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Abstract

We study two estimation problems for continuous-time stochastic processes: the estima-
tion of integrated volatility and the estimation of occupation time functionals.

In the first problem high-frequency observations of a continuous Ité semimartingale are
considered, which are perturbed by additive microstructure noise. Our main contribution
is the analysis of the prominent spectral estimation approach for very general random
and time-varying volatility in any dimension. We prove stable central limit theorems,
which show that the estimators attain the optimal rates of convergence with quasi-
efficient asymptotic variances. Adaptive estimators together with feasible limit theorems
are provided.

In the second problem we estimate occupation time functionals fg f(X,)dr for a func-
tion f and a d-dimensional cadlag process X with respect to discrete observations by a
Riemann-sum estimator. Based on novel semimartingale approximations in the Fourier
domain, central limit theorems are proved for L2-Sobolev functions f with fractional
smoothness and continuous Ité6 semimartingales X. General L?(P)-upper bounds on the
error are given under weak assumptions. These bounds cover all previously obtained
results in the literature and apply also to non-Markovian processes. Particularly simple
and revealing results are obtained for stationary Markov processes. Several detailed ex-
amples are discussed. As an application the approximation of local times for fractional
Brownian motion is studied. The optimality of the L?(P)-upper bounds is shown by
proving the corresponding lower bounds in case of Brownian motion.

The same methods as for studying occupation time functionals are used in the third
part to obtain generalized It6 formulas for continuous It6 semimartingales and L2-
Sobolev functions. For this the existence of certain quadratic covariations is proved.
As opposed to the usual assumption in the literature, however, X is not required to be
reversible. The Ité formulas hold in any dimension and also for rough drift and volatility
coefficients.






Zusammenfassung

Wir untersuchen zwei Schétzprobleme fiir zeitstetige stochastische Prozesse: Das Schét-
zen der integrierten Volatilitat und das Schitzen von occupation-time-Funktionalen.

Das erste Problem beschéftigt sich mit hochfrequenten Beobachtungen von stetigen
[t6-Semimartingalen, wobei die Beobachtungen durch additives Mikrostrukturrauschen
gestort sind. Unser Hauptbeitrag in diesem Fall ist die Analyse des vielbeachteten Spek-
tralansatzes fiir sehr allgemeine, zuféllige und zeitveréndlichere Volatilitdten in beliebiger
Dimension. Wir beweisen stabile Grenzwertsétze. Mit diesen kann nachgewiesen werden,
dass die optimale Konvergenzrate erreicht wird mit quasi-effizienter asymptotischer Va-
rianz. Dariiberhinaus zeigen wir Grenzwertséatze fiir Daten-adaptive Schétzer.

Im zweiten Problem werden occupation-time-Funktionale fg f(X,)dr geschétzt fiir
eine Funktion f und diskrete Beobachtungen eines d-dimensionalen Prozesses X mit
cadlag-Pfaden. Dafiir verwenden wir einen Riemann-Schétzer. Mit Hilfe von innova-
tiven Semimartingalapproximationen im Fourierbereich werden zentrale Grenzwertsét-
ze bewiesen fiir L?-Sobolev-Funktionen f mit fraktioneller Glattheit und stetige Ito-
Semimartingale X. Aufierdem werden allgemeine obere Schranken fiir den L?(P)-Fehler
gezeigt unter schwachen Voraussetzungen. Diese oberen Schranken umfassen alle bis-
her erzielten Resultate in der Literatur und gelten auch fiir nicht-Markovsche Prozesse.
Besonders einfache und aufschlussreiche Resultate werden fiir stationére Markovprozes-
se erzielt. Dies wird an mehreren detaillierten Beispielen verdeutlicht. Als Anwendung
betrachten wir die Approximation von Lokalzeiten fiir fraktionelle Brownsche Bewegun-
gen. Die Optimalitéit der oberen Schranken fiir den L?(IP)-Fehler wird bewiesen durch
entsprechende untere Schranken, wenn X eine Brownsche Bewegung ist.

Die Methoden, die wir fiir das zweite Problem entwickelt haben, werden im dritten Teil
der Arbeit verwendet, um verallgemeinerte It6-Formeln fiir stetige [t6-Semimartingale
und L?-Sobolev-Funktionen zu zeigen. Dafiir beweisen wir die Existenz von bestimmten
quadratischen Variationen. Im Gegensatz zur iiblichen Annahme in der Literatur muss
X jedoch nicht reversibel sein. Die [t6-Formeln gelten in jeder Dimension und auch fiir
weniger glatte Drift- und Volatilitatskoeffizienten.
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Chapter 1.

Introduction

The theory of stochastic processes is an important subject in modern mathematics. It is
applied in all sciences, in engineering and in finance to model complex phenomena that
appear to be random and vary in time. Continuous-time models are often mathematically
more tractable than discrete-time models, but statistical inference is usually limited
to discrete observations. If the time grid is fine enough, it can be expected that the
statistical properties of the discretized model are close to the properties of the continuous
one. The quality of the approximation, however, depends crucially on the underlying
model, possibly unknown parameters and observation errors. It is therefore important
for theoretical and practical reasons to study the properties of these approximations.

We focus in this thesis on two estimation problems for continuous-time stochastic pro-
cesses: The estimation of integrated volatility for continuous Itd6 semimartingales and
the estimation of occupation time functionals for general processes with cadlag paths.
The fundamental novelty is to use Fourier analysis, together with pathwise and distri-
butional approximations to derive new and surprisingly strong results. The methods are
developed in order to be applicable to rather general processes and independent of the
dimension. In the third part of the thesis we will use these methods to generalize one of
the most important tools in stochastic analysis, namely 1t6’s formula.

The problems and methods discussed in this thesis lie in the intersection between
statistics and stochastic analysis. For basic definitions and a general overview the reader
may consult the monographs of Revuz and Yor| (1999), Jacod and Shiryaev| (2013 and
Jacod and Protter| (2011). The next three sections provide a general overview of the
problems that we study. We will give detailed account of previous work. This is followed
by an outline of the main results.

Estimating integrated volatility

For the first estimation problem let X = (Xi)o<t<r for " > 0 be a d-dimensional
continuous [t6 semimartingale of the form

t t
X, :X0+/ b,dr—i—/ odWy, 0<t<T, (1.0.1)
0 0
with drift b = (b)o<t<r, volatility o = (ot)o<t<r and a Brownian motion W =

(Wi)o<t<r. Log-price models based on It6 semimartingales are widely used in econo-
metrics and finance. A key problem is to estimate the integrated volatility

t
IV}:/ O'TO':d’I“, 0<t<T,
0



from discrete observations of X at tp = kA,,, where A,, =T/n and k =0,...,n. Since
[t/An]
. T
IV, = <Xa X>t = nh_g)lo Z (th - thfl)(th - th71)
k=1

is the quadratic variation of X, where the limit is taken in probability, a natural estimator
for this is the realized variance RV, = ,Etz/lA"J (X, — Xep ) ( Xy, — Xp )T It s
variance efficient with optimal rate of convergence A,ll/ 2, even for more general jump
processes X (cf. [Jacod and Protter| (1998), Jacod and Todorov| (2014)). When being
applied to financial data obtained at high frequency, however, it turns out that the
realized variance is unreliable (cf. [Zhang et al. (2005)). The well-established concept
in the financial econometrics literature to explain this phenomenon is that effects like
bid-ask spreads, transaction costs and round-off errors caused by the discreteness of
prices perturb the true price process when observed at high frequency (Ait-Sahalia and
Jacod| (2014} Section 2.3)). This means that the semimartingale model alone has severe
limitations in describing stylized facts of high-frequency data. Many authors therefore
study instead the observation model Y, = X;, + ¢, with additive iid microstructure
noise. In this case the realized variance is provably explosive (Zhang et al. (2005)),
which makes it necessary to develop new estimation methods for I'V;.

The one-dimensional parametric experiment with constant volatility o, without drift
and with Gaussian iid noise has been well understood through a LAN (local asymptotic
normality) result by (Gloter and Jacod (2001). They showed that the optimal rate of

convergence drops to A,l/ % and the efficient variance is 8no3, where 1 is the variance of
the noise, while the efficient variance is 20 in the model without noise. The nonpara-
metric estimation problem for time-varying volatility has been studied in recent years
by many different authors and several rate optimal estimators have been developed, all
satisfying central limit theorems. Prominent approaches are Zhang (2006), |Barndorff-
Nielsen et al.| (2008)), [Jacod et al.| (2009) and Xiul (2010) for d = 1 and |Ait-Sahalia et al.
(2010), | Barndorff-Nielsen et al. (2011)), [Bibinger| (2011) and |Christensen et al.| (2013) for
the multi-dimensional setup. A major focus has been to attain a minimum asymptotic
variance, which at the slow optimal convergence rate could result in substantial finite
sample precision gains.

A fundamentally different approach was introduced by |Reif (2011). He proved for
d = 1, deterministic, but time-varying volatility, without drift and with Gaussian iid
noise that the noisy observation model is asymptotically equivalent in the Le Cam sense
to a Gaussian white noise experiment. This made it possible to construct a rate optimal
estimator for I'V; based on a spectral decomposition of the covariance operator in the
equivalent white noise experiment and using locally a method of moments. In contrast to
all previous approaches, the spectral estimator achieves the Cramér-Rao efficiency lower
bound 87 fg o3dr for the asymptotic variance. This approach was extended by [Bibinger
and Reif| (2014) and Bibinger et al| (2014) to a multi-dimensional non-synchronous
framework.

In the general setting, where ¢ is an adapted stochastic process, the asymptotic vari-
ance of the estimators above is random, as well. The notion of nonparametric efficiency,
however, has been restricted so far to deterministic situations. A first step to generalize
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this was taken by Clément et al| (2013) who proved a convolution theorem for random
functionals when the LAMN property (local asymptotic mixed normality) is satisfied.
This indeed shows efficiency for the realized variance estimator in the observation model
without noise. A similar result has not been achieved yet in the model with noise, but
it is generally believed that the nonparametric efficiency bound from the submodel with
deterministic volatility 8n fg o3dr also holds here. For instance, [Jacod and Mykland
(2015) have proposed an adaptive version of their pre-average estimator which achieves
an asymptotic variance of about 1.07-8n f(f o2dr. The first main result of this thesis will
be to show that the spectral estimator for general dimension d indeed attains the con-
jectured optimal asymptotic variance, when o is a rather general cadlag process. This
allows for using more complex, non-Markovian models which are of central interest in
finance and econometrics.

We want to mention a few other results related to this estimation problem. Recent
advances have been made in analyzing properties of the volatility process itself, and not
only in its integrated form. The focus has been here on describing smoothness properties
of o as observed in financial data (see for example Gatheral et al.| (2018), Bibinger
et al.| (2017); see also Renault et al.| (2017))). In the model without noise there are also
several works on estimating different functionals of o, not only the integrated squared
process. Interesting results in this context have been obtained by |Jacod and Rosenbaum
(2013) and [Li et al. (2013). Without noise it was also shown that random endogenous
observation times can influence the results (Li et al.| (2014)). An observation model with
one-sided errors has been studied by Bibinger et al.| (2016)), exhibiting different optimal
rates of convergence.

Estimating occupation time functionals

For the second estimation problem consider a general d-dimensional stochastic process
X = (X¢)o<t<r with cadlag paths. Similar to the last section, an important problem in
many fields is to estimate integral-type functionals of the form

t
Ft(f):/of(Xr)dr, 0<t<T,

for a function f from discrete observations of X at tp = kA,, where A, = T/n and
kE=0,...,n. Iy(f) is called the occupation time functional of X.

If A is a Borel set, then I'p(14) is known as the occupation time which measures
the time X spends in A. General functions f appear for example in mathematical
finance to model path dependent derivatives (Hugonnier| (1999), Chesney et al.| (1997))
or in evolutionary dynamics (Pollett| (2003)). Occupation time functionals are also an
important tool from a statistical point of view to estimate functionals with respect
to the invariant measure p of an ergodic process X, because T~ 'I'r(f) — [ fdp as
T — oo by the ergodic theorem under appropriate regularity assumptions (Dalalyan
(2005), Mattingly et al.|(2010)). Moreover, the smoothness properties of x fOT flx+
X, )dr play an important role in solving ordinary differential equations, for example in
combination with the phenomenon of regularization by noise (Catellier and Gubinelli
(2016)).



The natural estimator for discrete observations is the Riemann-sum estimator
N [t/An]
Fnat (f) = An Z f(th—l)'
k=1

It has been applied in the statistics literature, for instance, in order to estimate the
occupation time (Chorowskil (2018)), |Gobet and Matulewicz| (2016))) or functionals of the
local time of a diffusion (Florens-Zmirou (1993)), Jacod| (1998)). For general f see also
Dion and Genon-Catalot|(2016). The obtained error bounds for I';(f) — fnt( f) are often
suboptimal and very specific to the problem at hand. The Riemann-estimator is more-
over commonly used for simulating from the law of I';(f). For this the X, usually have
to be approximated by some X/, obtained for example by an Euler-scheme (Mattingly
et al. (2010)). However, the increasing availability of exact simulation methods alleviates
this problem to some extent (Beskos and Roberts| (2005)). |Jacod et al.| (2003)) considered
the Riemann-sum estimator for f(x) = x in order to find the rate of convergence of the
integrated error fot (Xr — X|;/a, A, )dr for semimartingales with jump discontinuities,
because in this case the error X; — X|4/a,, |a, does not converge to zero in the Skorokhod
sense.

The theoretical properties of fn,t( f) have been studied systematically only in few
works and only for rather specific processes X and functions f. Consistency as A, — 0
follows from Riemann approximation already under weak assumptions. A central limit
theorem for It6 semimartingales and f € C?(RY) was proven in the monograph of \Jacod
and Protter| (2011, Chapter 6) with rate of convergence A,,. This is much faster than the

A}/ ?_rate when approximating f(X;) by f(X|;/a,|a,) for continuous X. Interestingly,
the weak limit depends only on Vf and therefore it seems that the CLT might also
hold for C*'(R%)-functions. The proof, however, works only for f € C?(R?), using Itd’s
formula.

For less smooth functions no CLT has been obtained so far. Instead, several authors
considered L2(P)-bounds for the estimation error Iy(f) — Ly (f). For a-Holder functions
fand 0 < a <1 the rate of convergence A;Ha)/ 2, up to log factors, has been obtained
by Malliavin calculus for one dimensional diffusions (Kohatsu-Higa et al. (2014))) and
by assuming heat kernel bounds on the transition densities for Markov processes in R?
(Ganychenko| (2015)); Ganychenko and Kulik| (2014))). For applications the most impor-
tant case is when f is the indicator function of a Borel set. The only available result
in the literature applies to one-dimensional Brownian motion and indicator functions
f =143, @ < b. |[Ngo and Ogawa (2011)) found the surprising rate A?l/ 4, which corre-
sponds to the Holder-rate for « = 1/2. It is not clear if a similar result holds in higher
dimensions or for different processes. [Ngo and Ogawa, (2011)) also showed that the A?/ .
rate for indicators is optimal in the L?(P)-sense. This is the only proof of optimality for
estimating occupation time functionals so far. Note that all studied processes until now
are Markov processes.

In principle, the Riemann-sum estimator is not the only possible estimator for approx-
imating I';(f). A possible alternative is the trapezoid rule

_ o) p(x X
B ()=, Y TN B,

k=1
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which is also the optimal estimator from a filtering point of view if X is a Brownian
motion and f(z) = z, i.e. E[I'(f)|Xo,...,X7] = @t,n(f) (cf. Diaconis| (1988])). We will
show that both estimators have the same properties asymptotically, independent of the
smoothness of f, which is different from deterministic numerical integration. Interesting
connections to probabilistic quadrature rules can also be found in Briol et al.| (2015).
Estimation of occupation time functionals, where the process is not observed directly,
has been studied for example by |Li et al. (2013) when X is the volatility of an Ito6
semimartingale.

Generalized 1t6 formulas

For the third problem studied in this thesis let X be again a d-dimensional continuous
[t6 semimartingale as in ([1.0.1)). One of the most important tools in stochastic analysis
is Ité’s formula which says in its classical form that

P = 00 = [ 950x, Z [ otur G a (x®,x)

T

for f € C?(RY) and 0 < ¢t < T. Various generalizations of this formula have been
obtained in the past in order to relax the regularity assumptions on f. The main
distinction between the different formulas is the It6-correction term. It can be expressed
by generalized integrals with respect to local times (cf. Bouleau and Yor| (1981)) or as
5 LS [0 f(X), X™)],, where [8,, f(X), X™]; is the quadratic covariation of 8, f(X)
and X (™) (cf. [Féllmer et al| (1995)). It is defined by

[0 f (X), X = Tim X (0 () =0l (X)) (x5 = x{).
kETnlkS

(1.0.2)
if this limit exists in probability for any sequence of partitions (my,),>1 of [0,T] such that
the mesh size |m,| = maxy |ty — tx_1| tends to zero as n — oo, where the points in 7,
are 0 =tg < t; < --- <t, =T. For one-dimensional semimartingales both approaches
give essentially the same results (Bardina and Rovira/ (2007))). In higher dimensions the
local time method does not apply anymore (with the notable exception of Eisenbaum
(2006)) for Lévy processes with independent components).

A major problem in applying the second method is to prove the existence of
[Op f(X), X(™)];. A sufficient condition is reversibility of X, i.e. the time reversed pro-
cess t — Xp_, is again a diffusion or just a semimartingale. In this case the partial sums

in ([1.0.2) can be decomposed into the sumof 3, ., 8mf(th_l)(X(m) X(m) .) and
D tpemnitn<t Omf(Xi,) (X(m) Xt(:i)l ), which separately converge to the forward and back-

ward stochastic integrals fo O f(X,)dX, and fot Om f(X,)d*X,.. Reversibility holds, for
example, for non-degenerate diffusions with Lipschitz coefficients (Millet et al.| (1989)).
Under this assumption, several It6 formulas were obtained: by [Follmer and Protter
(2000) for d-dimensional Brownian motion and L2-Sobolev functions f € H'(R?), by
Moret and Nualart| (2001)) for d-dimensional non-degenerate diffusions and functions in




LP-Sobolev spaces with p > d and regularity one and by Errami et al.|(2002) for C*(R%)-
functions and reversible semimartingales. All formulas (including the ones based on local
times, but except for |[Follmer and Protter| (2000)) apply only to continuous f. Note also
that there are simple counterexamples for reversibility as soon as we give up on the
assumption that X is a diffusion (Walsh| (1982)).

In view of (1.0.2) the existence of the quadratic covariation [0y, f(X), X™]; is a dis-
cretization problem. Instead of identifying it as the limit of certain stochastic integrals,
we consider the approximation directly without the assumption of reversibility. Note
that (f(X;))o<i<r is in general not a semimartingale anymore, if f ¢ C?(R%) (see Theo-
rem 71 of Protter (2013) for a counterexample). This means that [0,,f(X), X ™)]; may
have paths of unbounded variation. It is, however, a process of zero quadratic variation
for d = 1 and Lipschitz continuous f (cf. |Lowther| (2010)), see also Walsh (2013)). It
is also interesting to note that It6 formulas can even be proven for Holder continuous
functions, however only if X is a pure-jump process (cf. [Jacod et al. (2003)).

Outline of main results

We now give an overview of the main results for the three problems above.

Chapter [2] investigates the spectral approaches for estimating integrated volatility of
Reifs (2011)), Bibinger and Reifs (2014)) and Bibinger et al. (2014)) in a very general
setup. We study the noisy high-frequency non-synchronous observation model with gen-
eral error distribution and where X satisfies for a general drift and random time
varying volatility. The one-dimensional case is considered first and in more detail in or-
der to give a clearer picture of the main ideas. This is followed by the bivariate and the
general multi-dimensional setting, including non-synchronous observations. We prove
functional stable limit theorems at the optimal convergence rate A,ll/ * and with asymp-
totic variances coinciding with the lower bounds in the nonparametric subexperiments
with deterministic volatility. As there is no suitable variance efficiency concept in this
case yet, we call the spectral estimators quasi-efficient. They are the only estimators so
far in this general setting to achieve the minimal asymptotic variance.

The asymptotic analysis is based on the theory of [Jacod| (1997), applied in a similar
context also in |Fukasawa (2010) and Hayashi and Yoshida, (2011), and incorporates
Fourier analysis and matrix algebra. The fundamental idea of the spectral estimator is
to smooth the noisy observations in the Fourier domain. The smoothed observations are
then combined by a local method of moments with optimal weights which depend on the
local covolatility matrix. The optimal weights thus require knowledge of the unknown
volatility process. We therefore prove adaptive versions of the spectral estimators where
in a first step the local covolatility matrices are pre-estimated from the same data. This
two stage method yields feasible limit theorems that are fully data driven.

Chapter [3] studies the estimation of occupation time functionals from several different
points of views. Related to the classical work of (Geman and Horowitz| (1980) on occu-
pation densities, we use Fourier methods for the estimation error I't(f) — 'y +(f). The
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key idea is that the error is equal to

[t/An]

(2m) ¢ / Ff () ( ; /t:: (e_i<u’X"> —ei<"’th1>>dr> du

by inverse Fourier transform under suitable regularity assumptions. Together with a
pathwise analysis of the exponentials e~“%*r) and with functions f having sufficiently
regular Fourier transforms this is just the right idea to control the estimation error.
The pathwise analysis is inspired by the one-step Euler approximations of [Fournier and
Printems (2008) and is also related to (Catellier and Gubinelli (2016|). These ideas allow
us in Section to extend the central limit theorem of |Jacod and Protter| (2011) to
L?-Sobolev functions f € H'(R?) and non-degenerate continuous Ité semimartingales
with the same rate of convergence A,. The proof is based on tight bounds for the Ito-
correction term in the classical Ito formula. Note that a function f € H'(R?) is not
necessarily continuous for d > 1.

For less smooth functions it is in general not possible to prove central limit theo-
rems, because the bias may become degenerate asymptotically. Instead, Section [3.2]
provides non-asymptotic upper bounds for the L?(P)-error I'y(f) — fnt( f) and general
d-dimensional cadlag processes X under weak assumptions. Only the smoothness of the
bivariate distributions of (X, X,) in 0 < h < r < T is required, i.e. either the joint
densities or the characteristic functions are differentiable in h and ». This allows us
to prove the rate AS}*SV % for a large class of d-dimensional processes and L2-Sobolev
functions with fractional smoothness 0 < s < 1. In particular, this covers the previous
results for Holder and indicator functions. We therefore obtain a unifying mathematical
explanation for the different rates. Several examples demonstrate the applicability of
the upper bounds, for example to Markov processes, but also to fractional Brownian
motion. As an interesting application we prove rates of convergence for approximating
the local times of fractional Brownian motion. Note that the L?(P)-bounds also yield
improved bounds for the so-called weak approzimations E[I':(f) — fm( f)], which are
of key importance in Monte-Carlo simulations (cf. |Gobet and Labart| (2008), see also
Kohatsu-Higa et al.| (2014)).

