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Einstein equations

Let (M, g) be a (3 + 1)-dimensional Lorentzian manifold.

Einstein vacuum equations: Ric(g) = 0.

Goal: describe “high-frequency limits” of vacuum solutions.

Are the limits vacuum? Can we describe the effective matter field of
the limiting spacetime metric?

Describe the effective stress-energy-momentum tensor
= Ric(g)− 1

2R(g)g of the limits.
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Plane wave example

For λ ∈ (0, λ0], consider plane waves:

gλ = −2du dv + Hλ(v)2(eGλ(v) (dy)2 + e−Gλ(v) (dz)2).

The only non-trivial component of Ricci is

Ricλ( ∂∂v ,
∂
∂v ) = − 1

2 (G ′
λ(v))2 − 2H′′

λ (v)
Hλ(v)

Prescribe Gλ and solve Hλ (locally) to get a vacuum solution.

For k ∈ C∞ non-zero, define

Gλ(v) = λk(v) sin(
v

λ
).

Hλ(v) solves

2H ′′λ(v)

Hλ(v)
= −1

2
(G ′λ(v))2, Hλ(0) = 1, H ′λ(0) = 0.
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Plane wave example

G0(v) = limλ→0 Gλ(v) = 0.

Hλ admits a limit H0 which satisfies

−2H ′′0 (v)

H0(v)
−1

2
(G ′0(v))2 =

1

4
(k(v))2 6= 0.

g = −2du dv + H0(v)2((dy)2 + (dz)2)

is the non-vacuum(!) limit and in fact solves

Ric(g) =
1

4
(k(v))2 dv ⊗ dv , g−1(dv , dk) = 0.

This is a solution to the Einstein–null dust system.
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High frequency limits in general relativity

Isaacson (1968), Choquet-Bruhat (1969), MacCallum–Taub
(1973), Burnett (1989), Ali–Hunter (1999), Green–Wald
(2011), etc.

Suppose there is a sequence of smooth metric gn with
Ric(gn) = 0 and a smooth limit metric g∞ such that for
λn → 0,

‖∂k(gn − g∞)‖L∞ . λ1−k
n , k = 0, 1, 2, · · · .

What can we say about g∞?

gn − g∞ “has” amplitude ∼ λn and frequency ∼ λ−1
n .

Is g∞ vacuum? If not, what is the “effective matter”?
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Burnett’s conjecture

Conjecture (Burnett (1989))

Any high-frequency limit of vacuum solutions must be isometric to
a solution of the Einstein–massless Vlasov system.

Conjecture (Burnett (1989))

Any solution to the Einstein–massless Vlasov system can locally be
achieved as a high-frequency limit of vacuum solutions.
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Burnett’s conjecture

The null dust equation above can be viewed as the massless
Vlasov equation when the integral is a finite sum.
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Physical interpretation of the Burnett conjecture
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Vlasov field as “poor man’s gravitational waves”

Burnett’s conjecture suggests studying the Einstein–massless
Vlasov (or Einstein–null dust) equations to gain insights into the
vacuum problem.

Martin’s talk yesterday: Israel–Poisson (1989), Moschidis
(2018), Weissenbacher (2023)

The Einstein–massless Vlasov (or Einstein–null dust)
equations could be easier.

This is useful when the phenomenon is dominated by
high-frequency gravitational waves.

Could provide insights on the physical phenomenon and even
suggest a mathematical approach.
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(In)stability of Cauchy horizons
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Remarks on Burnett’s conjecture

If Burnett’s conjecture is true, then the effective
stress-energy-momentum is trace-free, satisfies the dominant
energy condition, and is positive semi-definite.

In practice, one is also interested in describing how the
limiting Vlasov field related to the sequence of solutions.
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Green–Wald theorem

Theorem (Green–Wald (2011))

Given the setting as in Burnett’s conjecture, the limiting
stress-energy momentum tensor Tµν satisfies

Tµ
µ = 0

and
TµνX

µX ν ≥ 0 for all causal vector X .
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Further remarks on Burnett’s conjecture

The first conjecture is a question of compactness.

