Part 1
Linear waves on Lorentzian manifolds

1 General techniques and basic statements
This section concerns the analysis of the covariant wave equation
Oy =F (1.1)

on an (n + 1)-dimensional Lorentzian manifold (M, g). Here, ¢ and F are functions from M to R, also
called scalar fields, and [, is a differential operator defined by

%aﬂ (V=99 0,8)

If F =0, we call (1.1) the homogeneous (scalar) wave equation on M. Three important examples of
inhomogeneous scalar waves arise from:

Oyt = VAV b =

e adding a potential to the homogeneous wave equation:
(g =V =0 = Oy =V
e commuting the homogeneous wave equation with vector fields Z:
Og¢ =0 = O4(2%) = [0y, Z]Y + Z(Og9) = [0y, Z]9.
e nonlinearities: a general quasilinear wave equation
Dg(d),@’(/))w = N(d& 61/})
can be written as an inhomogeneous wave equation
DQO’(/} =F
with respect to the “background” metric g := g(0,0), where F' := N (1), 0¢) — (Og(y,09) — Ogo)?-

The goal of the section is to give examples of how, using an entirely geometric language, we can derive
analytical properties, like boundedness and decay in appropriate Sobolev (energy) spaces, of solutions to
(1.1).

1.1 Symmetries and commutators

We first show that symmetries of the background spacetime interact well with the covariant wave equa-
tion (1.1). Recall the following definition:

Definition 1.1. Let X be a vector field on (M, g). Then, we define its deformation tensor by

1 1
X .= 3Lxg = Xy, = 5 (VuXy + Vo X,).
We say X is Killing if (X¥)7 = 0 and conformally Killing if there exists a scalar field A such that (X7 = \g.

Lemma 1.2. Let (M,g) be (n + 1)-dimensional, and let Z be a smooth vector field on M. Assume 1
satisfies (1.1) for some given F. Then, we have

O4(Zy) = Z(F) + 2P 7V Vb + 2V, DtV o) — v, D i),
In particular, if Z is Killing, we have
Oy(2¢) = Z2(Lgy) = Z(F);
if Z is conformally Killing, with (%) = \g, we have
O4(Zy) = (Z +20)(84¢) + (1 = n)Vo AV = Z(F) + 2AF + (1 = n)V AV,
Proof. We compute
Oy, Z1Y = VIV, (Z"V ) — ZYN VIV ) = VR (ZYV N + YV, 2N ) — Z8VV VRV i)
=VHZY (V. Vo + V, V. 0) + VIV, ZYNV oy + ZY (VEV Vo) — V, VAV ,0)
=27y V¢ + VIV, Z, VY + 27V, V, |V



using the fact that [V, V,]¢ = 0 for a scalar field. Now note that
[V ViV = Ry, VA0,
and, moreover, since (Z)ﬂ'fj = V*Z,, we have
ovr A, = VIV, Z, + ViV ZF + [V, V|28 = VIV . 2, + Y, D ak + Ry, 2
Combining these identities, we obtain
[Og, 214 = 27N,V 1p + 2V D7, V) — V, Dt vvy, (1.2)
since Ry, (Z”VM/} — ZAV’%/J) = 0 by the symmetries of the Ricci tensor. O

1.2 Energy-momentum tensor and multipliers
The homogeneous wave equation comes from a Lagrangian structure:
0 =0gypVyh = VHT (4], (1.3)
where the energy-momentum tensor
T ] = V¥t~ 2 00 VUV o) (14)
leads to the action

L[] ::/ 9"’V 1V pdvoly.
M

We will make use of this Lagrangian structure heavily throughout these notes. However, as we have
already seen, it is sometimes useful to think in terms of rescaled versions of 1, such as the radiation field.
Thus, let us introduce a nowhere vanishing function 8 on M, and define the rescaling ¢ := 3~ 11).

Lemma 1.3. Let F be given and assume ¢ solves the wave equation (1.1). Then ¢ satisfies
BTEVH(BPV,0) —Up=p""'F,  U=-B"'0,8.
Proof. We compute
Ogtp = VAV, = V* (BV L (B71)) = VH(BV,.B71)

=BTV (BPVL(BTY)) — (B7IVHB)BVL(BT ) + VH(BT 9V, B)

= BIVH (B2V ) — VIBV o + VH(¢V . 6)

= B7IVH (B2V ) + OgB0 = B [B72VH (8°V ) —Ug],
which concludes the proof. 0

Let us now generalize the definition in (1.4).

Definition 1.4. Take a scalar field 1) on M. We define its twisted energy-momentum tensor by
- 1
T[] = BV, (B71)BV.L (B 1) — 59 [BV(B~19)BVa(871) + UY?]
1
= 52 vu¢vu¢ - ig;u/ (va¢va¢ + U¢2) .

Next, we generalize the divergence identity (1.3):

Lemma 1.5. Let F be given and assume 1) solves (1.1). Then, its twisted energy-momentum tensor satisfies
VT (6] = BFVé + S, [, (1.6)

where we have set

Sul0] = 8LV 6V a6 — 3V (B



Proof. We notice that
~ 1
T/JVWJ] = 52T;w[¢] - §guuU¢2627

and thus, using (1.3), we compute

VT[] = 520, (57 9) Va6 + VA T ld] - 5V (U5 — 39 (¢)UF?
= B2 (OB +2VHB7I V0 + 87 040] V¢ + 28VH BV 10V, ¢ — BV, BV PV a¢b
~ SVUUBS — 6V,0U
= BEV,6+ S, [0 + [8% (80,87 — U) ¢+ 268VFB7 1BV .00 + 268VF BV 6] V¢
= BEV, ¢+ S,[¢] + B2 (80,871 + 2VHBV, 71 — U) ¢V, ¢.
The term in round brackets vanishes; indeed,
B0~ = VIV LB~ = VH(BV,B7Y) = VIBV B = =V (B7'V,B) — VHBV,A7!
=-B7'VIV,B - 2VHBV, Bt = —p710,8 - 2VHBV, B =U - 2VHBV, B
This concludes the proof. O

Remark 1.6. In practice, by multiplying (1.1) by 8V,¢ and integrating by parts, one can identify the
appropriate energy-momentum tensor 7'[¢)] and one-form S[¢] which allow for identity (1.6) to hold.

The energy-momentum tensor for a scalar field naturally induces a notion of current associated to a
vector field on M. We jump ahead to introduce the most general form thereof that we will consider in these
notes:

Definition 1.7. Take a scalar field ¢ and a vector field X on M. We define the twisted X-current of ¢ as
the one-form

TX W) = XV T [v). (1.7)

Lemma 1.8. Let F be given and assume 1 solves (1.1). For any vector field X, the twisted X -current of
¥ satisfies

VEIX ) = KX ] 4+ EX ), (1.8)

where we have set

KX [lﬁ] (X)) v (THV[QM . ﬂ(ﬁQV#VVﬂ) -8 (VV(X)W“VVHﬁ _ ;VV(X)WZVVB> ¢2

1.9
= BX(8) (V0900 + 5U6*) + 150, (X (5) ¢, -
EX[Y) = BFX(¢). (1.10)
In particular, if X is Killing and X (8) = 0, KX[] = 0.
Proof. We compute
VTN = V(X T 0]) = VX T ] + X0V T 0] = OO T [9] + XV T ),
and then use (1.6) to obtain (1.8) with
R[] = COm T [g] + XV5, 0] = COn T 0] — BX ()9 0Vt — 3 X (UG,
To simplify the last term, we recall that
X(UB?) = =X (B0,48) = X(B)UB — B0, (X (B)) + BI0,, X5,
and we apply (1.2), i.e.
[Og, X18 =27V, v, 8+ 2V+ X7, v B — v, X ahv 3,
to rewrite the commutator term. O



Remark 1.9. Note that the one-form J¥ [¢] and the scalar KX [¢] only depend on the 1-jet of v, i.e. ¢
and its first derivatives. For solutions of the homogeneous wave equation, £ X[] = 0 and thus (1.8) implies
that JX[¢] is a compatible current in the sense of [5].

