending (z, f)
to the inverse image f~1(F) C VC\)/E(U) ®0g,, Os of the Hodge filtration 7 C V.
This gives us a map YZJZ(G, X)oy — Gr(Vy) )@z, O which factors through Mlg"yc{#h}
by the argument of [KP18, Theorem 4.2.7], which also shows that ¢ is smooth.

Now for a general (not necessarily neat) K?, we let K C K? be a neat compact
open subgroup which is normal in KP. The action of KP/KY on yf(pKf(GvX )

naturally extends to 5’?@1{{’(@" X), and the map

o loc
qr - yIN(pKIf (G7X)OE - Mga{ﬂh}

is compatible with this action. We thus obtain a diagram of stacks
(5.1.9.1)
o P

’yf{pKf (G’ X)OE B— ‘;ZI:{(GU X)OE

p
I,k (G X)o, — (G, X)o, Ml

as desired. O

5.1.10. We now use the above to study integral models for parahoric level structure.
Let Gg. denote the simply connected cover of Gger and we set C := ker(Gge —
Ger). For ¢ € HY(Q,C) and ¢ a finite prime, we write ¢, for the image of ¢ in
H'(Q, C). We introduce the following assumption.

(5.1.10.1) If c € H'(Q, C) satisfies ¢, = 0 for all £ # p, then ¢, = 0.

There is a natural finite map of Shimura varieties Shi (G, X)) — Shiz (G, X) and
we define the integral model for parahoric level #« (G, X) to be the normalization
of (G, X) inside Shk (G, X). We similarly write Sk, (G, X) for the inverse limit
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over the prime to p levels. The discussion in [KP18, §4.3] extends verbatim to the
current situation and we obtain the following proposition; cf. [KP18, Proposition
4.3.7, Corollary 4.3.9]

Proposition 5.1.11. Assume (5.1.10.1) is satisfied.

(1) The covering Sk (G,X) — SR(G,X) is étale, and for KP sufficiently
small, this covering splits over an unramified extension.

(2) The geometrically connected components of S« (G, X) are defined over the
mazximal extension EP of E unramified at all primes above p.

O

5.2. Integral models for Shimura varieties of abelian type. We now use
the previous results to construct integral models for Shimura varieties of abelian
type under the assumption of acceptability (cf. Definition 5.2.6). In particular,
this will allow us to construct integral models for general Hodge type Shimura
varieties without the assumptions in §5.1. This last case is all that is needed for
our main application on ¢-independence. However, since the general abelian type
case is no more difficult, we also include this case for completeness. As many of the
arguments are exactly the same as in [KP18, §4], in what follows we will refer to
relevant statements in [KP18] if the argument in loc. cit. carries over directly and
only give details for those points which do not.

5.2.1. We keep the notation of §5.1, so that (G, X) is a Shimura datum of Hodge
type and we set G = Gg,. Assume that (G, X) satisfies the following conditions.

e The pair (G, {ur}) is regular and p 1 |71 (Gder)|-
o G satisfies (5.1.10.1).
e The center Z of G := Gq, is an R-smooth torus.

As before, we let G = G, be a parahoric group scheme corresponding to a point
x € B(G,Q,) which is generic in the facet containing it.

Let (Gg,X2) be a Shimura datum which is equipped with a central isogeny
a : Gger = Go der inducing an isomorphism (Gad, Xad) = (G2,ad, X2,24). The
parahoric G determines a parahoric Gs of G2 := G2®gQ,, and we set Ko, := G2(Zy,).
We write Eg for the reflex field of (Gg, X2) and we let E := E.E5. Our choice of
embedding i, induces a place v’ (resp. vs) of E’ (resp. Ez) and we set E' := E/,
and Fs := Ej ,, to be the completions.

Fix a connected component X C X. By real approximation, upon modifying
the isomorphism Gaq = G a4 by an element of G,q(Q), we may assume that the
image of Xs C X3 ,q contains the image of X . We write X;r for Xt viewed as a
subset of X5. We denote by Shgk, (G, X)" C Shk, (G, X) and Shg, ,(Gz, X2)T C
Shg, , (G2, X3) the geometrically connected components corresponding to X+ and
X2+ . These are defined over extensions of E and E’ respectively, which are unram-
ified at primes above p. The identification X;% ~ Xt induces a finite map

(5.2.1.1) Shi, (G, X)* — Shg,  (Ga, X2)T

Let zaq be the image of x in B(Gaq,Qp) and we denote by G.q the parahoric
model of G,q corresponding to x,q. We then have the following generalization of
[KP18, Corollary 4.6.18].
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Proposition 5.2.2. Under the assumptions above, there is a GQ(A?)—equivariant
extension of Shx, ,(Ga, X2) to an Opr-scheme with Go(A%)-action Hx, ,(Ga, X2)
such that
(1) For any discrete valuation ring R of mized characteristic the map
1
ks, (G2, X2)(R) = Hk,, (G, X)(R[];])
18 a bijection
(2) The map (5.2.1.1) induces a finite map of Oprx-schemes
pr (G, AX—)+ — szyp(GQ, X2)+,
where Sk, ,(Ga, X2)T denotes the closure of Shx, , (G2, X2)1 in the Opru -
scheme Sk, (G2, X2)0 s and similarly for Sk, (G, X)*.
(3) Ifg~ = @, then there exists a diagram

(5.2.2.1) S (Ga, Xo)

/ \
yKQ,,, (G27X2) MIQO,C{;ML}

where ™ 18 a GQ(A?)—equivam’ant Gaq-torsor and q is smooth of relative di-
loc

mension dim G,q, and Gq (A’})—equivariant, when M§ Lun} s equipped with
the trivial G2(A%)-action.

Proof. This can be deduced from Theorem 5.1.9, as in [KP18, §4.4-4.6]. We explain
only how the assumption of R-smoothness of Z is used.

Let Gz, (resp. Gadz,,) denote the Z)-model of G (resp. Gaq) associated
to G (resp. Gaq). Let Z denote the center of G and Zy,,, the closure of Z in
Gz,,,- By Proposition 2.4.12, the assumption of R-smoothness on Z = Zg, and
descent implies that the natural map Gz(p)/ZZ(p) — Gad,Z(p) is an isomorphism.
This gives us the analogue of [KP18, Lemma 4.6.2(2)], and allows us to carry out
the constructions of §4.6 of loc. cit. (]

Let K C G2(A%) be a compact open subgroup, and we write Ky := Ko ,K§ C
Go(Ay). Taking the quotient of the diagram (5.2.2.1) by K%, we obtain

¢ SR(Ga, X2) = MG,
a smooth morphism of Og/-stacks of relative dimension dim G.q.

5.2.3. We recall some features of the construction in Proposition 5.2.2 which will
be needed later. As in [KP18, §4.5.6], we set

A (G) := G(Ar)/Z(Q)™ *q(), /2@ Gaa(Q)"

A (Gz,,)) = G(A}) | Z(Lp) ™ *C(24) 1 /2(20) Gad (L) T
and as in [KP18, §4.6.3], we set

A (G)° == G(Q)/Z(Q)™ *c(0)/z(@) Gad(Z))"
A (Gz,)° = G(Zy) " [Z(Q)™ *a(2))+)/ 22 Gad(Zp)) T
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We refer to loc. cit. for an explanation of this notation. We obtain an &7 (G)-action
(resp. (Gz,,, )-action) on Sh(G, X) (resp. Shk, (G, X)).

The assumption that the center of G is an R-smooth torus implies that the
A (Gg,,, )-action on Shyk (G, X) extends to an &/(Gg, )-action on .k, (G, X).
As in [KP18, Lemma 4.6.10], the natural map

(5.2.3.1) A (G, )\ (Gaz,,) — ¥ (G)°\e (G2)/Ka,p

is an injection, and we fix J C G2(Q)) a set of coset representatives for the image
of (5.2.3.1). Then #k, ,(Gz, X2) is constructed as

(5.232)  Fi,, (G2, Xs) = [, (G, X)T x (Gap, )/ (Ga,, )]
5.2.4. Let H be a simple, adjoint, reductive group over R, which is of classical
type, and is associated to a Hermitian symmetric domain; in particular H(R) is
not compact. Thus H is of type A, B,C,D® D in the classification of [Del79,
1.3.9], with the type A case including unitary groups of any signature U(p, q¢) with
p,q # 0. We set H¥ = H,., the simply connected cover of H, unless H is of
type D™ in which case we set H? equal to the image of Hy. in the representation
corresponding to the standard representation of the orthogonal group.

Now let F be a totally real field, and H a simple, adjoint reductive group of
classical type over F. Assume that

o for every embedding o : F — R, H®, r R is either compact or associated
to a Hermitian symmetric domain.

e H®,r R is non-compact for some o.

o If H is of type D, then for those o such that H®, r R is non-compact, the
associated Hermitian symmetric domain does not depend on o. That is, it
is always of type D® or always of type D™.

We define Hf to be Hy, unless H is of type D, in which case we define H* to be
the unique quotient of Hy. such that H? Qe rR=(H®Q, r R)* whenever H®, r R
is non-compact.

Now suppose H is a reductive group over F, with H2d = [T;_, H; where each
H; is a simple, adjoint reductive group of classical type over F satisfying the three
conditions above. Then we set Hf = I, Hf

Now let (H,Y) be a Shimura datum such that (H,q,Yaq) is of abelian type.
Recall [Del79] that in this case the three conditions above are satisfied, so H* is
well defined 2, and (H,Y) is of abelian type if and only if Hye, is a quotient of Hf.

5.2.5. Proposition 5.2.2 shows that we can construct good integral models for
Shimura data (Gg, Xs5) of abelian type provided we can relate it to a Shimura
datum (G, X) of Hodge type satisfying good properties. Those (Ga, X2) for which
we can do this are essentially the following

Definition 5.2.6. Let (Gg, X2) be a Shimura datum. We say that (Gg, X2) is
acceptable if it is of abelian type and there is an isomorphism G2 .q := G2.a4d,0, =
H:Zl Resp, /Qp H; where F;/Q, is a finite extension and H; is a reductive group over
F; which splits over a tamely ramified extension of Fj.