Section [3-3] studies the special case of stationary Markov processes. In this case the
L?(P)-error of Ty(f) — fnyt(f) can be calculated explicitly with respect to the associated
semigroup. This yields upper bounds in terms of fractional powers of the infinitesimal
generator of the process applied to f. While the assumption of stationarity is a limita-
tion, these bounds are more precise than the ones above (when both methods apply),
because they also hold for functions f € L?(u) which are square integrable with respect
to the invariant measure . Moreover, this method easily extends to infinite dimensions.

Rate optimality is addressed in Section [3.4. We prove the corresponding lower bounds
for the L?(P)-error in case of L?-Sobolev functions and d-dimensional Brownian motion.
In this case we can even conclude the efficiency of the Riemann-sum estimator in terms
of its asymptotic variance.

We want to emphasize that the L?(IP)-bounds are not only optimal and explicit with
respect to their dependence on A,, but also with respect to T. More precisely, the
typical upper bound for L2-Sobolev functions is of order T/ QAT(SJFS)/ ?. This allows for
approximating functionals [ fdu in an ergodic setting with respect to the invariant mea-



sure 11 at the optimal rate 7-/2 by the estimator T_lfnyT( f), independent of A,, being
fixed or A,, — 0. We therefore believe that our results may be instrumental in bridg-
ing the gap between results in statistics obtained for high-frequency and low-frequency
observations. In fact, the results of Section have been crucial for approximating
fot 1i4p)(Xy)dr, a < b, with respect to a one-dimensional stationary diffusion X in an
effort to find a universal estimator for the volatility process which is minimax optimal at
high and low frequency (cf. |Chorowski (2018)). Moreover, it is well-known that, under
suitable regularity assumptions, 7~ 'T'r(f) converges to [ fdp at the rate T-Y/2. This
is the same rate as for TflfmT( f). This suggests that our results can also be applied to
transfer results obtained in statistics for continuous observations to discrete observations
by approximating the corresponding integral functionals.

Chapter [] is devoted to showing the existence of the quadratic covariations
[0 f(X), X(™)], for d-dimensional non-degenerate continuous It6 semimartingales. We
apply the methods developed in Chapter [3] working under the same assumptions as for
the central limit theorems in Section [3.1] This yields surprisingly strong results. Most
importantly, reversibility of X is not necessary. This further immediately leads to gener-
alized It6 formulas. The main result is that, up to some minor conditions, It6’s formula
holds for L2-Sobolev functions f € H*(R%), s > 1, if ¢ is Lipschitz continuous and
uniformly elliptic. This result achieves two things. First, it generalizes the Itd formulas
mentioned above for continuous diffusions and in any dimension d > 1. In particular, we
have a precise relation between the regularity of f, o and b, such that It6’s formula also
holds for rough coefficients, if f is slightly more regular. Second, the formula also holds
for continuous Itd6 semimartingales and therefore allows for very complex processes that
are important in practice.

Note that we have to study all possible partitions (m,)n>1 with mesh size |m,| — 0
for the existence of [0y, f(X), X(™)],. This suggests that also the results in Chapter
should hold for more general sampling schemes.
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Nomenclature

The notation follows the usual conventions. Throughout the thesis C' or C}, denote non-
negative absolute constants which may change from line to line. We give now a list of
general mathematical symbols that will be used.
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a<bandb<a

an /by, — 0

(Xn/an)n21 is tight

Xn/an, — 0 in probability

(Xn/an)n>1 is tight with respect to the ucp topology
X, /an, — 0 with respect to the ucp topology
smooth functions with compact support
p-integrable functions, with respect to measure p
Schwartz functions

| s]-times differentiable functions f such that all partial deriva-
tives of order |s| are s — | s]-Holder continuous
Skorokhod space

Euclidean and sup norms on R? or R4*4

LP? norms on LP(R?%) and L?(P)

sup norm with respect to measure u

Holder seminorm

L?-norm with respect to measure p

Kronecker’s delta, i.e. d; = 1 and &y, = 0 for [ #m
d x d-dimensional identity matrix

empirical scalar products

transpose of matrix A

domain of operator L

vectorization of A

Kronecker product of A and B

Fourier transform of f

identity function

Borel o-algebra with respect to metric space M
Markov semigroup

spectrum of operator L

sigma algebra generated by random variables Xy,
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dirac measure or dirac delta function in z € R?
short for oo,

occupation time functional

Riemann-sum estimator
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Chapter 2.

Central limit theorems for spectral
estimators of integrated volatility

This chapter is adapted from Altmeyer and Bibingen (2015).

We present in this chapter several central limit theorems for the spectral estimators
of Reily (2011)), Bibinger and Reif (2014) and Bibinger et al. (2014) in a general set-
ting. The first two sections describe the assumptions for the underlying process and
the observations, as well as the main results. The estimators will only be defined in
the third section, which also discusses in detail the spectral approach. In Section four
the asymptotic theory is presented with a focus on the one-dimensional case. For the
multi-dimensional estimators only the main steps are proved, including the effects of
non-synchronicity. Section five presents a small simulation study in order to investigate
the finite sample performance of the one-dimensional estimator. The proofs can be found
in Section six.

2.1. Statistical model

We first introduce the statistical model and provide all assumptions. For T" > 0
let (Q,F, (Ft)o<t<,P) be a filtered probability space which satisfies the usual con-
ditions, i.e. the filtration is right continuous and complete. On this space consider a
d-dimensional continuous It6 semimartingale X such that

t t
X =X +/ b.dr + / ordW,, 0<t<T, (2.1.1)
0 0

where X is Fo-measurable, (W;)o<i<7 is a standard d-dimensional Brownian motion,
the drift b = (bt)o<i<7 is a locally bounded R?-valued process and the volatility o =
(ot)o<t<T is a cadlag R¥4_yalued process, all adapted to (Ft)o<t<T-

We pursue the asymptotic analysis with respect to the following structural assumptions
on b and o.

Assumption 2.1.1 (SM-a-5). Let 0 < «a, < 1. There ezists a constant C and a
sequence of stopping times (Tk)k>1 with Tk — 00 as K — oo such that

E | sup ||U(S+7’)/\TK - Us/\TK||2:| < Ct2av E |: sup ||b(S+T)/\TK - bs/\TK||2 < CtQB
0<r<t 0<r<t

for all 0 < s,t < T with s+t <T. Moreover, (oy, O';r)ogtST 1s elliptic in the sense that
for P-almost all w € Q there exist constants C(w) with info<i<r (010, )(w) > C(w).
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The smoothness assumptions on o and b are rather general and appear frequently in the
literature (see e.g. Jacod and Mykland| (2015), |Jacod and Protter| (2011}, Section 2.1.5)).
They exclude fixed times of discontinuities, but allow for non-predictable jumps. The
assumptions are satisfied, if o and b are themselves Itd6 semimartingales (with o = 1/2
or # = 1/2) or if their paths are Holder continuous with regularity « or 8. In particular,
they hold with o = 8 = 1/2 if X is a diffusion process such that o; = (X;), by = b(X;)
with Lipschitz continuous functions &, b. The semimartingale model in and
Assumption will appear again in Chapters [3| and In this chapter we will
work under [(SM-a-f)|for a > 1/2 and any 8 > 0.

In the following consider without loss of generality 7' = 1. We work within the model
where we have indirect observations of X diluted by noise. For this let € = (e¢)y<;<;
be a d-dimensional iid white noise process with independent components. We assume
that ¢ is independent of F. Set G = Fr®o(es : s < t) for 0 < ¢t < 1 and let
(2°,G, (Gt)o<t<1,P?) be a filtered probability space which accommodates the signal and
the noise processes and extends the space (2, F, (F¢)o<t<1,P). For simplicity, denote it
by (2,6, (Gt)o<t<1, P).

With respect to the observation scheme of the perturbed process we consider two
different assumptions.

Assumption 2.1.2 (N-1). Let d = 1. The white noise process satisfies E[e¥] < oo and
EleZ] = n? > 0 for all 0 < t < 1. On the extension (9, G, (Gt)o<t<1,P) we observe
Y € R with Yy, = Xy, + €1, at reqular times t, =k/n, k=0,...,n.

For general dimensions d > 1 we consider a very general framework with noise and
in which observations arrive at non-synchronous sampling times. Denote the integrated
covolatility matriz by fot Yeds, ¥y = 050 . Tt coincides with the quadratic variation
(X, X), of X.

Assumption 2.1.3 (N-d). Let d > 1. The white noise process satisfies E[(agp))g} <
oo and Var(eip)) = 7]2 >0 forall0 <t <1landp = 1,...,d. On the extension
(2,6, (Gt)o<t<1,P) we observe

at non-synchronous observation times 0 < tl(f ) < 1 which are described by quantile

transformations t,(gp) = Fp_l(k/np) with differentiable, possibly random (but independent

of X and ¢) distribution functions F, with F,(0) = 0, Fy(1) = 1, F, € C%([0,1])
with values in [0,1] for some 1/2 < a < 1 such that F;? 1s strictly positive. Moreover,
n/ny = vp as n — oo with constants 0 < v, < 0o for allp =1,...,d.

For d = 1, 1 = 1 and F; = Id this assumption reduces to Working under
in d = 1 allows for a simpler proof which may help to understand the method
better. For d > 1 Assumption includes deterministic and random observation
times which are independent of Y. While this is still an idealization of realistic market
microstructure dynamics, our observation model constitutes the established setup in the
related literature and captures the main ingredients of realistic log-price models.
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2.2. Main results

In this section we present the three major results of this chapter in Theorems [2.2.1]
and [2.2.3] and discuss the consequences. Theorems [2.2.1] and [2.2.2] establish functional
stable central limit theorems in a general semimartingale setting for the spectral estima-
tors of [Reif| (2011)) and Bibinger and Reif]| (2014). Theorem [2.2.3| gives a multivariate
limit theorem for the localized method of moments approach of Bibinger et al.| (2014).
These methods are briefly explained in Section[2.3] All estimators rely on optimal weight
functions, which have to be estimated from the data, as well. The following theorems
apply to the corresponding adaptive estimators, which are all defined in Section [2.3}

e the adaptive spectral estimator v nt of integrated volatility,

e the adaptive spectral estimator cv ,E:;q) of integrated covolatility and

e the local method of moments estimator LM M, ; of the integrated covolatility
matrix.

These estimators are defined in (2.3.8)), in (2.3.16]) and (2.3.19)), respectively. They attain
asymptotic efficiency lower variance bounds in the simplified models without drift, with
independent volatility processes and Gaussian noise. The limit theorems are all based
on the concept of stable convergence (see Section for details).

Theorem 2.2.1. Let d = 1. Assume |(SM-a-3) for some o > 1/2, > 0 and|(N-1)

Then we have the stable convergence

t t N
nt/4 (Ivm—/ agds> —%/ V81 |3 |dW, (2.2.1)
0 0

as processes on D([0,1],R), where W is a Brownian motion defined on an independent
extension of the original probability space (2, G, (Gi)o<t<1,P). Moreover, the variance
estimator V" defined in provides for fited 0 < t < 1 the feasible central limit
theorem:

- t
A (Ivn,t—/ afds> ~4 N(0,1). (2.2.2)
0

The convergence rate in ([2.2.1)) and (2.2.2)) is optimal already in the parametric subex-
periment (see |Gloter and Jacod| (2001))). v n,1 is asymptotically mixed normally dis-
tributed with random asymptotic variance fol 8n|od|ds. This asymptotic variance co-
incides with the lower bound derived by Reifs| (2011) in the subexperiment with time-
varying but deterministic volatility, without drift and Gaussian error distribution. The
spectral estimator of squared integrated volatility is hence asymptotically efficient in this
setting. For the general semimartingale experiment the concept of asymptotic efficiency
is not developed yet. It is conjectured that the lower bound has analogous structure (cf.
Remark 3.1 of [Jacod and Mykland (2015])). Theorem establishes that the asymp-
totic variance of the estimator has the same form in the very general framework, what
we call quasi-efficient, and stable convergence holds true. The feasible limit theorem
allows to provide confidence bands and is of pivotal importance for applications.
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For the multi-dimensional setting define a diagonal matrix of asymptotic noise levels
H(t) = diag(nyry Fy(t) /), e R4 0 <t < 1.

Theorem 2.2.2. Let d > 1. Assume |(SM-a-3 )| for some o« > 1/2, 8 > 0 and |(N-d )

Then we have the stable convergence

'/t (Icvﬁfff)— /0 zgpq>ds> N /0 v PD q, (2.2.3)
for n/n, — v, and n/ng — vy with 0 < v, < 00,0 < v, < 00, as processes on
D([0,1],R), where W is a Brownian motion defined on an independent extension of the
original probability space (2,G, (Gt)o<t<1,P). The asymptotic variance process satisfies

1/2

weo)? =2 (1) (1) (42 - 5.
x (\/As + /A2 — By —sgn(AZ - BS)\/As —VAZ-B,), (2.24)

where sgn denotes the sign function taking values in {—1,1} such that (z)gp’Q))2 is always

non-negative, and where

@\ 2 @\ >
Ay = np) <zgsi(;> + xla9) <z E?;) , Bs=4 (Egpp)zgqq) + (Egpq))Z) :
S S

Moreover, the variance estimator 91?@’(1) defined in provides for fired 0 <t < 1

n,
the feasible central limit theorem:

Sreveay—1/2 [ 5=5Pa) t d
(v <ICVM —/D Egpq)ds> -5 N(0,1). (2.2.5)

The bivariate extension of the spectral method outperforms by its local adaptivity and
Fourier domain smoothing previous approaches for integrated covolatility estimation in
most cases, see Bibinger and Reifs (2014) for a detailed discussion and survey on the
different methods. It attains the multi-dimensional variance lower bound in the submodel
for estimating the integrated covolatility fol ng ) ds only in case of zero correlation.
On the other hand, the estimator already achieves a high efficiency and since it does
not involve Fisher information weight matrices, it is less computationally costly than
the efficient local method of moments approach. The general form of the asymptotic

variance given in 1' is complicated. When 27512)

ZEH) = E§22) = oy, it simplifies to fg 4n|o3| ds which is efficient for this setup. The
rescaled version in allows for confidence bounds and is of high practical value.

For the general multi-dimensional setting we first have to introduce some additional
notation. For matrices A, B € R?*? the vec-operator vec(A) € R and the Kronecker
product A ® B € RT* are defined by

= 0 and for equal volatilities

T
VeC(A) = (AH, Agl, Ceey Adh Alg, AQQ, ce ,Adg, ce 7Ad(d—1)v Add) € RdQ,
(A b2 B)d(pfl)%»q,d(p'fl)Jrq’ - App/qu/) P, Q7p/7 q/ = 17 v )d'
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Note the crucial relation between the Kronecker product and the vec-operator
vec(ABC) = (CT ® A)vec(B). In the limit theorems, we need to account for effects
by the non-commutativity of matrix multiplication. It will be useful to standardize the
limit theorems such that the matrix

Z = cov(vec(ZZ")), for Z ~ N(0,I;) standard Gaussian, (2.2.6)

appears as covariance matrix of the standardized form instead of the identity matrix.
This matrix is the sum of the d?-dimensional identity matrix I;2 and the so-called com-
mutation matriz Cg4 that maps a (d x d) matrix to the vectorization of its transpose,
i.e. Cggvec(A) = vec(AT). The symmetrizer matriz Z/2 is idempotent (Abadir and
Magnus| (2009, Chapter 11)). For background information on matrix algebra, especially
tensor calculus using the Kronecker product and vec-operator we refer to [Abadir and
Magnus| (2009). With this preparation we can state the third main result in this chapter.

Theorem 2.2.3. Let d > 1. Assume |(SM-a-3)| for some o« > 1/2, 8 > 0 and|(N-d),

Then we have the stable convergence

t t __
n1/4<LMMn7t — vec(/ s dS)) s, / (2;/2@) (25)1/4)ZdW5
0 0
t —
+ / (=M @ £1/2) zaw - (2.2.7)
0

forn/n, — v, asn — oo forp=1,...,d as processes on D([0, 1], R?), where W and W+
are independent d-dimensional Brownian motions defined on an independent extension
of the original probability space (2, G, (Gt)o<i<1,P). Moreover, (EH)1/4 s the square
root of (EF’L‘)l/2 = 7—[(7—[7127{71)1/27-[ and Z is the matriz defined in . Fort=1
the pointwise marginal central limit theorem becomes

1
nt/4 (LMMnJ — vec(/ Esds)> 4 MN (o,rlz) , (2.2.8)
0
where M N means mized normal distribution with asymptotic covariance matrix

7 1—_9 ! (E 7\ 1/2 N\1/2
= o (EM 4 (=) e Es) ds. (2.2.9)
0

Moreover, the covariance matriz estimator I;% defined in (2.3.20) provides for fized
0 <t <1 the feasible central limit theorem.:

t
I}L,/t2 <LMMn,t — Uec(/ st3>> 4 N(0,2). (2.2.10)
0

The local method of moments attains the lower asymptotic variance bound derived
in Bibinger et al.| (2014) for a nonparametric experiment with deterministic covolatility
matrix, without drift and with Gaussian error distribution. Thus, the local method of
moments is asymptotically efficient in this subexperiment.

The asymptotic variance of estimating integrated volatility decreases as we can benefit
from observing correlated components. In the multi-dimensional observation model the



2.3. Spectral estimation 18

minimum asymptotic variance can become much smaller than the bound in for
d = 1. In an idealized parametric model with ¢ > 0, the variance can be reduced up to
(8/v/d)no® in comparison to the one-dimensional lower bound 8no>. See [Bibinger et al.
(2014) for a deeper discussion of the lower bound. In view of the complex geometry
of the general multi-dimensional parameter space, expression provides a neat
description of the asymptotic variance bound.

2.3. Spectral estimation

In this section we review the building blocks of the spectral estimation method. In the
following, denote by A?Y(l) = Y;(l) — }/;(f)l, 1 =1,...,n, 1 = 1,...,d the increments
of Y and analogously for X and other processes. For simplicity we assume first that
d = 1, in the setting of Assumption The time interval [0, 1] is partitioned into
equidistant bins [(k — 1)hy, khy), k = 1,...,h;t € N, h, — 0 as n — oo such that
nh, is the average number of observations per bin. Under Assumption for
a > 1/2, 3> 0 we can always assume by an approximation argument that o7 = O'(Zk_l) I

is locally constant on each bin for t € [(k — 1)hy, khy,). On every block the integrated
2

(k—1)hyn>
parametric estimation problems. For this purpose |Reif (2011]) uses the spectral statistics

volatility [, (lziznl) I o2ds = hna(Qk_l) B, Can then be estimated by h,,& solving locally

Six = ZA;LYcI)jk <;> L j=1,..., |nhy] =1, k=1,... k", (2.3.1)
i=1

which are discrete analogues of expressions obtained from diagonalizing the covariance
operator of observations in an equivalent white noise experiment. Here,

P;(t) = ,/hisin (Jmhy't) Lo, (), §>1,0<t<1, (2.3.2)

2 . T -
©; (t) = 2ny/ 5 sin (22}1 ) cos (jmhy, 't) Liop,) (1), (2.3.3)

and @i (t) = @;(t — (k= 1)hy), @i (t) = ¢;(t — (k—1)hy,) are systems of trigonometric
function orthogonal with respect to empirical scalar products (-,-), and [-,-],, respec-
tively (see Section @ for details). Efficient estimators ‘}(Qk—l)hn for J(Qk—l)hn are then
constructed by weighfed linear combinations of bias corrected squared spectral statistics
over different frequencies.

The spectral statistics are the principal elements of the considered estimation tech-
niques. They are related to the pre-averages of |Jacod et al. (2009). An important
difference is that we keep the bins fixed which simplifies the construction of the spectral
approach. Bin-wise the spectral estimation benefits from an advanced smoothing method
in the frequency domain by using the weight function of a discrete sine transformation.
The spectral statistics hence de-correlate the observations and form their bin-wise prin-
cipal components. The methodology can be viewed also as localizing the estimator of
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Curci and Corsi| (2012)) on bins. [Reify (2011) showed that this leads to a semiparametri-
cally efficient estimation approach of integrated volatility in a nonparametric setup with
deterministic volatility, without drift and with Gaussian noise.

The bin-width is chosen as hy, =< n~'/2logn in order to attain the optimal conver-
gence rates for the results in Section This becomes clear in the proofs in Section
[2:6] The log-factor plays a role in the convergence of the sum of variances over different
frequencies. The leading asymptotic order n=1/2 for the bin-width is analogous to the
pre-average and kernel bandwidths, cf. [Jacod et al. (2009) and Barndorff-Nielsen et al.
(2008)), and balances the discretization error which increases with increasing h,, and the
error due to noise which decreases as h,, increases. Let us point out that the basis func-
tions (2.3.2) and ([2.3.3)) are scaled versions of the respective basis functions in |Bibinger
and Reift| (2014) and Bibinger et al.| (2014]) for a more convenient exposition.

2.3.1. The spectral estimator of integrated volatility

As above let d = 1 and assume |(N-1)} In order to estimate O'(k 1)h, OD block k, the

spectral statistics Sj;, in (2.3.1)) have to be squared. This creates a bias. After correcting
for this bias, we form weighted linear combinations:

[nhp|—1 9

U(Qk Dhn = Z wgk(s — [pjk; Pjkln T]) (2.34)
j=1

The weights w;;, are defined below. This means that we consider only asymptotically
infinitely many frequencies. As the proofs reveal it is even sufficient to consider only
the first .J,, < logn frequencies, because higher frequencies are asymptotically negligible.
The bias correction incorporates the noise level n which is unknown in general. It can
be consistently estimated from the data with rate of convergence n~=1/2, for instance by
i = (2n) 71300 (ATY)?] see [Zhang et al| (2005) for an asymptotic analysis of this
estimator. The principle of bias-correcting the squared spectral statistics relates to the
early estimator of Zhou (1998) for volatility estimation under microstructure noise. Set

Ly, = (Var( §k|g k1 hn)) to be the inverse conditional variance of the S? ik and let

I, = thnJ ! Ix. The variance of & a(k Vo becomes minimal and equal to Ztth '] I 1
with oracle Welghts

( o 1y, +7372[80jk790jk]n)_2

=)
ZL i 1( (2k Dhn + I [S@nka‘ﬂmk] )

wip = I; 'L, = (2.3.5)

fork=1,....h;  and j = 1,..., |[nh,] — 1, When the noise is Gaussian. For a general

noise dlstrlbutlon the first- order variance of & O'(k Vi is not affected. The estimator of

fo 02 ds is constructed as Riemann-sum

[thn!] [thnl]  |nhn|—1 9

Z MGy, = O hn D wjk<532‘k_[90jk790jk]n %) (2.3.6)
k=1

J=1
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such that the estimator at ¢ = 1 becomes simply the average of local estimates in the
case of equispaced bins.