For later applications, it will also be convenient to define an auxiliary current:

Definition 1.10. Take scalar fields ¢y and w on M. We define the w-Lagrangian current of ¢ as the
one-form

T ] o= 52 |wgV 6 — %¢2Vuw : (1.11)

Lemma 1.11. Let F be given and assume ¢ solves (1.1). For any scalar field w, the w-Lagrangian current

of ¥ satisfies

ijsux,w[,l/]] _ Raux,w[w] + gaux,w[wL (112)

where we have set
K™vy] = fPw (U¢* + V'V u0) — %aﬁ?v“(ﬂ?vuw) (1.13)
éaux,w[¢] = ﬁFw¢ (114)

Proof. We compute
v”jguw[zp] = V(6% [w¢vu¢ — ;QSQVMw} + (2 [wquvm + wopl,¢ — %qﬁQDgw

= V*(8%) {wwm - ;&vﬂw} + BwVH OV ¢
+wp?p (T~ + 2VF BV .00 + 5710,¢]
— SEVHET ) + SFVHE)
= K[ 4+ E2 ] + wpe [~Ud + BB 16 — 287 VBBV, + 2871 VH BV 1] ,

where the term in square brackets vanishes by the same argument as in the previous lemma. O

Remark 1.12. In practice, by multiplying (1.1) by Sw¢ and integrating by parts, one can identify the
appropriate one-form J*"®[¢)] and scalar K*""[¢)] which allow for identity (1.12) to hold.

1.3 Stokes’ theorem and volume forms

Finally, we can integrate the identities in Lemmas 1.8 and 1.11.

Proposition 1.13 (Stokes’ theorem). Let F' be given, and ¥ be a solution to (1.1). Let R C M be a time
oriented domain in M with piecewise smooth boundary

OR=TUS, US_UN UN_

where each term denotes a possibly empty finite union of hypersurfaces, those in T are timelike, those in S+
are spacelike, and those in Ny are null. Let:

e ny denote the unit normal of T (i.e. a spacelike vector field satisfying g(X,ny) = 0 for all vector
fields X tangent to T and normalized so that g(nr,ny) = 1) which is outward-pointing with respect
to int(R); set dvoly = dvol

glTs

e ns, denote the unit normal of S+ (i.e. a timelike vector field satisfying g(X,ns,) = 0 for all vector
fields X tangent to St and normalized so that g(ns, ,ns.) = —1) which is future-directed; set dvols, =
dVOlg\si 5

® ny, be a null generator of N+ (i.e. a null vector field tangent to the null generators of N1 and
satisfying g(X,ny, ) = 0 for all vector fields X tangent to Ny ) which is future-directed; then, choose
npr, to be a future-directed transverse null vector field normalized so that g(@Ni7nNi) = —1, and set
dvolyr, = —npr, advoly.



Then, we have

/ jl?[w]n‘;—dvolr—k/
-

. j/?[z/)]nngdvongr + /N j9[¢]ﬁﬁ/+dvolj\/+ + /71 (f(o [y)] + SOW]) dvolg

+

(1.15)
:/ jlp[zb]ng_dvolg_ —i—/N j9[¢]27\/_dvolj\/_,

where () can be replaced by any vector field X, or by the notation aux,w for a scalar field w.

Proof. Apply Stokes’ theorem to the vector field (JO)!, or equivalently to the three-form (jo)ﬁJdVOIQ.
Since
a((JO) dvoly ) = V(O dvol, = VIO dvol, = (KO + £O) avoll,

hence Stokes’ theorem gives

/ (K© 4 £O) dvol, = / (JO)* L dvol,,.

R R

With our — + ++ signature, the pullback of (JO), dvol, to a future spacelike or future null boundary
component is the negative of the corresponding future-directed flux, whereas on a past spacelike or past null
boundary component it is the positive of the corresponding future-directed flux. The timelike side boundary
piece comes with the outward spacelike normal, as usual. Rearranging concludes the proof. O

End of Lecture 1

Start of Lecture 2

1.4 Application: local theory

We apply the geometric framework we developed to establish basic analysis results for (1.1) over R as
in Figure 1.

>
2
o @ o Cr
2o
Yo
Figure 1: The regions R considered in Section 1.4.

1.4.1 First order energy estimates

In this section, we want to show the following a priori estimate:

Proposition 1.14 (First order a priori estimates). Let F' be given, assume 1 is a smooth solution to (1.1).
Then, there exists a C depending only on the region R such that

13y + s, 91172y < C1E1H sy + 120172 sy + 31(15’ )HF”%Z(ET/))
7/€(0,7
In particular, this implies uniqueness of solutions to (1.1) with the same data |s,, nx,¥|s, in the the

domain of dependence of ¥g.

We will do this by employing the currents introduced in Section 1.2. The reason why one might hope to
do so is contained in the following lemma

Lemma 1.15. Suppose [ is chosen such that U > 0. Then, the following hold.



o If X is a future-directed causal vector, —JX [¢] is also future-directed and causal. Thus, if Y is also
future-directed and causal,

XY H =T [W]XVYH > 0.
o If X and Y are future-directed and timelike vector fields, then
TXWY = Tl X7y > o8[S (0:0)° + US?).

?

o If X is a future-directed timelike vector field and Y is a future-directed null vector field, then

n—1
TXWY" = T XY " 2 o8 (Y6 + Y (e:0)” + Ug?)

i=1
where we have span{Y,ey,... e, 1} =Y. (Thus, jlf( []Y# controls Y ¢ and all spacelike derivatives

tangent to Y+, but not the derivative along the null direction conjugate to Y.)

o If X and Y are linearly independent future-directed null vector fields, then

n—1

T = T [UlX V" 2 ¢8| 3 (e:0)” + UG,

i=1
where span{ey,...,e,_1} = X+ NYL. (Thus, jlf( []Y* controls all derivatives of ¢ except for those
along X andY.)

Proof. We have that
T lulxy* =52 |(X0)(Y9) - 30(X.V)o(d0,d0) ) - 500X, VU],

so clearly the last term contributes non-negatively as long as —¢g(X,Y) > 0 and U > 0. For the term in
square brackets, we decompose into two future-directed linearly independent null vectors L and L normalized
so that g(L,L) = —2: if X, Y are future-directed causal, then

X =aL+bL, Y =cL+dL,
for some a, b, c,d > 0. We compute

n—1

(X6)(Y6) ~ 39X, ¥)g(d6, d0) = ac(La)? + bd(Le)? + (ad + be) > (ei0)’,

i=1
where (e1,...,e,_1) form a basis of the tangent space to L NL™*. Note that this is always possible because
the result is local, and we can always find a null frame (eq,...,e,—1, L, L) at each point of the manifold. [

Lemma 1.15 in some sense bridges the gap between the highly geometric language of the previous section
and the analytical nature of the task at hand: looking back to Proposition 1.13, Lemma 1.15 says that for
appropriate choices of multiplier X the last two terms on the left hand side of (1.15) amount to L? norms
of some or all derivatives of ¢ along IR.

Proof of Proposition 1.14. On R, we can find a timelike vector field X. Let {X;},¢[o,1] be a foliation of
R. By Proposition 1.13, we have

/ JX Wk, dvolg, + / J X Wng, dvole, — / JX [W]nk, dvols,
B Cr o (1.16)

=~ [ () + X)) dvolr,
R

where we have dropped tildes to indicate that we are setting 8 = 1. By Lemma 1.15,

£(r) = [ T ing dvols, > el g, + clios, 6lacs, ) 2 0.

/C Jlf( [w]néTdVO].CT >0,



for all 7 € [0, 1]. Since X need not be Killing, we may have KX [)] # 0. However, since KX [+)] only depends
on v and its first order derivatives, by compactness of R we have

/R (KX ] 4+ EX[@]) dvolg < /O IF32s, d7" +C /O / T []nk; | dvols, , dr'.