2In [KP18, 4.6.21] it is incorrectly asserted that HY is defined for any (H,Y) with H of classical
type, however H may not satisfy the third condition above. This is however satisfied if (Haq, Yaq)
is of abelian type.
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The following lemma is the analogue of [KP18, Lemma 4.6.22], and is the key in-
put that will allow us to deduce the existence of good integral models for acceptable
Shimura data.

Proposition 5.2.7. Let (Ga, X2) be an acceptable Shimura datum.

Then there exists a Shimura datum (G, X) of Hodge type together with a central
isogeny Gaer — Ga,der Which induces an isomorphism (Gad, Xad) = (G2,ad, X2,ad)-
Moreover, (G, X) may chosen to satisfy the following conditions.

(1) m1(Gaer) is a 2-group and is trivial if (G2ad, X2,ad) has no factors of type
D®. Moreover G satisfies assumption (5.1.10.1).

(2) Any prime va|p of Eg splits in the composite E' := E.Es.

(8) The center Z of G is an R-smooth torus over Q,.

(4) X«(Gap)1 is torsion free.

(5) The pair (G,{un}) is regular and p1 |71 (Gger)|-

Proof. We follow the proof of [KP18, Lemma 4.6.22].

Let Ggaq = szl Resr, ,oH;, where F; is a totally real field and H; is an
absolutely simple F;-group. By [Del79, 2.3.10], we may choose (G, X) a Shimura
datum of Hodge type with Gge,r = Ggyad, and such that the central isogeny Gger —
G2, der induces an isomorphism of Shimura data (Gad, Xad) = (G2,ad, X2,ad). Then
Ger has the form H‘;:l Rest/QHg. As in [KP18, Lemma 4.6.22], it follows that
(G, X) satisfies (1).

In the course of constructing (G, X) satisfying the other conditions, we will
keep track of a certain group G’ containing G such that the Hodge embedding
(G, X) — (GSp(V), S*) extends to a representation G’ — GL(V); this will be
needed in the verification of (5).

We now explain how to choose (G, X) satisfying (2). We first assume s = 1 so
that Ggaq = Resp/oH. Let p1,...,pq denote the primes of F above p and write
F; for the completion of F at p;. Then Gg 4,0, = Hle Resr, /o, HF,, and our
assumptions imply that H, := Hp, splits over a tamely ramified extension of F;.
We choose K/F a quadratic imaginary extension of F such that all primes of F above
p split in K. We fix a set T' of embeddings K — C satisfying the same conditions
as in [KP18, §4.6.22]. The construction of [Del79, Proposition 2.3.10] then gives a
Shimura datum (G, X) of Hodge type such that any prime vs|p of Eq splits in E'.
Moreover (G, X) is constructed as a subgroup of a group G’ with Gger ~ G/.,,
G’ = Resp/gH’ and such that the Hodge embedding (G, X) — (GSp(V), S¥)
extends to a representation G’ — GL(V). The group G’ splits over the composite
of K and the splitting field of G. It follows that G = e, Resp, /g, H; where H]
splits over a tamely ramified extension of F;. In general for s > 1, we apply the
above to each of the individual factors.

We now show that we can arrange so that (3) is satisfied. Let G C G’ as above
and set G’ := G@p. Let 77 denote the centralizer of a maximal Qp—split torus in
G’ defined over Q, and let T':= G NT’ which is a maximal torus of G. Then 7" &
[Ti—, Resp, jq,S; where F;/Q, is finite and Sj is a torus over F; which splits over
a tamely ramified extension. By construction of G in [Del79, Proposition 2.3.10],
for i =1,...,r there are induced tori S/’ over F; which split over a tamely ramified
extension and maps S; — 57 which induce a map T" — T" := [];_, Resp, /g, S;’
such that T is the identity component of the pullback T" x 1/ G,,. Here G,,, — T”



INDEPENDENCE OF ¢ FOR FROBENIUS CONJUGACY CLASSES 45

is the diagonal map. Thus 7T arises from the construction in Corollary 2.4.7 and
hence is R-smooth. Arguing as in [Kis10, Proof of Prop 2.2.4], we may choose a
maximal torus T of G such that Tq, is G(Q,)-conjugate to 7', and there exists
h € X such that h factors through Tg. In fact, we may choose T to be given by
T'N G, where T" C G’ is a torus such that Tg is G'(Qp)-conjugate to T". We
set G1 := (G x T)/Z and G} := (G’ x T')/Z', where Z and Z’ are the centers of
G and G’ respectively. Then the center Z; of Gy := G g, is isomorphic to 7" and
hence an R-smooth torus.

We let X; denote the conjugacy class of Deligne homomorphisms for G deter-
mined by h x 1 for h € X. As in [KP18, Lemma 4.6.22], we let W denote the
G -representation Homgz(V, V), and we may equip W with an alternating form
such that there is a Hodge embedding (G1, X;) — (GSp(W),ST). By construc-
tion, this extends to a homomorphism G| — GL(W). Moreover, if we let Z = Zq,
we take Ty := (T x T')/Z C G which is the centralizer of a maximal F-split torus
in G1, then T7 also arises from the construction in Corollary 2.4.7; it is the identity
component of the pullback (T" x T")/Z" x1n Gy, where Z' = Z{Qp. Thus T} is
R-smooth. This observation will be needed below to insure that (5) is satisfied.
Upon replacing (G, X) by (G, X1) we may assume (G, X) satisfies (3).

To show we can arrange so that (4) and (5) are satisfied, we may apply the same
construction as in [KP18, Lemma 4.6.22] to (G, X). This gives a Shimura datum
(G1,X1) of Hodge type with X, (G1 ab)s torsion free, i.e. condition (4) is satisfied.
A similar argument as the one in the previous paragraph shows that the Hodge
embedding (G1,X;) — (GSp(V),S*) extends to an embedding G} — GL(V)
for a suitable G} of the form szl Resr, ,oHj. Moreover, the explicit description
of G; shows that both the center Z; of G1 = Gi,g, and the centralizer T of a
maximal Qp—split torus in (G arise from the construction in Corollary 2.4.7. It
follows that (Gy,{pn,}) is regular. Since we have assumed p > 2, condition (1)
implies p { |71 (Gger)| and hence condition (5) is satisfied.

O

5.2.8. For later applications to constructing canonical liftings, we introduce the
following additional condition on the parahoric.

Definition 5.2.9. Let (Gz, X2) be an acceptable Shimura datum and G, a para-
horic group scheme for G = G g,. We say the triple (G, X2, G2) is acceptable if
we can choose a Shimura datum as in Proposition 5.2.7 such that the corresponding
parahoric G of G = G, is connected.

Corollary 5.2.10. Let (G, X2) be an acceptable Shimura datum and Go any para-
horic group scheme of Go. Assume (Gz ad, X2,ad) has no factors of type DY, Then
the triple (Go, X2, Ga) is acceptable.

Proof. Let (G, X) be as in Proposition 5.2.7 and G the corresponding parahoric
group scheme of G. Since 7 (Gqer) is trivial, we have m(G) = X,(Gap). Thus
m1(G)1r = X« (Gap)r is torsion free and hence the Kottwitz map K¢ is trivial on G.
It follows that G is a connected parahoric. O

Remark 5.2.11. The assumption of acceptability on the triple above is what is
needed to construct canonical liftings in §5.3. We remark that it is possible for a
triple (Gz, X2, Ga) to be acceptable even if (Gz aq, X2.aa) has factors of type DY, cf.
Proposition 7.2.3; thus it is a more general notion than just excluding D™ factors.
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5.2.12. Proposition 5.2.7 shows that if (Gg, X2) is acceptable, it can be related to
a Hodge type Shimura datum (G, X) satisfying the assumptions in §5.2.1. We thus
obtain the following theorem; the argument is the same as [KP18, Theorem 4.6.23].

Theorem 5.2.13. Let (Gg, X3) be an acceptable Shimura datum. Let Go be a
parahoric group scheme of G and set Ko ), := Go(Zy).

Then there exists a Shimura datum of Hodge type (G, X) such that the conditions
of Proposition 5.2.2 are satisfied and such that all primes va|p of Eo split completely
in E' = E.Ey. In particular for any prime va|p of Es, we obtain a GQ(A?)'
equivariant Og,-scheme Sk, ,(Gz, X2) with the following properties.

(1) Sk, ,(Gz, X2) is étale locally isomorphic to Mlgoc{m }» where G is the para-
horic group scheme of G corresponding to Gs.

(2) For any discrete valuation ring R of mized characteristic the map

Fics, (G, Xo)(R) = yKZ,,AGz,Xz)(R%])

18 a bijection.

(8) If the triple (Gg, Xa2,G2) is acceptable, then (G, X) can be chosen so that
for any compact open subgroup Ko = Ko, K5 C Ga(Ay), there exists a
diagram of Og,-stacks

t57}22 (G27 XQ)

/ \
Fr(Ga, X3) Mg

where Sk, (Ga, X2) 1= yKQ,p(G27X2)/KI2), 7w s a Gag-torsor and the map
q 1s smooth of relative dimension dim G,q. In particular, such a diagram
exists if (G2,ad, X2,ad) has no factors of type DY,

O

Remark 5.2.14. (1) If p > 2, then every abelian type Shimura datum (Gg, X2)
is acceptable. Thus this Theorem essentially completes the construction of
integral models for abelian type Shimura varieties with parahoric level over
primes p > 3. Moreover for p = 3, only the case when G ,q has a factor of
type D4 needs to be excluded.

(2) The local model diagram in Theorem 5.2.13 (3), is a weaker form of the
diagram postulated in [HR17]. However, for our applications, the important
property is that %k, (Gz, X2) = -k, (G2, X2) is a torsor for a connected
smooth Opg,-group scheme.