Weak convergence: ψn ⇀ ψ weakly if
∫
ϕψn →

∫
ϕψ for all

nice enough ϕ.

cos(nx) has no pointwise limit as n→ 0, but cos(nx) ⇀ 0.

ψ
(1)
n ⇀ ψ(1) and ψ

(2)
n ⇀ ψ(2) do not imply ψ

(1)
n ψ

(2)
n ⇀ ψ(1)ψ(2)

cos2(nx) = 1
2 (1 + cos(2nx)) ⇀ 1

2 6= 0.

Model problems on R2:

∆φ = (∂xφ)2, �φ = (∂tφ)2, �φ = (∂tφ)2 − (∂xφ)2,

where ∆ = ∂2
x + ∂2

y , � = −∂2
t + ∂2

x .

Suppose φn are solutions, φn → φ∞ uniformly and
supn ‖∂φn‖L∞ < +∞. What can we say about the limits?
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Further remarks on Burnett’s conjecture

Burnett’s conjecture reflects a subtle combination of
non-compactness and compactness.

Compare: incompressible Euler equations

∂tv + div(v ⊗ v) = −∇P, div v = 0. (1)

Any smooth solution to the Euler–Reynolds system

∂tv + div(v ⊗ v) = −∇P + divR̊, div v = 0 (2)

can be achieved as limits of solutions to (1) (De
Lellis–Székelyhidi, Isett).
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Further remarks on Burnett’s conjecture

The second conjecture is about constructing low-regularity
solutions.

Constructing solutions to the Einstein equations
(Choquet-Bruhat (1952)) requires some amount of regularity.

The best known general result requires the curvature to be in
L2 (Klainerman–Rodnianski–Szeftel (2015)).

Fact: If a sequence of vacuum metrics gn have up to second
order derivatives uniformly bounded in L2, then any
subsequential limit must also be vacuum.

Thus we must go below the lowest known general threshold.
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U(1) symmetry and gauge condition

We will study the Burnett’s conjecture under symmetry.

Take (t = x0, x1, x2, x3) ∈ I × R2 × S1 as coordinates. We
impose a U(1) (translational) symmetry (i.e. no x3

dependence)

(4)g = e−2ψg + e2ψ(dx3 + Aµdx
µ)2.

Impose that g is put into the form:

g = −N2 (dt)2 + e2γδij(dx
i + βidt)(dx j + βjdt).

Impose also that {t = const.} hypersurfaces have zero mean
curvature.
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Reduced equation in U(1) symmetry

Under U(1) symmetry, the Einstein equations for (4)g become an
Einstein–wave map system (with target H2) on the
(2 + 1)-dimensional space

�gψ = −1
2e
−4ψ(g−1)µν∂µω∂νω,

�gω = (g−1)µν∂µω∂νψ,

Ricµν(g) = 2∂µψ∂νψ + 1
2e
−4ψ∂µω∂νω,

where dA = 1
2e
−4ψ(∗dω).
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U(1) symmetry and gauge condition

Together with the gauge conditions, equations become
schematically (for Φ = (ψ, ω) and g components of g){

�gΦ = Γ(Φ)Q(∂Φ, ∂Φ),

∆gµν = (∂g)2
µν + (∂µΦ)(∂νΦ).

where �g is wave operator, ∆ the Euclidean Laplacian on
{t = const.}, Q a g -null form.

We now ask the PDE problem: If (Φn, gn) are solutions and

‖∂k(Φn − Φ∞)‖L∞ . λ1−k
n , ‖∂k(gn − g∞)‖L∞ . λ1−k

n ,

what can we say about (Φ∞, g∞)?
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Burnett’s conjecture

Theorem (Huneau–L. (2019))

Under the symmetry assumption and gauge condition, the first
Burnett conjecture is true.

Moreover, the massless Vlasov field is given by a microlocal
defect measure.