Thus, dropping the integral over C due to its non-negativeness, (1.15) becomes

f(r) <0 +D+C / f(r)dr" = f(r) <e“(f(0)+ D), D:= / 1)1z s, 7
0 0
by Gronwall’s inequality. Hence, we obtain

Hw”i}l(zr) +lIns, YlZ2(s,) < C(T)(||¢H12ql(go) + s ¥ll72 (s + /21(1(? )||FH%2(ZT/))-

Finally, we need to show that the homogeneous H' norms can be replaced by inhomogeneous H' norms.
To do so, first note that the fundamental theorem of calculus and the fact that R is bounded implies

117 s,y < ClelG s,y + Cleli20s,) = Cl¥l s, , + ClYlIE2(os,)
and the fact that 9%, = 0% is a compact surface, implies, by the trace theorem

[Vl z2050) < ClIY |1 (50)>
concluding the proof. O

1.4.2 Higher order energy estimates

The estimates in the preceding section hold for higher order derivatives of ¢ by the methods developed
in Section 1.1. As an example, let us extend Proposition 1.14:

Proposition 1.16 (Higher order a priori estimates). Let F' be given, assume ¥ is a smooth solution to
(1.1). Then, for s > 1, there exists a constant C depending only on the region R and s such that

1 Zs 1) + s Yl 2,y < CUI I ) + InsePllEre1 () + sup )IIFqus—l(zT,))- (1.17)
7'e(0,7
Furthermore, if the inhomogeneity F and the data ¥|s,, nx,¥|s, are smooth, then ¢ is the unique smooth
solution to (1.1).

Proof. Let X and X, be as in the proof of Proposition 1.14. Let us further introduce {ZA}ZZO, a collection
of vector fields spanning the tangent space at M. Then,

Z/ T [Z%nk dvols, > c|l¢l7. ) + clins, ¢l ) + 0%, SlI72 () = 0,
and, as before,
> KX[Z%)]dvolg < C / / Z JX[Z4Ink  dvoly_,dr'.

fi2ux

Here we have again dropped the tildes from our notation associated to the X-currents of ¢ as we have the
twisting parameter to be 8 = 1. Since Z# need not commute with Oy, we will now have EX[ZA4] £ 0 in
general even if F' = 0; however, by Lemma 1.2, we can estimate

/ ZEX [Z44)] dvolR</ IE 3 s, A7 +C/ / ZJX [Z24¢ng_ dvoly_,dr'.
R

A=0 ' A=0
From Proposition 1.13 and Gronwall’s inequality, analogously to the proof of Proposition 1.14, we obtain

H¢||§{z(27) + ||n21—w”i}1(27) + Hnéfw“%z(z
CrY N2y T Inzo s (s, + I8 I22(5g) + T,i‘(l(?ﬂHF”%Il(ET/))-
By combining with Proposition 1.14, we can change from homogeneous to inhomogenous Sobolev norms.

Moreover, the wave equation (1.1) allows us to solve for nQEsz in terms of other quantities in the estimate;
thus, we have

1912,y + Ins, Y1 s,y < CO) (Wl + Inse? il s, + sap )HF”?{l(z,/))-
T'e(0,7



Iterating the procedure above, we obtain the Sobolev estimates claimed in the statement. Finally, note
that Sobolev inequalities

Sélpib Sl as (s,

with s —n/2 > k > 0, allow us to pass from control of 1 in Sobolev norms to control of 1 in C* norms. [

1.4.3 Local well-posedness

Finally, we deduce:

Theorem 1.17 (Local well-posedness). Let (M, g) be globally hyperbolic with Cauchy surface 3, s > 1.
The initial value problem for scalar wave equation (1.1) is locally well-posed. Concretely, given scalar fields
Ve H: (X), e HSNE) and F € L(HE N (,)), the problem

loc loc

Ugp = F, Y|s =1, netls = .
has a unique solution v in M which, on any spacelike hypersurface S C M, satisfies v € Hj (S) and
ngy € HE-1(S) and depends continuously on (P, ).

loc

Proof. In Propositions 1.14 and 1.16, we showed the uniqueness of solutions in the classes discussed as well
as the continuous dependence on the data. To prove existence, we restrict to a sufficiently small R that g can
be well-approximated there by the Minkowski metric in some coordinate system. Then, Hahn—Banach can
be used to produce a distributional solution to (1.1), which, using the equation and the a priori estimates
(1.17), can be shown to have the right regularity. See, e.g. [15, Proof of Theorem 3.2]. O



2  From Minkowski to the Schwarzschild exterior

In the previous section, we saw that for general globally hyperbolic spacetimes (M, g), we can solve the
covariant wave equation (1.1) to the future of the Cauchy surface . However, the control we have from
these general results breaks down the further into the future of X we try to go. In other words, we have very
little quantitative information on the long time dynamics of (1.1) for general (M, g). In this section, we
focus on two cases where we can say a lot more in this direction: Minkowski space, and the exterior region
of a Schwarzschild black hole (excluding the event horizon).

2.1 Primer on the geometry of Minkowski and Schwarzschild

Minkowski space and the Schwarzschild manifold are two examples of spherically symmetric solutions of
the Einstein vacuum equations (i.e. are Ricci-flat Lorentzian manifolds). It will thus be useful to introduce
some notation for the round sphere: dog: will denote here the round metric on S?; with the usual (0, ) €
(0,7) x [0, 27) polar coordinates! on S?, we write

° 1 o 1 1
2 2 2 : 2
= |0 0 , = ———0y(sinb0y f) — ——0% f,
|Y7f‘ | Gfl +Sin29| Lpf| ﬁf sind 0( Bf) sinZ 0 (pf
for smooth scalar fields f on S?, and do = sin#dfdyp for the volume form associated to the round metric
dO’SZ .
Minkowski space, in addition to being Ricci-flat, is (Riemann-)flat. It is defined by

Mmink = Rt X R?Ly’z)a
Gmink 1= —dt? + dz? + dy? + dz?,

in Euclidean coordinates. In the ensuing sections we will in practice use other types of coordinates on this
space: setting r? = 22 + y? + 22, we can use polar coordinates to describe Minkowski space (with the usual
degeneration at r = 0) as
Mpmink = Ry X [ano)r X 827
Gmink = —dt* + dr? + r?dos:;
with null coordinates

1 1
uzﬁ(t—r), vzﬁ(t—l—r),

we have (with the usual degeneration at r(u,v) =0 <= u =)
Muink = {(u,v) € R?: v > u} x §?,
Gmink = —4dudv + 7'2(U, ’U)dO’S2, T(u, 1}) = v — U.

We illustrate the Minkowski manifold, as well as some foliations of it which we will use in the ensuing
sections, in Figure 2.
The exterior region of a Schwarzschild black hole (excluding the event horizon) can be described by

Msenw(nr) =Ry X (rg,00), x §?, M >0, ry =2M,

A 2
Ischw (M) 1= —— At + ZdTQ + r’doge, A =r%—2Mr.
r
In the ensuing sections, we will also find it convenient to introduce the tortoise coordinate r* = r*(r)
dr* r?
=—, 77(3M) =0,
dr A (3M)

with which we have

Msehw(rry = Ry x Rpe x §?, M >0,
A . .
gschw (M) = 5 [—dt? + (dr*)?] + r*(r*)doge,

and the corresponding null coordinates

1 1
uzi(tiT*)a Uii(t+7‘*)7
LRecall that it is understood that ¢ = 0 and ¢ = 27 are identified; then, these coordinates are global except for the usual
degeneration at 6 = 0, 7.

10



Figure 2: Minkowski space visualized by its Penrose diagram. The left panel illustrates a foliation by an
SO(3)-invariant uniformly spacelike hypersurfaces {S,}, which terminate at spacelike infinity i, such as
S; ={(t,r,0,0) € Mmuink : t = 7}. The right panel illustrates a foliation by piecewise smooth hypersurfaces
{2, }, which terminate at future null infinity Z*: each ¥, consists of a spacelike piece S; N {r < R}, for
some R > 0, and an outgoing null piece C; emanating from S, N {r = R}.

with which we have
Mschwnry = Ry x Ry x 82, M >0,
A
gSchw (M) = —4T—2dudv + 72 (u,v)dogz, r*(u,v) = v — u.

Furthermore, to extend the manifold to include the future event horizon, it is helpful to introduce a horizon-
penetrating time coordinate

t" =20 —r,
with which
Mgehw(my = Re= X (2M, 00), x S?, M >0,
A 4M oM
Yschw (M) = _ﬁ(dt*)Z T dt*dr + (1 + r) dr? 4+ r?doge,

can be extended to include H™ = {r = 2M}. We illustrate the Schwarzschild exterior manifold, as well as
some foliations of it which we will use in the ensuing sections, in Figure 3.

Exercise 2.1. A common source of confusion in the above equivalent descriptions of the Schwarzschild
exterior manifold is that, although the notation r is kept throughout several changes of variables, the
coordinate vector field denoted by 0, depends on the chart being used.