5.3. p~ordinary locus and canonical liftings.

5.3.1. We keep the notation of §5.2. We let (G, X2) be an acceptable Shimura
datum (cf. Definition 5.2.6) and Ko, = G2(Z,) where G, is a parahoric group
scheme of Gy := Gg,g,. In this subsection, we study the p-ordinary locus in the
special fiber of integral models and show that when (G, X5) is Hodge type and
the triple (G, X5,Gs) is acceptable (cf. Definition 5.2.9), each p-ordinary point
contains a special lifting. Similar to the construction of integral models, the result
is deduced from the corresponding statement in some special Hodge type cases.



INDEPENDENCE OF ¢ FOR FROBENIUS CONJUGACY CLASSES 47

By Theorem 5.2.13, we may construct an integral model k,(Ga, X32)/Og,
for Shk,(Ga, X2) from an auxiliary Shimura datum (G, X) of Hodge type as
in the conclusion of Proposition 5.2.7 equipped with a good Hodge embedding
t:(G,X) — (GSp(V), S*). In particular (G, X) satisfies the conditions in §5.2.1.
We fix such a (G, X) and ¢ for the rest of this section.

We assume that (Go, X3) is Hodge type and we fix a Hodge embedding ¢o :
(Ga, X3) — (GSp(V3), SF). By the main theorem of [Lan00], there is a G2(Qp)-
equivariant embedding of buildings B(G2,Q}") — B(GSp(V2q,),Q,"). Upon re-
placing ¢ with a new Hodge embedding, we may assume there is a Z,-lattice
Voz, C Vag, with Vaz, C Volz such that G2 — GSp(V2,g,) extends to a mor-

phism of Bruhat-Tits stabilizer schemes Go — GSP, where GSP is the group
scheme stabilizer of V7, (cf. [BT84, Proposition 1.7.6]). We set K5 , := GSP(Z,)

and we let K'2p C GSp(VQ,A?) a compact open subgroup containing K%.

Proposition 5.3.2. There is a map of Og,-stacks
(5.3.2.1) ks (G2, X3) = Fi, (GSp(V2), S5 ) 0,
extending the natural map on the generic fiber.

Proof. Let Z denote the center of G and we write Z*P for the connected component
of the identity of the kernel of the multiplier homomorphism ¢ : GSp(V) — G,
restricted to Z. We define a subgroup Gz C GL(V) x GL(V2) generated by ZP x 1,
the image of Gger under the the product of ¢ and Gger — Ga,der L GSp(12), and
the diagonal torus G,, C GL(V) x GL(V2). Set V3 =V @ V2 which we may equip
with a perfect alternating bilinear form induced from V and V5. As in [Zha, §4.3],
there is a conjugacy class of Deligne homomorphisms X3 for G such that (Gs, X3)
is a Shimura datum, and there are natural morphisms of Shimura data

(G, X) +— (G3,X3) — (G2, X2) — (GSp(V2), S5) .

Moreover using the explicit description of G3 and our assumption on ¢o above, one
checks that the Hodge embedding ¢3 : (G3, X3) — (GSp(V3), S5) is a good Hodge
embedding.

We can now conclude the proof by applying the arguments of [Zha]. More
precisely, when G is tamely ramified the result follows from [Zha, Proposition 5.4],
but the same arguments work since we have constructed integral models in a more
general situation: Let G and G3 denote the parahoric group schemes of G = Ggq,
and G3 = G3 g, corresponding to Gy, and set K, = G(Z,), K3, = G3(Z,). Arguing
as in [Zha, Theorem 4.6], we obtain maps on connected components

(5.3.2.2) pr(G7X)$E§r = st,p(G3’X3)$E‘2"
= i, (G2, Xa)b,,,. = S, (GSP(Va). 535,

We may then apply the argument of [Zha, Proposition 5.4], noting that the diagram
(5.3.1) of loc. cit. exists in our setting. O

5.3.3. Let h : A2 — %,(Go, X3) denote the pullback of the universal abelian
variety along (5.3.2.1). Let s, € V¥ be a collection of tensors whose stabilizer is
G2. Then as in §5.1.4, these give rise to tensors s, 5 € Vg := R'hansQ, sar €
Vi(A?) := R'he.Qq for all £ # p and s, € V,p(A?) := R'hy+Qp. For any
Op,-scheme T and = € .k, (G2, X2), we write A2 for the pullback of A? to z.



48 MARK KISIN AND RONG ZHOU

For K/Q, finite and & € %k, (Ga, X)(Ox) with special fiber T, we let 54,05 €
D(AZ[p>=])[1/p]® denote the images of s, , 7 under the p-adic comparison isomor-
phism. As in §5.1.5, these tensors depend only on T and not on z; we thus write
Sa,0,z for these tensors. Note that [KPS, Proposition 1.3.7] applies here since the
morphism #k, (G, X2) = x;, (GSp(V2), SSE)OE2 factors through the normaliza-
tion of its scheme theoretic image, and all objects are pulled back from this nor-
malization.

5.3.4. Let T € Hk,(Ga, X2)(k), and set D := D(AZ[p>]). We fix an isomorphism
‘/2\1/21) ®Zp @p =D ®Zp QP’

taking s, to s, 07; such an isomorphism exists by Steinberg’s theorem (cf. [KPS,
1.3.8]). Then the Frobenius on D ®z, Q, is given by bo for some b € G(Q,). By
[KPS, Lemma 1.3.9], we have [b] € B(G2,{p2}) where {2} = {u,;l}. We write
Sk, (resp. Sk, ,) for the special fiber of #k, (G2, X2) (resp. Fk, (G2, X2)) over
the residue field kg, of Og,. The map Sk, (k) — B(Ga2,{p2}) sending T to the
o-conjugacy class [b] of the associated element b induces the Newton stratification
of SKg,k = SK2 ®k'E2 k. Let [b} € B(GQ,{‘LLQ}), we write SKg,[b] C SKg,k for the

strata corresponding to [b]; if K} is neat, it is a locally closed subscheme of Sk, .
Similarly, we write Sk, , ;) = lim Sk, ez [p); such a definition makes sense since
¥ 22 — KP 2,pHo,

Sk,,p) is compatible with the prim?e to p level. For the rest of §5.3 we assume the
existence of the class [b],, € B(Gs2,{u2}) as in Definition 2.2.4.

Definition 5.3.5. We define the the pip-ordinary locus of Sk, x to be Sk, 1),., -

5.3.6. We say that a parahoric subgroup Ks , = G2(Z,) is very special if Go (Zp) is
a special parahoric subgroup of Gg(@p) Note that such a parahoric exists if and
only if G is quasi-split (cf. [Zhul4, Lemma 6.1]). The following is deduced easily
from [KPS, Corollary 1.3.16].

Theorem 5.3.7. Assume Go is quasi-split, Ko , = Go(Z,) is a very special para-
horic subgroup and K% is neat. Then

(1) Sk, is normal.

(2) The po-ordinary locus SKa,[b),, 8 Zariski open and dense in Sk, k-

Proof. To show (1), it suffices by Theorem 5.2.13 to show that the special fiber of
Mlé),?{uh} is normal. For this, it suffices by Theorem 3.1.6 to show that the special
fiber is integral. This follows from the argument in [PZ13, Corollary 9.4], noting
that as in loc. cit. the p-admissible set Adm({u})s has a single extremal element

when J C S corresponds to a very special standard parahoric of G (@p)
(2) follows from (1) by [KPS, Corollary 1.3.16]. O

5.3.8. Let T € Fk, (G2, X2)(k). Define Autg(A2) to be the Q-group whose points
in a Q-algebra R is given by

Autg(A2)(R) = (End(A7) @z R)*
By functoriality, Autg.A2 acts on Tp.A2 ®7, Q, for £ # p and on D ®z, Qp, and we

write Iz for the closed subgroup of Autg(AZ2) consisting of automorphisms which
preserve s, ¢z and s, 0z. There is a canonical inclusion Iz ®qg Q, C Ji, where Jy
is the o-centralizer group for b € G2(Qy).
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The goal of the rest of this section is to prove the following theorem.

Theorem 5.3.9. Assume the triple (G2, X2, G2) is acceptable. Let T € Sk, ), (k)-

ThenT admits a lifting to a special point T € S, (Ga, X2)(K) for some K/Q, finite
such that the action of Iz(Q) on AZ lifts to an action (in the isogeny category) on
A2

Remark 5.3.10. The statement of the Theorem and all the constructions above
implicitly depend on the choice of auxiliary Shimura datum (G, X) and the choice
of Hodge embeddings ¢ and t5. It is possible to show that they are independent of
the choices, but we will not consider this and always work with a fixed choice of
(G,X) and ¢, to.

5.3.11. Note that (G, X, G) is also an acceptable triple with (G, X) Hodge type.
Theorem 5.3.9 will be reduced to the following special case.

Proposition 5.3.12. Assume (Gaq, X5,G2) = (G, X, G) and the Hodge embeddings
L and 1o coincide. Then Theorem 5.3.9 holds.

Proof. Under these assumptions, we have .7k (G, X) = -k, (G2, X2) and the in-
tegral model is constructed as in §5.1.3. Moreover G5 is a connected parahoric.
Since the definition of Iz is independent of the prime to p level, it suffices to con-
sider the case of neat K5. Applying the construction in §4.3, we obtain a parahoric
model M of a Levi subgroup M C G2, and an M-valued cocharacter A lying in the
Go-conjugacy class of ps and such that A is central in M. Let 4 be the (M, \)-
adapted deformation to Ok constructed in Theorem 4.3.6. By Proposition 5.1.7,
% corresponds to a point T € Yk, (G, X2)(Ok) lifting  and hence to an abelian
variety A2 over K. By Theorem 4.3.6, the action of J,(Q,) on % lifts to 4. Since
Q) C Jy(Qp), by the Serre-Tate theorem, the action of Iz lifts to A2 in the
isogeny category.