Guerra–Teixeira da Costa (2021) gave a simplified treatment
of one of the frequency regimes.
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Simplified model

Recall the schematic equation{
�gnΦn = Γ(Φn)Q(∂Φn, ∂Φn),

∆(gn)µν = (∂gn)2
µν + (∂µΦn)(∂νΦn).

Q is a null form with respect to gn.

g obeys elliptic equations.

The first (easy) step is to show that the limit satisfies{
�g∞Φ∞ = Γ(Φ∞)Q(∂Φ∞, ∂Φ∞),

∆(g∞)µν = (∂g∞)2
µν + w-limk→∞(∂µΦnk )(∂νΦnk ).

A weaker form of compensated compactness.
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Microlocal defect measures

Suppose ψn → ψ∞ uniformly and |∂ψn| . 1. Then∫
Rd+1

(∂α(ψnk − ψ∞))b(x)(m(
1

i
∇)(∂β(ψnk − ψ∞))) dx

→
∫
S∗Rd+1

b(x)m(ξ)ξαξβ dν.

for every smooth b(x) and smooth m(ξ) homogeneous of order 0,
where m( 1

i∇) is the corresponding Fourier multiplier,

i.e. ̂[m( 1
i∇)f ](ξ) = m(ξ)f̂ (ξ).

Gérard (1991), Tartar (1990).

Measures the location and direction of failure of strong limit.
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Microlocal defect measures and linear wave equation

The microlocal defect measure associated with solutions to the
linear wave equation satisfies the massless Vlasov equation.

Our setting is quasilinear: need special structure and
cancellations.
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Construction of high-frequency spacetimes

Theorem (Huneau–L. (2017))

Given a generic, small data, smooth, local-in-time, U(1)-symmetric
solution to the Einstein–null dust system with a finite number of
families of null dust, there exists a sequence of vacuum solutions
whose limit is the given solution.
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Geometric optics construction

The proof is based on an ansatz

Φλ = Φ0 + λ
∑
A

FA sin(uAλ ) + error.

A precise understanding of interaction of waves and
(non)-generation of higher harmonics.

Null dust is generated in the limit:
∂µΦλ∂νΦλ ⇀ ∂µΦ0∂νΦ0 + 1

2

∑
A F 2

A∂µuA∂νuA.
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From vacuum to dust to Vlasov

Finite sums of delta measures are weak-* dense in the set of
all Radon measures.

Work in progress: use this theorem as a building block to
construct more general limiting solutions to the
Einstein–massless Vlasov system.

Key difficulty: understand (and sharpen) the dependence on
the number of families of dust.

Need to use more precise eikonal functions.
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Geometric optics construction

One may wish to carry out the whole program in 3+1
dimensions, e.g., in generalized wave coordinates.

Theorem (Touati (2022))

There exists one parameter families of vacuum solutions
representing high-frequency geometric optics constructions, whose
limits are solutions to the Einstein–null dust system.

This upgrades the approximate solutions of Choquet-Bruhat
(1969) to actual solutions.
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Angularly regular spacetimes

If one considers “angularly regular” spacetimes, there is still a good
low-regularity well-posedness result.

Theorem (L.–Rodnianski (2013))

Consider metric of the form

g = −4Ω2 dudu + γAB(dθA − bAdu)(dθB − bBdu).

Local existence and uniqueness holds with the class where for
g ∈ {log Ω, γ, b},

∂ug ∈ L2
u, ∂ug ∈ L2

u

as long as there are extra regularity in the θ-directions.

The profile of g can be very general, not necessarily oscillatory
with a particular profile.
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Burnett’s conjectures

Theorem (L.–Rodnianski (2020))

Both conjectures of Burnett are true in the setting of angularly
regular spacetimes and the limits correspond to solutions to the
Einstein–null dust system.
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Null dust shell solutions

Synge (1957) constructed an explicit null dust shell solution
(M, g) to the Einstein equation.

Many other explicit solutions known, including interaction of
null dust shells. (Dray, Gibbons, Penrose, Redmount, t’ Hooft, ...)