Compare the coordinate vector field 9, in the (t*, 7,6, ¢) chart with the coordinate vector field 9, in the
(t,7,0,¢) chart on Mgeny(ar)-

Explain why the notation r is nevertheless kept in both charts by assigning a geometric meaning to the
scalar function 7 on Mgepw(ar)-

2.2 First order energy estimate

In this section, we re-do the estimates of Section 1.4.1 for general manifolds now on Minkowski and on
the Schwarzschild exterior away from the horizon. The crucial point is that for these special spacetimes
there is a privileged choice of timelike vector field to use as multiplier: the vector field T' = 9; which is,
moreover, Killing. Another difference is that the hypersurfaces in our foliations of the manifold will not be
compact; hence, we will take 3~! = r nontrivial, so that ¢ := 7 is the radiation field.

Proposition 2.2 (Energy estimates on Minkowski). Let ¢ = gmink, and fix some R > 0. Fix foliations {S; }-
and {X;}; of Mmuink as follows: {S;}, is an SO(3)-invariant, T-invariant uniformly spacelike foliation by
smooth hypersurfaces which terminate at spacelike infinity (such as the constant-t foliation); {X.}, is a

11



Figure 3: The Schwarzschild exterior, with event horizons attached, visualized by its Penrose diagram. The
left panel illustrates a foliation by an SO(3)-invariant uniformly spacelike hypersurfaces {S; }, which connect
the future event horizon H* with spacelike infinity ¥, such as S, = {(t*,7,0,¢) € Msehw(nry 1t =T} The
right panel illustrates a foliation by piecewise smooth hypersurfaces {3;}, which connect the future event
horizon H* with future null infinity Z7: each ¥, consists of a spacelike piece S, N {r < R}, for some R > 0,
and an outgoing null piece C; emanating from S, N {r = R}.

foliation by piecewise smooth hypersurfaces which terminate at future null infinity and consist of a spacelike
piece Sy N {r < R} and an outgoing null piece C; emanating from S; N {r = R} (see Figure 2 for an
illustration).

Assume ¥ is a smooth scalar field which solves the homogeneous wave equation (1.1). Then, 1 has
constant T-energy across {S; }», and non-increasing T-energy across a foliation {3;},: for any 0 < 1 <
To < 00,

/ JT[lnt dvols,, :/ TE (s, dvols,,,
. o (2.1)
| it avots,, < [T avols,,

T 1

We note the upper and lower bounds
- 1 -
Ji [l dvols, ~ (|at¢|2 +10r0f + MWF) drdo
S (100 410062 + | V)l + 1 9l rdrdo, (2.2)

~ 1 °
JgW]ﬂéfdvolCT ~ (|8u¢|2 + r2|Y7¢2) dvdo,

for any T € R. It follows that there are universal constants C such that the following Sobolev estimates hold
for any 0 <13 <719 < 00:

/ (|at1/1\2 + 0,9 + |(7’71707)¢|2 +|(r+ 1)711/)|2> r2’drdo

Sry

= C/ (IM}P + 109 + 1Y)+ | + 1)*1¢|2) r?drdo,
Sy
/ (‘8t¢|2 + 10,9 + \(7“_1%)1/42 +|(r+ 1)_11/J|2) r?drdo
S-,N{r<R}

+/ (|8v<rw>|2 1Y) ()2 + |¢|2) dvdo

T2

= O/ (‘at¢|2 + |8r7/}‘2 + |(7’71§7)1/1|2 +|(r+ 1)*1¢|2) r?drde
Srlﬁ{TSR}

+/ (|av(rw)|z+|<r—1§7)(w)|2+|w|2) dodo.

T1
Proof. The assumptions on the spacelike hypersurfaces S, imply that these can be parametrized as graphs
{(t,r,0,0): t =7+ h(r)} with 1 — (9,h)? bounded above and below away from zero uniformly in 7; thus,

12



dvols, ~ 72drdo. The assumptions on the null hypersurfaces C, imply that these can be parametrized
in terms of the (v,6,¢) coordinates and n, dvolc, ~ dvdo. These observations, when combined with

Lemma 1.15, yield (2.2), since U = —r~'0,_. .7 = 0.
Lemma 1.15 also yields that
[ Tt dvoize = Jim [ JTlnt, dvle, >0
(T1,72) =V

where Cy, is defined as the portion of {(u,v, 0, ) € Mpink: v =V} between C;, and C,. Since T is Killing
and T'(5) = 0, from Proposition 1.13, we obtain (2.1).
To conclude the proof, we establish that

16+ 1)~ ]2 < /S JT [t dvols,,

_ E .
164 0 6l emngeemn + [, oopdeda 5 [ TE et avols.

.

for any 7 € R; this amounts to a Hardy estimate. Since

1 . od( 1 ,
(r+1)2|¢| _dr< (7‘+1))|¢

= 0+ 010190 (~ 798 ) + o Rel0, + 0,h()2) )

after integrating over S, we have

1 5 2Re[(0r 4+ 0,-hd:) P

1 1 5 .
<- | —
T2 /s (r + 1)2|¢| d’”d0+2/ |0y + 0,hdy)p|*drdo

= / |(r 4+ 1)1 |?r?drde < 4/ (0, + 0,hdy)¢|*drdo < / (10-¢]* + (0:9[?) drdo.
S, S,

T

S-

r

Using the assumptions on S;, one easily concludes the proof of the top estimate in (2.3). Similarly, using
the conclusion of Exercise 2.3, one easily completes the proof of the bottom estimate in (2.3). O

Exercise 2.3 (Hardy estimate I). Prove the Hardy estimate

s / 9] / 2 2 2
O grdo + dvdo <p 0,01 + 0:6[2) drdo + [ |9y6[2dvdo,
/Sm{rgR} (r+1)2 o, (r+1)2 S,n{r<R} (10:0F + loroF) c. 199l

carefully justifying why there are no boundary integrals over corner 2-spheres needed on the right hand side.

Proposition 2.4 (Degenerate-at-H " energy estimates on Schwarzschild). Fiz M > 0, and let g = 9Schw(M)-
Fiz R > 2M and fix foliations {S:}. and {3;}; of Mgschwnr) as follows: {S;}; is an SO(3)-invariant,
T-invariant, uniformly spacelike foliation by smooth hypersurfaces which connect the future event horizon to
spacelike infinity (such as the constant-t* foliation); {¥X;}, is a foliation by piecewise smooth hypersurfaces
which connect the future event horizon to future null infinity and consist of a spacelike piece Sy N {r < R}
and an outgoing null piece C; emanating from S; N{r = R} (see Figure 3 for an illustration,).

Assume 1 is a smooth scalar field which solves the homogeneous wave equation (1.1). Then, 1 has
non-increasing T-energy across both foliations S; and ¥ : for any 0 < 7 < 15 < 00,

[t avls, < [k, avols,.

b K (2.4)
/ Jp Wlnk,dvols,, < / T WInk,_dvols,, .
2

. S

13



We note the upper and lower pointwise bounds
~ r? 1. 1
Julnls dvols, ~ <|av¢|2 + K 10ud” + 5 VoI + r3¢|2> drdo
A 1.3 1
~ (1062 + 51008 + ZI¥6l + 5 1oP ) dre (2.5)
r r r

~ 1 ° 1
Jg[ib]ﬁéfdvol@ ~ <|3U¢|2 + 72|Y7¢|2 + Tg|¢2> dvdo.