We now show z is a special point. Since Iz fixes the tensors s, oz, it also fixes
Sa,p,3» and hence it fixes s, p. Thus we may consider I3 as a subgroup of G,. By
[KPS, Theorem 6], the absolute rank of Iz is equal to the absolute rank of Go.
Let T be a maximal torus of Iz, which is therefore a maximal torus of Gs. The
Mumford-Tate group of A2 is a subgroup of G, which commutes with T hence
must be contained in T. Therefore ¥ is a special point. ([

5.3.13. To prove Theorem 5.3.9 in general, we make use of the following auxiliary
construction. For notational convenience, we write (G, X;) for (G, X) and ¢; :
(G1, X1) — (GSp(V1), Si) for the good Hodge embedding ¢.

We define G3 to be the identity component of (G1 X, .4 G2) X¢,,xG, Gm,
where G1 Xg, .4 G2 = Gy, x Gy, is induced by composing with the multiplier
homomorphisms ¢; : GSp(V1) = Gy, 2 : GSp(Va) — Gy, and G, — Gy, X Gy,
is the diagonal embedding. Let hy € X; and he € X5 which have the same image
in X5 aq4; such a pair exists by our choice of Gjaq = Ggaq (cf. §5.2.1). Then
hi X hg factors through Gs and determines a Gggr conjugacy class of Deligne
homomorphisms X3 such that (Gs, X3) is a Shimura datum. There are natural
morphisms of Shimura data

(Gl,Xl) — (Gg,Xg) —_— (GQ, XQ).

For i = 1,2,3, let E; denote the reflex field of (G;, X;); then we have E3 C
E := E;E;. We let v; (resp. v') denote the place of E; (resp. E’) induced by the
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embedding i, and we let E; (resp. E’) denote the completion. By construction,
we have £/ = E,. Set G; := Gy q,, and let G; (resp. G3) denote the parahoric
subgroup of G (resp. G3) determined by Gs. For i = 1,2, 3, we set K; , := G;(Z))
and we fix compact open subgroups K} C G;(A%) such that Kj maps to K and
KB. We set K; :=K; K.

5.3.14. Let H denote the subgroup of GSp(V1) x GSp(V2) consisting of elements
(91, g2) such that ¢1(g1) = ¢1(g2). Then the natural map Gz — GSp(V;)xGSp(12)
factors through H and we let S’ denote the Hg-conjugacy class of homomorphisms
S — Hpg induced by X3.

Set V3 := V1 & V5. We equip V3 with a perfect alternating bilinear form given by
the sum of the forms on V; and V5. Then there are natural morphisms of Shimura
data (H,S’) — (GSp(V;),SF) for i = 1,2,3. Recall we have fixed a Z,-lattice
Voz, C Vaq,; welet Vi z, C Vi, be a Z,-lattice such that ¢; is good with respect
to Vigz,. Weset Vaz, :=Vig, ®Vaz, C Vag,. Fori=1,23, we let Kgyp denote
the stabilizer of V; 7z, inside GSp(Vjq,) and let H, denote the stabilizer of V37,
inside H(Q,). We also fix compact open subgroups K? C GSp(ViA?) containing
the image of K} for i = 1,2,3, H? C H(A%) containing the image of K¥, and we set
K, =K; K H=H,H".

The Shimura variety Shy(H,S’) has a moduli interpretation as pairs of tuples
(AY iy €?), i = 1,2, where A’ is an abelian variety up to prime to p isogeny, \; is
a weak polarization and €! is a prime to p level structure and hence extends to an
integral model 4 (H, S") over Z,).

Proposition 5.3.15. There is a commutative diagram of Op/ -stacks
(5.3.15.1)

k%, (G1,X1)o,, 2 i, (Gs, X3)0, — s F, (G, X2)o,.,

: - :

1 (GSp(V1), ST)o,, +—— Fx(H, )0, — Fu(GSp(V2), 55 )o,,

Proof. Tt suffices to consider the case of neat prime to p level structure so that we
may assume all objects are schemes. The existence of the bottom row follows from
the moduli interpretations of the integral models. The morphisms in the top row
can be constructed using the same argument as [Zha, Proposition 5.4] noting that
all the models are constructed via (G, X7).

The morphism 4; exists by construction of .7k, (G1, X1)o,,. The morphism i,
is constructed in Proposition 5.3.2 and i3 can be constructed in the same way. The
commutativity then follows from the commutativity on the generic fiber. O

5.3.16. Composing i3 and the natural map .71 (H, S")o,, — Jk;,(GSp(V3), S;)OE,
we obtain a map .k, (Gs, X3)o,, — S, (GSp(‘/g),SgE)oE,. Therefore we may
apply the constructions of §5.3.3 to .k, (Gs, X3)o,, -

Let A" — %, (G4, X;)0,,, denote the pullback of the universal abelian vari-
ety along %k, (G, Xi)o,, — YK;(GSp(%,S;t)@E,. For ¢ = 3, this map factors
through 4 (H, S")o,, and there is an identification

(5.3.16.1) A3 = g AL x g3 A2
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Let T3 € st (Gg, Xg)(k‘) and write T, € yK1 (Gl, X1)(l€), T2 € y}(2 (G27 XQ)(k)
for the image of T3 under j; and jo. The isomorphism (5.3.16.1) implies we have an
isomorphism A% =~ AL x AZ . We let Iz, C Autg(A2,), Iz, C Autg(AL ) denote
the groups constructed in the same way as §5.3.8.

Proposition 5.3.17. There are natural exact sequences:

0 C, Iz, Iy, 0

0 C2 Iig 152 O
where Cy (resp. Csz) is the kernel of the map f: Gz — Gy (resp. g: G — Ga).

Proof. Since Gs C H, we may assume that the set of tensors defining Gs C GL(V3)
includes tensors corresponding to the projections of V37 onto the direct sum-
mands V; z ., C V37, for i =1,2. It follows that Iz, respects the product decom-
position A2 = AL x AZ and hence we obtain a natural map Iz, — Autg(AL ).
Similarly, by considering the pullback to V3 of tensors defining G, one can show
that Iz, — Autg(AL ) factors through Iz,. We obtain a natural map Iz, — Iz, .

Let 75 € Sk, (G3, X3)(Ok) denote a lift of T3. Since C; lies in the center of
G3, we have natural maps

Ci — Autg (A2, @k K) — Autg(A2, ;)

whose image lies in Iz,.

We thus obtain a sequence C; — Iz, — Iz, and it suffices to check the exactness
upon base changing to @, for some prime ¢ # p. By [KPS, Theorem 6] there is a
semisimple element v, € G3(Qp) such that the natural inclusion Iz, ®g Q¢ C Gs g,
(resp. Iz, ®9Qr C G1,g,) identifies Iz, ®g Q¢ (resp. Iz, ®q Q) with the centralizer
of v, in Gg g, (resp. f(y¢) in Gi1,g,). We thus obtain the first exact sequence and
the argument for Iz, is analogous. O

5.3.18. We can now prove the general case of Theorem 5.3.9.

Proof of Theorem 5.5.9. Tt suffices to consider the case of neat prime to p level
structure. For i = 1,2,3, we write Sk, for the special fiber of the integral model
Jx,(Gi, X;). Let T2 € Sk, ), (k). We first assume To = j2(73) for some
T3 € SKS(k); by Lemma 2.2.8 we have T3 € SK37[1,]“3 (k). Let T, € SKh[qu (k)
denote the image of T3. By Proposition 5.3.12; there exists K/@p finite and
71 € Shxk, (G1, X71)(K) lifting Z; such that the action of Iz, (Q) lifts to A-lil. Then
we may consider Iz, as a subgroup of G; and we let T; denote the connected
component of the center of Iz,. The Mumford-Tate group of .Aglv1 is a connected
subgroup of G which commutes with Iz, , hence is contained in Ty, as Iz, and G;
have the same rank.

Let T3 C G3 denote the identity component of the preimage of T; in G and
Ts the image of T3 in Gy. By construction, the morphisms of integral models

Jx,(G1, X1)o,, + k,(Gs3, X3)0,, — Tk, (G2, X2)o0,,
induce isomorphisms of the completions at geometric points in the special fiber.
Thus let Z3 (resp. T2) denote the point lifting T3 (resp. Z3) corresponding to .

Then the Mumford-Tate group for A%B (resp. A%z) is contained in T3 (resp. Ts).
It follows from Proposition 5.3.17 that Iz, (resp. Iz,) is contained in the centralizer
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of T3 in G3 (resp. T2 in Gz), and hence the action of Iz, (Q) lifts to an action on
Az, .

Now let 7o € Sk, (1), (k) be any point. It suffices to prove the result with
Sk, (G2, X2) in place of Sk, (G2, X2), and with Ty replaced by a lift to a point
of Sk, 1], (k), which we will again denote . Recall J C G2(Qp) is a set
of coset representatives for the image of (5.2.3.1). Then by the construction of
Fkq.p(Go, Xo) via Fi, p(G1, X1) in §5.2.3, there exists j € J such that Ty €
[yKl,p(Gth)Jr X ”Q{(GZZ(;@))j]/d(Gl,Z(m)o' We let 5/2 € [yKl,p(Gl,Xl)J'_ X
A (Ga,z7,,)]/(G1z,,)° be the point corresponding to T, under the isomorphism
induced by j. Then upon modifying Z5 by an element of Gg(A?) which only changes
the abelian variety A%Z up to prime to p isogeny, we may assume Th = jo(T4) for
some T3 € Yk, ,(Gs, X3)(k).