Question: Can one prove a general local existence result for
null dust shells?
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Plane wave solutions with a null dust shell

Plane wave ansatz

g = −2du dv + H(v)2(eG(v) (dy)2 + e−G(v) (dz)2).

Let G (v) = 0 and H(v) =

{
1 if v ≤ 0

1− v if v > 0

We compute

Ric(
∂

∂v
,
∂

∂v
) = −2H ′′

H
− 1

2
(G ′)2 = −2H ′′

H
= 2δ0.

Solution to the Einstein–null dust system where the null dust
is a delta measure.
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Null dust shell solution as a vacuum limit

Plane wave ansatz

g = −2du dv + H(v)2(eG(v) (dy)2 + e−G(v) (dz)2),

Let G(v) be smooth and compactly supported, with∫
G′2(v) dv = 4.

Define Gε(v) = ε
1
2G(ε−1v).

Can solve for Hε in a uniform region to obtain vacuum
solutions.

limε→0 Gε(v) = 0,
limε→0(G ′ε(v))2 = limε→0 ε

−1G2(ε−1v) = 4δ0(v).

The limit is the null dust shell solution we saw earlier. This
involves concentration and is slightly different from
“high-frequency limit”.

Jonathan Luk High frequency spacetimes in general relativity



Null dust shell solution as a vacuum limit

Plane wave ansatz

g = −2du dv + H(v)2(eG(v) (dy)2 + e−G(v) (dz)2),

Let G(v) be smooth and compactly supported, with∫
G′2(v) dv = 4.

Define Gε(v) = ε
1
2G(ε−1v).

Can solve for Hε in a uniform region to obtain vacuum
solutions.

limε→0 Gε(v) = 0,
limε→0(G ′ε(v))2 = limε→0 ε

−1G2(ε−1v) = 4δ0(v).

The limit is the null dust shell solution we saw earlier.

This
involves concentration and is slightly different from
“high-frequency limit”.

Jonathan Luk High frequency spacetimes in general relativity



Null dust shell solution as a vacuum limit

Plane wave ansatz

g = −2du dv + H(v)2(eG(v) (dy)2 + e−G(v) (dz)2),

Let G(v) be smooth and compactly supported, with∫
G′2(v) dv = 4.

Define Gε(v) = ε
1
2G(ε−1v).

Can solve for Hε in a uniform region to obtain vacuum
solutions.

limε→0 Gε(v) = 0,
limε→0(G ′ε(v))2 = limε→0 ε

−1G2(ε−1v) = 4δ0(v).

The limit is the null dust shell solution we saw earlier. This
involves concentration and is slightly different from
“high-frequency limit”.

Jonathan Luk High frequency spacetimes in general relativity



Local existence for general null dust shells

Using the general low-regularity local existence result in vacuum,
we prove

Theorem (L.–Rodnianski (2020))

Given any suitable null dust shell data, there exists a unique local
solution to the Einstein–null dust system which features the
interactions of two null shells.
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Local existence for general null dust shells

The local existence result holds without any symmetry
assumptions.

The theorem applies more generally to construct solutions to
the Einstein–null dust system where the null dust is
measure-valued.
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From Synge to Christodoulou

Synge’s solution is not just a local propagating null shell, but
is also an example of gravitational collapse.

A trapped surface forms in dynamical evolution!

A much harder problem is whether a trapped surface can form
in evolution in vacuum.

Theorem (Christodoulou (2008))

A trapped surface can form dynamically in vacuum by the focusing
of gravitational waves.

An, Athanasiou, Jaffe, Klainerman, Le, Lesourd, Li, Liu, L., Mei, Reiterer, Rodnianski, Trubowitz, Yu, ...
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From Synge to Christodoulou and back

Christodoulou’s construction is based on what he called
the short pulse method.

If we take the length scale → 0, the spacetime converges to
the Synge solution.

Thus Christodoulou’s construction can be viewed as an
“approximation” of the Synge solution.
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Thank you!
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