It follows that, for any € > 0, there are universal C(e) functions with the property that C(e) = 0o as e — 0,
so that the following Sobolev estimates hold for any 0 < 17 < 19 < 00:

/ (10001 + 10,01 + 2 9)0f2 + ) rdrdo
S {r>ry (1+€)}

<0 [ (100wl + 1002 410700l + P ) drdo,

T1

/ (1906 + 10,0 + 19 )0 + I ) r2drdo
Sy {7y (14+€)<r<R}

# [ (100 + 10 + [0 dudo

T2

A °
<@ [ (1eul+ S0+ 10D + 1) s
S, N{r<R} r

(2.6)

+ C(e)/c (19.00) + 167 9) 00 + []?) dvdor

71

Proof. We repeat the same steps as in the proof of Proposition 2.2, mutatis mutandis. There are three
main differences worth emphasizing:

e In applying Lemma 1.15, we now have U = —5*1DgSChW(M)B = 27,—];4 > 0. Furthermore, the fact that
T = O+, which is timelike for » > 2M , becomes null as » — 2M leads to a degeneration in the Sobolev
estimates.

e In our application of Proposition 1.13, for both types of foliation we see an additional term

[, il vl >0,

(0,7)

where the inequality comes from Lemma 1.15. As a consequence, the top estimate in (2.4) is an
inequality, cf. the top line of (2.1), in Minkowski space, which is an equality.

e In our derivation of a Hardy estimate, the key identity for the {S;}, foliation is

A A 2A —
S0 < Ulo = 0, + 0.1(r10r) (= 5107) + ZERel0, + 0,h(1)01- )63,

so that, when integrating over S;, the boundary term at S, N{r = 2M} vanishes. Note, however, that
the presence of the zeroth order term in (2.5) allows us to remove the horizon degeneracy from the L?
term in the final estimates.

This concludes the proof. O

Exercise 2.5 (Degenerate energy estimates on Reissner-Nordstrom). The Reissner-Nordstrom black hole
exterior with parameters M > 0 and |e| < M can be defined as (Mgchw(ar)s 9schw(ar)) but with A replaced

by A =72 —2Mr +e? and ry = M + v/ M? — e2. Show that Proposition 2.4 holds for this spacetime with
the following modifications: (a) the r=3 coefficient in |¢|? term in (2.5) must be replaced by (r — M)/r?,
(b) the |r~14|? term on the right hand side of (2.6) must be replaced by (1 — M/r)|r~14|2.

Exercise 2.6 (Nondegenerate-at-horizon energy estimates). On the Schwarzschild exterior manifold, let
Y = gau. By considering a suitable smooth cutoff function 0 < yy < 1, show that applying the vector

14



field multiplier X = xgY to the homogeneous scalar wave equation (1.1) and applying Proposition 2.4 leads
to the estimate

1 - 1
[ (1002 + 10,02 + ZIF0P + Lol ) ardo

T2

1 - 1
< / <|at*¢|2 + |0r0* + 76—2|Y7¢>|2 + 73¢|2> drdo

71

+/ (10,612 + 0,01 + VI + |6[2] drdodr.
R(TI,TQ)Q{TST«kJFE}

End of Lecture 2

Start of Lecture 3

2.3 First order Morawetz estimate

The goal of this section is to obtain spacetime estimates for (derivatives of) ¢ solving the homogeneous
wave equation (1.1) on Minkowski space and the Schwarzschild exterior away from HT.

Since the estimates we seek are on spacetime rather than on hypersurfaces, we want to choose multipliers
X and Lagrangian functions w which generate good bulk, KX + Kawow, (rather than boundary, JX 4T aux,w)
terms. In particular, X must not be a Killing field, see Lemma 1.8. Two choices of multipliers and Lagrangian
functions will be particularly important to us: X = §f(r*)0,« and w =0 or w = %f for some scalar f.

2.3.1 Minkowski space

We start with the easier case of Minkowski space:

Theorem 2.7 (Morawetz estimate on Minkowski). Consider the setting of Proposition 2.2. Then there is
a universal constant ¢ > 0 such that, for any 0 < 1 < 15 < o0,

2 2 b 112 2 ~
c/ ( L W % N . G )drdadT g/ JL [k dvoly, . (2.7)
R(ry,m2) '

(r+1)?2  (r+1)? (r+1°  (r+1)? >

T1

Remark 2.8. Estimate (2.7) is sometimes called an integrated local energy decay estimate. This is because,
if we restrict to r < Riarge < 00, We have

(o)
/ / J [Y]nk dvoly dr
0 ZTO{TSRlarge}

002 | |0d)> | |VoP? ]
< O(Riunge / + + .
(Riarge) R (< e} ((r T2 12 13 (1)

) drdodr

< C(Riunge) / JTRpns dvols, .
3o

which implies that the T-energy of ) must, at least on average, decay in 7: e.g. for each n € N, there exists
T, € [2",2" 1] such that

- C(Riar .
/ JTnk dvoly, < % / T []nks, dvols,.
Sy, {r< Rlarge } 2 o

Proof of Theorem 2.7. There are several ways of proving this theorem. We follow an approach which is
similar to that we will see for black holes in the next section: using twisted multiplier currents with twisting
parameter 3~! = r. We recall that, with this choice of 3, recall that ¢ := 7 is the radiation field and
U = 0. We also recall that, without loss of generality, there we may assume there is a smooth function
h such that S; = {(t,7,0,¢): t = 7 + h(r)}, with 1 — (9,h)? bounded above and below away from zero
uniformly in r.
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Step 1: bulk term. Setting X = 2y(r)d,, we compute
KX[ipldvol, = {&y (10:6]2 + 0,0 ]2) — O, (T%) |§7¢\2} drdodr,
from the definition in (1.9), and
T [WInks |dvols, = Jy] ‘2Re[6t¢ﬂ] + 0, h(r) (|at¢|2 + 10,07 — r—2|§7¢|2) ‘ drdo
<l (1068 + 10,6 + 29 9]) drdo,
X [$Ings |dvole, < y| (|av<zs|2 - :2|y°7¢|2> dvda,

from the definition in (1.7). We choose y = 1 — (r + 1)~} so that

1 y\ _ 1r@2r+1) 1
(r+1)2’ _ar(ﬁ>_ﬁ(r+1)2 2(7‘—#1)3'

Then, from Proposition 1.13, we obtain

/R(Tl)n)
< /
~Y

R

Using the conclusion of Exercise 2.9, we at last establish control of the bulk term by flux terms:

lyl <1, Oy =

1 1 1 .
{W|8r¢|2 + m|at¢|2 + W|W¢|2] drdodr

IN(X[w]dvol_q 5/2 jg[qb]ngwdvolgm) +/2 jg[w]ngndvolgﬁ,

(T1,72) T2 71

; 2 ; 2 1 o 9 1 )
/R(n,m) [(r+1)28r¢| + (r+1)2|6t¢| + (TH)P,IWI + (r+1)4|¢>\ drdodr .
N /R KX [¢]dvol, 5/ J,{[w]ngw dvoly,, +/ jg[w]n’gﬁ dvols, .
(r1,72) - o

Step 2: boundary term. In (2.8), we estimate the right hand side using the energy estimates in Proposi-
tion 2.2. O

Exercise 2.9 (Hardy estimate II). Let X be as in the proof of Theorem 2.7. Prove a Hardy estimate which
establishes control of the zeroth order term in (2.8) from the terms in KX [¢/], i.e. show

1 -
/R m|¢|2drdad7 N / KX[w]dvolg.

(r1,72) (t1,72)

Remark 2.10. By choosing y = 1 — (r + 1)~% with 6 € (0, 1], we can improve the large r-weights on the
left hand side of (2.7) to

) [ | psloet s

r+1)
2.3.2 Schwarzschild exterior

1
(r41)3

1
575 10[°| drdodr.

1 2 7 112
m\aﬂﬂ + Yl +W

(T1,72)

Now we turn to a much more involved case:

Theorem 2.11 (Degenerate-at-H+ Morawetz estimates on Schwarzschild). Consider the setting of Propo-
sition 2.4. Then, there is a universal constant ¢ = ¢(M) > 0 such that, for any 0 < 1 < 79 < 00,

1 3M\? /1 1 - 1
C(M)/ [2|¢/|2 + (1 - ) (2T¢|2 + 3|Y7¢|2> + 4|<;5|21 drdedr
R("’lafz) T T T T T

5T
S / JP« [’lﬁ]n%ﬁ dVOlET1 s
S
where prime denotes a derivative with respect to r*.

Remark 2.12. Estimate (2.9) is degenerate in two ways. First, it loses control of some derivatives of ¢ as
r — r4. This should be familiar from Proposition 2.4 and, once again, it arises from our use of T' energies
and the fact that 7" becomes null at H . Combining Theorem 2.11 with Exercise 2.6, the degeneracy of our
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energy estimates at H' can be removed; and, in fact, by revisiting Exercise 2.6 it turns out that the same
is true for our Morawetz estimate (2.9).