It is essential to develop an adaptive version of the estimator, for which we replace
the optimal oracle weights by data-driven weights. Additionally to the estimated noise
variance, a bin-wise consistent estimator of the O'(Qk_l) I with some convergence rate
suffices. Local pre-estimates can be constructed by using the same ansatz as in ,
but involving only J, < |nh,] — 1 frequencies with constant weights w;;, = J,; 1 and
then averaging over (2K, + 1) =< n'/4 bins in a neighborhood of (k — 1)hy,:

(k—1+Kn)Ahy! 2
~2,pilo _
(Qkp l)th (2Kn + 1) 1 Z J Z ( SDJMa @]m]n ;) . (237)
m=(k—1-K,)V1 7=1

This estimator attains n~'/8 as rate of convergence under Assumptlon for
a > 1/2, 8 > 0. The estimated weights are then given by Wik, = I 7. ik Where [k,Ijk
are obtained as above but plugging in the pre-estimates of O'(Qk_l) I and of n?. The fully
adaptive spectral estimator of integrated volatility and the estimator for its variance are
then given by the following two-stage approach:

thntl]  |nhn|—1 9

Ivnﬂf: Z hy, Z w]k(s [@]kv@]h] 7 ) (238)
k=1 j=1
Lthn ')

Vi = Z h2 1. (2.3.9)

2.3.2. The spectral covolatility estimator

Let now d > 1 and assume |(N-d)l The spectral covolatility estimator from |Bibinger
and Reif| (2014)) is the obvious extension of the one-dimensional estimator using cross
products of the corresponding spectral statistics

o 1P 4 4) X
p n - -
St :Z}Aiy@’)@jk # L i>lp=1,....d,k=1,...,h;'.  (2.3.10)

The basis functions @, are defined as in (2.3.2). Instead of (2.3.4) we then have the
local estimator for p # ¢

[nhn|—1

S = 2 wh(sWsi). (2.3.11)
j=1

(

Differently from ([2.3.8]) there is no bias correction for the cross product S](.i)S jz), because
the noise is component-wise independent. For the optimal weights observe that by a
locally constant approximation of the observation frequencies that we get a bin-wise

locally constant approximation of H:

H}: = diag (n, 2w Fy((k — 1) hn) ") = diag (H;k—1>hn)p. (2.3.12)
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Moreover, [@jk, k] = fol <p]2.k,(t) dt = h 27?52, where we use for non-synchronous obser-
vations instead of 1’ the simpler expression ;i = @;k H The optimal weights are

then given by w;.’,’cq = (]Igpﬂ))*ljj(zm with
I = <Egip)1> SO+ (30D 2 HE D D (o 0] (2:3.13)
+ (Egi@l)hnﬂék_l)h“ + EEZq_)nhnHé’“‘”h”) [©jk, 0kl >_

They depend on the volatilities, the covolatility and the noise levels with respect to p, q.

The local noise levels Hy (k=Dhn can be estimated by
~ e (AY )2
=D = iz (th ) S P P2, (2.3.14)

(k—1)hn <tP) <kh,,

cf. . Averaging empirical covariances S;; S/ over different spectral frequencies
ging emp %S p q

j= J and over a set of (2K, + 1) adjacent bins yields a consistent estimator of

the 1nstantaneous covolatility matrix:

Lshn ! |4+ Kn Jn o
spiet = 2k, + )7 Y Uty (Sijka — [wjE ix] Hk)v (2.3.15)
k=|shy'|—Kn J=1

where PAIZ = diag(ﬁ;fh”). End effects for s < K, h,, and s > 1 — K, h,, are not discussed
here. Adaptive pre-estimated weights 121?,’{? can then obtained again by plug-in from
(2.3.13)). The bivariate spectral covolatility estimator with adaptive weights is then
given by

lthi']l  [nhn)-1

vy Z b Y @ (sWsi). (2.3.16)

j=1
The estimator of the variance is
Lthy ']
VIYEY = N p2 (Ip)P) (2.3.17)
k=1

A more general version of the spectral covolatility estimator for a model including cross-
correlation of the noise (in a synchronous framework) can be found in Bibinger and
Reifs (2014). For a simpler exposition and since this notion of cross-correlation is not
adequate for the more important non-synchronous case, we restrict ourselves here to

noise according to Assumption |(N-d)}

* This meets the original idea by [Reif| (2011)) for continuous-time observations to use orthogonal systems
of functions and their derivatives. While in the case of regular observations on the grid i/n,7 =
0,...,n, we can slightly benefit from discrete Fourier analysis and the exact form of the ¢, for non-
synchronous observations we rely on continuous-time analogues as approximations which coincide
discrete expressions at first order.
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2.3.3. Local method of moments

Let Sj, = (S](.i))p be the vector of the spectral statistics in (2.3.10) for & = 1,...,h;!
and j > 1. The fundamental novelty of the local method of moments approach is to
involve multivariate Fisher informations as optimal weight matrices which are (d? x d?)
matrices of the following form:

[nhn|—1 )
ijsz_lfjk:< > (S, + [Pk, pur]HE) )
u=1
(S -yh, + L2k i HE) 22, (2.3.18)

where A®2 = A® A and A=%% = (A92)~1 = (A~1)®2. The main difference to the
estimators in ([2.3.8) and (2.3.16) is that for estimating one specific (co-)volatility of
one (two) components, the estimator in does not only rely on observations of
the one (two) considered component(s) but benefits from information contained in all
other correlated components. In general, this facilitates a much smaller variance in the
multivariate model.

We immediately define the adaptive estimator. With the pilot estimates and
estlmators for the noise level m at hand, we derive pre-estimated Welght matrlces

W]k similar as above. The final estimator of vec fo Ysds) is

[thn!] [nhn|—1

LMMn’t = Z hn Z ijvec (SijJ—; — [gojk, (p]’k] ﬁ:) N (2.3.19)
k=1 ]

and the estimator of its covariance matrix is

[nhn|—1 1

)
wi= > h ( Z Ijk) . (2.3.20)
k=0

Our method is different from the approach of 7, even though they have similar names.
A common feature is the two-stage adaptivity where pre-estimated spot volatilities are
plugged in for the final estimator.

2.4. Asymptotic theory

We begin with the one-dimensional experiment. X is decomposed by a locally constant
approximation of ¢ and the approximation error:

X =Xo+ Xi 4+ (Xy — Xo— X¢), (2.4.1)

where X; = fg T shi? JhndWS is a simplified process without drift and with locally con-

stant volatility. We distinguish between v ;):t(Y), the oracle version of the spectral
volatility estimator 1' from noisy observations, and IV fft(f( + ¢) for the oracle
estimator in a simplified experiment in which X instead of X is observed with noise.
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In order to establish a functional limit theorem, decompose the estimation error of the
oracle version of (2.3.8) in the following way:

t t
- or 2 - or ad 2
IV, (Y) - /0 o5ds =1V, (X +e¢) - /0 T shL o ds (2.4.2)
—or —~or =~ t 2 2

+ IV, (V) =1V, (X +¢) - i (07 — “Lsh;uhn) ds. (2.4.3)
We first prove the result of Theorem for the right-hand side of (2.4.2)). In the second
step the approximation error in (2.4.3)) is shown to be asymptotically negligible. Finally,
we establish that the same functional stable CLT carries over to the adaptive estimators
by proving that the error of the plug-in estimation of optimal weights is asymptotically
negligible.

Proposition 2.4.1. We have under the assumptions of Theorem that

thy ')

. t ; N
nl/4 (fvn,t<X+e>—hn > a%k_nhn) = /0 V8 [o3]dWVs, (2.4.4)
k=1

as n — oo on D([0,1],R), where W is a Brownian motion defined on an independent
extension of the original probability space (2, G, (Gt)o<t<1,P).

Proposition 2.4.2. We have under the assumptions of Theorem [2.2.1] that

—~or —or ~ t uc
nl/4 (]Vn,t(Y) IV, (X +¢)— /0 (02 — Ufsh,:ljhn) ds) 250, asn— 0o, (2.4.5)

Theorem [2.2.1] is then an immediate consequence of the following proposition:

Proposition 2.4.3. We have under the assumptions of Theorem [2.2.]] that

ucp

nt/4 ’I/Y\/m - ﬁfzrt(Y) — 0, asm — oo. (2.4.6)

Finally, by consistency of the variance estimators and Slutsky’s Lemma the feasible
limit theorems for the adaptive estimators are valid. The proof of Proposition [2:4.] is
based on Theorem [A.T.2l For this rewrite the rescaled estimation error as a sum of
increments:

Lthy ] Lthy ']
nl/A (IVM(X+€) — hp Z U(le)hn> = Z ¢, (2.4.7)
k=1 k=1
[nhn|—1
G =n"h S wy, (sfk “E [ka) 9(k—1>hnD k=1, hL, (2.4.8)
j=1

where the S’jk correspond to the spectral statistics in QD with respect to X +¢ instead
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of X +¢. In order to apply Theorem we will verify the following five conditions:

Lthy')

> E[GR]Gg-1yh,) —> O, (J1)
k=1
[thy ] . t
> B[ G0 ] 5 [ oks (12
k=1 0
Lthy '] .
E[(¢8)" [Gs-1ym, | 20, (33)
k=1
Lthn ']
> E G (Win, — Wik—1)h)|Gh-1)h,] Lo, (J4)
k=1
Lthy ]
Z E [¢F (Nihy = Neg—1)h) |Gk—1)h, ) 5o, (J5)
k=1

with vy = 1/8n|os|? and where N in is any bounded martingale orthogonal to W.

Next, we consider the covolatility estimator and the local method of moments
approach . A non-degenerate asymptotic variance is obtained when n/n, — v,
with 0 < v, < 00 asn — oo for all p=1,...,d. In the idealized martingale framework
Bibinger et al.| (2014]) have found that non-synchronicity effects are asymptotically neg-
ligible in terms of the information content of the underlying experiments by a (strong)
asymptotic equivalence in the sense of Le Cam of the discrete non-synchronous and
a continuous-time observation model. This yields a fundamental difference to the no-
noise case where the asymptotic variance of the prominent Hayashi-Yoshida estimator
in the functional CLT hinges on interpolation effects, see [Hayashi and Yoshida| (2011)).
In the presence of the dominant noise part, however, at the slower optimal convergence
rate, the influence of sampling schemes boils down to local observation densities. These
time-varying local observation densities are shifted to locally time-varying noise levels
(indeed locally increased noise is equivalent to locally less frequent observations). Here,
we shall explicitly prove that the error incurred by passing from a non-synchronous to a
synchronous reference scheme is asymptotically negligible.

Lemma 2.4.4. Let tf.l) = (tl(.l) + tl(.Ql)/Q forl=1,...,d. Under Assumptions
for a > 1/2 and p > 0 and|(N-d) we can work with synchronous sampling when
considering the signal part X, i.e. forl,m =1,...,d uniformly in t and with wélln as in
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Section [2.3.9 or defined as entries of :

Ltha')

Z fin Zw Z( (l)> X((lz)) )ijk(ﬁ(}l))

7>1 v=1
. Em: (Xt((Tn)) - X§g§)¢jk(£§m>) +op(n~1/%)
i=1 [ 1—1
tha ') l l U I
= 3 > () - X0 o) Y (X1 - X))
j>1 v=1 i=1 b

Note that (F;"')’,(F,,')" affect the asymptotics of our estimators as can be seen in
. They are treated as part of the summands due to noise.

Under a synchronous reference observation scheme the strategy of the asymptotic
analysis is similar to the one-dimensional setup. Analogous decompositions of the leading
terms from the simplified model without drift and with a locally constant covolatility
matrix and remainders are considered for the multivariate method of moments estimator

(2.3.19) and the spectral covolatility estimator (2.3.16]). In order to prove Theorem

for instance, we apply Theorem to the sum of increments

Gt =ntha (3 wht(SDSD) —E[SDS |Gy, ) (2.4.9)

Jj=1

for k = 1,...,h ! with S’J(i) as defined in (2.3.10) with respect to X + ¢ instead of
X + . By including the case p = ¢ with a bias correction the one-dimensional result is
generalized to non-equidistant sampling.

The asymptotic negligibility of the plug-in estimation in Proposition is proven
in Section exploiting a uniform bound on the derivative of the weights as function
of o¢. In fact, it turns out that the weights are robust enough under misspecification of
the pre-estimated local volatility to render the difference between oracle and adaptive
estimators asymptotically negligible. This carries over to the multivariate methods.

2.5. Simulations

We study now the finite sample performance of the one-dimensional spectral estimator
in (2.3.8) in a random volatility scenario. We sample regular observations Y7, ...,Y, as

in Assumption with g; %4 N (0,7?) and the simulated diffusion

t
Xy =bt+ / osdWs.
0

In a first baseline scenario configuration let o4 = 1 be constant. In a second more
realistic scenario we consider

:(/0t6-/\dWs+/0tm-5de>-f(t), (2.5.1)
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n o hy'  n A |RE(IV,,) RE(IV,;)
30000 1 25 001 - 1.01 1.43
5000 1 25 001 - 1.02 1.47
30000 Eq.(25.1) 25 0.0l 05 1.09 1.75
30000 Egq.(2.5.1 25 0.01 0.2 1.06 1.77
30000 Eq.(2.5.1) 25 0.01 0.8 1.09 1.75
30000 Eq.(2.5.1) 25 0.001 0.5 1.62 1.88
30000 Eq.(25.1) 25 01 05 1.20 1.69
30000 Eq.(2.5.1) 50 0.01 0.5 1.09 1.84
30000 Egq. (2.5.1 10 0.01 0.5 1.16 1.86
5000 Eq.(2.5.1) 25 001 05 1.13 1.92
5000 Eq.(2.5.1) 50 0.01 0.5 1.08 1.75
5000 Eq.(2.5.1) 10 0.01 05 1.09 1.87

Table 2.1.: Relative Efficiencies (RE) of oracle and adaptive spectral integrated volatility
estimator in finite-sample Monte Carlo study.

with W+ being a standard Brownian motion independent of W and f being a determin-
istic seasonality function

F) =01(1—13 +0.5-12)

such that 03 = 0.1. Set b= 0.1 and & = 0.01.

The superposition of a continuous semimartingale as random component with a time-
varying seasonality modeling the volatility’s typical U-shape mimics very general real-
istic volatility characteristics. We implement the oracle version of the estimator
and the adaptive two-stage procedure with pre-estimated optimal weights. Table
presents Monte Carlo results for different scenario configurations. In particular, we
consider different tuning parameters (bin-widths) and possible dependence of the finite-
sample behavior on the leverage magnitude and the magnitude of the noise variance. We
compute the estimators’ root mean squared errors (RMSE) at ¢t = 1, for each configura-
tion based on 1000 Monte Carlo iterations, and fix in each configuration one realization
of a volatility path to compare the RMSEs to the theoretical asymptotic counterparts
in the realized relative efficiency (RE):

\/((mean(.ﬁ\/n,l) — fol o2ds)? + Var(I/X\/n’l)> -\/n

\/8n fol o3ds

RE(IV 1) = (2.5.2)
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The standard sample size is n = 30000, a realistic number of observations in usual
high-frequency applications as number of ticks over one trading day for liquid assets at
NASDAQ. We also focus on smaller samples, n = 5000. Throughout all simulations we
fix a maximum spectral cut-off J, = 100 in the pre-estimation step and J = 150 for the
final estimator, which is large enough to render the approximation error by neglecting
higher frequencies negligible.

The Monte Carlo study confirms that the estimator performs well in practice and
the Monte Carlo variances come very close to the predicted lower bound, even in the
complex “wiggly” volatility setting. The fully adaptive approach performs worse than the
oracle estimator which is in light of previous results on related estimation approaches
not surprising, see e.g. |Bibinger and Reifs (2014) for a study including an adaptive
multi-scale estimator (global smoothing parameter, but chosen data-driven). Still the
adaptive estimator’s performance is remarkably well in almost all configurations. For
very small noise level, the relative efficiency is not as close to 1 any more. Apart from
this case, the RE comes very close to 1 for the oracle estimator, not depending on
the magnitude of leverage, also for small samples, and being very robust with respect
to different bin-widths. A simulation study of the multivariate method of moments
estimator in a random volatility setup can be found in Bibinger et al.| (2014]).

2.6. Proofs

2.6.1. Preliminaries

The section prepares the actual proofs by introducing some additional notation and
properties of empirical scalar products, as well as some necessary reductions for the
process X.

Empirical scalar products

Definition 2.6.1. Let f, g : [0,1] — R be functions and let z = (2;)1<i<n € R". We call
=31 (1) o (2
7g n - n — n g n 9
R i
o ;Zig <n> )

empirical scalar product of f, g and of z, g, respectively. We further define the “shifted”
empirical scalar products

g (i), (i
n .1
[z,g]n::lzzig<zn2>.
=1

Recall the notation A™"Y = (A?Y) 1
A"X and let € = (&;)o<i<(n—1)-

(2,9),

<i<n € R"™, the vector of increments and analogously
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Lemma 2.6.2. It holds that

<(I>jka (I)mk>n = 5jm > (2.6.1)
, o 22 JT

[(p]ka Somk]n 5]m4n s <2£nhnj > (2.6.2)
2 9 9 . gm . mi

(0% Ponp),, = (24 jm) n* sin <Wan> sin (Ln%J) : (2.6.3)

Furthermore, we have the summation by parts decomposition of spectral statistics:

<TLAnY, (I)jk>n = <nAnXa q)jk>n - [57 (pjk] (264)

n

Proof. The proofs of the orthogonality relations (2.6.1)) and (2.6.2)) are similar and we
restrict ourselves to proving . In the following we use the shortcut N = |[nh, |
and without loss of generality we consider the first bin £ = 1. We make use of the
trigonometric addition formulas which yield for N > j > r > 1:

cos(FAN"H(1 + 1)) cos(reN"H(1 + )
=cos((j +r)aN" 1+ 1)) +cos((j — )TN~ 1+ 3)).

We show that S-N ! cos(maN~1(i + 1)) = 0 for m € N. First, consider m odd:

N-1
Z cos(mrN~1(i + )
=0

L(N-2)/2] N-1
= Z cos(mrN~1(i+ %)) + Z cos(mrN~1(i + 3))
i=0 i=[N/2]
L[(N-2)/2]
_ <cos(m7TN_1(i + 1)) + cos(maN"HN — (i + %))))
=0
=0,
since cos(z + mm) = —cos(z) for m odd. Note that for i = (N —1)/2 € IN, we leave

out one addend which equals cos(mn/2) = 0, and also that for m even by cos(z) =
cos(z + mm) the two sums are equal. Since cos(0) = 1, this also implies the empirical
norm for j =r.

For m € IN with m even, we differentiate the cases N = 4k, k € N; N =4k +2, k€ N
and N =2k+ 1,k € N. If N =4k + 2, we decompose the sum as follows:

N-1
Z cos(mmN~1(i + )
=0

2k 4k+1
= Z cos(mm(4k +2)7 (i + 1)) + Z cos(mm(4k +2)71(i + 1)).
i=0 i=2k+1

The addends of the left-hand sum are symmetric around the point mn/4 at i = k and
of the right-hand sum around 3mn /4 at i = 3k + 1. Thereby, both sums equal zero by
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symmetry. More precisely, for m being not a multiple of 4 the sums directly yield zero.
If m is a multiple of 4, we can split the sum into two or more sums which then equal
7€ero again.

This observation for the first sum readily implies ZZ]\L _01 cos(mrN~1(i+ 1)) = 0 for
N = 2k + 1, since in this case

2k 2k
Z cos(mrN~1(i+ 1)) = Z cos(2mm(4k +2)" (i + 1)) = 0.
=0 i=1

For N = 4k, we may as well exploit symmetry relations of the cosine. Decompose the
sum

N-1 2k—1 4k—1
> cos(maN"Ni+§)) = > cos(mm(4k) (i + ) + Y cos(mm(d4k) (i + 3)).
=0 =0 =2k

Symmetry around mn/4 and 3mm/4 is similar as above, but these points lie off the
discrete grid this time. Yet, analogous reasoning as above yields that both sums equal
zero again, what completes the proof of (2.6.2)). Likewise and using

cos? () cos? (y)

= % (cos (2x) + 1) (cos (2y) + 1)

— % (; cos (2 (z +y)) + %cos (2 (z — y)) + cos (2z) + cos (2y) + 1) ’

we deduce relation (2.6.3). Finally, we show (2.6.4). Applying summation by parts to
(nA"e, ®j;) and using (1) = ®;,(0) = 0, yields

" l " l I—1
oo, = Sosvnn(B) =S (o (1) -0x (52)
=1 =1

The equality sin (z + h) — sin (z) = 2sin (4) cos (z + &) for 2, h € R gives

l 11 1 l—3
ORI —n%k< n )

which yields the claim. O

Localization

By the localization procedure in Section it is with Assumption [(SM-a-/)| sufficient
to prove Theorems [2.2.7] 2.2.2] and [2.2.3] under the following assumption.

Assumption 2.6.3 (H-a-f). Let 0 < a, 8 < 1. There exists a constant K such that
almost surely

sup_ (1] + ]l + lloull + 1 oo ) 1) < K
0<t<T
and such that for all 0 < s,t <T with s+t <T
| sup s —oul?] < €% B | sup s 2] <
0<r<t 0<r<t

We will always assume [(H-a-f)| for « > 1/2 and 5 > 0 in the following proofs.
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Local quadratic variations of time

Observe the following asymptotic relation:

IORY: k—Dhn —2 —1,,0) 0
> (1) — 1)) < S mHE ) ) (2.65)
(k=1)hn <t <kh, (k=1)hn <t <kh,

k—1)h, —2 _
— g2ty (2.6.6)

with Hl(k_l)h” defined in (2.3.12)). Observe that the latter incorporates the noise variance

77[2 and the local observation frequency which is linked to the observation time increments
above. The left-hand side is a localized measure of variation in observation times similar
to the quadratic variation of time by |Zhang et al. (2005)). It appears in the variance of
the estimator and is used to estimate (£, ')((k — 1)h,). Under F] € C([0,1]) with
a > 1/2 the approximation error by Hl(k_l)h” is op(n~'/%). The asymptotic identity
applies to deterministic observation times in a deterministic manner and to random
exogenous sampling in terms of convergence in probability.