Let 74 € Yk, , (G2, X2)(Ok) be alift of of 75, for some finite extension K/Q,. By
construction, corresponding to the element j, there is (after possibly increasing K) a
point Ty € Fk, ,(Ga, X2)(OF) lifting 75, and a p-power quasi-isogeny .A%é — “402?’2
taking sq0z, t0 Sa0z, (16SP. Saz, tO Saem, for £ # p). By considering the
reduction of this quasi-isogeny one sees that 7, € Sk, , 1), (k), and one also obtains
an induced isomorphism I7, & Iz;. From what we saw above, it follows that we
may choose 7% such that the action of Iz lifts to A%,Z. Then the action of Iz, = Iz,

lifts to "4'2952 . O

5.3.19. We will use the above to deduce properties about the conjugacy class of
Frobenius as in [Kis17, §2.3]. Assume T € Sk, ), (k) arises from an Fy-point
x € Fxk,(Ga,X2)(F,) where F, is a finite extension of kg,. For ¢ # p a prime, let
7¢ denote the geometric g-Frobenius in Gal(F,/F,) acting on the dual of the ¢-adic
Tate module T, gA%V. Since the tensors s, ¢z € TKA%@) are Galois-invariant, we may
consider 7, as an element of Ga(Qy) via the level structure Vg, = Ty AZ ®z, Q.

Corollary 5.3.20. Assume (Ga, X2, G2) is an acceptable triple of Hodge type. Sup-
pose T € Sk, v),, (k) arises from x € Fxk,(Gz, X2)(Fy). There exists an element
Yo € G2(Q), such that

(1) For £ # p, o is conjugate to v in Go(Qp).
(2) o is elliptic in Go(R).

Proof. The proof is the same as in [Kis17, Corollary 2.3.1]. Since A2 is defined over
F,, the g-Frobenius v lies in Iz(Q). Let T € Sk, (G2, X2)(K) denote the lifting
constructed in Theorem 5.3.9. Then by considering the action of Iz(Q) on the Betti
cohomology of Az, we may consider Iz(Q) as a subgroup of G2(Q). Defining o
to be the image of 7 inside G2(Q), we have that 7y is conjugate to v, in Go(Qy)
by the Betti-étale comparison isomorphism. If T is any torus in Iz containing -y,
the positivity of the Rosati involution implies T(R)/wp,(R*) is compact. Hence
v € T(Q) is elliptic in G(R).

O

6. INDEPENDENCE OF ¢ FOR SHIMURA VARIETIES

We apply the results of the previous section to deduce an f-independence result
for the conjugacy class of Frobenius at all points on the special fiber of Shimura
varieties.
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6.1. Frobenius conjugacy classes.

6.1.1. We keep the notation of the previous section but now (G, X) will be an
acceptable Shimura datum of Hodge type. As before we let G be a parahoric
group scheme of G = Ggq, and set K, = G(Z,). Then we have the integral model
(G, X) over Of constructed from a fixed auxiliary Hodge type Shimura datum
(G1, X)) as in Proposition 5.2.7 and a good Hodge embedding ¢;. The auxiliary
Shimura datum (G, X;) plays a minor role in what follows.

Let p > 2 and ¢ # p be primes and suppose that in addition the compact open
subgroup K C G(Ay) is of the form K,K*. We let L, denote the G(Qy)-local system
on Yk (G, X) arising from the pro-étale covering

yKZ(G,X) = hin szKZ(G,X) %yK(G,X)

U
K/ CK,

and we write Ly denote the induced local system on the special fiber Sk over kg.
If 1 : (G, X) — (GSp(V), S*) is a Hodge embedding as in §5.3.1 then we have an
identification

(6.1.1.1) L¢ = Isom, (Vo V)

where the scheme classifies (Q-linear isomorphisms taking s, to sq,¢; here the no-
tation is as in §5.3.3.

6.1.2. Let y € Sk(Fy) and we write § for the induced geometric point of Sk.
We let 8% denote the connected component of Sk containing y and T € S%(k)
a fixed geometric point. Over S%, the G(Qy)-local system L, corresponds to a
homomorphism

pe TSk, T) = G(Qr).
We have a map

Gal(Fq/Fq) — T (SIO(7g) l> a1 (S%’f)7

where the isomorphism m1(S%,7) — m1(S%,7) is well-defined up to conjugation.
We thus obtain a well defined conjugacy class in 71 (S, T) corresponding to the
image of the geometric ¢-Frobenius and we write Frob,, for a representative of this
conjugacy class.

6.1.3. For any reductive group H over a field F' of characteristic 0, we write Conj;
for the variety of semisimple conjugacy classes in H. Explicitly, if H = Spec R, then
we have Conjj; = Spec R, where H acts on R via conjugation. The set Conj; (F)
can be identified with the set of semisimple H(F) conjugacy classes in H(F). We
write xg : H — Conjy for the projection map. For example if H = GL,, Conjgy,
is the variety A}_l X Gy, 7 and the map x takes an element of GL,, to its associated
characteristic polynomial.

In our setting, we thus obtain for each prime ¢ # p, a well-defined element
Yy, € Conjg(Qy) corresponding to x (pY(Frob,)). Our main Theorem concerning
the ¢-independence property of Shimura varieties is the following.

Theorem 6.1.4. Let p > 2. Assume G = Gq, is quasi-split, G is a very special
parahoric group scheme and that (G, X,G) is an acceptable triple of Hodge type.
Let y € Sk(F,) where Fy/kg is a finite extension. Then there exists an element

Yo € Conjg(Q) such that vo = vy,¢ € Conjg(Qe) for all £ # p.
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Remark 6.1.5. Unlike in Corollary 5.3.20, it is not always possible to lift v to an
element of G(Q).

The rest of §6 will be devoted to the proof of Theorem 6.1.4.
6.2. Explicit curves in the special fiber of local models.

6.2.1. We begin by recalling the local model diagram and certain properties of the
Kottwitz—Rapoport stratification. By Theorem 5.2.13 (3), there exists a diagram
of stacks

(6.2.1.1) 724G, X)

/ \
loc
Jk (G, X) Mglv{ﬂhl}
where 7 : ﬁéd(G, X) = Sk (G, X) is a Gag-torsor. Here G,q is the parahoric group
scheme of G a4 = Gaq corresponding to G.

Let M denote the special fiber of Mlgof (an: b it is a scheme over kg. Recall the
Ay

local model is defined using a group G’ = []'_, Resp, /0, H such that there exists
a central extension G/, — Gger, and the parahoric group scheme G’ of G’ is de-
termined by G; then the geometric special fiber M}, has a stratification indexed by
Adme ({p})sr. Here we consider Admer ({p}) . € Wi A\W'/W, where W' is the
Iwahori Weyl group for G’ and J' C §' is the subset of simple reflections for G’
determined by G'. We write M}’ for the strata corresponding to w € Adme/ ({¢})s.
It follows formally from the existence of the diagram (6.2.1.1) that Sk ; admits a
stratification by Adme ({}) /. This is known as the Kottwitz—Rapoport stratifi-
cation and we write S ;. for the strata corresponding to w € Admg ({¢1}) /. From
the definition of this stratification, for T € Sk(k) the complete local ring of Sy ;
at 7 is identified with the complete local ring at a point T’ € MY (k). The closure
relations for this stratification is given by the Bruhat order on W/, \W'/W7,.

6.2.2. For the rest of §6, we assume (G, X, G) satisfies the assumptions in Theorem
6.1.4. In this case, M}, and Sk i are normal schemes; cf. Theorem 5.3.7.

We let s € B(G, @p) denote the special vertex associated to G. This determines
a special vertex s’ € B(G', Qp). In this case the set Admgr ({#+}) has the following
alternative description. Let S’ denote a maximal Qp—spht torus of G’ defined over
Q, such that ' € A(G', S, Qp) and 7" the centralizer of S’. Fix a Borel subgroup of
G’ defined over Q,, and assume we have identified X, (7"); ®z R with A(G’, 5, Qp)
via the choice of special vertex s'. We may consider u as an element of X, (1T");.
For \, N € X, (T")}, we write A X X if X' — X is an integral linear combination of
positive coroots in the reduced root system ¥’ associated to G'; we write A < X if
in addition A # ). Then there is an identification

WHAW! /W 2 X (T}

and the ordering < agrees with the Bruhat order on W/, \W’/W/, under this iden-
tification (cf. [Lus83]). It follows that we have an identification

Admer ({p}) s = {talX € Xu(T)], A= p}.
We will write Mj (resp. S} ;) for the strata M} (resp. Sg,).
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6.2.3. For notational simplicity, we will use G to denote the group Qﬁ?p[[t]] defined
in §3.1.9. Its generic fiber will be denoted G and the Iwahori Weyl group W¢ may
be identified with the Iwahori Weyl group for G’. As in Theorem 3.1.12, we may
identify My, with a union of Schubert varieties corresponding to Adme: ({}) in
FLg. The strata M3 may be identified with the G(k[[t]])-orbit of the element £,
considered as an element in FLg and by the above discussion, the closure relations
between the strata are given by the partial ordering <. Since ¢, € Admg: ({u}) s is
the unique maximal element, it follows that M} is contained in the smooth locus
of M and hence ng)k is contained in the smooth locus of Sk .

The strata Mj; and Sf}J€ are both defined over the field of definition of A €
WIAW' /WY, In other words, if n is the smallest integer such that o™(\) = A,
then ./\/12 and SIAQ . are both defined over [F)»; we write M?* and ng for the models
over Fpn.

6.2.4. The key geometric property of the Kottwitz—Rapoport stratification on My
that we will need is the following.

Proposition 6.2.5. Let y € M*(F,) with A € Adme/({u}) sy and X\ # p. There
exists a smooth, geometrically connected curve C over Fq and a map ¢ : C — Mg,
such that

(i) There exists y' € C(F,) such that ¢(y') = y.
(ii) ¢~ (MR') is open and dense in C for some X' € Adme ({u1}) o with A < .

Remark 6.2.6. Using an ampleness argument, it is easy to show that such a map
always exists if we replace F, by its algebraic closure k. The key property is that
for M, this map exists without extending the residue field. By [Dril2, §6], there
are normal and Cohen—Macaulay schemes where this property fails.