Second, estimate (2.9) loses control of time and angular derivatives of ¢ as r — 3M. This is a novelty!
It is related to a geometric feature associated with the curved Schwarzschild geometry, the trapping of
null geodesics at the so-called photon sphere {r = 3M}; some loss at trapping cannot be avoided [13].
Estimate 2.9 is sometimes called an integrated local energy decay estimate with derivative loss. Note that,
were it not for the degeneration at » = 3M, Remark 2.8 would apply mutatis mutandis if one were to restrict
the integrals {r; +e€ < r < Riarge}, i.e. one could deduce that the T-energy of ¢ decays in 7 on average.
As we will understand in Corollary 7?7, one can salvage this conclusion by losing a time derivative: for each
n € N, there is 7, € [2", 2" "] such that

C(E, Rlarge)

jg [Y]nf,_ dvoly, < 5

/ / (jE[TM + jg[lb])ngodvolzo.
S P74 +e<r< Riarge} -

Exercise 2.13 (Trapped null geodesics). Let vy(s) = (t(s),7(s),0(s), ¢(s)) be an affinely parametrized null
geodesic. Explain why, by spherical symmetry, we can restrict (s) = m/2 without loss of generality. Show
that
L T ____
72 = E% — Vy(r) ) 2702 ! Vo(r)
oM\ L |
y VO (’I") =(1- 20 !

T T 4 + r

7= f%&nvo(r)

where, since T' = 0, and Z = 0, are Killing vector fields,
2M N\ .
r
L:=g(Z,%) = r?sin? 0p = r?¢
are conserved quantities along . Show that, for L # 0, V5(r) attains a unique maximum in (r4,00) given

at a point r = 3M. We say v is future trapped if lim,_, o (r(s),7(s)) = (3M,0), and past trapped if
lims oo (r(s),7(s)) = (3M,0). Show that a necessary condition for v to be future or past trapped is

. 1/2
(12 (1, 20)
FE T T

There are several ways of proving Theorem 2.11. Here we will follow the strategy of [11]. We apply
twisted multiplier currents with twisting parameter f~! = r, so that
2M
U= - (2.10)
and ¢ := r is the radiation field. For readability, we will break down the non-trivial steps of the proof as
lemmas.

Lemma 2.14. Consider the setting of Theorem 2.11. Let ¢y := 19 and ¢>1 = ri)>1, where

1
Am

(We call 1y the spherical mean of ¥, ¢o the sphem'cal mean of ¢.) There is a suitable choice of bounded
smooth function f = f(r*) such that

1 3M 1
/ <|¢ e (1 - ) |Y7¢>1|2 3 \¢521|2 + r4|</>02> drdodr
Rry.m2)

< / R0 1] 4 g’ [W) dvol, 5/ jg[lﬂ]’n%w dvoly_, +/ jg[z/)]n’én dvoly,
R 2

b
with implicit constants depending only on M.

Yo = T/def Yy1 =1 — Yo

(t1,72) 2 T1

17



Proof. Recall that ' denotes a derivative with respect to 7*. From (1.7) and (1.11), we can estimate

[ (270 ] + T T [0]) s | dvols,
[fI+ AT+ 1171

3

A o
S ((Ifl + D0 ¢l” + (| £+ 1) 510-6I° + %‘IWF + |¢|2) drdo,
‘ (jzfar* [w] + j;LuX,f/ [w]) ﬂéT ’ dVOlCT

AT 1 g

< (14 viowop + Lo +
Thus, a choice of function f such that f, r°A~1 {2 and r> A~ " are bounded uniformly will lead to, via

Proposition 1.13,

| R R plhavl,

(T1,72)

= - /Z (20 ] + JeS [w)nks dvols,,, + / (S0 @] + Te S ))nks dvols

T2 T1

< /Z Jr [¥]nk, dvols,, + / Jr [¥]nf,, dvols,, . (2.11)

- S
To obtain the result, it remains to establish a lower bound on the left hand side. First, from (1.9) and
(1.13), we computed exactly

~ * ing / 2 %
(K2f(r ) O [Y] + ausf [])dvol, = %Kf[¢]drdad7,

where we introduce the notation

. A\ o A\ 1

RIl=2r 0 - 1 (%) 190 - (f (v3) + 2f”’> 0P (212)
Motivated by the geodesic flow, see Exercise 2.13, we take

ron = (1= 50 ) e B

)

r r

as our ansatz. Indeed, for this choice |f| + r®A~L(|f/|* + |f”|) < 1, and in the next two steps we prove it
leads to a positive, coercive, bulk term for ¢.

Step 1: bulk estimate for ¢>1. The smallest nonzero eigenvalue of 4A is 2, hence

- 2A A\ 1
. KS [p1]do > /S le’|¢’>12 - (f (7,4 + UTQ> + 2f’”> |¢>1I2] do

By construction, we have that

are positive, and that

where, using (2.10), we have

Sy(r) = 8% + 108 M7r° — 104M?r* — 3342M37® 4 2889 M*r? + 36180 M °r — 54108 M °
2M
=r <1 - > [(8r* + 32M 713 — 224M°r® — 4T8M®r + 2278 M*) (r + 23M/2) + 3545M°] + 5376 °
T

> 5376M°,
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is also positive for r € [2M, 00). We deduce

27M> 1 3MN\? 1
/ 3 |¢/21|2 + = (1 — ) |Vps1]? + 73\¢21|2 drdodr
R(r1,79) r r 4r

r
S /
Rry.ma)

= / K [th>1])dr*dodr. (2.13)
R

(t1,72)

2A AN 1
21|51 7 - (f <T4 + UT2> + 2f”’> |¢>1|2] dr*dodr

Step 2: bulk estimate for ¢g. In this case,

AN - M
_ (f (UTQ) 4 ;f’”) _ —Téso(r)7
209 (14 820)°

So(r) = 12M 1> — 176 M?r* — 1182M313 + 5481 M*r? 4 20628 M5r — 54108 M6,

is not globally positive for r € [2M,00); for instance, So(2M) = —2816M°. However, we can exploit
the positivity of f/|¢}|? to compensate for the bad sign in — (f(Ur=2A) + 1 ") |¢o|?. In our proof of
Theorem 2.7 for Minkowski, we implemented this idea through a Hardy estimate in Exercise 2.9. Here, we
will pursue the same idea with a more precise method.

We note that

K o] = 21|61 - (f (Uﬁ) + ;f> [¢o?

r2

_ A\
= 2/'|% — gool” + 41 gRe[#do] <2f’g2 + f (U) + ;f> 60/’

A !/
= 2716}~ g6ol? + (21 slé0l?) - <2f’92 rarey £ (U5) + ;f> 60l

for any smooth function g = g(r*). By choosing

L[y 2y e
9= 5 r r2 |’

we obtain
/ _2M 3
_ (2(f/g)/+2f192+f<UA2> +1f///> :(—T)gMSO(T)7
T 2 911 (1 + %) 2

where we can compute
So(r) = 12r7 +13M7S — 48M?r® + 1215M3r* 4 702M*r3 — 16551 M 1% 4 21060M b — 972M 7
3177426317M7 M)
ST (MY g0

80000000 )

?M(r —2M)° +

108707557 593405277
10000 200000
Since all terms in So(r) are non-negative for r > 2M, we have

Sol ) > 3177426317M"
oY = 7780000000
is clearly positive for » > 2M. Carefully keeping track of constants, we can obtain, for instance,

M? 13M
/ (83|¢62 + |¢0|2> drdodr
R(T1,T2) T

2567
< /
R

1649037
(r—2M)* + 00 M3*(r —2M)?

1625194197 _
4000000

. 2021
So(r) =12(r — 2M)°® + OT;MQ

M*(r —2M)? + M3 (r —2M) +

> 30M".

lZf’|q§’0|2 — (f (Uﬁ) + ;f’”) |¢50|21 dr*dedr = / K7 [ipo)dr*dodr. (2.14)
R

(r1,72) (T1,72)
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Step 3: conclusion. From the orthogonality of the spherical mean 1y to 11 in L? on the sphere, we have

/ K/ [y)do = / K >1)do +/ K Tholdo
S2 s2 S2
Thus, by combining (2.13) and (2.14), we have

1 3M 1 13M
/ [83|¢|2+- (1—-) F0f + gl 2 + |¢d21drdadr
Rry.m2) dr

2567
= /
R

appealing to (2.11) concludes the proof. O

K:f[’(/J]dT*dO'dT _ / (ka(r*)a,.* [w} + Raux,f’ [’(/)])dVOlq,

R

(T1,72) (r1,72)

Remark 2.15. In the proof of Lemma 2.14, treating ¢ requires an additional argument compared to the
¢>1. This argument is not necessary if one replaces the covariant wave equation (1.1) by an appropriate wave
equation arising from the linearized Einstein equations around Schwarzschild, such as the Regge-Wheeler
equation, as those equations are supported on higher angular modes (so that ¢y = 0). In that sense, one
can say that the tensorial linearized Einstein equations are better than the scalar “toy problem” (1.1). See,
for instance, [6].