Order of optimal weights

Recall the definition of the optimal weights (2.3.5). An upper bound for these weights
is

1 9 2 —9 j2 —92
wik S Tjk = §<J(k—l)hn T [‘ij790jk]n) N (1 + Th%)
1 forj < hn
< orj < Vhn (2.6.7)
j~*n*h, forj > \/nhy,
This also also implies
[nhp|—1 772
Z Wik (U(qu)hn T [Pk, %'k]n>
j=1
L\/ﬁhnj j2 [nhn]—1 j2
4274
< Z (1+h%—n)+‘ > <1+n—h%)] n’hl (2.6.8)
J=1 j=[vnhy]
< V/nhy, +nh? . (2.6.9)

2.6.2. Proof of Proposition [2.4.1

Recall the definition of the spectral statistics (2.3.1) and denote for j = 1,..., |nh,| —
Lk=1,...,h %

Sik = <n(A")Z' + An&‘),@jk>n = <nA")Z',<Iij>n — [&, 94kl >
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where X is the signal process in the locally parametric experiment. It holds that

E [ka‘ g(k—l)hn}

I ~ 2
_ R (<nmx,q>jk> - [e,@jk]n) g(k_l)hn} (2.6.10)
K <nA X <1>J,€> —2<nA X, q>]k> R I (k_l)hn]
=k <nA")?,‘I>jk>n‘ g(kl)hn} + E [[a, gojk]i (k—l)hn}
2- 772
= Oh-1)hy + (ks Pk, - (2.6.11)

We have defined (;' above such that nt/4 (ﬁ/nt — hy, ,Ethl o2 (kil)hn> is equal to

[thit] [nhn]—1 Lthn ')

n'/4n,, Z Z w]k< [@ka‘ﬂjk] U(k 1)k ) Z Ck

when we shortly express IV Vaat = IV V (X + ). We have to verify 1.' is
trivial as the (;’ are centered conditional on G(k—1)h,- The proof of (J2)) is done in two

steps. In paragraph [2.6.2] we calculate exphmtly the variance which is the left-hand side
of . For this we consider at first general weights wj; > 0, Zth"J ! wjr = 1 which
satisfy wjr € Gr_1)p, for all k =1,... h; ~1j=1,...,|nh,] — 1. After that we find
optimal weights minimizing the variance. In paragraphwe let n — oo and calculate
the resulting limiting asymptotic variance. The proofs of , and follow in

paragraph

Computation of the variance

E[(C}?P’g(kz—l)}M] is equal to
nth 1

Z w]kwmkE[ (5 —E [5321@’ g(k—l)hn]>

7,m=1

'(gr%zk_E[ mk’gk Dh D‘Qk 1)}4
|nhn|—1
> wigwn (T k(1) + TP (2) + T0 4 (3)),

j,m=1

where the three summands 17, (1), T}, ((2), T}, ,.(3) are defined as

[ ny 2 2 ny 2 2
E <<HA X,‘I’jk> _J(k—l)hn> <<”A Xaq)mk>n _U(k_l)hn>‘g(k—1)hn} ;
E |4 <nA”5f,<I>jk> e il (nA"X, <I>mk> &, Pmkla| G-ty |

E <[57 eikl> = = [@jks k] > <€ Pmkl [SOmk,stk]n)’Q(k—nhn] ,

2
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respectively, for frequencies j, m. The iid structure of the noise and of Brownian incre-
ments yields
2

n
E [[57 (:Ojk‘]n [57 SOmk}n] = Piks @mk]n ,

—
n
E KnA”)Z'? <I>jk>n <nA”)Z', Cbmk>n‘ g(k_l)hn} = jmo-(2k_1)hna

which implies with independence of the noise and X that
n? 2
Tgnmk (2) = 4g5jm [Sojka (Pmk]n O (k—1)hn -

We further obtain by another polynomial expansion

E [[8, gojk]i [8, @mk]i} = n74 i (E [€l€l/€p€p’] Pjk <l ; )@jk <l, ; %>
LU,p,p'=1
1

(2o (1)),

Only the cases | =1U'#4Ap=p, l=p#U'=p' ,l=p #1'=porl =1 =p=p produce
non-zero results in the expectation. Hence, denoting by 1’ = E[¢}] the fourth moment
of the observation errors, the last line is equal to

1
H Z (774 (5ll’5pp’ + 5lp5l’p’ + 6lp’6l’p) + n’élpél/pféll/ — 37745lp5l’p’6ll’)

LU.p,p’

N[

r-1 4

(o (D)o (D)o (P o (P2)) = o,

Tomispmila+ 2lommil?) + LIS (2 (2) 2 (52))
mks ¥mkln iks ¥mkly, nA £ ik n mk n .

Arguing similarly and using that E[(A7W)1] = 3E[(AlW)?] for | € N, we obtain
~ 2 ~ 2
E [<nA”X, (I)jk>n <nA”X, (I)mk>n’ g(k—l)hn]
= U?k:—l)hn (@ @jic)(Ponkes o) + 2( Pk (I)mk>721) = U?k—l)hn (1+20jm) -
From the identities so far we obtain
n ny 2 ny 2
17, (1) =E [<NA X,(Djk>n <”A X7‘I’mk>n’ g(kl)hn}
- 2 - 2
— K |:<7’LA”X, q)]k>n g(k_l)hn:| E |:<7”LA”)(7 q)mk>n
= gzlkfl)hn (14 26m;) — Uzlkfl)hn = 25jm‘721k71)hn,

77 ®) = E [ (e = Lot ) ((eromel2 = L o oml, )
4
2

T n
—E 12 o .
=B |le ol & omiln)| = 25 [0ins @ikl [mns Pkl

2774 o M - 3774 2 2
[SOjk, @mkz]n + a3 [%’ka @mk]n .

g(k—l)hn:|

n2
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In all, the conditional variance is given by

[nhn|—1

2 2
n § : n
=1

with remainder R,,. R,, vanishes for Gaussian noise. In this case, analogous to |Bibinger
and Reifs (2014), we find that the optimal weights minimizing the variance, under the
constraint » JLT:L}i"Jfl wjx = 1, which ensures unbiasedness of the estimator, are given by
. The optimization can be done with Lagrange multipliers R is then a remainder
in case that i’ # 3n*. With the weights and using and - we can
bound R, by:

2

sin ]—W <h—721
nhy, ~n

Therefore, the variance of the estimator Ztth E E[(¢2)?|Gk—1)h,] is equal to

|nhn]—1

vnhy
Ry S5

WjEn
Jj=1

th —1 [tha']

[nhny |
Vnh? Z L +op(1) = vahy Y L+ op(1).
7=1 k=1

k=1

3 \

The asymptotic variance of the estimator

The key to the asymptotic variance is to recognize

[nhn |- 2 -2
_ 1 1 n
(\/ﬁhn) 1Ik = \/ﬁh Z 5 (J(2k1)hn + ; [(‘ij’ (pjk]n)

as a Riemann-sum, ending up with the “double-Riemann-sum”

Lth ho((v/nhy)"11)7Y. The scaling factor (y/nh,)~! is the right choice for
the ﬁrst Riemann-sum which becomes clear after two Taylor expansions. First,
expanding the sine for each frequency j we find 0 < &; < jn/(2nh,) with

1 ' &\
o 2 2 JT 55
%—Q(Wmm+“”<%h 6)

— 3
Second, we expand x — % (U(2k—1)hn 4 4?72n:132) which yields 2]7r _ %] < 5/ < 27317};1
such that
- 4 2n ! 3
Ijp = Ijp + Ry, with Ry, = LY 5 (2.6.12)

(0(21@,1)% + 4772n§;-2)3 6
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where we define Ij;, = %(U(Qk—l)hn + 772(2\;1% )2)~2. Now it becomes clear that \/nh,, is
indeed the right factor because

1! Vi 1 -2
I — 2 (52 2,2 2 d
Vnhy, ; " /0 2 (ot +ea?) " da
nhy,—1 \f]h 1 )
mhn 2 2 —1\—
=12 [ (Gt ot
J= Vnhn
1
— 5(0(2k71)h + 7]27{'21'2) )d.fU
nhp—1 NG ] 5
< R P dx max ot FnPTy?)
; \;777}3,1 \/ﬁhn \Jrl <y<\rh ( ( (k=1)hnp ) )
1 2 [nhp—1 5
< ( max 02_ + 27242 )
(ﬁhn> ; e, W, FrmY) )
B hn hn j—1
vn =1 =iVl N7
nhn—l—(\/ﬁhﬂ 5
1\’ ha, 1
< (gmn) (Ve X (e ) S o
Vi J+ [v/ha] it

j=1

We choose h,, such that y/nh,, — co. Though we consider all possible spectral frequencies
j=1,...,|nhy] — 1, we shall see in the following that the I for j > [n®h,] become
asymptotically negligible for a suitable 0 < 8 < 1. By virtue of monotonicity of the sine
on [O, g] and sin(z) > x/2 for 0 < z < 1, it follows that

[nhyn]—1 [nhn|—1 8 _2
Z S 1h Z <nsin2 (712 hffr))
[nﬂhnl Vhn j=[nBhn] n

2
1 o (MPhym
<
< \/ﬁhnnh <nsm < Sl >>
o\ —

IA
5
VR
3
N
3
i
IS |
—
3
N~
~—
no
A
SIS
|
S
iy
+
[N}
1
3
MU!
p
m
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fh Ztnh#ﬂhHIM = op (1), for every 5/8 < 8 < 1. Moreover, we

obtain for the first [n®h,,| summands of the remainder term

nﬁhn n hn
1 LZJR. - LZ 47727153 ;3
I T by, 36
Vil = f = <U(2k—1)h +4712n§’2)
|_th ] thnJ 4
< g 3 €9 > (o)
1 7
< Bh n4(5*1) n55*§
~ o Vnh, "
Hence fh Ztnﬁh"J Rji, = op(1) for every B < 7/10. As the tails are asymptotic
negligible we thus have fh Ztnh”J ! Rj;, = op (1) and, in particular,
I_nhn \/7_#
Vhn 1 -2
Z / 3 (O'(Zkil)h + 7727T2x2> dx +op(1).

Computing the integral expression yields

Y1 2 2_2 2 -2
o §<U(k—1)h +777TZU> d.’E:

Y 1 nm
2 + . |0 ‘3 arctan (}U(kl)h ‘y) .
o[ (14 () ) e :

’U(k 1)hn|

As ¢ < |os] < C uniformly for all 0 < s < 1 with constants ¢, C' and because arctan (z) —
/2 as x — 0o, as well as /n \/ﬁlhn — 00 as n — 0o, we have

[nhn]—1 \/ﬁ o \/T%hn

Ay 4 2
=1 4‘U(k*1)h”| <1+ <‘f’(k | <\F \th>> )

1 nm ( 1 >>
+—————arctan | —— (V- ——— ] | +op (1)
dnm ’U(kfl)hn \3 ( |U(k—1)hn \ Vnhy
1

- (D).
81| k—1ynn]”
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The final step in the proof is another Taylor approximation:

[thn']

> E[G] 9]
k=1

lthy | [thy |

=vnhd > L' +op(l) =hy Y T S Li| +op(l)  (2613)
k=1 k=1 Min j=

3
= | hn 81 |ok—1yn.|” | +op (1) (2.6.14)

The last equality is true by Taylor and because ¢ is uniformly bounded. Because o is
continuous we obtain the claim by Riemann approximation, i.e.

[thn ']

> E [(CI?)Q‘ g(k:—l)hn} — 81 /Ot los|? ds

k=1

in probability as n — oo establishing with the asymptotic expression of Theorem
221

Lyapunov’s criterion and stability of convergence

So far, we have proved and . Next, we shall prove that the Lyapunov condition
is satisfied. For the sum of fourth moments, we obtain by Jensen’s inequality and
wjk € Gr—1yn, for all k=1,.. Shytand j=1,..., |nh,] — 1:

E ("] G-y
[k | —1
— (nhn)4 E Z Wik (ka —E [S’?k‘ g(k_l)hnD Gk—1)hn

4

j=1
[nhn|—1 } ~ 4 i 4
< nh, Z Wi <E [(ngk —-E [ka‘ Q(kq)hnD Q(knhnD
j=1
[ | —1 ] A
< nhy Z Wik (E [Sjsk‘ g(k:—l)hn]>4
j=1
If we can show
~ 8
E [<nmx,q>jk>n’ g(k_l)hn] S 0l 1y (2.6.15)
E [[5, %k],ﬂ S (n2)4W, (2.6.16)
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then we are able to conclude that
E | S5/ G-y,

<E [<nA")~(, ¢jk>i‘ g(k_l)hn] +E [[6, @jk]i}

4 4
4 [0jks i), [©jk> Pikl,
S@mm+W)'%j§Q@m%+%]nf . (2:6.17)
Hence, we obtain from (2.6.9))
hi 1 h;l [nhn|—1 772 1
Y E [(42)4‘ g(k—l)hn} S om0 D wik <J(2k—1)hn t [SOjk,@jk]n)
k=1 k=1 j=1

<n?hd =o0(1)

which proves . We are therefore left with proving (2.6.15) and (2.6.16). The

first inequality holds because (nA"X, Djip)n is N (0, O'(Qk_l) n,, )-distributed conditional on
G(k—1)h,,- In order to see why the second inequality is satisfied, let g = €((k—1)[nh,)+1)/n

1
gk(%) for I = 1,...,|nhy,]. The g; are independent and centered such

that for any 1 < [y,...,lg < |nhy] with Elg; ---g;] # 0 each g; appears at least
twice and there are at most four distinct g;. If there are exactly four distinct g;, e.g.
l1 =1s,l3 =14,l5 = lg,l7 = lg, we arrive at the bound

Z E gy, - gis) < (772)4n4[80jka§0jk]i~

l1,l3,05,l7

The leading term does not include eighth moments of the noise, but the fourth power
of the second moment which we denote (7%)* to prevent any confusion. If there are less
than four distinct g;, we obtain from (2.6.2)) and (2.6.3)) with the assumption E[e}] < oo,
that the respective sums are asymptotically of smaller order. The terms with eighth
moments are thus negligible. This implies :

4
- 4 [Pjks Pjk]
£ [[&@jk]i] =n® ) Elgygel S (07) g
1<ly,...,ls<nhn,

It remains to verify and . The proof follows a similar strategy as the proofs of
Proposition 5.10, step 4, of|Jacod et al. (2010) and Lemma 5.7 of |Jacod et al.| (2009). It
is sufficient to show with 63 (M) = Myp,, — M(—1)p, that

lthn ']
S E[¢RoF (M) |Goiyn,] > 0 (2.6.18)
k=1

for any M € N, the set of square-integrable (G;)o<;<i-martingales. Note that (2.6.18))
is closed under L?-convergence with respect to the terminal variables M; € L?(G) for
M € N what follows by Cauchy-Schwarz inequality. Define subsets N°, N1, N2 of N,
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where NV is the space of all square-integrable martingales adapted to W = o(W, : s < 1),
i.e. every such martingale has the form C + f(f hg dW for some constant C' and a
predictable square-integrable process h € W. N is the set of all square-integrable (F;)-
martingales which are orthogonal to W, and N2 is the space of all square-integrable
martingales adapted to the filtration & = o(es : s < t), generated by the noise process.
Then the set of square-integrable martingales of the form M - N, for M € N° U N,
N € N2 is total in N (by independence any process of the form M - N is again a
martingale) and it is enough to show for such processes. Using the decomposition

5 (MN) = 87 (M) 8 (N) + N1y, 0F (M) + M1y, 6% (N) (2.6.19)
we have by independence of W and noise for any k =1,...,h, 1
E [¢FoR (MN)| Ge—1yn,]
[nhyn]—1
= n1/4hn Z Wik <E |:S]2k517§ (MN)‘ g(k_l)hnj|
j=1

—E [ka’ Q(k—l)hn] E [ (MN)|G-1n,] >
[nhn|—1

=nth, - wjk<N(k1)hnE[<nA"X,@jk
j=1

Let first M € N°. As N is closed and because the case M constant is trivial, we can
assume that M = fo ~vs AWy for v bounded, adapted to W and piecewise constant on
intervals (75, Ty41] for some 0 =Tp < Ty < ...,T,, =1, m > 1, such that

~ 2
E [<nA”X, q>jk>n 5 (M)‘ ]-"(k_l)hn] (2.6.20)
= > Ohnmn 2 E[ATWALW A, (Wr, i akh = Wrpv(h—1)h,) | Fik-1)h)
l,p=1 q=1

alpun(?).

For n large enough there is at most one 7j, per block. If there is no 7j on the k-th block,
the conditional expectation above vanishes by independence of the Brownian increments
for any [,p. On the other hand, there are only m blocks containing some 7, and for
every such block the left-hand side of is bounded, what can be seen e.g. by
(2.6.15) and because M is square-integrable. Hence,

[thn '] [nhn]—1 )
nhy >0 YT wipNg_1y, E [<TLA"X, ‘ij>n oy (M)‘ f(kl)hn} = op(1).
k=1 j—=1

(2.6.21)
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Next, let M € N'', i.e. M is orthogonal to W. The left-hand side in (2.6.20)) is now equal
to

n l
> T, B [ATWALWALM | Fgyn, | (I)j’“(ﬁ>(bjk<§)'
l,p,q=1

The conditional expectation vanishes, except for [ =p=¢,p<l=gqorl < p=gq. For
I = p = q we obtain by It6’s formula

1
B [(arw ) Ary|Fuc, | =& | (@07 - (1)) apt| Foco |
1
( [ : W, dWS> AfM‘ f(kl)hn] .

However, (( fg Wy dWy) - My)o<i<1 is an (F;)-martingale by orthogonality such that the
last expression vanishes. The cases p < [ = ¢ and I < p = ¢ follow similarly. Hence,
(12.6.21)) is still satisfied; the left-hand side is actually zero.

With respect to N, as N? is closed, we can assume without loss of generality that
Ny = f(en, ... ,eTm,) for some measurable function f and some 0 < T < --- < Ty < 1,
m/ > 1. Similar as before, for n large there is at most one T per block. On any block
not containing such a T it holds that 6} (N) = 0. Bounding the terms for the m’ other
blocks yields for M € N’ UN?

1

[thyt] [nhn]—1
W 3N Mg, E [l ol 0 (V)| g, =op (1) (2:622)
k=1 =1

From the previous discussion we further see that for all but at most m + m’ blocks:

nhp—1

Z wjkIE |:<TLA”X, (I)jk>n (52 (M)‘ f(kfl)hn} E [[8, (pjk]n (52 (N)} g(kfl)hn] = O,
j=1

whereas bounds on the remaining m + m’ blocks guarantee that the cross terms tend
to zero in probability. We conclude that (2.6.18]) holds. This completes the proof of
Proposition [2.4.1

2.6.3. Proof of Proposition [2.4.2]

We first give a general outline of the proof, deferring some technical details to the end
of this section. By Taylor we have for all £k = 1,... ,~h;1 and j = 1,..., |nh,| — 1,
the existence of random variables £;j, such that szk — ]Zk = 25,(Sjr — Sjr) + 2(&k —
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gjk)(sjk - ggk) and [&;; — gjk| <|Sjr — S'jk\ This yields
A (TV (V) = TV, (X +))

[thn '] [nhn]—1

= 3230w (8h - 55))
k=1  j=1
[thint] [nhn]—1

= (n1/4hn Z Z Wik (25’]k (Sjk’ — Sjk’)) )
k=1 =1

[thnt] [nhn]—1

+ (n1/4hn DD wik (53”“ - gﬂ"“) (Sj’“ N Sjk) )
k=1 j=1

For the second sum above, which we denote by Z;*, we obtain by the Markov inequality
and Step 1 below for any € > 0

IN

P ( sup |Z7'| > 5)

0<t<1

hpyt [nhn -1 9
P((n1/4hnz Z Wik ‘S]k — g]k‘ ) > E)
k= =1
hi ! 1thnjfl

< 6_1n1/4hnz Z wjglE [(Sjk—gjk>2:|
k=1 =1

< e tnl/th, = 0.

Let 17! = EJLZ"J_I Wik (2§jk (S]- - Sjk>> and write the first sum above as M[* + R}
with
Ltha ']
MP = by ST (T - E TP Gpiynn])
k=1

the ']
R' = nl/ip, Z E [T7| Gr—1yn,] -
k=1

In Step 2 we show that
[thn ] 5
1
E E [<n4hnT,?> } —0, n— oo.
k=1

ucp

A well known result thereby yields M;* — 0. Finally, observe that
(250 (50 54)) G 0

=FE [2 <nAn55, q)jk>n <nAn (X — )Z) ,(I)jk>n‘ g(kfl)hn} ,



41

Chapter 2. Central limit theorems for spectral estimators
ie.

‘the noise terms vanish, thereby simplifying the following calculations.
E[(25k(Sjk — Sjk))|Gk—1)n,] as the sum D + Vi
as

Write
jk?

where D7 T and V]k are defined

<nA")Z,<1>jk>n (lzn; (/l b ds> (i))‘g(“)hn] :
E |2 <nA")Z,<1>jk>n (é <ﬁ_ (05 = O (k1)) dWs> O, (i)) ‘ g(k—l)hn] .

K2 for some 8 > 1 /2. This yields immediately

E|2

[un

Sl= 3

-

3

In Step 3 we show that ‘D;Lk +

it [nhn]—1 .
sup |R}| < n**h,, Z Z Wik }D;Lk + Vﬁc‘ < n*/AhP = o(1)
0st<l k=1 j=1

implying ucp-convergence. We therefore conclude that

VIV (V) = IV (X +2)) 2D 0, 0= o0
The second claim
1/4/0 (03 —O’fsh;”h )ds 220, n— oo,
follows from m because o > 1/2. This proves Proposition “ We end this
section with detailed proofs of Steps 1 -3
Step 1. We show that E[(S;r — Sjk)*] < h2. Using the decomposition
Sik = Sjr = (RA™(X — X), )

l

([ )an ()2 ([ e l

oy O~ O (k=1)hn) dWs) Dy (n>
into drift and volatility terms we obtain

. [<5jk _gjk)j < E (lzl (/ bsds> B <i)>4

[

n

(S ([ o) (1)) ]

3|~

n

The first summand is bounded by h2. For the second let
such that

= 2 (on -
(Gl
3 st (2)on(D)on(on ()

O(k—1)hy,) AW,

S|~

=

n
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Properties of the conditional expectation show that the only choices for 1,1, p,p’ with
non-vanishing results are [,I' <p=p', I <l'=p=p andl =1'=p =p'. In all three
cases we can conclude by Proposition [A:3.2] that

l ! 4 i —47 -2
, , . . — S (= . < .
'E [lil/ﬂ Hpﬁp] (I’]k <n) (I)]k (n> (I)]k (n) (I)]k <n>‘ ~ N hn

Observe that in any of the three mentioned cases we find at least two identical integers

I,Upor p/. In all, there are |nhy,] - (thgkl) - 4! possibilities to choose such indices.
Hence, we obtain

n 1 A
n I o )
. (Z (/1—1 (05 = e-1)n,) d”S) Djk (n>> < (nhp)* ™% = n" hy,
=1 \'5

which is up to a constant bounded by h2, and therefore the claim holds.