Proof of Proposition 6.2.5. The statement depends only on G’ and not on G, so
we may assume (for notational simplicity) that G = G’. We first show using the
G-action on M that it suffices to consider the case

y =ty € Gk((1)))/G(K[[t]])-

Let o, denote the g-Frobenius; then since y € M*(F,), we have a,()\) = .
Therefore we may choose the lift £, € G(F,((t))) so that £, € M*(F,). By Lemma
6.2.7 below, there exists g € G(F,[[t]]) such that g, = y in FLg. Therefore if C
satisfies the conditions (i) and (ii) for the point £,, gC satisfies (i) and (ii) for the
point y. It therefore suffices to prove the case y = £,; we make this assumption
from now on.

Now since A < p, by Stembridge’s Lemma [Rap00, Lemma 2.3], there exists a
positive root v € ¥ such that A + oV =< u. Since A, u € X,.(T)7%, it follows that

A+ aé(av) 2 i

m—1

for all i. If {a, 04(), ..., 0y

()} denotes the orbit of o under oy, it follows that
m—1
Noi= A+ Z o, (@) X p,
i=0
and hence A € Admg({¢})s. Now a determines a relative root & of G over Fy((t))

which we always take to be the long root; then a is either divisible or non-divisible.
We let Ugz denote the relative root subgroup corresponding to o and G5 the simply
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connected covering of the (semi-simple) group generated by Uz and U_g; it is a
reductive group over F,((¢)). We will identify Uz with the corresponding unipotent
subgroup of G5. The parahoric G determines a parahoric model G of G5 and there
is a closed immersion
Ly - fﬁg& — f'.ﬁg,[pq
defined over F,, where ]:Ega is the affine flag variety associated to G_. We write
Uz (resp. U_gz) for the group schemes over F,[[t]] corresponding to Uz (F4((t))) N
G(F,[[t]]) (resp. U_z(Fq((t))) NG(Fy[[t])). Then we claim that for each positive c,
there exists a morphism
fibg, = FLg
defined over F, satisfying the following two conditions
(i) f(0) = é, where ¢ is the base point in FLg_.

(ii’) f(Aﬂl?q\{O}) € L+u&iavL+ga/L+ga U L+Ua/2ﬁavL+Qa/L+Qa-

Here the second term in the union in (ii’) is to be read as empty if & is not divisible.
Assuming the claim we may prove the proposition as follows. We consider the
morphism

¢: Ay, = FLg, x> 1i\(izo f)(2),
in other words we translate the composition ¢z o f by £,. Then condition (i) follows
from (i’) and condition (ii) follows from (ii’) using the fact that A is dominant.

It remains to prove the existence of f satisfying (i’) and (ii’). We will construct f
explicitly using a presentation of the group G5; it turns out that by [BT84, §4.1.4]
there are essentially three distinct cases to consider which we now describe.

If & is a non-divisible root then there is an identification

G = Resg/r, (1) SLe

where K is some finite separable extension of IF,((¢)) and the parahoric G is char-
acterized by the property

G5 (K[[t)]) = SL2(Ok @, () KI[E]])-
If &/2 is also a relative root, then there is an identification
Ga = Resgyr, (()SUs

where K /F,((t)) is finite separable and SUj is the special unitary group associated
to a hermitian space over a (separable)® quadratic extension K’/K. We recall the
presentation of the K-group SUs in [Tit79, Example 1.15]. We let 7 € Gal(K'/K)
denote the non-trivial element and we consider the hermitian form on K’3 given by

(x—1,20,21), (Y-1,90,91)) = T(x-1)y1 + 7(w0)yo + 7(¥1)y—1-

The group SUj is the special unitary group attached to this form. For i = —1,1
and ¢,d € K’ such that 7(c)c +d + 7(d) = 0, we define

Uz’(cy d) = 13 + (grs)

where I3 is the identity matrix and (g,s) is the matrix with entries g_; o = —7(c),
9o0,i = ¢, g—ii = d and g,s = 0 otherwise. The root subgroups are then given by

U:l:a/z(K) = {ui1(c, d)|e,d € K/7T(C)C + T(d) +d= 0}
Ura(K) = {u+1(0,d)|c,d € K',7(d) + d = 0}.

3Since we have assumed p > 2, this is automatic.
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Then we may consider the parahoric
G4 (F[[t]]) = SU3(K) N GL3(Ok);

we call this the standard parahoric.

When K’'/K is unramified this is the only very special parahoric (up to conju-
gacy). When K'/K is ramified, there is another conjugacy class of very special para-
horics in addition to the standard parahoric which we shall call the non-standard
parahoric. We let u be a uniformizer of K’ and we define s € GL3(K’) to be the
element diag(1,1,u). Then the non-standard parahoric G_ is given by

G5(F[[t]]) = SUs(K) N sGL3(Ox)s ™"

We label the cases as follows.

Case (1): a is non-divisible, Gz = Resg/r, ((1))SL2 and G (Fy[[t]) = SL2(Ok ).

Case (2): a is divisible, G5 = Resg/r,((1))SUs and G is the standard parahoric.

Case (3): a is divisible, G5 = Resg/r, ((+))SUs with K'/K ramified and G is
the non-standard parahoric.

We now proceed with the construction of f in each of the three cases.

Case (1). In this case the isomorphism G5 = Resg/r, ((1))SL2 induces identifica-
tions

Uty - ReSK/Fq((t))Ga l) Ui&-
Let u be a uniformizer of K; then we may define a map
f :A]%«q - FLg_, T u_g(u ).
Clearly (') is satisfied, and a simple calculation in SLy shows that for 0 # z, we
have
u_g(u'z) € ug(uz™ )i W LG,

so that (ii’) also holds.

Case (2). Recall in this case, the parahoric G is characterized by G (F,[[t]]) =
SU3(K)NGL3(Ok). We fix a uniformizer u of K’ such that 7(u) = —u and define

f: A]qu —FLg_, x> u_1(0,u™t).
A calculation using the presentation recalled above shows that for x # 0, we have
u_1(0,u”"z) € uy (0, uz™ )i W LTG;
as in Case (1), it follows that (i’) and (ii’) are satisfied.
Case (3). Recall K'/K is ramified and G (F,[[t]]) = SU3(K) N sGL3(Ok)s™'.

We consider the map

372

A%q = FLg_, x> u_i(z, —7)

A calculation using the presentation above shows that for x # 0, we have
2

u_1(z, f%) € up (2071, 2x*2)iavL+ga;

as in the previous two cases it follows that (i’) and (ii’) are satisfied. O

Lemma 6.2.7. Let y € M*(F,) and assume £, € G(F,[[t]]). Then there exists
g € G(Fy[[t]]) such that gt,LTG =y in FLg.
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Proof. By definition, there exists h € G(k[[t]]) such that hf, = y. We consider the
subgroup

G(R[IE) NEGRIEDE T € GR((1));
it is the intersection of the kernel of the Kottwitz homomorphism kg and the
stabilizer of a bounded subset of the building B(G, k((¢))). Thus by [HR08, Prop.
3 and Remark 4], it arises as the k-points of a smooth connected group scheme [C,
defined over F,[[t]].

The element h is defined up to right multiplication by IC, (k[[¢]]); hence since
o4(y) =y, we have o,(h) = hk for some k € IC, (k[[t]]). By Lang’s theorem applied
to Ky, there exists k1 € K, (k[[t]]) such that g := hk; is fixed by o4, and we have
gix =y in F Lg. (]

6.2.8. Using Theorem 6.2.1.1, we may deduce the following result about the local
structure of the Shimura stack Sk.

Corollary 6.2.9. Let x € Sg(F,) with A € Admg: ({u}).r and X\ # p. There exists
a smooth, geometrically connected curve C" over Fq and a map ¢' : C' — Sp, such
that
(i) There exists ' € C'(F,) such that ¢'(z') = .
(i1) (b’_l(Sf}/’k) C C' is an open dense subscheme for some X' € Admes ({pu})s
with A < \.

Proof. We write

Sk
Sk M

for the special fiber of (6.2.1.1). Since 7, is a torsor for the smooth connected
group scheme G,q ., the point z lifts to a point z € S’IV((Fq) and we write y for its
image in M(F,). By definition of the stratification on Sk, we have y € M*(F,).
We apply Proposition 6.2.5 to y to obtain a map ¢’ : C' — My, satisfying (i) and
(ii) in Proposition 6.2.5 for some A’ € Admgr ({u}) 7 with A < X; we let ' € C(F,)
mapping to y.

Consider the pullback gK,Fq X Mg, C which is a smooth stack over Fy. By [LMBOO,
Théoréme 6.3], there exists a smooth scheme Y/F, and a smooth map ¥ —
§K,Fq X Mz, C' defined over Fy such that Z lies in the image of a point y € Y (Fy).
Now let Y denote the preimage of MY inY; by the assumption on C, it is a
dense open subscheme of Y. By [Poo04, Theorem 1.1], there exists a smooth geo-
metrically connected curve €' C Y such that § € C(F,) and ¢’ N Y # ) so that
the preimage of YN in C' is open and dense. We write ¢’ : ¢/ — Sk, for the
composition

C/ —Y — gK,]Fq XM]Fq C— §K,Fq — SK,]Fq‘
Then setting 2’ = y € C'(F,), we have ¢'(z') = z, so (i) is satisfied, and property
(ii) follows by the construction. O
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6.3. Compatible local systems and /-independence.

6.3.1. We recall the theory of compatible local systems. Let X be a normal scheme
over F, where ¢ is a power of p and let £, be a Qg-local system (lisse sheaf) on
X. For z € X(Fyn), we write Frob, for the local Frobenius automorphism acting
on the stalk L,z of £, at a geometric point T lying over . Suppose that for
every closed point x € X (F,n) the characteristic polynomial det(1 — Frob,t|L, %),
has coefficients in a number field E C Q, (this is conjectured to be the case if
Ly has determinant of finite order). Let ¢ be a prime not equal to p or £. A
Qy-local system Ky is said to be a compatible local system for L, if there is some
possibly larger number field £’ and embeddings E' C Q,, B’ C Q, such that for
every closed point x € X (Fyn), the characteristic polynomials det(1 — Frob,t|L, %),
det(1 — Frob,t|K ¢ z) have coefficients in E’ and there is an equality

det(1 — Frob,t|Lyz) = det(1 — Frob,t|Ky z) € E'[t].