Exercise 2.16 (An alternative f current on Schwarzschild). Repeat the proof of Lemma 2.14, choosing

instead
M M
r r

This is not as well-motivated by the geodesic flow, but is a lot easier computationally!

Note that Lemma 2.14 fails to provide control over T'¢ derivatives. To recover these, we need an additional
multiplier current argument.

Lemma 2.17. Consider the setting of Theorem 2.11. There is a suitable choice of smooth bounded function
y = y(r*) such that we have the estimate

1 3M 1
A¢P+4*1—*4* ﬂ@?+*ﬂd2
T T
Rry,m2)

5/2 j};[w]n’i2 dvoly,, —|—/ jg[z/z]n’gn dvoly,  + /72 R0 1y] 4 o’ W]) dvol,,

T2

drdodr

T1 (11,72)

with implicit constants depending only on M.

Proof. From (1.7) and (1.11), we can estimate
- A 1.9 1
200 | avots, < 1ol (100-0 + 510,08 + 5I¥6l + TloP ) dra

= 1,9 1
200 ol | avoe. % bl (10,68 + 196 + 16f ) oo
it follows from Proposition 1.13 that

[ R, = = [ g avols + [0 g, avols,

(T1,72) 2 T1

< /)S Iy [Wlnk,dvols,, + / Iy [lnk, dvols, (2.15)

T2 T1
as long as y is uniformly bounded.
We turn to the left hand side of the above estimate. From (1.9), we compute exactly
2

K209 [y)dvol, = %Ky[’(/)]drdO'dT, (2.16)
where we introduce the notation
Sy 52 2 A\ 2 AN G 2
Rolu) =y (0P +IToP) — (w0 ) 16 — (Su) I96P. (2.17)
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We choose

and then compute

) GMA 3M 6M
y = -2 (1+—/—),
T T
2A 3M\? 6M  21M?  63M3
— 1-22) (11— 22— +
T r r 72 r3

24 (25of 91) (1 - 31\4)2

= 567
(A _MA ( 3M | MM 1TMPASMPN o AMA L 3MY?
W) T e r 3r r2 73 - 76 r
Hence, we deduce that
. 6)M 3M 2 60M
/ KY[y)dr*dodr > / — (1 - ) (1 + ) (16 + |T¢|*) drdodr
R(ry,79) R(ry,m2) r T
1024 .
-3 KJ [)dr*dodr,
R(Tlsz)
concluding the proof. O

Remark 2.18. As for the Minkowski case, we can improve the large r-weights on the left hand side of the
estimate in Lemma 2.17 as described in Remark 2.10 by changing our choice of y at very large r so that
y=1—7r"%+o0(r % asr — oo, 6 € (0,1].

We are ready to conclude the proof of the ILED estimate for waves on Schwarzschild:

Proof. By combining Lemmas 2.14 and 2.17, we have

L (1= (Lizg 4 Ligop) + L 2| drdoar
7‘2 r 2 3 7,4
R(T1,T2)
< /Z Iy [Wlnk,_ dvols,, + /E Ji [Wnk,_ dvols, .
T T1

Indeed, notice that, for the |¢’|? term, we can improve on the degeneracy given by the y multiplier
(Lemma 2.17) using the f multiplier (Lemma 2.14), and we can improve on the large r-weights given
by the f multiplier (Lemma 2.14) using the y multiplier (Lemma 2.17). Finally, we control the right hand
side of the above estimate using the energy estimates of Proposition 2.4. O

Exercise 2.19 (Trapping degeneracy in Morawetz estimates on Reissner-Nordstrom). Repeat Exercise 2.13
to show that, for the Reissner-Nordstrom exterior with |e| < M, there are null geodesics which asymptote

toward {r = ryap}, with
3M 8e2
=3M + — 1—-——-—-1
Ttrap 3 + 2 ( 9M2 ) ’

and a necessary condition for this to occur along a null geodesic is that

P 1 r Trap® i
E = :l:f(T), f(T) = - (1 - %) <T2 + 2rrtrap trap > .

r trap — 2Mripap + e?

()_i A 1_i M2
I =52 Mr) r2 )’

or otherwise, derive the analogue of Lemma 2.14 for the Reissner-Nordstrom exterior spacetime with |e| < M.
[Note: you may use either the approach of our proof of Theorem 2.11 or that of Exercise 2.16.] Deduce the
analogue of Theorem 2.11 for wave on this background.

With
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3 From the Schwarzschild exterior to the Kerr exterior

In the previous section, we saw that, for the scalar wave equation (1.1) on a stationary, asymptotically flat
spacetime, (energy, higher order Sobolev, or pointwise) boundedness and decay estimates through a suitable
spacelike foliation of the spacetime can be deduced, by an essentially black-box method (see Sections ??
and ?7?), from first order energy boundedness, such as Proposition 2.4 in the case of Schwarzschild, and
suitable Morawetz estimates, such as Theorem 2.11 in the case of Schwarzschild. Thus, we have essentially
reduced the study of (1.1) on stationary, asymptotically flat spacetimes to obtaining first order energy and
Morawetz estimates.

In this section, we will briefly sketch how we can obtain such estimates for scalar waves (1.1) on the Kerr
family of black holes, with M > 0 and |a| < M, in the exterior region away from H'. The exterior region
of a Kerr black hole (excluding the event horizon) can be described by

MKerr(a, ) = Ry X (14, 00), X s?, M >0, ry =M+ M?—a?,

A : 29 2
gmm@Myz—?«u—amﬁw¢ﬂ+2%—wﬁ+ﬁyw—amP+%dﬂ+p%MF,
A:=7r>—2Mr+a?® p*:=1r>+a’cos?h.

Note that (Mgchw(nr)s 9schw(rr)) = (MKerr(0,0)5 IKerr(0,01))- As in the former case, we often work with the
tortoise coordinate r* = r*(r), here defined via

dr* r? + a? .
= TA r*(3M) = 0.

It will also be useful to have the notation

T:=0, Z:=0, K=T+H+wiZ, wi:=

a
2MT+ '
Note that, since a Kerr with a = 0 reduces to Schwarzschild, the comparisons we will draw will be with

waves on the Schwarzschild exterior, away from H™, which have been exhaustively analyzed in the previous
section. A remark about the choice of foliations in this section is in order:

Remark 3.1. Our energy boundedness and Morawetz estimates will be cast in terms of the foliation {S:},>0
of R whose leaves terminate at g, rather than the foliation {X,};>¢ which connects H* to Z*. Though to
implement the rP method of (energy) decay in Section 7?7, strictly speaking we need such estimates to be
obtained for the {3,} foliation, writing these estimates in terms of the foliation {S;} is less cumbersome
notationally. Furthermore, having obtained energy boundedness and Morawetz estimates on {S;} it is not
too hard to understand how to derive analogous estimates on {X,},;>¢ if R > 1, as then the difference
between S, and X is in the asymptotically flat region (where Kerr looks like Schwarzschild).

3.1 Introduction

Let us first try to apply the physical space methods of Sections 2.2 and 2.3 to the Kerr family, as this
will naturally lead us to identify some obstacles in that approach.

3.1.1 Energy estimates and the ergoregion

It turns out that, for a # 0, though T is still a Killing vector field, it is not causal in the entire Kerr
exterior, due to the presence of a so-called ergoregion:

Exercise 3.2 (Ergoregion and causal vectors). Consider the Kerr black hole family with parameters M > 0
and |a| < M. Show that 9; is timelike for r > 2M, spacelike in the ergoregion & := {r > r, : A —a®sin’f <
0} and null on 0&. Show that span{T, Z} yields a timelike subspace of the tangent space to the exterior
everywhere except at H™T, where it is null; for instance,

2Mar
(r2 1 a2)?
is timelike on M\H ™' and null at H*. Furthermore, show that if |a| < ag < M, then there is an €y = €y (ag)
such that T+ w Z is timelike for r € (r4,r4 + €).