—1
Step 2. We show that Z,Etif JE[(nihnTg)Q] — 0 as n — oo. The Minkowski and
Cauchy-Schwarz inequality yield

1 [rhn |—1 3 _ 2
Hmhn > Wik <25ﬂ"f (Sj’f_sj’“))’mm

j=1

|nhn|—1 ’
<ntnd (30 g (280 (S - 5))

j=1
1.9 el a1\ 5 %2

<n2h2 ]Z:; Wik <E [Sjk}) <E |:<Sg _Sjk> :|>

By Step 1 we already know that E [(Sj — S’jk)ﬂ < h2. Because o is bounded, we obtain

by (2.6.17)) the bound
2 4
n
<U(2k—1)hn T [<ij,80jk:]n> ]

E [g;‘lk} <E: [E {gjsk‘ g(k—l)hn” <E:

0 2 2 4
S (1 + . [@jks (ij:]n> < (1 + — @ %k]n>
Together with (2.6.9) it follows that
[thit] Lthit| [ |nhn]|—1 N 2
1 n 2 < 1.3 n
Z E [(n4hnTk) ] <nzhd Wi <1 +o- [‘ijy%ojk]n)
k=1 k=1 j=1

Step 3. We show that ‘Dj"k + Vi < S for some B > 1/2. Expanding the sums in
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Vi and Itd isometry yield for Vik
- n n l m
lz_l (E Al X </m—1 (O‘s — U(k—l)hn) dWs> ‘ g(k_l)hn] (I)jk (n> (I)jlc (n)>
7 n L l
=SB | [ e - oun)) as| 23 (1)
=1
From |(H-a-f)| it follows for s € [(k — 1)hy, khy] that

E [(0k—1)hn (75 = 0k-1)1))] | = [E [0Gh-1)0, E [F5 = (k1) | Gk—1)1 ]

m

)

which is up to a constant bounded by A, and hence by Fubini |Vji| < A%, as well.

n?
With respect to D;?k, we need an additional approximation. By the boundedness of

E[[(RA™ X, ®j1.)n|] from (2.6.15):

1

E <nAn)ﬁ(/,‘1>jk>nﬁ"l bs ds g(k—l)hn]

S |E <nAn)?,<I>jk>n/nl (bs — b(k—l)hn) ds g(k_l)hn]
b(k—1)hn . o

+ '(n)E [<nA X’(pf’“>n‘g(kfl)hn} < il

Using this bound we find that

l

2(nA"X, @5 ) ﬁ"l be ds

n

DRl < >

=1

E

o () 0
n

We obtain the claim with E = min {V A % + %, a}. This is the only time we need the

smoothness of the drift in Assumption [(H-a-g)[ with 5 > 0. This is necessary because
of the log-term in the definition of A,,.

g(k—l)hn]

2.6.4. Proofs of Theorem [2.2.2] and Theorem [2.2.3 for oracle estimation
We decompose X similarly as in the proof of Theorem

X, =Xo+B+B+C,+Cy, (2.6.24)

where we denote

¢ B t
Bt:/ bisn=1 i, 45 Bt:/ (bs = by p=1)p,) ds (2.6.25)
0 n n 0 n n

t ~ t
Ot = / ULSh—IJh dWs 9 Ct — / (05 - O-l_Sh_ljh )dWS . (2626)
0 n n 0 n

n
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In order to establish a functional CLT, we decompose the estimation errors of (2.3.19))
(and likewise (2.3.16))) in the following way:

t t
LMMZ,(Y) — vec(/ ) ds) — LMMZ(C +¢) — Vec</ St ds) (2.6.27)
0 0
t
+ LMM,(Y) = LMM,(C +¢) — Ve(:(/ (Zs = Bianztin,) ds) : (2.6.28)
0

One crucial step to cope with multi-dimensional non-synchronous data is Lemma
which is proved next. Below, we give a concise proof of the functional CLTs for the esti-
mators (2.3.19) and (2.3.16)), where after restricting to a synchronous reference scheme
many steps follow as direct extensions of the one-dimensional case. The stable CLTs for
the leading terms, namely the right-hand side of and the analogue for estimator

(2.3.16)), are established in paragraph The remainder terms (2.6.28)) and their
analogues are handled in paragraph [2.6.4]

Proof of Lemma 2.4.4]

Consider for I,m = 1,...,d, observation times tl(-l) = F;'(i/n;) and tgm) = F, (i/nm).
Define a next-tick interpolation function by

tﬁ)(s) = min (tgl),v = 0,...,nl|t1(}l) > s) JA=1,....d,
and analogously a previous-tick interpolation function by
t(_l)(s) = max (tg}l),v =0,... ,nl\tg) < s) JA=1,...,d.

We decompose increments of X between adjacent observation times tl()lll,tz(,l),v =

Jm)(m)

1,...,n;, in the sum of increments of X over all time intervals [t 1t

in [tilll, f,’)] and the remaining time intervals at the left [757(21, t(j”) (t : )] and the right

v—1
border [t(_m) ( Q(,l)) , tg,l)] :

) O _ (xO 0 } : O] O]
Xo—Xw = (Xt(” B Xt(m)(t”))) * (Xt(m) B Xt(,m))
v v—1 v — v i—1

At CALtD)

0 O]
+(Xin, = X0,)

| contained

If there is only one observation of X (") in [tq()lzl, tq(}l)], set DA pm) ALt (Xt((lr)n) —Xf(lr)n)) =
7 i—1

0. If there is no observation of X (™) in [tfjlzl, tl(,l)] we take the union of a set of intervals

Uvev[tfﬁl, S,l)] which contains at least one observation time of X (™), We use an expan-
sion of ®;1(t) — @i (s). By virtue of sin(t) — sin(s) = 2cos((t + s)/2) sin((t — s)/2) and
the sine expansion, we obtain for s,t € [khy,, (k4 1)hy,):

Djr(t) — ji(s) = V21327 cos (jmh, (552 — khy)) (t — ). (2.6.29)
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n~'). With

)), we infer

In particular, for t—s = 0(n"') we have that ®(t) — =0y

k:
ud™ = (1/2) ¢ (1) = 1" @)) and @™ = (1/2)(¢ ””(t“ )t <§

Lthn J Nm
l l l m m

j>1 i1 v=1
Lthz":Jh Sl i (X(” %O ) (t—a))i <X<m> _X<m>> B4 (50
=~ pa MO <z) i — t,(ﬁ tffll Jjk\ty
[thi )
+ Z hn D w Z( =X ) 2a(E)
j>1 v=1 v

X( > (X X ) @™ — @i+
AgtmICALD .

(X o, = X1 ) (@) = @50(0)) +
v—1 v—1
(Xt(g;b) a Xt(g’n"))(ti”)) (®5e(ug™) = @Jk(tvl))))'

Since the observation times are independent of X according to Assumption | we can
employ basic estimates from Proposition [A.3.2] to the above increments of X Applymg
the bound , we find that the order of the last summand is » ) hn >, wjk '3/ (nhy)
and since for a Welghts the bound (| - holds we conclude that the approximation
error is uniformly of order Op(h,) = op(n=/4).

Leading terms

This paragraph develops the asymptotics for the right-hand side of and the sum
of the increments in (2.4.9). We focus on the oracle versions of (2.3.19) and (2.3.16) with
their deterministic optimal weights. The proof follows the same methodology as the proof
of Proposition after restricting to a synchronous reference observation scheme. We
concisely go through the details for cross terms and the proof for the bivariate spectral
covolatility estimator.

We apply again Theorem For the spectral estimator in (2.3.16|) consider

¢ =nltp (prq Zgiq)l) ) (2.6.30)

7>1

with the random variables

np—1 t(p) _ t(p)

"p
(ZA?C@ G Z Et(m%k (1) = 5
i=1

ng—1 H@ 4@
(zmcwk (£9) Zet(q)%k (1) )

v=1
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The agreement with (2.4.9) follows from a generalization of the summation by parts

identity ([2.6.4):

np—1
k =p = Z Yp)( (%) — jk(fz()p)))
np_l t(pﬁl _ t(zi)l
=, — ; yv(p)%k(tvp))%.

The ﬁrst relation is an equality under m when t[()) = 0 and t;p) = 1. t 7é 0

or tn = 1 are possible for more general observation schemes, but the distances from
the edges are asymptotically small, the remainder due to end-effects is asymptotically
negligible. Also, the second remainder by application of mean value theorem and passing
to arguments tq(Jp ) is asymptotically negligible. This remainder can be treated as the
approximation error between discrete and continuous-time norm of the (¢;;) in the
following.

By Lemma we may without loss of generality work under synchronous observa-
tions t;,4 = 0,...,n, when considering the signal part X. Set t; = (t;+1 —t;)/2. We shall
write in the sequel terms of the signal part as coming from observations on a synchronous
grid (¢;), while keeping to the actual grids for the noise terms. For the expectation we
have

[(PQ)} Z@Z (T)E[ARCP ATCW@)]

(npVng)— () () {9 (@

> E[iﬁfe(?3>]w () (55 Y 1) (05552

Z tz+1 ti )Egzq_)l)hn = Egzq_)l)hn + Rn,k
=1

by Itd isometry. Observe that

ny— 1 ny— 1
(l ( @ _t(l) (l +0 t(l)l H*=Dhn

2
141 H—l 7— l

1 (k—1)hn
H,
= (/0 o5t )dt)i. (2.6.31)

771 ny

The left approximation uses (tﬁzl tgl))/Q = (Hﬁh”—i—O(hg))/(lem) as in (2.6.5)) with o >
1/2 by Writing the integral on the right-hand side as sum over the subintervals
and using mean value theorem, the differences when passing to the arguments (tl@)i
induce approximation errors of order jh, 'n~!. Thus, the total approximation errors in

(2.6.31) are of order (hS + j(nhy) 1) 2(nh2)~!
The remainders R, ; due to the approximation in (2.6.31)) satisfy with (2.6.7]) uni-
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formly
[V/7ha ] [nhn|—1
Rox < Z Pt (b +an T e+ DY (5 e+ 5 Rk,
[Vihn]

which is of order o(n_l/ 4) Since ) i>1 w] k = 1, asymptotic unbiasedness is ensured:

[thn] [thnt]
> E[G90-n.] Z n'/th, (ZWME ) qu)l)hn> =50,

k=1 7j>1

We now determine the asymptotic variance expression in (|2.2.4]):

Var(Gji") = (Z @ (hi) (b1 ti))2((2§§‘91m)2 + EEZ’?mnEEZq_)nhn)
+7]§77§( 2 (pjzk(tl(p) (tii)l £ > )< Z Sojk t (9) (tE% 9, ) )
np—1
<Z<1> ti)(tip1 — ( k l)hn Z V3 ( t(p (tgi)l_t(m)

na 1 @

S, PR () ))

(pq) () (q9) 2:2; -2 k—1)hn, —15(q9)
(E(iq l)hn) +E(k hn Z(qq Dh, T ha, (Hz() ) np E(Zq—l)hn
k—1)hn,, —15(PD) 4, —1 1 77(k—1)hn 77(k—1)hn

~|—Hc$ ) ng E(k Vi )~|—7r]h qHIg ) Hé Vhn

where the remainder is negligible by the same bounds as for the bias above. The sum of
conditional variances with wf =1, g, Ik =3 j>1 Ljk, thus yields

[thn '] Lthn ')
Z [ ‘gk D i|+0]}1> Z h2 1/22 (pq) Var C(M))
k=1 j>1
[thn '] Lthy ]
= > mn!?> L= > hanlPIt
k=1 i>1 k=1

As hpy/n — 00, we obtain an asymptotic expression as the solution of an integral
> E[G? |Gun |
t 0 -1
=S ha(Vaha) I / </ (F(S,H(E), v, v z))—ldz> ds
_ 0 0
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with a continuous limit function f which is the same as in Bibinger and Reift| (2014).
Computing the solution of the integral using the explicit form of I and f yields the
variance fg (vg””))z ds with

[N

(ng’q)>2 _9 (7—[2 (S)(p) 242 (5)(61) (A? — BS)BS)

X (\/As + /A2 — B, —sgn(A? — Bs)\/As — /A2 - B,),

and the terms

V)

2 (g)(P)
oY Z(qq)w Bs =4 (Z(pp)z(qq) + (2(pq))2> .
42 (S)(p) g2 (S)(Q) ’ s 5

The detailed computation is carried out in Bibinger and Reift| (2014)). sgn denotes the
sign taking values in {—1, 41} and ensuring that the value of (vép ’q))2 is always a positive
real number. Contrarily to the one-dimensional case, in the cross term there is no effect
of non-Gaussian noise on the variance because fourth noise moments do not occur and
because of component-wise independence.

The Lyapunov criterion follows from

E () WGy, = 33 (whf) 132 = 31 S I = 0p1

j>1 j>1
[tha']

- Z E[(gk) [epae } :OP<”Lt:ZiJ hi) — op (n71/4) .

By Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities, we deduce

E | h, ZquZA”C JAPC D2 (% ZA"

j>1 =1

= h, Zw ZE {Anc( )A”C(Q)AHW@)} CI)?k:(Ei)

7>1 =1
< hp, prqz (t; —ti—1) 3/2<I>2 e (t) :Op(n_1/4).
j>1

By the analogous estimate with A?W(Q) the stability conditions are valid. This proves
stable convergence of the leading term to the limit given in Theorem [2:2.2]

The heart of the proof of Theorem [2:2.3] is the asymptotic theory for the leading
term (2.6.27)), namely the analysis of the asymptotic variance-covariance structure. This
is carried out in detail in Bibinger et al.| (2014) for the idealized locally parametric
experiment using bin-wise orthogonal transformation to a diagonal covariance structure.
The only difference between our main term and the setup considered in [Bibinger et al.
(2014)) is the Gaussianity of the noise component. Yet, in the deduction of the variance
this only affects the terms with fourth noise moments where E[e}] # 3E[¢?] in general.
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Above, we explicitly proved that the resulting remainder converges to zero for the
one-dimensional estimator and this directly extends to the diagonal elements here. An
intuitive heuristic reason why this holds is that the smoothed statistics are asymptotically
still close to a normal distribution, though the normality which could have been used in
Bibinger et al.| (2014)) does not hold here for fixed n in general. Based on the expressions
of variances for cross products and squared spectral statistics above, coinciding their
counterparts in the normal noise model when separating the remainder induced for the
squares, we can pursue the asymptotics along the same lines as the proof of Corollary
4.3 in Bibinger et al.| (2014]).

At this stage, we restrict to shed light on the connection between the expressions in
(2.2.7) and the asymptotic covariance matrix. Observe that (A® B)" = AT ® BT for
matrices A, B, ZZ = 22 and that (A®B)(C®D) = (AC®BD) for matrices A, B,C, D,
such that

(E;/z 1/4)2((21/2 57 )1/4) Z)T
H\1/4

(21/2 (E) )Z(ZUZ (2§)1/4>T

since Z commutes with <Ei/2 ® (2?)1/4

). Therefore, the expression in (2.2.7)) is natural

for the matrix square root of the asymptotic covariance, where we use two independent
terms because of non- commutatwlty of matrix multiplication. Conditions (J1)) and .
and the stability conditions and . can be analogously shown by elernent wise
adopting the results for squared and cross products of spectral statistics from above.
Since any component of the estimator is a weighted sum of the entries of Sijka, bias-
corrected on the diagonal, the convergences to zero in probability follow likewise.

Remainder terms

After applying the triangular inequality to (2.6.28)), it suffices to prove that

ucp

n Y LMME,(Y) — LMMZ,(C +e)|| ~% 0, (2.6.32)

1/4 ucp

n 20, (2.6.33)

t
/ VeC(ZS — ELshﬁljh ) ds
0

For A, B € R%, we use in the following several times the elementary bound:

HAAT - BBTH - HB(AT ~BT)+(A- B)ATH < (1Al + IBI)IIA - B|l. (2.6.34)
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Define analogously as above S’]k = (an A”C'(p)@ k(#p)))1< ~4» the spectral statistics
in the locally constant volatility experiment. Then we can bound uniformly for all ¢:

| LM M(Y) — LMMOT(C—F&)H
[nhn]—1

hyt
S Zhn Z W]kvec S gijJTk)
k=1

ha! thnJ—l
<> h Y Wl (1S5l + 1S5.0) 1555 — Sl
j=1
hyt [nhn]—1 )
< J N2 & ~1/4
S > (14 25) 1Sk = Skl = Op(ha) = op(n™'/4),
k=1 = n
what yields (2.6.32). We have used Lemma C.1 from Bibinger et al| (2014) for the
magnitude of ||[Wj||, the bound (2.6.34) and a bound for the sum over j, for which

holds
[nhn]—1 9

1 7%\ 2 s
1+ )7
Jrhn ; ( Tuz) T3

by an analogous integral approximation as used in the limiting variance before. Drift
terms and cross terms including the drift are asymptotically negligible and are handled
similarly as before. Directly neglecting drift terms, we deduce ||Sjr — Six| = Op(hy)
uniformly from (S; — S;x)®) =<, 707 APCP)® ;. (1;) by Proposition |A_iL (2.6.33) is
equivalent to

nt/4 =2 0. (2.6.35)

khyn
Z/ (S5 = Sy, ) ds| —

Using the decomposition
Ys = Yk—hn = 050y — U(kfl)hnU(Tk—l)hn
= (05 — U(k—l)hn)U(Tk_nhn + O(k—1)hn, (UST - U(Tk—l)hn)
+ (05 = Ty, ) (@5 = 0 1y)

for s € [(k—1)hy, khy], it is easy to find that it suffices to bound terms |los — o(_1yp, |-
Then, Assumption guarantees (2.6.35)) and (2.6.33) in the same way as for the
one-dimensional model.

For the spectral covolatility estimator we may conduct an analysis of the
remainder similarly as in the proof of Proposition 2:4.2] One can as well employ inte-
gration by parts of It6 integrals after supposing again a synchronous observation design
t;;i =0,...,n, possible according to Lemma

ti
nA) An(a) _ (ra) _ yv(p9)
APGP ARG /t_ (200 509, | Yas
123 ~ ~ ~ ti N B B
= / (CP —CP) Yaclw) + / (CO — @ yacw . (2.6.36)

ti—1 ti—1
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with C' approximation errors as in (2.6.26). Consider the random variables

(pq) ZA oLl Jk(fi) ZAWO(Q)CI’]'/@@),

v=1
g = h, Z w (pQ) (k1) (E(pQ) _ 2(1”1) )dS
E= h s Lshnt |hn ’
ji>1 n

Inserting l| for APCPIAPC@), using ([ZdX, [ ZdX]) = [Z*d(X,X) for Ito
integrals and ap?lymg Burkholder—Davis—Gundy inequalities and using Proposition
for E[(APC®)7], [(A”C(q)) |, it follows that E[(C,?)ﬁ = O(n~!). Bounds for cross

terms with C' and C readily follow by standard estimates and we conclude our claim.

2.6.5. Proofs for adaptive estimation

We carry out the proof of Proposition [2.4.3] in the case d = 1 explicitly. We need to
show that

1175 507 ucp
nA IV =1V, (Y)] — 0 asn — oco. (2.6.37)

Let us first act as if the noise level n was known and concentrate on the harder problem
of analyzing the plug-in estimation of the instantaneous squared volatility process o7 in

the weights. We have to bound

thnl]  |nhn|—1 9
IVt =1V, (V) = Z (Wi — wik (5 — [©jk, ‘ij]n%) ,

Jj=1

uniformly with w;j; being the optimal oracle weights and ;) their adaptive
estimates. We introduce a coarse grid of blocks of lengths r, such that r,h, ! — oo as
n — oo. We analyze the above difference in this double asymptotic framework, where
the plug-in estimators are evaluated on the coarse grid first. Denoting the adaptive and

- or,C

oracle estimators with Welghts evaluated on the coarse grid by IV Ve and IV, 4 (Y),
respectively, Ivn,t Ith (Y) is equal to

t?“n J mrphn, 1 \_nth —1

P > (i@ ay) — Wil )) Z (26.39)
k=(m—1)rphy 41 J=1
with Zj;, = S?k— [k SOjk]an/n—U(Qk_l)hn where the weights are functions (independent
of the block k, as [¢jk, @jk|n does not depend on k)

w;(z) = (x—i— [@Jka@]k] ) B
i\T) = =
lL:}f = (35+ [@lk;@lk] )

)

which are well-defined for « € R and satisfy > w;(z) = 1. As ¢ is uniformly bounded
from below and from above, there exists a constant C; > 0 such that uniformly

wj (07) S w; (Ch) (2.6.39)
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for all j > 1. By the proof of Proposition we may directly consider ij =

SJQ-k — [0k Qiklnn? /0 — J(Zkfl)hn where the S, are the statistics under locally para-

metric volatility and without drift. Moreover, by subtracting 0'(2]671) B, 1D the definition

of Zj equation (2.6.11)) shows that the Zj1, are uncorrelated for different k. Hence,
Var( Dok ij) = >, Var(Zj;) and thus

Var( Y Zj) = Var(Zj) + o(1). (2.6.40)
k k

We prove ([2.6.37)) in two steps. We show first that (2.6.38) is o[p(n_l/4) uniformly and

then that the difference between estimating on the coarse and finer grid is Op(n_l/ 4,
as well. The crucial property to ensure tightness of the adaptive approach is a uniform
bound on the first derivatives of the weight functions: w;(x) is continuously differentiable
with derivatives satisfying:

|wj () | S wj (x)log?(n) . (2.6.41)

To see why this holds set ¢; = % [¥jk, ©jk], and observe that [w’(x)| is equal to

“2(@+¢) " Tt @t o) = @+ ) T TR (2 @ en) )
(ShM @+ em) )
St @t em) P @4 o) wem) |
St @t em)

for n sufficiently large. The last inequality follows from

< 2w; () < wj (x) log?(n)

_ _ 1 1 1
w+@1—wmmﬂgf+f5f:om&m.
Cj Cm, C1
The plug-in estimator (2.3.7)) satisfies [|[6% — 0|11 = Op(6y,) for the L'-norm || - || 1 with
a sequence 0, — 0 as n — o0, 8, < n~'/8 for optimal window length under |[(H-a-3)!
Hence, by ([2.6.39) wj(ZT\(mel)rn - wj(a2m71)rn) = Op(w;(C1)d, log?(n)). This, (2.6.40),
the Cauchy-Schwarz inequality and 1) show that E[]ﬁ/ fz,t — IV ZTtC(Y)H is up to a
constant bounded by

ltrt]  |nhn)—1 mrnhy !
E Z hn Z )w] (&(2777*_1)7%) —wj (U(Qm_l)rn) Z Z]
m=1 j=1 k=(m—1)r,hy 41
ltrt] [nhn]—1 mrnhy '

< bu (log®(n)) b, z_: w; (C1) (Var( Z ij>>1/2

m=1 k=(m—1)rphy +1

h
< Mr—nén logZn +o(1). (2.6.42)
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The required order op(n~'/*) for is thus achieved if r, — 0 not too fast, i.e.
r-1 < n/%(logn)~°. Consider the remainder by the difference of coarse and fine grid.
Since for IV ZrtC(Y) and IV Zrt(Y) the statistics for each block k are uncorrelated, it is
enough to bound the variance of the difference by

rﬁl mrnhﬁl [nhn]—1 _ 1 2
> Sooon Y (Blwiofom,) —wiet, ) Z5]) )
m=1 k=(m—1)r,hy 141 J=1

which is of order O(hynrylog*(n)) using (2.6.41) and (2.6.42). This shows that

\1{‘\/ ZTtC(Y) _Iv ::;(Y)\ = o]p(nfl/ 4) uniformly. Exploiting the same ingredients as above
we obtain likewise that |I/‘\/:L,t - I/‘\/n7t| = op(n~'/*) uniformly. In order to analyze the
estimation error induced by pre-estimation of 72, we can consider the weights as func-
tions of n? and compute their derivatives. As 1? does not depend on time and we have
|72 — n?| = Op(n~'/?), a simpler computation yields that the pre-estimation of 72 is of
smaller order as the error by plug-in estimation of local volatilities. Thus, using triangle
inequality we conclude .