The existence of compatible local systems over smooth curves is due to Lafforgue
[Laf02, Théoreme VII.6], and the case of smooth schemes is due to Drinfeld [Dril2,
Theorem 1.1].

6.3.2. We now continue with the notations of §6.1. For the rest of this section, it
will be convenient to fix a Hodge embedding ¢ : (G, X) — (GSp(V), S*) as in
§5.3.1. B

The element v, , € Conjg(Qg) arises as an element of Conjg(Q). Indeed the
image of 7, ¢ in Conjgy,v)(Qr) under the map induced by ¢ lies in Conjgy,)(Q)
since it corresponds to the action of Frobenius on the /-adic Tate module of an

abelian variety. Since Conjg — Conjgry) is a finite map, v, € Conjg(Q).

Similarly if ¢’ { p¢ is another prime, v, ¢ arises as an element of Conjg(Q).

We let F be a finite extension of Q such that 7, ¢,7,¢ € Conjg(F); such an
extension exists since Conjg is a Q-variety. Let A, A’ be the two places over F'
induced by the fixed embeddings i, : Q — Q, and iy : Q — Q. We take ¥ : Gp —
GL, » to be a representation over F; then the G(Qy)-local system L, induces an
F-adic local system L; over Sk. Similarly we obtain an F).-adic local system L.

Lemma 6.3.3. For any closed point v € Sk(F,), the eigenvalues of Frob, acting
on Ly z are (-adic units.

Proof. 1t suffices to prove this for a single faithful representation of G. For the
representation ¢ : G — GL(V), the action of Frob, on Ly z corresponds to the
action of Frobenius on the f-adic Tate module of an abelian variety and hence its
eigenvalues are all {-adic units. (Il

6.3.4. We let ¥(vy,¢) € Conjgr, (F) C Conjgy,, (F\) denote the image of the con-
jugacy class of Frob, under ¥ and we similarly define ¥(v, ) € Conjgy, (F) C
COanLn (Fk/).

Proposition 6.3.5. 9(v,,¢) = 9(vy,er) in Conjgy, (F).

Proof. Note that if y € Sk ), (F,), where Sk, ], denotes the p-ordinary locus of
Sk, then the result follows from Corollary 5.3.20. The proof then proceeds in two
steps. We first prove the result for y € Sk(F,) using the result for the p-ordinary
locus. We then deduce the result for general y by descending induction on the
strata A for which y € SR(F,).
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Step (1): Let y € SK(F,). Recall that Sk is a smooth algebraic stack over kg and
that Sk ), NSy is a dense and open substack of S (in fact one can show Sk, C
Sk). Using the same argument as in the proof of 6.2.9 (i.e. applying [LMBOO,
Théoreme 6.3] and [Poo04, Theorem 1.1]), we may find a smooth geometrically
connected curve C' over F, and a map ¢ : C — SIIé,Fq defined over F, such that
there exists a point 2’ € C(F,) with ¢(2) = = and such that the preimage Cpy,
of Sk ), in C is open and dense. We write E? (resp. Eg) for the pullback ¥* L,
of Ly (vesp. ¥*Ly of Ly) to C. By Lemma 6.3.3, LS satisfies the conditions in
Chin’s refinement of Lafforgue’s Theorem [Chi04, Theorem 4.6]. Thus there exists
a Qg -local system K§ over C which is compatible for £§. Upon possibly enlarging
F', we have that for any closed point z € C'(Fy),

det(1 — Frob,t|L{ ;) = det(1 — Frob,t|Kf ;) € F[t].
Hence, by Step (1), for any closed point x € Cyy), (Fgs), we have
det(1 — Frob$t|£g@) = det(1 — Frobwt\ﬁgi) = det(1 — Frobmt|1(:27£).

Therefore, by the Chebotarev density Theorem, the semisimplifications of £ and
L are isomorphic, and hence

D (vy.e) = det(1 — Frob,t|L7 ;) = det(1 — Frobyt|L§ ;) = 9(yy.er)
which is what we wanted to show.

Step (2): Let y € S(F,). We proceed by descending induction on; by part (2)
we know the result for the maximal element A = p. Thus suppose the result is true
for all X = \.

Let ¢ : C — Sk, be a map as in Corollary 6.2.9 where C' is a smooth geo-
metrically connected curve over F,. We write E? (resp. Eg) for the local system
¢*L; (resp. ¢* L) on C. We let ICKQ be a compatible Q-local system for £, which
exists as above. We let U C C denote the open subscheme

U=o¢"(|J SKr,).
A<\
By property (ii) in Corollary 6.2.9, U is a non-empty dense open subscheme of C.
Applying the induction hypothesis we see that for all z € U(F,-), we have
det(1 — Frob,t|L{ ;) = det(1 — Frob,t|K{ ;).
Arguing as in Step (2) we find that
I(yy,e) = det(1 — Frobyt|£gg) = det(1 — Frobyt|/.lec,g) =I(yye)-
This completes the proof of the Proposition. ([
6.3.6. We may now prove Theorem 6.1.4.

Proof of Theorem 6.1.4. For all £,¢' # p, and ¢ as above, we have 9(vyy,¢) = 9(yy,¢/)
by Proposition 6.3.5. This implies that v, , = v, € Conjg(Q), by a result of
Steinberg [Ste65, 6.6]. Hence, there exists v, € Conjg(Q) such that v, = 7, for
all £ # p. It suffices to show +, is defined over Q.

Since Conjg is a Q-variety, the residue field of the point v, is a finite extension
F/Q. Since 7, € Conjg(Qy) for all ¢, each finite prime of Q has a split prime in
F' above it; hence the Chebotarev density theorem implies vy, € Conjg(Q). Indeed
let F'/Q be the Galois closure of F. Then for every prime ¢ # p, there exists [ a



INDEPENDENCE OF ¢ FOR FROBENIUS CONJUGACY CLASSES 61

prime of F’ above ¢ such that the Frobenius Frob; lies in Gal(F’/F) C Gal(F’/Q).
It follows that Gal(F’/F') intersects every conjugacy class of Gal(F’/Q) and hence
these groups are equal. O

Remark 6.3.7. The proof of Theorem 6.1.4 uses Theorem 5.3.9 and hence depends
on a choice Hodge embedding ¢ for (G, X). The statement of Theorem 6.1.4 itself
does not depend on such a choice since the local system L, is intrinsic to #k (G, X).

The Hodge embedding is used to deduce properties of L, via the isomorphism
(6.1.1.1).

7. CONJUGACY CLASS OF FROBENIUS FOR ABELIAN VARIETIES

We now apply the results of §6 to prove our main result concerning abelian
varieties.

7.1. Mumford—Tate groups.

7.1.1. Let A be an abelian variety over a number field E. Recall we have fixed
an embedding i, : Q — C; using this we may consider E as a subfield of C. We
write Vg for the Betti cohomology H5(A(C), Q) which is equipped with a Hodge
structure of type ((0, —1),(—1,0)). This Hodge structure is induced by a morphism

h:S = Resc/gG,n, — GL(Vp)
We write
e CX —)ZH(Z’D C* x c*((cx) i) GL(VB (%9 (C)

for the Hodge cocharacter.

Definition 7.1.2. The Mumford-Tate group G of A is the smallest algebraic
subgroup of GL(Vp) defined over Q such that G(C) contains the image of p.

The group G can also be characterized as the algebraic subgroup of GL(Vp) that
stabilizes all Hodge cycles; it is known that G is a reductive group. We remark
that G depends on the embedding E — C; indeed different embeddings will give
rise to an inner form of G.

7.1.3. For a prime number ¢, we write 7y A for the Tate module of A. The action of
the absolute Galois group I'g := Gal(E/E) on Ty AV gives rise to a representation py :
' — GL(T;AY) and the Betti-étale comparison gives us a canonical isomorphism

Hp(A(C), Q) ®o Qi = TrAY ®z, Q.

Deligne’s theorem that Hodge cycles are absolutely Hodge [Del82], implies that
upon replacing E by a finite extension, the map p,; factors through G(Qy); see
[Noo09, Remarque 1.9]. In fact this condition does not depend on ¢.

Lemma 7.1.4. p; factors through G(Qy) for some prime £, if and only if it factors
through G(Qy) for all primes £.

Proof. The subgroup G C GL(Vp) is the stabilizer of a collection of Hodge cy-
cles (sq4)o- We consider the ¢-adic components (sq )¢, as in §5.1.4. For o € I'g,
(0(sa,e))e, is again a Hodge cycle, by Deligne’s theorem [Del82, Theorem 2.11]. In
particular, if (0(sq.¢))e, and (sq,¢)e have equal components at some prime ¢, then
they are equal.

(I
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The Lemma shows that the condition that I'y fixes (sq.¢)o pointwise does not
depend on /. This condition is equivalent to asking that I'r maps to G(Qy).

7.1.5. We replace E by the smallest extension such that I'r maps to G(Qy), and
we write p& for the induced map I'y — G(Qy) and ¢ for the inclusion G(Qg) —
GL(T,AY).

Let v be a prime of E lying above a prime p such that A has good reduction
at v. Upon modifying the embedding i, : Q — @p fixed in §5.1.1, we may assume
that v is induced by i,. We write E = E,, and we let F; denote the residue field
of E at v. For £ # p a prime, the criterion of Néron—-Ogg—Shafarevich implies the
representation py is unramified at v. Let Fr, be a geometric Frobenius element at
v, we write Y,(v) = xg(pS (Fr,)) € Conjg(Q;) for the conjugacy class of p& (Fr,)
which only depends on v and not the choice of Frobenius element. We write P, ¢(t)
for the characteristic polynomial of Fr, acting on Ty A", which has coefficients in Z
and is independent of £.

