MODERN STATISTICAL METHODS Part ITI
Example Sheet 3 (of 4) RDS/Michaelmas 2025

Questions 2 and 7 will be marked. In all of the below, assume that any design matrices X are
n X p and have their columns centred and then scaled to have ¢3-norm /n.

1.

4.

In the setting of Theorem 23, assume instead of the compatibility condition that for some
¢ € (0,1) there exists ¢ > 0 such that for all § € RP with (1 —¢)||on|l1 < (14 ¢)||0s||1, we

have )
s|| X 4|3

ne?
Let B be a Lasso estimator with regularisation parameter A > 0. Show that with proba-
bility at least 1 — 2p_(‘32A2/2_1), we have both
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[Hint: Start with the improved version of the basic inequality from Qu. 11 of Sheet 2.]

HIX(G-BE< 14PN and BB <A

Let Y = p%1 4+ XB% +cand let S = {k: 3% # 0}, N :={1,...,p} \ S. Without loss

of generality assume S = {1,...,|S|}. Assume that Xg has full column rank and let
Q = {||X Te||oo/n < Xo}. Show that, when A > Ao, if the following two conditions hold
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A+ 20){EXIXe) il < 18)  for k€S,

then on €2, there exists a Lasso solution that satisfies sgn(ﬂ}) = sgn(B8Y). Show moreover
that the Lasso solution is unique.

. Consider the setup of Question 1 with ¢ = 1/2 and write S := {j : Bj # 0} and set

§:=|8|.
(a) Show that on the event 2, for any non-empty subset B of S , we have

Lean(Bs) xEx (8 - = ML

[Hint: Start with the KKT conditions.]

(b) Let k2, be the maximum eigenvalue of X, ;X /n over all M C {1,...,p} with
|M| < m. Prove that on Q, any B C § satisfies

2 2
IB| < 9sr /6>
Let
m* = min{m > 1:m > 92 s/},
with m* = oo if there does not exist any m satisfying the condition defining the set
above. Deduce that on €2, § < m*, and moreover that § < 9&7271* s/ 8.
(a) Show that
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where ) 1
0) = —||Y|2 — —||Y — nd)|3.
G(6) = 5 IVI3 — 5 IV —nol3

Show that the unique § maximising G is 0* = (Y — XB%)/n [Hint: Treat the Lasso
optimisation problem as minimising |Y — z||3/(2n) + N||8||1 subject to z — X3 =0
over (,z) € RP x R"™ and consider the Lagrangian.]

(b) Let 6 be such that || X 6||oc < . Explain why if

max | X, 0] <\,
6:G(0)>G(6)

then we know that B)Ijk = 0. By considering = YA/ (nAmax) With Amax = | XY ||oo /72,
show that BI)jk =0if

Y T2 A — A
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5. Suppose B is a square-root Lasso solution from a regression of Y onto X with regularisation
parameter v > 0. Show that provided Y — Y1 # X3, we have

1
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6. The elastic net estimator in the linear model minimises
1
%IIY — X85+ MallBll + (1 — a)[18]3/2)

over 8 € RP, where « € [0, 1] is fixed.

(a) Suppose X has two columns X; and X}, that are identical and o < 1. Explain why
the minimising 5* above is unique and has ; = f;.

(b) Let B 0, B (1), ... be the solutions from iterations of a coordinate descent procedure to
minimise the elastic net objective. For a fixed variable index k, let A ={1,...,k—1}

and B={k+1,...,p} and find the form of B,gm) in terms of Bgm) and Bgnfl).
7. Consider the model
Y = X(B°+6°) +e,

where §° € RP represents a dense perturbation of the usual sparse linear model defined by
B° € RP alone. The Lava estimator (fy,dy) with tuning parameter A = (A1, A2) " € (0, 00)?
is defined by
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Find an expression for dx involving X, Y, B \» A2 and n. Deduce that BA is the minimiser
of a Lasso objective with transformed design matrix X := AX and transformed response
AY | where A:= (I — XQX")Y? and Q := (XX + 2n\oI)~! € RP*P,

Now let Q := {HXT(X(SO + As)Hoo/n < A1}. Show that on €, we have

LR G- 2 < ax 670

2



Conclude that on 2 we have

1 i AM |81
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when the maximum eigenvalue of XQX " is k < 1.

. By using applications of the weak union and contraction properties or otherwise, answer
the following.

(a) Suppose X1, Xo,... and Y7, Yo, ... are sequences of random vectors satisfying
Y L X1, .., X1 |Yie1,.. . 1
for all t € N. Show that for all r € N, we also have
Yiroo o Yorr AL Xoe1,- o, X1 | Yiet, ..., YA
(b) Suppose (X;,Y;, Z;)_, are independent triples satisfying X; 1L Y;|Z;. Show that
Xty X WL Ya, oo Y| Z1se s Zone

[Hint: Arque that it suffices to show the result for n = 2.
. Let Z ~ Np(p, X) with ¥ positive definite. Show that for any A, B C [p],
ZalZp = zp ~ Njg(pa + EA,BEI_;B(ZB — UB), XA,A — EA,BE;BEB,A)-

Here Y 4 p, for example, is the submatrix of 3 formed of those rows and columns indexed
by A and B respectively. [Hint: Find a matriz M € RIAXIBL sych that Za — MZp and
Zp are independent.]