The proofs that Theorem [2.2.2]and Theorem [2.2.3] extend from the oracle to the adap-
tive versions of the estimators ([2.3.16|) and can be conducted in an analogous
way. For covariation matrix estimation, the key ingredient is the uniform bound on the
norm of the matrix derivative of the weight matrix function W;(X) w.r.t. ¥, which is a
matrix with d° entries and requires a notion of matrix derivatives, see Lemma C.2 in
Bibinger et al| (2014). The proof is then almost along the same lines as the proof of
Theorem 4.4 in Bibinger et al.| (2014)), with the only difference in the construction being
that the Zj; are not independent, but still have negligible correlations. The adaptiv-
ity in the proof of Theorem 4.4 of Bibinger et al. (2014) is proved under more delicate
asymptotics of asymptotically separating sample sizes. For this reason, but at the same
time not having the remainders, the restrictions on r,, are different there.






Chapter 3.
Estimating occupation time functionals

This chapter is adapted from |Altmeyer| (2017) (Sections and[3.4) and [Alimeyer
and Chorowski (2017) (Section [3.3).

In this chapter we estimate occupation time functionals with respect to discrete ob-
servations by a Riemann-sum estimator. In the first section central limit theorems are
proved for L?-Sobolev functions f and continuous Ité semimartingales X. We then pro-
vide general L?(P)-upper bounds on the error in the second section and discuss several
examples in detail. Section three provides a different method for obtaining L?(PP)-upper
bounds for stationary Markov processes. The fourth section studies the optimality of
the L?(P)-upper bounds in case of Brownian motion. Proofs can be found in section
five.

If not stated otherwise, we assume that X is defined on a filtered probability space
(Qw’rv (f)0§t§T7P)'

3.1. Central limit theorems

Let X be a continuous d-dimensional It6 semimartingale as in (2.1.1)). Recall from the
introduction the definition of the occupation time functional

Ly (f) = /0 J (X)) dr

and the corresponding Riemann-sum estimator

R [t/An]
Tt () =280 > f (X)),
k=1

where t, = Ayk for A, = T/n and {{:\ =0,...,n. We will derive in this section central
limit theorems for the error T'y(f) — T'p+(f) as A, — 0 with 0 < ¢ < T and T fixed.

3.1.1. CLT for C*-functions

We first review the basic situation when f € C?(R%). The following is a special case of
Theorem 6.1.2 of Jacod and Protter (2011)) for continuous X.

Theorem 3.1.1. Let f € C?(R%). Then we have the stable convergence

A (1) = B () 5 TR S LG, 2 /Ot<Vf<Xr>,ardWr> (3.11)
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as processes on D([0, T], RY), where W is a d-dimensional Brownian motion defined on
an independent extension of (0, F, (Fi)o<i<T, P).

In order to explain the main ideas of the proof consider the decomposition I'y (f) —

fn,t (f) = Mn,t(f) + Dn,t(f)? where

[t/An)

M (D=3 [ () -E[1 (X7 ] dr (3.12)
k=1 7tk—1
[t/An] oy

Dy (f) = Z/ E[f(Xy)— f(Xtp_,)| Fto] dr. (3.1.3)
k=1 Ytk—1

This decomposition is similar to the one in Section [2.4] By the martingale structure of
M, +(f) and using Ito’s formula it is easy to check from Theorem [A.1.2] m that the central
limit theorem

1 t
A M ()% 3 [V (X0 0vd) / VF(X).0dW,)  (3.04)
0
holds for n — oo as processes on D([0, T], R?), where W is a d-dimensional Brownian
motion defined on an independent extension of (Q,F, (Ft)o<t<r,P). In fact, for this
f € C*(RY) is sufficient (for a proof see Proposition [3.5.4). With respect to Dy, ¢(f) Ito’s
formula shows that (A, 1Dy, +(f))o<t<r converges uniformly on [0, 7] in probability to

<f (X¢) ; [ (Xo) ;/0 (Vf(X,) ,ardWr)> ) (3.1.5)

0<t<T

In particular, A, 1D, ;(f) is not negligible asymptotically (this is different compared to
in Section . Summing up A, 1M, (f) and A 1D, (f) as well as the corre-
sponding limits yields the theorem. Tt is interesting to note that the CLT implies the
stable convergence of A, (Ty(f) — On +(f)) to 1/\/;f0 (VX ordW ), where

Lt/AnJ th 1 +f(th)

On, AZ

is the trapezoid rule estimator. Therefore @nt( f) is actually the more natural estimator
for T'4(f). It is remarkable that the trapezoid rule and the Riemann-sum approximation
have the same rate of convergence. This is not true generally for deterministic integrands.
We will see in Section that both estimators are rate optimal and that the asymptotic
variance is optimal.

Remark 3.1.2. From a statistical point of view the stable central limit theorem can
be exploited to obtain a feasible central limit theorem, like in the theorems of Sec-
tion More precisely, the estimator AVARp(f) = 1/12> 0 _((Vf( X, ), Xt —

X, ,)? converges in probability to 1/12 fOTHU;er(X,,)Her, which is equal to
Var(1/y/12 fo (VF(X ardW )). The stable convergence and the continuous mapping
theorem therefore yleld AW AV AR (f) " Y2(Tr(f) — (:)nT(f)) LN N(0,1). This can
be used to derive asymptotic confidence intervals for @nT(f )-
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3.1.2. CLT for Fourier-Lebesgue functions

Interestingly, the weak limit in (3.1.1)) is also well-defined for less smooth functions. As
the argument above relies on Ito’s formula, it breaks already for f € C*(R?). In order
to study the limit of A, 1D, +(f) for more general f note that we can write

FX) = F( Xy ) =@2n)~ /]-"f *“LXH —e—““’th—J) du, (3.1.6)

if f is sufficiently regular, where Ff(u) = [ f(x e{%®) dz is the Fourier transform of f.
In principle, we can now study e~ X’“> — e Xik 1> instead of f(X,)— f(X,_,). The
error can be calculated exactly, if the characteristic functions of the marginals X, are
known. For the general Itd6 semimartingale X in , however, this is a difficult issue.
The key idea is to replace the marginals X, by the close approximations X, . +b,_.(r —
g)+or—e(W, — W,_.) for some ¢ = e(u,n) whose distributions are Gaussian conditional
on Fr_.. This idea is inspired by the one-step Euler approximation of [Fournier and
Printems (2008). For this o needs to be non-degenerate and the approximation error
has to be sufficiently small. We therefore work as in the last chapter under Assumption
(SM-a-g)l This time, however, 0 < o < 1 is arbitrary.

The right hand side in shows that it is natural to assume that the Fourier
transform of f is integrable, which leads to the the Fourier-Lebesgue spaces. They are
introduced in Section If f € FL; (R for s > 1, then f € CY(R?) such that
(3.1.4) remains true. Moreover, for sufficiently smooth ¢ also the limit for A;lDt,n(f)
in remains valid. This yields the wanted CLT. For a concise statement we use
the trapezoid rule estimator from the last section.

Theorem 3.1.3. Assumefor0<a <1 Lets>2—-2a,8s>1,s+5>1.
Then we have for f € FL oc(Rd) the stable convergence

Agl (Ft(f)_@nt / V(X erW>

as processes on D([0, T], R?), where W s a d-dimensional Brownian motion defined on
an independent extension of (0, F, (Ft)o<t<T,P). The feasible central limit theorem of
Remark [3.1.2 remains valid.

This result is remarkable since it is only based on regularity assumptions for f and o.
In particular, if ¢ is smoother, then the conditions on f can be relaxed. For a > 1/2,
f e FL} (R is allowed. For v < 1/2 there is a trade-off between the regularities of f
and o. The theorem also extends to L?-Sobolev functions for sufficiently large regularity,
because Hi (R?) C FL§ (R?), if s > s’ 4 d/2 (cf. Proposition |A.4.2).

Remark 3.1.4. As the proof of Theorem [3.1.3] reveals, it is not possible to argue as in
Section using a generalized It6 formula for f € C1(R%).

3.1.3. CLT for L?-Sobolev functions

The proof of Theorem |3.1.3 “ 3| does not apply to all C'(R?)-functions. The weak limit,

however, is also well-defined for f € H} (R?). A minor issue in this case is that the
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random variables f(X,) depend on the version of f that we choose in its equivalence
class in LZQOC(Rd). This problem disappears if f is continuous or if X, has a density. Note
that H'(RY) ¢ C(RY) only for d = 1. Interestingly, it can be shown by the methods
of Debussche and Romito| (2014, Section 5), which are also inspired by [Fournier and
Printems| (2008]), under Assumption that the marginals X, have Lebesgue
densities p, for r > 0 .

In order to extend the central limit theorem to f € H} (RY), it turns out that we

need to make the following stronger assumption.

Assumption (X0). X is independent of (X; — Xo)o<t<T and Lebesque density p. Ei-
ther, Fu € LY(R?) or Fu is non-negative and p is bounded.

This assumption can be understood in two ways. First, the independence and the
boundedness of p imply that the marginals X, have uniformly bounded Lebesgue den-
sities (this follows without assuming the existence of the densities as motivated above).
Second, f itself becomes more regular, as by independence E[I':(f)|(X, — Xo)o<r<t] =
fg(f * 1) (X, — Xo)dr with ji(x) = p(—=). Unfortunately, this property can not be used
directly in the proof.

We can show under this assumption that remains true for f € H} (R?). More-
over, for f € H; (R?) and sufficiently large s > 1 we can prove that A,1D, 7(f)
converges to in probability. This convergence is not uniform in 0 < ¢ < T any-
more. Therefore the weak convergence is not functional and holds only at the fixed time
T.

Theorem 3.1.5. Assume|(SM-a-) for 0 < o, <1 and|(X0) Let s >2—2a, s> 1,

s+ B > 1. Then we have for f € Hp (R?) the stable convergence

A (e =8ur () % o | (V1) diT

where W is a d-dimensional Brownian motion defined on an independent extension of

(Q, F, (Ft)o<t<t,P). The feasible central limit theorem of Remark remains valid.

Because of independence, Assumption [(X0)|can be relaxed by randomizing the initial
condition and then using a coupling argument. This yields the following corollary.

Corollary 3.1.6. Assume|(SM-a-0 ) for0 < a,8 <1. Let s >2—2a,s>1,s+3> 1.
For any function f € Hlsoc(]Rd) there exists a set E C R? such that R\E has Lebesgue

measure 0 and such that the stable convergence in Theorem[3.1.5 holds for all Xo = x¢ €
E.

This result generalizes Theorem [3.1.1] considerably. The set E' depends in general on
the function f, i.e. it can change if we consider a different function f with f = f almost
everywhere.

Remark 3.1.7. In some cases it is possible to derive similar CLTs for f € Hfoc(]Rd) with
0 < s < 1. For example, we have f = 11, ) € Hl/zf(R) and the proof of Theorem

loc

*This will be studied more explicitly in the forthcoming paper of Romito| (2017).
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implies a CLT for A;3/4(I‘T(f5) - fn,T(fs))a where f. = f * . with ¢ € C°(RY),
v = Yp(e7(-)) and € = AY?. The limiting distribution is similar to Corollary 3.4 of
Ngo and Ogawal (2011)), which applies to Brownian motion only, and involves local times
of X. The rate Ai/ * will be explained in the next section. This proof does not yield a
CLT for A_3/4(I‘T(f) — fmT(f)), as the error I'r(f — f2) — fnj(f — f) is only of order

3.2. Upper bounds for less smooth functions

The aim of this section is to derive finite sample upper bounds on ||[T'7(f) —fmT( 2wy
with explicit dependence on A,,T and f. The function f is possibly much rougher than
in the last section. It is therefore not possible to use arguments based on Taylor’s
theorem such as It6’s formula. Except for special cases, it is impossible to prove central
limit theorems for I'r(f) — fn,T(f) in this case (cf. Remark . Instead of using
martingale arguments, the results here are based on direct calculations with respect
to the distribution of X. The following is inspired by the proof of |Ganychenko| (2015,
Theorem 1).

We always assume that X = (X;)o<t<r is a cadlag process with respect to
(Q, F, (F)o<t<t,P), not necessarily a semimartingale or a Markov process. Then

HFT( ) = Pizz)

k - /tk / { -/ (Xu)) (f(Xh)—f(thl))]dhdr.

Assume that the bivariate distributions of (X4, X3), a < b, have Lebesgue densities pq .
Under suitable regularity assumptions the expectation in the last display can be written
as

/tk 1 </f ) (Obpnp (x,y) — Oope,_, (2, 1)) d(%y)) db

_ / / ( / ()1 0) s (0,0 (5,9) ) . (3:2.1)

From this we can obtain general upper bounds on ||I'z (f) — fn,T (f )||%2(P). Their struc-
ture reflects that the distributions of (X,, Xp) degenerate for a = b, therefore requiring
a different argument.

Proposition 3.2.1. Assume that the joint densities pqp of (Xq, Xp) exist for all 0 <
a<b<T.

(i) Assume that b pap(z,y) is differentiable for all x,y € R%, 0 < a < b < T with
Ovpap € LT, (R24). Then there exists a constant C' such that for all bounded f with

loc
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compact support

Tz (f) = Tn (D132
< CAn/(f (y) = f (x))* (é/t:klptkl,r (w,y) dr
b X [ (10 ) 10 )t Ya ),

k—1>5>27 tk—1 %5

ti

(i1) In addition, assume that a — Oppap(x,y) is differentiable for all x,y € R?, 0 <
a<b<T with 8a2bpa7b e L (RQd). Then we also have

loc
Tz (f) = Tor (H)l[32p)

<csl [ -1 @) <A§ / " s @) dr

te—1
tk

+ > /'j \@%rphm(%Z/)}dhdr>d(%y)'

k—1>j>2 7 th—1 Jtj-1

Concrete upper bounds can be obtained from this by combining the smoothness of
f with bounds on Oyp,; and 8§bpa,b. Another way for getting upper bounds comes
from formally applying the Plancherel theorem to . Denote by ¢q4 = Fpap the
characteristic function of (X,, X3). Under sufficient regularity conditions is equal

to

(2m) =2 /tk_ /th_ </]-'f (w) Ff (v) 02 pap (u,v)d (u,v)) dadb.

J

This yields the following version of the last proposition.

Proposition 3.2.2. Let @4 be the characteristic functions of (X4, Xp) for 0 < a,b <T
with @q.q(u,v) = @q(u—+v) for u,v € R

(i) Assume that b — @ap(u,v) is differentiable for u,v € R4, 0 < a < b < T with
Oppap € LS (R?). Then there exists a constant C such that for all f € LY(R%)

loc

with Ff € C>°(R%)
Tz () = Tor (H)]2p)

< CAn/!ff (W] |Ff ()] (ki:/t:klgtk_m(uav)dr
+ > /tk

tj
/ (\&gph,r (u,v)| + ‘argotj_m (u, v)‘) dhdr) d (u,v),
k—1>j>2 7 th=1 J1j-1

thh gtkflyr(u7 U) = ‘@T,T(u7 ’U)’ + |g0tk71,'r'(u7 v)‘ + ’¢tk71,tk,1(u7 U)|
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(11) In addition, assume that a — Oppap(u,v) is differentiable for all u,v € R?, 0 <
a < b<T with 8% pap € LSS (R24). Then we also have

loc

Tz () = To (F)II2p)
<o [1Fr @iz ol (& 1Z/t /t (Brsons (0,0)
+ ‘&%k L (u, v)|)dhdr+ Z / / ‘8th0;” u, v ‘dhdr) (u,v).

k—1>5>2 7 th—1

The second proposition is useful if the characteristic functions ¢, are explicitly
known, while the densities p,; are not. This is true for many Lévy or affine processes.
Moreover, it can be easier to find upper bounds on characteristic functions than for the
respective densities. Note that the second proposition does not require the joint densi-
ties p,p to exist. This is relevant, for instance, when studying jump processes without
marginal densities (cf. Example . In some cases both propositions apply and the
results can differ as we will see in the next section.

We will now study several concrete examples of processes X and function spaces for
f and derive explicit upper bounds.

3.2.1. Markov processes

Let X be a continuous-time Markov process on RY with transition densities Ehrs
0 < h <r <T,such that E[g(X,)|Xs = z]= [ g(y)én(x,y)dy for z € R? and all con-
tinuous, bounded functions g. Denote by P, the law of X conditional on Xy = xg. The
joint density of (X}, X,), conditional on Xy = o, is py (2, y; 0) = &on(z0, )&k (2, Y).
The necessary differentiability conditions on pj,, from Proposition @ translate to

assumptions on &, . The following heat kernel bounds are similar to the ones in |Gany-
chenkol (2015)).

Assumption 3.2.3. The transition densities &, for 0 < h <r <T satisfy one of the
following conditions:

(A)  The function v — &, (2,y) is continuously differentiable for all x,y € R? and
there exist probability densities g, on R satisfying for some constant C' > 0

wp L@l _ o0,y O

z,yeRd dr—h (y - $) zycRd Gh—r (y - l‘) “h-r

(3.2.2)

(B-v) Let 0 <y < 2. In addition to , the function h — 0.y, ,(x,y) is continuously
differentiable for all x,y € R and the q, satisfy

Sup ‘8 ghr xy)| < C

syerd Gr—h (Y —2) ~ (r— h)? (3.2.3)

Moreover, if v < 2, then sup,ega ([|]*Tqn(z)) < K25/ for 0 < s < /2, while,
if v =2, then [|z]|*qn(z)dz S h® for 0 < s <1.
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These conditions are satisfied in case of elliptic diffusions with Holder continuous coef-
ficients with g, (x) = clh*d/26*02||xh71/2“2 and v = 2 for some constants ¢y, co. They are
also satisfied for many Lévy driven diffusions with g (z) = ¢;h=%7(1 4 ||zh~1/7|7+d) 1
and 0 < v < 2 (Ganychenko et al.| (2015)). Different upper bounds in (3.2.2)), are
possible yielding different results below.

Based on Proposition we recover the main results of |Ganychenko| (2015 and

Ganychenko et al.| (2015). For 0 < s < 1 denote by | f|lcs the Holder seminorm

7@ =7l
SUPzzy “z—yl*

Theorem 3.2.4. Let n > 2 and x9 € R%. Let X be a Markov process with transition
densities §q p.

(i) Assume[(A) There exists a constant C such that for every bounded f

1T () =T (Nl g2(p,) < Cl T 20/ (logn) /2.

(1) Assumefor 0 < < 2. There exists a constant C' such that for f € C*(R%)
with 0 < s <v/2

1+2s/y
s A, 2 2 <1,
P2 (F) = Tut (Dllga(e,,) < CllFle-T? own
A, (logn)™ /=, 2s/y=1.

Up to log factors the rate of convergence (for fixed T') is AT g f € Cs(RY),

interpolating between the worst-case rates ATIL/ % and the “best” rate A,. Interestingly,
smaller v means faster convergence for the same smoothness s.

Remark 3.2.5. The T/2-term in the upper bound is optimal and appears in almost every
other example below (observe however Theorem [3.2.13). If X is ergodic with invariant
measure y, then this can be used to estimate functionals [ fdu with respect to p by

the estimator T_lfnyT( f) with optimal rate T-1/2_ independent of any condition on the
discretization order A, i.e. there is essentially no difference between the high and the
low frequency setting (cf. Theorem [3.3.4)).

Theorem yields for the bounded function f = 1j,4, a < b, only the rate

A}/ 2(log n)Y/2. This cannot explain the A,%/ ‘_rate obtained for Brownian motion in
Ngo and Ogawal (2011). In order to find a unifying view consider now f € H*(R?),
0 <s <1 (cf. Section|A.4).

Theorem 3.2.6. Let X be a Markov process with transition densities &,y and bounded
wmatial density .

(i) Assume . There exists a constant C' such that for f € L?(R%)

P2 (F) = Tz (D2 < ClellS 12T AN (log ) /2.
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(i1) Assumefor 0 < v < 2. There exists a constant C such that for f € H*(R?)
with 0 < s < /2

14+2s/vy
Ay, 2y <2 2s/v < 1,
P2 (F) = Fuir (D2 < CHPLIA T2 A% (togm) 2 = 9, 28/ < 1.
Ay (logn)1/2, 2s/y = 1.

While the regularity of f is now measured in the L?-Sobolev sense, we still obtain
the interpolating rate AlLF2s/7)/2 up to log factors. Since C*(K) C H*~(R?) for com-
pacts K C R% and because f = 14 € H'/?~(R), this theorem also yields the rates

ASHS/ N2~ for s-Holder functions on compacts and Af’/ - (up to log factors) for indica-

tors. By an explicit interpolation as in Theorems [3.3.9| and [3.3.10| this can be improved

to AS—HS/ N2 and Ai/ 4, respectively. By considering L?-Sobolev spaces we therefore
unify the different rates obtained for Markov processes. The log factors in Theorem

can be removed in many cases (cf. Section .

Remark 3.2.7. (i) The role of p in the proof of Theorem is to ensure that the
marginals have uniformly bounded densities py, i.e. supg<p<7l|Phlloo < ||1t]|oo. This
is necessary, because the bounds in Assumption [3.2.3] deger;erate at 0. Otherwise it
is not even clear that ||[I'r(f)| p2p) < oo for f € L2(RY). If sup,cpa fOT &o,r(x)dr <
00, then the initial distribution can be arbitrary. This holds, for instance, when
d=1and qy(z) = ch~Y2e—c2llah™ 2

(i) A different possibility for removing the initial condition is to wait until Ty > 0
such that X7, has dispersed enough to have a bounded Lebesgue density. The
proof of Theorem |3.2.6/can then be applied to Hf:,?o f(Xp)dr =Ty 17 (f)| p2, where

fn’TmT( f) is a Riemann-sum estimator taking only observations in [Ty, 7] into
account.

~

(#i) A similar argument as in the proof of Corollary shows I'r(f) — Iy r(f) =
Op,, (ay,) for almost all initial conditions Xo = xg € R?, where a,, corresponds to
the rates in Theorem [3.2.6] up to an additional log factor.

3.2.2. Additive processes

Let Y = (Y;)o<t<r be an additive process on R? with Yy = 0 and local character-
istics (02, Fy,by), where 02 = (02)o<i<7 is a continuous R%*9-valued function such
that o? is symmetric for all ¢, b = (b;)o<i<r is a locally integrable Rvalued func-
tion and (F;)o<i<7 is a family of positive measures on R? with F;({0}) = 0 and
supg<i<ri [ (|z]|?> A 1)dEFy(z)} < oo (cf. Tankov] (2003, Section 14.1)). The increments
Y, —Y,, 0 < h < r < T, are independent and have infinitely divisible distributions.
In particular, the corresponding characteristic functions are e¥rr(w) 4 e R, by the
Lévy-Khintchine representation (Tankov| (2003, Theorem 14.1)), where the characteris-
tic exponents 1y, ,(u) are given by

) T 1 T T il )
z/ (u, by) dt — / o) wl|?dt +/ / (6 (wa) 1 — i (u,z) 1{HI||§1}> dF; (x)dt.
h 2 Jn h
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Applying Proposition yields the following result. The independence in |(XO0)] is
always satisfied, because Y has independent increments.