7.1.6. We will make use of the following auxiliary construction. Let F/Q be a
totally real field, and let H' := Resp/gG. There is a canonical inclusion G — H'.
We let (V,4) be the symplectic space corresponding to Hy (A(C), Q) where ¢ is
a Riemann form for A and G — GSp(V) is the natural map. We let W denote
the symplectic space over Q whose underlying vector space is V ®q F and whose
alternating form 1’ is given by the composition

Wox W L2, p T
Let cg : G — G,, denote the restriction of the multiplier homomorphism c :
GSp(V) = G,, to G. We form the fiber product

H — G,

Resp/gca

H ————— Resp /oG,

where the map A is the diagonal map and we let H denote the neutral connected
component of H”. Thus H is a connected reductive group over Q. The inclusion
G — H’ factors through H and we let A’ denote the composition

s s Gg — Hg.

Write X for the G(R) conjugacy class of h and Xg for the H(R)-conjugacy class
of B'.
Consider the composition

Resr,/qt

S H =2 Resg gGSp(V) 5 GL(W)

where f is induced by the forgetful functor from F-vector spaces to Q-vector spaces.
It is easy to see that the restriction of ¢’ to H factors through GSp(W), and we also
denote by ¢/ the induced map. We write S’* for the Siegel half space corresponding
to WW. One checks easily that (G, X), and (H, Xg) are Shimura data, and that we
have embeddings of Shimura data

(G,X) = (H,Xu) — (GSp(W), 5'F).
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7.1.7. The following lemma will be used to show that for the ¢-independence of
~¢(v) in Conjg, it suffices to show the ¢-independence in Conjy.

Lemma 7.1.8. The natural inclusion G — H induces a Gal(Q/Q)-equivariant
injection

Conje(Q) — Conjy(Q).

Proof. Let h,h' € G(Q) such that there exists g € H(Q) such that g~'hg = K.
We consider H as a subgroup of H’. Then under the identification

!~ _
HL =~ [] Gy
+:F—Q

h,h’ correspond to the elements (h,...,h),(R,..., ') respectively and we write
g=1(g1,---,9n). Then g~'hg = h’ implies g1hg; > = h/. Thus h and A’ have the
same image in Conjg(Q). The Gal(Q/Q)-equivariance follows from the fact that
G — H is defined over Q. |

7.2. The main theorem. We now prove our main theorem (cf. Theorem 1.1).
We need the following preliminary result.

Lemma 7.2.1. Let G be a connected reductive group over Q. If g € G(Q)) lies
in some compact open subgroup of G(Qp), then there exists a finite extension F'/Q,
over which G splits and such that g lies in the parahoric subgroup of G(F') associated
to a very special vertez in the building B(G, F).

Proof. Write g = gsg,, for the Jordan decomposition of g so that gy is semisimple
and g, is unipotent. Since g lies in a compact open subgroup of G(Q,), g is power
bounded and hence g; and g, are power pounded. Let T' C G be a maximal torus
defined over Q, such that g; € T(Qp). We will take F' to be the splitting field of
T.

Since g5 € T(F) is power bounded, it is contained in Tz 0(Op) where Tg is the
connected Néron model for the base change Tr. If we let A(G,T, F) C B(G, F) be
the apartment corresponding to T, then gy acts trivially on A(G,T, F).

Now g,, € U(F) where U is the unipotent radical of some Borel subgroup B of
GF containing T. Let s € A(G,T, F) be any special vertex and we use this vertex
to identify A(G, T, F) with X, (T)®zR. Since each affine root subgroup of G fixes
a half apartment in A(G, T, F), there exists a sufficiently dominant (with respect
to the choice of Borel B) very special vertex s which is fixed by g,. It follows
that s is fixed by g. We write G for the Bruhat-Tits stabilizer scheme over Op
corresponding to s’; by the above discussion we have g € G (OF). Since G is split
over F, G is equal to the parahoric group scheme G associated to s'. ]

7.2.2. We now return to the assumptions and notation of §7.1. Thus we have an
abelian variety A/E, such that py : T'r — GL(T,AY) factors through G(Qy) for all
. Recall E = E, and F, is its residue field. The map i, : Q — @p determines an
inclusion

(7.2.2.1) Gal(E/E) — Gal(E/E).

We let 7, € T'g be the image under (7.2.2.1) of a lift of the geometric Frobenius in
Gal(E/E).
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Proposition 7.2.3. Let p > 2. There exists a totally real field ¥ such that if
(H, Xu) denotes the Shimura datum of Hodge type coming from the construction
in §7.1.6, we have H := Hgq, is quasi-split and there exists a very special parahoric
group scheme H for H such that

(1) The image of pS(q) in H(Qp) lies in H(Zy).

(2) The triple (H, X, H) is acceptable.

Proof. Let G = Gg,. By Lemma 7.2.1 applied to the element ,of(Gq) € G(Qp),
there exists a finite extension F'/Q, such that G is split and there exists a very
special parahoric G of G such that the image of pff(&q) in G(F) lies in G(OF).
We let F be a totally real field such that F,, = F for all places w|p of F. By
construction H C H' = Resy /oG and we have an isomorphism

H/ = H(/Qp = H Respw/(@p GFu, = HReSF/QPGF

wlp wlp

We let H' denote the parahoric group scheme of H' corresponding to le » G. Then
H'(Z,)NH (Qy) arises as the Z,-points of a parahoric group scheme H for H := Hg, .
By construction H' is quasi-split since it is the restriction of scalars of a split group,
and hence H is quasi-split. Since G(Q,) C H(Q,), the image of p$(7,) in H(Q,)
lies in H(Z,) so that (1) is satisfied.

To show (2) is satisfied, we let (Hj, X;) be an auxiliary Shimura datum of
Hodge type as constructed in Proposition 5.2.7 so that there is a central extension
Higer — Haer and we write Hy := Hj g,. The parahoric H# of H determines a very
special parahoric group scheme of H; of H;. It suffices to show #; is a connected
parahoric.

Note that there is an isomorphism H,q = Hj aq = H:Zl Resr, /g, Gi where G; is
a split reductive group over F;. It follows that any parahoric of H,q is connected.
There is a natural map 7—71 — ﬁad and a commutative diagram

ﬁl(zp) — ﬁad<2p)

K, J{ lEHad

w1 (Hy) —— m1(Had)1-

Therefore 7—71(21;) maps to ker(my(Hy)r — m1(Haa)r) and it suffices to show this
group is torsion free.
We have a commutative diagram with exact rows.

1 (Hider) 1 —— m1(H1) 1 —— X (H1ab)1 —— 0

l J l

0 ——— m1(Haa)r —— m1(Haa)1 {1 0

Since 1 (H1,der) — m1(Haa) is injective and these are induced modules, it follows
that 71 (H1der)r — m1(Haa)r is injective. By construction, X, (Hyap)s is torsion
free, and hence so is ker(m1(H1); — m1(Haa)1) by the snake Lemma.

O
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Theorem 7.2.4. Let p > 2 be a prime and v|p a place of E where A has good
reduction. Then there exists an element v € Conjg(Q) such that for all £ # p, we
have v = y¢(v) in Conjg(Q).

Remark 7.2.5. As remarked above, the group G depends on the embedding E — C
up to inner automorphism. However, this does not change the Q-variety Conjg,
and it can be checked that the statement of the theorem can be made independent
of the choice of embedding.

Proof of 7.2.4. We may assume that G is not a torus as in this case A has complex
multiplication and the result is a theorem of Shimura—Taniyama. We choose a
totally real field F as in Proposition 7.2.3 and let (H, Xg) be the associated Shimura
datum of Hodge type arising from the construction in §7.1.6. By construction, there
is a very special parahoric H of Hg, such that the image of pff (0q) inside H(Q))
lies in K, := H(Z,). Hence, there exists a finite extension E’ of E such that pﬂpE,
factors through K,, and such that there is a prime v'|v of E’ such that E!, has
residue field F,. We may thus replace E by E’, without changing the statement of
the theorem, and assume that the image of pf in H(Q,,) factors through K,.

Now let (Sa,¢)ep € V?(A)® denote the (-adic realizations of the absolute Hodge
cycles for A. By our assumption on E, the representation p?P : I'g — GL(‘A/”(A))
factors through G(Az}) C H(A’;), and hence through a compact open subgroup
KP C H(AIJZ). Write K := K,K?.

We now define a point of Shix (H, Xg) using the Hodge embedding ¢' : (H, Xg) —
GSp(W), S*). Consider the abelian variety up to isogeny A" = A ®q F, equipped
with the isomorphism ¢ : ‘7(AF) ~ V ®q Ay ®g F induced by the identity on
V. Since pf and pP act via K, the K-orbit of € is I'g-invariant. Thus, the triple
(AF X\ ® F,¢), defines a point 4 € Shx(H, Xg)(E). (Note that, since v is H-
invariant, up to scalars, X is defined over E as a weak polarization).

By our choice of F, the triple (H, Xg,H) satisfies the assumptions of Theo-
rem 6.1.4. Thus we may apply it to the reduction z4 € S« (H, Xu)(F,), where
“k (H, Xy1) is the integral model constructed from a choice of auxiliary Hodge type
Shimura datum. This implies that there exists v € Conjg(Q) such that for all £ # p,
we have v = y,(v) in Conjg(Qp). By Lemma 7.1.8, it follows that v € Conjg(Q)
and v = 7¢(v) in Conjg(Qr). O

Remark 7.2.6. In the proof of Theorem 7.2.4, we used an integral .k (H, Xg) which
depends on the choice of an auxiliary Shimura datum of Hodge type. As mentioned
in Remark 5.3.10, such a model should be independent of choices. In any case, all
we use is that such a model exists which satisfies the extension property in Theorem
5.2.13 (2) and the conclusion of Theorem 6.1.4.
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