V=T+

From Exercise 3.2, we see that we can replace the use of T in Proposition 2.4 for a = 0 with a more
complicated vector field in span{T, Z}. We then obtain the following first order energy estimate:
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Proposition 3.3 (Conditional degenerate-at-H ™ energy estimates on Kerr). Let g = IKerr(a,M) fOT some
M >0 and |a| < M. Assume v is a smooth scalar field which solves the homogeneous wave equation (1.1).

o If 1 is such that Re[ToK ¢||y+ > 0, then, for any 0 < 11 < 79 < 0o, we have the energy estimate

/S jg [w]ngTz dvols,, < / JE [w]ngn dvols, . (3.1)

T2 T1

o Let 0 < xz <1 be a smooth function chosen so xz(r4+) =1, lim, 00 Xz =0 and so that T + wixzZ
is timelike on R\HT and null at HT. Then, for any 0 < 11 < 75 < 00, we have the energy estimate

J

jg+w+XZZ['l/)}TLgT1 dVOISrl
o (3.2)

a / 177 1
- xzRe |¢'Z¢| drdodr,
2MT+ /R(nﬁz) 7 [ ]

jg+w+XZZ[w}ngT dVOlST g/
2 2 s

T2

where we use ' to denote r* derivatives, and we note that

jZ"+w+ xzZ []nfs dvols, ~ j,Y []n)s_dvols,

A 1 r—M
~ (100 + S0P + 190 + Mo ) o

Proof. The proof is identical to that of Proposition 2.4: we invoke Proposition 1.13 and then use the
assumptions on yz or ¥, together with Lemma 1.15, to drop the flux term over H ™. O

We refer to (3.2) as a conditional energy estimate because the presence of the last term on the right hand
side shows us that, for a # 0, we cannot hope to close energy estimates for 1) unless we control bulk terms,
i.e. a Morawetz estimate, in ¢. This is quite different from the case of a = 0, where the energy estimate
(2.4) could be closed completely independently of the Morawetz estimate (2.9)!

From Proposition 3.3, we deduce:

Corollary 3.4 (of Proposition 3.3). Consider the setting of Proposition 3.5. The T + w4 xzZ-energy flux
of ¥ on S; can grow at most exponentially as T — oo: there is a constant C(M) > 0 such that

/ jHT'*'w*XZZ[z/J]ngTdVOLsT < exp (lj\a)C(M)T)/ j5+w+xzz[w]ngodvolso,
S So

-

for all 7 > 0.

Proof. For a suitable choice of xz,

a
oM, /R xzRe [¢'Z$] drdodr

(T1,72)

T2 N
SMm %' / / JIT X2 2yl dvols, dr,
T1 ST

and so we can apply Gronwall’s inequality to conclude. 0

Corollary 3.4 tells us that the worst possible behavior for solutions of the homogeneous scalar wave
equation (1.1) on Kerr is exponential growth. Comparing to the a = 0 case where, in Proposition ??, we
showed energy decay, this seems very bad indeed. To improve on Corollary 3.4, we need to obtain better
bounds on the last term in the right hand side of (3.2).

3.1.2 Morawetz estimates and trapping

In view of the previous comments, we should be motivated to try to prove a Morawetz estimate for Kerr.
In the case a = 0 studied in Section 2.3.2 above, we gathered intuition for this estimate by studying the null
geodesic flow of the Schwarzschild exterior. Let us try the same approach here, following [9, Section 6]:
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Exercise 3.5 (Null geodesic flow on Kerr I). Let v(s) = (t(s),7(s),0(s), ¢(s)) be a null geodesic. Show
that the following quantities are conserved along ~:

. OMr\ . 2Mrasin?6 .
Eg(’}/?T)(]' pg )t 2 2

p
2M i 29. 2 2\2 2 . 20A
LI:Q(%Z)Z—L;mt_i_szg(T +a?) 2a sin 5
P p

. L2
K: = p492 + 9 + a2E2 sin2 0
sin” 6

Here, K is a conserved quantity associated not to a Killing field but to the Carter Killing tensor. Show that
the evolution equation for r(s) can be written as

4 272

p N2 2 AKX +4MarEL — a®L
(r2 4+ a2)? (") = B% = Vo(r), Vo(r) = (r2 4+ a2)?

A future-directed geodesic with E < 0 is called superradiant. Show that, for such geodesics, aL. < 0 and,
moreover, aL(E — w4 L) < 0. Solution: see [/, page 367].

(3.3)

Notice that, unlike in the a = 0 case studied in Exercise 2.13, here Vj) depends on E! This makes plotting
Vo(r) and E? much more complicated see Figs.

Proposition 3.6 (Null geodesic flow on Kerr I). For all admissible (E, L,K) € RZxR{ and forr € [ry, o0),
Vo(r) has either (i) no critical points, (i) a maximum at r =12, or (iii) a mazimum at r =9 and a
minimum at rO; <o Furthermore:

max*

o Stable future-trapping of v cannot occur except, possibly, if E = wy L.
More precisely, we have Vo(rmin) — E? > 0 with equality if and only if E = w, L.

e Unstable future-trapping of v can occur and its location depends nontrivially on (E, L, K).

More precisely, there exist parameters (E,L,K) € R? x Ry such that Vo(r,.) — E* = 0, where
70 = 9. (E,L,K) but satisfies uniform upper and lower bounds: if |a| < ag < M, we have
constants ¢ = c(ag, M) > 0, with limg, s c(ag, M) = 0, and C = C(M) > 0 such that c(ag, M) <
TIO‘ﬂaX -+ < C(M)

o If v is superradiant then it cannot be (stably or unstably) future-trapped except, possibly, if E = wy L
and |a] = M.

More precisely, if |a] < ag < M, then there is a constant o« = a(ag, M) > 0, with limg, - a(ag, M) =
0 such that
0< E? < ELwy + alag, MK = Vo(r,.) — E* > c(ag, MK,

for some constant ¢ = c(ag, M) > 0 satisfying limg, s c(ag, M) = 0.

Proof. It is easy to see that, because
L2
K> -— +a’E?sin? 6,
sin

we must have K > 2|aLE| and K > L?. These conditions restrict the allowable values of (E, L,K) € R3,
and we refer to the triples (F, L, ) € R? which meet them as admissible.

We direct the reader to [9, Sections 6.2 to 6.4] for the proofs of the statements. It is useful, moreover, to
keep in mind the analysis of the classical textbook [4, Chapter 63]. There, Chandrasekhar computes 70,
as the solution to the parametric equations

oE  a*(r— M)
L M(@?—a?) —rAlr=o,

E? B a*(r — M)?
K—a2E2— L2  m3[AMA —r(r — M)2]lr=ro,

From the first equation we see that 70 =9 (

second bullet point. However, one can see that K constrains the allowable r

E, L), which is slightly stronger than we claimed in the
0 .. by an analysis of the 6

max-*
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motion, Chandrasekhar determines that a further admissibility condition is K — a?E? — L? > 0, and thus

K—a?E? — L2
0s—@m
1 (1 0 1 . (1
= M |2 — cos garg:v —V/3sin garg:c < Toax < M |2 —cos gargx +/3sin gargx ,
3/ 2a2 2i|a| a?
v=\Ge Vi T ae
One can then deduce (though this does not appear to be explicitly written in [4]) that

aE a*(r— M) < a?

L M(@?—a?) —rAl=r, ~ 2Mr,’

max

with equality only if |a| = M and K = a?E?+ L?. The latter condition implies that the geodesic is contained
in the equatorial plane. O

Though Proposition 3.6 has several interesting statements, the more important one for now is that, unlike
for a = 0 (see Exercise 2.13), there isn’t a single r-value to which future-trapped null geodesics asymptote:
instead of a photon sphere, we have a photon “shell”, with each radius in the shell corresponding to a choice
of suitable triple (E, L, K). This seems problematic for finding a vector field multiplier to capture trapping,
and indeed it is; see [1].

End of Lecture 4
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