Theorem 3.2.8. Let T' > 1. Consider the process Xy = Xo + Y;, where Y = (Y})o<i<T
is an additive process with local characteristics (o2, Fy,b;) as above and such that X

satisfies |(X0).
(i) Let 0 < v < 2 and assume that |Opibp . (v)] < c(1 + |v])7™5 and |e¥rr®)| <
ce~cllvll”(r=h) for a constant ¢ and all0 < h <r <T,v € R? and some 0 < By <
B* < v/2 with 0 < v+ B, < 2. Then there exists a constant C,, such that for
fe HS(RY) with B*/2 < s < /2 + *

/\ l+57_ﬁ*42
Tz (f) = Lo (Ollzee) < Cull fll=TA7 77

If Fp € LY(RY), then C,, = C||.7-"u\|}:/12 and otherwise C,, = C||,u||(1>é2. If even
0phn (V)] < el[v]|7HBr, then the same upper bound holds with T'/? instead of T

(ii) If |Oribnr(v)| < ¢, then we have for f € L?(R?)

T2 (f) = Por (Dllezey < Cull Fll 2T Ag.

The same upper bound holds with T? instead of T, if ¢ < p(v) < Orthpr(v)<
cap(v) <0 for a bounded function v — p(v) and constants c; < ca.

By the comments before Remark [3.2.7] we can obtain from this upper bounds for
Hélder and indicator functions. The condition |9,1,(v)| < ¢(1 + |[v]|)Y*# gives an
additional degree of freedom in order to account for time-inhomogeneity (cf. Example
3.2.11]). Note that there are no log terms as compared to Theorem The smaller
v/2 4 5%, the less smoothness is necessary for f to achieve a A,, rate.

Remark 3.2.9. In some situations it is sufficient to consider directly X; = Y;. This is
true, for instance, if d =1 and v > 1 (cf. Remark . For different d or ~ it follows
in (i) that Yz, for any Ty > 0 has a density pgp, with Fpgp, € L' (R?). Similarly to Remark
3.2.7\(ii) the proof of Theorem|3.2.8|can then be applied to ||f7:f; f(Xr)dr—fn’TmT(f) lz2-
For Op bounds and almost all initial values Xo = o € R? refer to Remark (zzz)

We study now a few examples.

Example 3.2.10 (Non-vanishing Gaussian part). Assume that Y has local charac-
teristics (07, F},0) with supge,<7|/(c-0])7Y| < oo. Then v = 2, B* = 0 and
10, 0n(v)] S |[v)|? (cf. [Sato (1999, Equation (8.9))). Part (i) of Theorem there-
fore yields up to a constant the upper bound HfHHsTlﬂA%HS)/2 for f € H*(R?) with
0 < s <1, thus improving on Theorem [3.2.6] by removing the log-factor.

Example 3.2.11 (y-stable processes). Let ¢y, (v) = —c [, |v]["*Frdt with ¢, v, B, as in
Theorem A process with these characteristic exponents exists if 8 is continuous.
X is a generalized symmetric y-stable process with stability index v + 5, changing in
time. For d = 1 it is a multistable Lévy motion (cf. Example 4.1 in [Falconer and Liu
(2012)). If p* = 0, then X is just a symmetric y-stable process and Theorem
yields the upper bound Hf||HsT1/2A;/2+S/V for f € H*(R%) and 0 < s < 7/2. Again,
this removes the log-factor of Theorem [3.2.6]
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Example 3.2.12 (Compound Poisson process). Let X be a compound Poisson process.
Then ¢y, (v) = (r — h) [(X"® —1)dF(z) for all 0 < h < r < T and a finite measure
F. Observe that the marginals X, do not have Lebesgue densities unless Xg does. Since
p(v) = O, (v) = [(e"® —1)dF(x) is bounded in v, part (i) of the theorem yields
the upper bound || f||;2TA,, for all f € L?(R%). The improved bound applies, if F is
symmetric (cf. Section [3.3.1).

3.2.3. Fractional Brownian motion

Let B = (By)o<t<T be a fractional Brownian motion in R? with Hurst index 0 < H < 1.

This means that the d component processes (Bt(m))()StST form =1,...,d are indepen-
(m)] —

dent and centered Gaussian processes with covariance function c(h,r) := E[B }(Zm) By
T 4 B2 — (r = p)2H), 0 < h <r < T. If H=1/2, then B is just a Brownian
motion. For H # 1/2 it is an important example of a non-Markovian process which is
also not a semimartingale.

Theorem 3.2.13. Let T > 1, n > 2. Consider the process Xy = Xg + B, where
(Bt)o<t<T 15 a fractional Brownian motion with Hurst index 0 < H < 1 and where X
satisfies |(X0). Then there exists a constant C,, as in Theor’em such that for any
feH(RY) and 0 <s<1

1+s
= THA? H>1/2,
1T (f) —Dnr (f)HLQ(]P’) < CMHfHHS 142sH
TV2A, 2, H<1/2.

Again, from this we can obtain upper bounds for Holder and indicator functions (cf.
comments before Remark . It is interesting that the rate remains unchanged but
the dependency on T differs for H > 1/2, while this effect is reversed for H < 1/2. The
dependency on H is optimal. Indeed, if f is the identity, then for some constant C

THA,, H>1/2,

14+2H (3.2.4)
V2N, 2, H<1)2

ITr(f) = Tz (Nr2@) =2 C’{

Remark [3.2.9) applies here as well in order to relax the assumption on X. In particular,
we can directly consider X; = By if d = 1. Comparing the theorem (at least for H < 1/2)
to Example [3.:2.T1] suggests that there is a more general result for self-similar processes
with self-similarity index o and upper bound HfHHsTl/zA,ll/2+a8.

The key idea in the proof is that fractional Brownian motion is locally nondeterminis-
tic. There are many more processes (and random fields) with this property. In principle,
the proof of the theorem will apply in these cases as well, as long as the time derivatives
of ®p, ,(u,v) can be controlled. This holds, for instance, for multifractional Brownian
motion with time varying Hurst index H(t) (cf. |Boufoussi et al.| (2007)) and stochastic
differential equations driven by fractional Brownian motion (cf. |Lou and Ouyang (2017))

We will now apply Theorem [3:2.13] to approximate local times from discrete data.
Let d = 1 and let (L% )qcr be the family of local times of B until T" which satisfies the

occupation time formula fOT g(By)dr = [ g(x)Li.dx for every continuous and bounded
function g (cf. Nualart| (1995, Chapter 5)). We can write Lf. = 0,(L7) for a € R,
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where 4, is the Dirac delta function. Note that §, € H~'/2~(R) has negative regularity.

Theorem [3.2.13| therefore suggests the rate T12AL* (for H = 1/2). This turns out to
be almost correct.

Theorem 3.2.14. Let T > 1, n > 2, d = 1. Let X; = By, where (Bt)o<i<T 15
a fractional Brownian motion with Hurst index 0 < H < 1. Consider f,.(x) =
(25)*11(a_a7a+e)(x) for x,a € R and ¢ = AYH with ag = % . HLH — p when H > 1/2
and ag = H — p when H < 1/2 for any small p > 0. Then we have for some constant
C, independent of a, that

3
—~ THAZ'T_p7 H>1 27
124 = T (far)ll 2 < C =1/

This considerably generalizes Theorem 2.6 of Kohatsu-Higa et al.| (2014)), which applies
only to Brownian motion. For H close to 1 the rate becomes arbitrarily slow, because
the paths of B are almost differentiable and the occupation measure becomes more and
more singular with respect to the Lebesgue measure.

3.3. Upper bounds for stationary Markov processes

While we obtained in the last section L?(PP)-upper bounds on I'z( f) —fn,T( f) for general
cadlag processes, this section considers the case of a stationary Markov process X. On
the one hand, this leads to very elegant proofs, based on calculus for Markov semigroup
and its infinitesimal generator with respect to X. On the other hand, the upper bounds
apply to more general functions f and are even better in some cases compared to the last
section by removing log terms. Moreover, a stationary Markov process is not necessarily
R?-valued or has to satisfy any of the assumptions of the various examples studied in
the last section. We will recover some of the previous results, but based on the methods
in this section.

In the following, X is a continuous-time Markov process on [0, 7] with values in a
Polish space S. For any measure i on S denote by L?(u) := L?(S, 1) the space of square
integrable functions f : & — R with respect to p and with norm || f|, = ([ f2du)'/2.
||*||oo,. denotes the sup-norm in L>°(u). For the basic concepts of semigroup theory and
functional calculus refer to Section [A.5l

Our main assumptions are the following:

Assumption 3.3.1. X is a stationary time-homogeneous Markov process with station-
ary measure ji. The associated semigroup (Pr)r>o is Feller and its infinitesimal generator
L with respect to L*(j1) is a normal operator.

These assumptions are satisfied for many important processes. The leading example
is the standard Ornstein-Uhlenbeck process in R%. Note that for f € L?(u) both T'p(f)
and fn’T( f) are p-almost surely well-defined random variables in L?(P) (cf. Section
. Consider the operators ]L\s/ 2 s > 0, which are defined via the functional cal-
culus of L. They have domains dom(|L|*/?) C L?(u) and thus contain all f € L?(u)
with |||L|*/2f]|,, < co. If X is an Ornstein-Uhlenbeck process, then the related spaces
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dom((I — L)*/?) ¢ dom(|L|*/?) are known as Bessel potential spaces and play an im-
portant role in Malliavin calculus (Watanabe| (1984)). We are now ready to state the
general upper bound.

Theorem 3.3.2. Let X be a Markov process satisfying Assumption with Xo 4 L
There exists a universal constant C' such that for all f € dom(|L|*/?), 0 < s <1,

=)

1+s
< C|LP2F), T2 A2

HFT(f) B L2(P)

n(f)

The proof of this theorem is remarkably short. For s = 0 it follows that dom(|L|°) =
L*(p) and the rate is TY2AY?. Since dom(|L|*/?) c dom(|L|*/?) for s > 1, the rate
is never better than T'/2A,,. For 0 < s < 1 the bound interpolates between the two
extreme cases. Note that there are no log terms as in Theorems [3.2.4] or [3.2.6

A deeper understanding of the spaces dom(|L|*/?) requires more explicit knowledge
about the generator. For example, if L is self-adjoint, then |L| = —L and thus
|||L\1/2f||,3 = ||(—L)1/2f||i = (—Lf,f),- This is the Dirichlet form associated with
L and p. It is typically easier to analyze than studying dom(!L\I/ 2) directly in terms of
the functional calculus. Examples are diffusions on R? such that for sufficiently smooth
functions f the Dirichlet form is bounded by [||V f(x)||?du(x). This immediately leads
to upper bounds for Holder and indicator functions. Up to some additional conditions,
we will show that a-Holder functions lie in dom(|L|*/?) and indicator functions of certain
cylinder sets of R? lie in dom(|L|'/*), implying the rates A%Ha)/ % and Ai/ 4, respectively.
This explains the different rates obtained in the literature similar to the arguments be-
fore Remark (see also Remark. An important difference in case of S C R? is
that the considered functions have to lie only in L?(p) and not in L?(R%). For instance,
bounded functions are in L?(y), but not in L?(R%).

The assumption of starting in the stationary distribution can be relaxed to some
extent. Indeed, if the initial distribution is absolutely continuous with respect to p,
then the result of Theorem [3.3.2] remains valid. More generally, if the distribution of
X1, To > 0, is absolutely continuous with respect to p, then the result still applies, if
instead of I'r(f) the alternative occupation time functional I'r,, 7(f) = f;; f(X,)dr is

estimated by Tz, 7(f) = An Y4 a1, f(Xy,_,), where T, = [Ty/A, ] A,. Clearly,
Ir(f) =Tor(f) and fnyT(f) = meT(f). This yields the following corollary.

Corollary 3.3.3. Let X be a Markov process satisfying Assumption|[3.3.1. Assume that

X1, L n, To > 0, for a probability measure n such that n < p with density dn/du. There
exists a universal constant C' such that for all f € dom(|L|*/?), 0 < s <1,

HFTmT(f) - fn,Tn,T(f)‘

dn ||1/2 1ts
<CH—H LIS |, TY2A2 .
oy <CI2I W,

As an example consider the Ornstein-Uhlenbeck process which is a Gaussian process
and therefore every X7, for Tp > 0 is normally distributed such that the distribution of
X1, is absolutely continuous with respect to the stationary measure of X (cf. Example
3.3.9)).
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Consider now the situation of Remark With respect to ergodicity, it is well-
known that T—'T'r(f) is T'/2-consistent for [ fdu, i.e. T'Tp(f)— [ fdu = Op(T~1/?),
when L is self-adjoint and f € dom((—L)~Y/?) (see e.g. [Kipnis and Varadhan| (1986,
Theorem 1.8)). By Theorem m this can be extended to the estimator T_lfn,T( f)
and more general L?(u)-functions (cf. Remark .

Theorem 3.3.4. Let X be a Markov process satisfying Assumption with X 4 L

There exists a universal constant C' such that for all f € L?(u) with fo € dom(|L|~'/?),
fo=f—[ fdu,

HT—lfn,T (1= [ 1) dnto)

<cr\? <||f||uAi/2 + H|L|_1/2f0H ) '
L2(P) '

Using Corollary the assumption of starting in the stationary distribution can be
relaxed. As an example for dom(|L|~'/2) being non-trivial, assume that 0 is a simple
eigenvalue of L and that L has a spectral gap, i.e. sg > 0, where sg = sup{r > 0 :
B(0,7r)No(L) = {0}} and B(0,r) = {z € C: |z| < r}. In that case, X is ergodic and
it can be shown that fy € dom(|L|~'/?) is satisfied whenever f is non-constant (Bakry
et al.| (2013 Section 4.2.1)). Furthermore, the upper bound of the theorem simplifies,
since

21772 o], < 56210l < 57211

A concrete example of a process with spectral gap is the Ornstein-Uhlenbeck process
(Bakry et al.| (2013, Chapter 4)). Theorem shows that in order to achieve the rate
T2 as n, T — 0o there is essentially no gain in the high-frequency case, i.e. A, — 0,
compared to the low-frequency case with A,, fixed. The error bound improves on the
commonly used condition in the literature that TA,, < 1 to achieve TY/2_consistency (see
e.g. |Dion and Genon-Catalot| (2016, Section 5)). It is interesting to note that Theorem
depends on negative powers of |L|, while Theorem depends on positive powers
of |L|.

Next, we apply the general bound from Theorem [3.3:2] to several important examples.
We first study Markov jump processes, i.e. continuous time Markov processes with
countable state spaces. Then a special class of diffusion processes is considered for
which the spaces dom(|L|*/?) can be described via the Dirichlet form (—Lf, [, After
that, we show for the example of Brownian motion how the assumption of stationarity
can be removed. Finally, we show that the method also applies to infinite dimensional
diffusions.

3.3.1. Markov-jump processes

Consider a continuous-time Markov process (X, ),>0 on a countable state space S. Such
a process can always be realized as X, = Yy, for a Markov chain (Y;)scs starting in
some initial distribution p with transition probabilities (Pyy)zyes and an independent
Poisson process (N;),>0 with intensity 0 < A < oo (Ethier and Kurtz| (1986, Section
4.2)). Observing a path of X at the discrete times 0, Ay, 2A,, ..., (n — 1)A,, the jump
times can be identified with A, precision. Hence, if the function f is bounded, then
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every jump contributes at most 2||f||~ to the estimation error [I'p(f) — fnT( f)|. This
yields the bound

R /
IC2(f) = T (Dl 2y < 20 FllooE [N2]? Ap = 2]l floo (ATWT)Q)”A“'

This gives the optimal rate A, but requires the function f to be bounded. Moreover, the
error grows linearly in 7' as opposed to T2 in Theorem This can be improved,
if X is stationary with stationary measure p and rever81ble ie. P' = P, where PT is
the transpose of P. Then the infinitesimal generator L = A(P — I) is a bounded, non-
negative self-adjoint operator. Therefore, ||[(—L)Y2f||, < |(=D)Y2|[Ifll. < A2||fl,
with operator norm ||(—L)"2|. It follows that dom((—L)'/?) = L?(x) and Theorem
3.3.2| implies

< ONV2|| £, TY2A,,.

[er) =Taur ] .

(cf. Example |3.2.12)). Note that the results of Section do not apply here, because
the state space is countable and therefore heat kernel bounds are not available.

3.3.2. Diffusions with generator in divergence form

In the following we write ||Allco = sup;pllAjkllooy and |lglly = [llg(2)]Pdu(z) for
measurable functions z — A(z) € R¥¢ and x — g(z) € R%

Let L be an elliptic operator in divergence form (c.f. Bass (2006, Chapter VII))
and let (X, ),>0 be the associated diffusion process (in the sense of [Bass (2006, Section
[.2)) with or without reflection arising as the solution of some stochastic differential
equation. Assume that the process is stationary and takes its values in some closed
subset U C S := R?. Then the stationary measure p has support in U. In case U C R?
we think of ; as a measure on R? and embed the domain of the infinitesimal generator
dom(L) C L2(U f) canonically into L2(R%, 1) by letting Lf := Lf, whenever f|; =
for f € L2(RY, ), f € L*(U, p). Finally, assume that L satisfies

(=Lf,9)u = /Rd (A(2)Vf(2),Vg(2))ga du(z), f,g € dom(L)NC*RT), (3.3.1)

for a measurable function z — A(z) € R¥? such that A(z) is symmetric, positive
definite for all z € R? and such that ||A[|s, is finite. Observe that the right hand
side of the last line is also well-defined for L?(R%, p)-integrable functions f,g € C1(R%).
An operator L satisfying is self-adjoint on dom(L) N C?(R%). Observe for f €
dom(L) N C%(RY) € dom(L) C dom(|L|*/?) and 0 < 5 < 1 that

LI A1 = 1LY A1 < I = DI < I = L) fIIR

= (f — LE ) < NI+ Aol V12
< max (1, [ Alloos) 1B - (3.3.2)

where

1 ey = 1+ 1Vl
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is the p-weighted Sobolev norm. Combining this with Theorem [3.3.2] yields
[P2(H) =Bt

Crmax (1, [ AIX) 1 £l o T/ An, - f € dom(L) N C2(RY),
ClIf ), T20,, Fel2(n).

L2(P)

<

(3.3.3)

By interpolating between the two cases f € L?(u) and f € dom(L) N C%(R?) we will
study Holder and indicator functions. Compared to the last section this interpolation
will be done explicitly. The unified view using L?-Sobolev spaces follows afterwards.
Before doing this let us discuss some important examples where holds.

Example 3.3.5 (Ornstein-Uhlenbeck process). Assume that (X,),>o satisfies the
stochastic differential equation

dX, = —X,dr + v2dW,

in R? where (W,),>0 is a d-dimensional Brownian motion. If X, d 1, where p has
Lebesgue density dpu(x)/d\ = (2r)~%? exp(—|z[?/2), then X is stationary with station-
ary measure g. The infinitesimal generator L satisfies

Lf(x) = — {2,V (2))pa + Af (x), z€RY, (3.3.4)

with f € dom(L) = H?(p), the p-weighted Sobolev space of twice weakly differen-
tiable functions with all partial derivatives up to order two belonging to L?(y). Using
integration by parts it follows that

(LI = [ (V@) V@ due), foCC®) (335

(cf. [Pavliotis| (2014}, Section 4.4)). Hence, L is a self-adjoint operator of the form (3.3.1)
with Ajp = 1(j = k) for all 1 < j,k < d. This example can be generalized considerably
(see |Chojnowska-Michalik and Goldys| (2002) and Subsection below).

Example 3.3.6 (Scalar diffusion with possibly attracting boundaries). Fix some bound-
aries —oo < 8 < p < co. Assume that (X, ),>0 is a stationary diffusion process on [, p]
solving the one-dimensional stochastic differential equation

dX, = b(X,)dr + o(X,)dW,, (3.3.6)

for a continuous drift b : [5, p] — R, strictly positive continuous volatility o : [3, p] —
(0,00) and a one-dimensional Brownian motion (W, ),>o. Sufficient conditions for the
existence have been provided by Hansen et al. (1998, Section 3.1). In particular, sta-
tionarity is guaranteed if the speed density

1  2b(y)

m (z) = eXP(/ dy>, B <o,z < p,
o? (z) o 02(Y)

is integrable on [3, p|]. Then the stationary measure has the density

dp ()
dX

=Com (z)1(8 <z <p),
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where C is a normalizing constant. The infinitesimal generator L satisfies

with f € dom(L), where

dom(L) = {f € L*([B, p], i) : f and f" are absolutely continuous with
lim f'(x)m (z) o* (x) = lim f'(z)m (z)o? (x) = 0 and
TNA z,/'p

Lf € L3([. gl ) }-

For details see Section 3.3 of Hansen et al. (1998). Embedding the domain into L?(u)
as mentioned before and integrating by parts it follows that

(—Lf,q), / f( (2)du(z), f.g € dom(L) N CA(R), (3.3.7)

which is of the form (3.3.1)) with A = ¢2. For b(z) = —z and o(x) = /2, X is just the
one-dimensional Ornstein-Uhlenbeck process.

Example 3.3.7 (Reflected diffusion). Fix some boundaries —oo < 8 < p < co. Assume
that X is a one-dimensional reflected diffusion on [, p]. By this we mean that X satisfies
the Skorokhod type stochastic differential equation

dX, = b(X,)dr + o(X,)dW, + dK,, (3.3.8)
for a bounded measurable drift b : [3,p] — R, strictly positive continuous volatility

o:[B,p] = (0,00), (W;)r>0 is a Brownian motion and (K ),>¢ is an adapted continuous
process with finite variation starting from 0 and such that for every r > 0

/0 15,0 (Xs)dE, = 0.

The stationary measure and the generator L are as in the last example. Since [3, p| is
compact, the domain simplifies to

dom(L) = {f € L*([B, p], i) - f and f" are absolutely continuous with

F'O) = £'(p) = 0 and Lf € L¥([8,p]. p) |-

Therefore (3.3.1]) holds here, as well. For more details see Chorowski| (2018, Section 1.1).
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Holder functions

Consider an a-Hélder continuous function f : R - R, 0 < a < 1, with finite Holder-

norm
HfHa = sup |f(.%'> — fa((y)‘
r#£yERA |l‘ - Z/|

)

and such that f € L?(u). Let (pc)e>0 be a non-negative smooth kernel, i.e. ¢.(z) =
e lp(e), 0 < p € C(RY), supp(y) C [1,1]%, [pa p(x)dz = 1. Then the convolu-
tion f. = fx¢. lies in C*°(R?) and has bounded derivatives. Hence f. € L?(u)NC?(RY).
It is not clear that f. € dom(L) due to possible boundary conditions as in the examples
above. In order to extend assume the following:

Assumption 3.3.8. dom(L)NC*(R?) is dense in L?(u)NC*(R?) with respect to ||-|| g1 ()

This assumption is relatively weak and is satisfied in all the examples above. In
particular, if there are no boundary conditions for f € dom(L), then L?(u) N C%(R?) =
dom(L) N C?%(R%), as is the case for the Ornstein-Uhlenbeck process. By approximation

(3.3.3) can thus be extended to
[r2(r) = Ta ()

Crnac (1, [ AIL) 1l o T An, - f € L2() 0 CM (R,
ClIf (205, e .

L2(P)

(3.3.9)

Note that f. € L?(u)NCY(R?). Using [ ¢ (z)dr = 1 and [ Vi (x)dr = 0, it follows that

2

15 -7l = [ \ / Fleten) o) dy| dute) < 712>,
IV£I2 = /u /w Vdy — V f. ()] 2dp (x)

i / || / f (z + ) Voo (y) dy|*du ()

< i

From ||f€||H1(u) S ||szu + vasHu <|f- fa”u + Hf“u + vasHu this yields with "
that

P2 = Tar(5)|

L2(P)
< Pr(r =20 =B (7 = 2|, p, + P2 () =T ()

S I NaT A2 4 | flaT 80 4 £, T2 0,

L2(P)

Choosing ¢ = AL? implies the bound HfHaTl/zA%Ha)/2 + 1 £Il,TY2A,. Up to the
second term, which is of smaller order as long as o < 1, these are the rates obtained
in Section This can be improved, if L satisfies a Poincaré type inequality, i.e. if
there exists a constant ¢ < oo such that for all f € dom(L)

1 folln < eIV £l (3.3.10)
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where fo = f — [ fdp. Let fo. = fo* ¢-. Then ||fella = ||foella and it follows that
foellmon S IV Ll S [1fllac® !, With e = Ay/? this implies

[r2(r) =B

= HFT(fo) - fan(fo)‘

1/2 A 5%
o ST 280 (33.11)

L2(P) L2

Poincaré inequalities hold for many stationary measures u, for example for the Ornstein-
Uhlenbeck process and in Example when m(z) is uniformly bounded from above
and below. For other examples see Bakry et al. (2013 Chapter 4) and |Chen (2006).
Observe that for a = 1 the upper bound is || f||1T/?A,,, removing an additional /Iog n
term present in Theorem [3:2.4 In summary, we have shown the following:

Theorem 3.3.9. Let X be a stationary diffusion with values in R® and stationary mea-

sure i, whose generator L satisfies and Assumption . There exists a constant
C < oo such that for all a-Holder continuous functions f, 0 < a <1,

|er(r) = Tuz()

< C( I 1aT200% 1 1 £, T2A, ).
L2p) ~ .

If L satisfies a Poincaré type inequality as in (3.3.10) for some ¢ < oo, then the upper
4o
bound is C||flaT?An% .

Indicator functions

Let d = 1 and consider f = 1x ), K € R, such that f € L3(p). Let (pe)eso be a
non-negative smooth kernel as in the previous example. Then f. = f * . is bounded by
1 and lies in L?(u) N C?(R). f — f- has support in [K — ¢, K + €] such that

) K+e
If = £2 < / .

K

122 = [ 122 [ @y - 12| duo
1

9

K+e 2

dp ()

/ (F(2) — fa+en) ¢ ) dy

=3
€ K—¢
1 K+e
<
She du.
K—¢

As before, ||fellp < I|f = fellp + || fllu- If p is absolutely continuous with respect to the
Lebesgue measure A with bounded density dyu/d\, then =1 f Il((j; dp is bounded and in

that case it follows from (3.3.3]), uniformly in K, that

HPT(f) _ fn,T(f)’ < TY2(Ane) 2 £ V2N e~ V2 4 T2A,,. (3.3.12)

L2(®)

The last term is of lower order compared to the first two. Hence, choosing ¢ = A}/ 2
yields the rate Tl/QAi/4 obtained by Ngo and Ogawa (2011) and Kohatsu-Higa et al.
(2014) for one-dimensional diffusions. However, now the rate is uniform in K with
explicit dependence on T'. These arguments can easily be extended to general dimension
d implying the following theorem.
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Theorem 3.3.10. Let X be a stationary diffusion with values in R% and stationary
measure w, whose generator L satisfies and Assumption . Assume that i has
bounded Lebesgue density. If f is an indicator function in R? of [K1, L) x - --x [Kq, Lg),
—00 < Kj<Lj<o0,1<j<d, then

HFT(f) —fmT(f)‘ < T1/2Af’l/47

~

L2(P)
uniformly in K, L;.

The same rate clearly holds up to constants for finite linear combinations of such
indicators.

Sobolev functions

The closure of L?(u) N C1(RY) with respect to [l 1) vields the space H'(p), a p-
weighted Sobolev space. This is not a Banach space in general (Kufner| (1985])). This
issue can be avoided if p has a bounded Lebesgue density du/d\. Then L?*(R?) C
L?(R%, ;1) and

dp
ey < 55 sl 1, f € L*(RY) nC'(RY).

Taking the closure of L?(u) N C?(R?) with respect to ||-|| 1 yields H'(R?). This implies,
instead of (3.3.9)), that

P2 =T ()|

{C ma (1, [ AJS2) [ 1820 Fl T2, f € H(RE),
ClR L2 INT A2, f e L2 (RY).

L2(P)

<

(3.3.13)

From this we can obtain a special case of Theorem [3.2.6] by an interpolation argument
as in the proof of that theorem.

Assume now that H'(u) is actually a Banach space. This is true, for instance, in the
Examples and when m(z) is uniformly bounded from above and below. In
that case interpolation (in the sense of Adams and Fournier| (2003, Chapter 7)) between
H'(u) and L?(p) is possible and yields a similar bound as in Theorem but with
||| s replaced by an appropriate interpolation norm. The results in Theorems and
3.3.10] are explicit cases of this. Up to boundary conditions this implies that a-Hdolder
functions lie in dom((—L)*/?), 0 < a < 1, and indicator functions f = 1k z) lie in
dom((—L)/%), —00 < K < L < 0.

Depending on the boundary conditions for f € dom(L) and assuming that p has
bounded Lebesgue density, it can be shown in many examples that H'(R?) embeds
continuously into dom((I — L)¥/?) ¢ dom((—L)'/?). This holds, for instance, for the
Ornstein-Uhlenbeck process and for the reflected diffusions in Example Since
L*(RY) C dom((—L)%) = L?(R%, 1), interpolation implies that H*(R?) embeds contin-
uously into dom((I — L)*/?) C dom((—L)*?). In particular, the indicator functions
f =1 ) liein dom((—L)"/*=¢) for any small £ > 0.

Remark 3.3.11. Arguing like in the proof of Corollary [3.3.3] the strict stationarity as-
sumption can be relaxed here and in Theorems |3.3.9| and |3.3.10]
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3.3.3. Infinite dimensional diffusions

Since the general state space S of X is only assumed to be Polish, it is also possible
to study infinite dimensional diffusions. The results of Section do not apply then,
because, in general, heat kernel bounds are not available in this setting. Example [3:3.5]
can be generalized considerably. If X satisfies the stochastic differential equation

dX, = AX,dr + Q'?dW,,

where A and @) are operators on a separable Hilbert space H, with @ being bounded
self-adjoint, then X is a Gaussian Markov process and the generator L satisfies a similar
formula as in with V and A replaced by the corresponding Fréchet derivatives
D and D?. Under certain conditions on A and @ the generator is reversible and X
has a stationary measure p. The domain is again a u-weighted Sobolev space and the
associated Dirichlet form is

(—=Lf,9), = ;/H <Q1/2Df (z),QY2Dg (:r)>H du ().

The results of Section [3:3.2) therefore remain formally the same. For details see
Chojnowska-Michalik and Goldys| (2002). For a different kind of example consider an
infinite dimensional system of the form

dx® = <pv’ <X,(,”1) - Xﬁ”) gV (X,@ - Xﬁifl)» dr +dW .,

where (r,i) € [0,00) X Z, p,q > 0 with p = (1 +/¢)/2, ¢ = (1 —+/2)/2, ¢ > 0,
where {(Wr(i))rzo : 4 € Z} is an independent family of Brownian motions and where
V' is some potential function (Diehl et al.| (2017)). X = (Xr(i))rzo,iez is stationary and
the infinitesimal generator L&) = Lg + VeL4 can be studied via its symmetric and
antisymmetric parts Lg and L4. The Dirichlet form for the symmetric part is given in
Lemma 2.1 of Diehl et al.| (2017)). If £ = 0, then the generator is symmetric and a similar

analysis as in Section can be applied.

3.4. Lower bounds

We will now address the important question if the upper bounds for [|[I'p(f) —
fn,T( DIz derived in the last two sections are optimal. Optimality here means
that the upper bounds cannot be improved uniformly for all f belonging to a given
class of functions. For this it is sufficient to find a candidate f where the error
ITr(f) — fnT( F)ll2(p) matches the upper bound up to an absolute constant. The only
explicit lower bound in the literature has been established by Ngo and Ogawa, (2011]) for
Brownian motion in d = 1 and indicator functions f = 1,3, matching the upper bound
AR

Apart from optimality with respect to the Riemann-sum estimator, it is interesting
from a statistical point of view to ask for optimality across all possible estimators. Note

~

that |I'7 (f) — Tnr (f)l[22(p) is bounded from below by

iIg}fHFT (f) = 9llzze) = ITr(f) — E[T7 () Gulll 2 (e (3.4.1)
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where G, = 0(Xy, : 0 <k < n) and where the infimum is taken over all G,,-measurable
random variables. If f is the identity, then it is well-known that E[T'7(f)|Gn] = @mT(f),
where @n,T(f) is the trapezoid rule estimator from Section (see e.g. (Diaconis,
1988). If f € H'(R?), then this still holds approximately. The methods from Section
allow for identifying the limit of the right hand side in as n — 00, yielding an
explicit lower bound valid for all f € H'(RY). For the L?-Sobolev spaces H*(R?) with
0 < s < 1 such a universal result is not possible. Instead, we derive a lower bound for

an explicit candidate matching the upper bound established in Example |3.2.10],

Theorem 3.4.1. Let T > 1 and let Xy = Xo+ Wy, where (Wy)o<i<r 15 a d-dimensional
Brownian motion and where X satisfies|(X0),.

(i) We have for any f € H'(RY) the asymptotic lower bound
. . —1 fa
timinf (A" 07 (f) = Tur ()l z2¢e))

> lim inf (A;l inf||Tr (f) — gHLg(p))
n—00 g

1 T 1/2
=E|— X2
ETANCSIRA N
where the infimum is taken over all G,-measurable random variables.

(i) Let fo € L2(R?), 0 < a < 1, be the L*(RY) function with Fourier transform
Ffo(u) = (1+ |lul)~* %2, u € RE Then fo € H*(R?) for all 0 < s < a, but
fa & H*(RY). Moreover, f, satisfies for all 0 < s < a the asymptotic lower bound

_lts ~
lim inf <An > | Tr (fa) = Tnr (fa)\L2(JP>)>

n—oo

n—oo

_l4s
> lim inf <An > inf||Tr (fa) —gllwm)) > 0.
g

For d = 1 the lower bounds also hold for X; = W; (cf. Remark. Interestingly, the
asymptotic lower bound in (7) corresponds exactly to the asymptotic variance obtained
for the CLTs in Section This proves the asymptotic efficiency of fnT( f) and (:)nT( f)
for f € H'(R%). Note that Brownian motion is a major example for the upper bounds
derived in the last section.

The key step in the proof is to calculate the conditional expectation E[l'7(f)|Gx],
which reduces to Brownian bridges interpolating between the observations. The same
calculations hold when X is a Lévy process with finite first moments (cf. |Jacod and
Protter| (1988, Theorem 2.6)) and similarly when X belongs to a certain class of Markov
processes (cf. (Chaumont and Uribe Bravo| (2011))).

3.5. Proofs

3.5.1. Proofs of Section 1

In the following, T is fixed and A,, — 0 as n — oo. Consider first the following
preliminary observations.
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Preliminaries

By the localization procedure in Section and Assumption (SM-a)| it is sufficient to

prove Theorems and under Assumption (H-a-3)| from the last chapter.
In this case it is enough to prove Theorems and-for f with compact support.

Indeed, if [ € FLlOC(Rd) or f € loc(Rd) is replaced by f = fe¢ for a smooth cutoff
function ¢ with compact support in a ball B, = {z € R? : |jz]| < K + €} of radius
K+4¢e,¢>0,and ¢ =1 on By, then f = f on Bg and f € FL5(RY) or f € H*(R%).
Moreover, in order to replace b and o by piecewise constant approximations let |t]a, =
|t/An]Ap, t > 0, and define the process X(A,) = (X¢(An))o<i<r, where Xi(A,) =

Kita, +brejs, (= 1an) + 0105, (We = Wiy ).
The main estimates distinguishing the proofs of Theorems[3.1.3]and are collected
in the following two lemmas. Recall that FL!(R?) c C'(RY).

Lemma 3.5.1. Assume for 0<ap <1 Let fe CYRY) have compact
support. Then it follows for k=1,...,n and tp_1 < r < tg, uniformly in r and k:

(i) E[IVF (X)) = O(IV f1%.).

(i1) E(V (Xt 1), Xr — Xo(An)?] = o(An| Vf]12),
(iii) B[(f(Xr) = f(Xe,y) = (VAKX 1), X = Xy 1))P)= 0(An][VFI1Z)
(iv) E[|VF(X:) = V(Xp_)IP] = o(IVFIIZ),

(0) Elsup, | S5 [ (4 — 1 — A/2B[V F(X0), b FyJdr]] = o(An ][V Foc).

Proof. We only prove (v). The other statements follow from the boundedness of V f
and Proposition (v) follows immediately for bounded and continuous b, because

(Vf(X,),by) can be approximated uniformly at the left end (Vf(Xy,_,), b, _,). For
bounded b let g. be continuous and adapted processes such that supg<;<r||ge || < o0

uniformly in € and E[fOTth — genlldh] — 0 as ¢ — 0. Then (v) holds for g. and by

approximation also for b. O
Lemma 3.5.2. Assumefor 0<a,f<1and . Let f € H'(RY). Then it
follows for k=1,....,n and tp_1 < r <tg, uniformly in r and k:

(i) E[IVA(X)% = Ol £17),
(ii) E(Vf(Xn), Xr — Xr(An))?] = o(Anll 1),
(iii) E[(f(Xr) — f(Xh) = (VF(Xh), Xr — X3))?] = 0o(Ay),
(iv) E[|Vf(Xp) = V(X _)IIP] = o(1),
(v) Bl Shcy [it (b =7 = Da/2)E[VF(X0), )| FyyJdrl] = o( A fll 1)

Proof. The marginals X, have uniformly bounded Lebesgue densities p, by |(X0)l Hence
(i) follows from

E[IV/ (X 2 [ Ond @20 @) S U7 (35.0)
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With respect to (i) consider first f € S(R?). By inverse Fourier transform and
F(V)(u) = iuFf(u), v € R it follows that (Vf(Xy,_,), X» — Xr(An))? is equal
to

2

(2r)~2 < / Ffw)i(u, X, — X (An)) e_i<“’th—1_X°>ei<“’X0>du)

=0 [ FIFL 0) (0.~ X, (B)

(0, Xy = X (D)) e Kt TR il X0l g (4, ).

As Xo and (Xt — Xo)o<t<r are independent, E[(Vf(Xy, ), X — X,-(A,))?] is up to a
constant bounded by

( [ 1FF@HET @l i o+ o)l v)) E X, — X, (A1

which is of order o(Ay| f[|3;1) by Lemma and Proposition This yields (i7)
for f € S(RY). For f € H'(R?) consider a sequence (fm)m>1 C S(R?) converging to f
with respect to ||-||z1. Then || X, — X, (A)]| < I Xp || + 1Xr (Anll S 1+ [|[W, — We,_, |-
Independence yields

[V f(Xeos), X = X (D) p2@y = KV (Xt ), Xo = X (Bn)) | 22(r)|
2
SEV(f = fm) (X ) IPTPEIL + Wy = W )12 S NS = Finllen = 0,
as m — oo. Hence (ii) also holds for f € H'(R?). With respect to (i) consider again

first f € S(RY). Arguing by inverse Fourier transform, the left hand side is because of
Taylor’s theorem bounded by

1
/O E[(Vf (Xt + (X0 = Xi,,)) = VF (X)) Xp = X )| dt

S/\ff (W FF @) ulll[olE [gn (w) gn ()] |Fp (u+ )| d (u, )

E[1X - Xip 4",

where g, (u) = sup, j.,_p|<a,, fol |1—e~®wXr=Xn) 124t and where we applied the Cauchy-

Schwarz inequality twice. Lemma together with E[|| X, — X, [|*]"/? = O(A,)
shows that the left hand side in (444) is for f € S(R?) up to a constant bounded by

A, / FF ()P [ull?E [62 (u)]

A similar approximation argument as for (ii) yields the same bound for f € H'(RY).
gn(u) is bounded in n and w and converges P-almost surely to 0 as n — oo for any
u € R?. By dominated convergence the last display is thus of order o(A,). This yields
(7i7). (iv) is proved similarly. For (v) and bounded and continuous b the claim follows
from

1/2 du.

(Vf(Xr), b?") - <Vf(th71)7 btk71>
= <Vf(X7")a by — btk71> + <vf(XT) - Vf(thil), btk71>7
part (iv) and (3.5.1). For bounded b argue as in part (v) of the last lemma. O
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Lemma 3.5.3. Let £ € L'(R%) N L2(R?) and let u be a probability density on RY.
(i) If Fu € LY(R?), then

/|§ Fp(u+ o)l d (u,0) S | Fpllpll€lf7e-

(it) If Fpu is non-negative and p is bounded, then the upper bound is instead || p]|o|[€]|7 2

Proof. By a density argument we can assume that &, 4 € S(R?) and that Fu is non-
negative in (#). Let g,h € L?(R%) with Fg(u) = |¢(u)|, Fh(u) = |Fu(u)| such that the
d(u,v) integral is equal to

/fg(u)fg(v)fh(u+v)d(u,v) :/fg(u—v)}'g(v)}"h(u)d(u,v)
:/(]:g*]:g) (u)]:h(u)du:/]—"g2 (u)]:h(u)du:C'/g2 (u) h (—u) du,
(3.5.2)

where we used the Plancherel Theorem in the last line. If Fu € L'(R%), then the last
line is bounded by

Cliglzalhlloo < ll€NZ2 sup ’/}"h 0 d| S || Fpal prll€]17.

If, on the other hand, Fu is non-negative, then h(u) = FFh(—u) = p (—u) and therefore

(3.5.2) is bounded by
CliglZallPllse < lellsollE]7 -

This shows (i) and (éi). O

Proof of Theorem B.1.3

It is enough to show the CLT in - for feFL; (R ), which immediately yields the
claim in terms of I';(f) — @n,t(f) Recall the decomposition T't(f) =Ty +(f) = My (f) +
D, 4(f) with M, (f) and Dy, +(f) as in (3.1.2)) and (3.1.3]). By the localization argument

in the preliminaries above the proof follows from the following two propositions.

Proposition 3.5.4. Assume for 0<aB<1. Let f € C'RY) have compact
support. Then we have the stable convergence

t
A0 (135 1950 )+ — [ (VX))

as processes on D([0, T], RY), where W is a d-dimensional Brownian motion defined on
an independent extension of (2, F, (Fi)o<i<T, P).

Proposition 3.5.5. Assume|(H-a-0) for0 <o, <1. Lets>2—-2a,s>1, s+ > 1.
Then we have for f € FL*(R?) with compact support that

ucp 1 1

AT DL (N B 5 (£ () = (o) = 5 [ (VS (X)W (353)
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We note in the proofs precisely where Lemma is used, which allows for deducing
Theorem [3.1.5] with small modifications.

Proof of Proposition[3.5.4 We write M, +(f) = WA”J Zj, and M, ,(f) = Lt/AnJ 7
for random variables
12
Zo=[" (5 00) - BLAXIF, ) dr 550
tk—1
- te
Zk = / <vf(th—1)vXT (A,) —E [Xr (An)| ftk_l] > dr. (3.5.5)
lk—1

7y, “linearizes” Zj, with respect to f. The proof is based on the following statements for
0<t<T:

AT sup Mg () = Mos ()] 50, (3.5.6)
0<t<T
lt/An) el [t
A X B[ 2 7] By [lervscerpar @s)
N -
AL Z E[Zgl{‘zk’>€} Fi_,| =0, foralle>0, (3.5.8)
k=1 :
[t/An] . )
Agl Z E[Zk (Wtk_WtkA) Fi s /vf Urdr (3.5.9)
k=1 N
lt/An) -
A:Ll Z E [Zk (Ntk _Ntk—l) Fijr | =0, (3.5.10)
k=1 N

where (3.5.10]) holds for all bounded (R-valued) martingales N which are orthogonal to
all components of W. 1) yields My, +(f) = My4(f) + ouep(Ay). The claim follows
thus from the remaining statements (3.5.7)) through (3.5.10) and Theorem |A.1.2,

We prove now the five statements above. M, (f) — My (f) is a discrete martingale
such that by the Burkholder-Davis-Gundy inequality

E[ sup (Mn,t(f)—Mn,t (f))Q] S;E [(Zk_2k>2]-

0<t<T

Decompose any such Z; — Zk into

tk
/ (Agy —E [Ap,| Fiy_]) dr (3.5.11)

te—1

tg

+/ (VI (Xt 1) Xr — Xo(Ay) —E [ X, — X0 (AR)| Frp_,]) dr, (3.5.12)
tk—1

where Ay, = f(X,) — f(th 1) (Vf(Xe,_,), Xy — X4, _,). The second moment of

3.5.12)) is bounded by 2A,, f E[(Vf(Xt,_,), Xr— X (Ap))?]dr = o(A3) using Lemma
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3.5.14i). The same order follows for the second moment of (3.5.11) from Lemma
3.5.1[(744). This yields (3.5.6). In order to prove the remaining statements observe first
by the (stochastic) Fubini theorem that Zj is equal to

(V). [ (= )b~ BB )

te—1

VI on [ (6= ).

th—1

The first term is of smaller order than the second one. By It6 isometry, because o is
cadlag and from Lemma [3.5.1](i),(iv) it therefore follows that the left hand side in

is equal to

A [t/An]
B S o VI ()P 4 o) = 3 [ 10TV (Xl o0 1),
k=1

With respect to (3.5.8) note that |Z;| > e implies ||f (tp — r)dW,|| > €' for some

¢’ > 0 and sufficiently large n because of the Cauchy—Schwarz inequality. Consequently,
it follows from Lemma |3.5.1{(7) and independence that

tg

B 281, p0y) SENVSCE P (a8 +E[1 [ - nam 1)),

tp—1

which is of order O(A%), thus implying (3 . The left hand side of (3.5.9), on the
other hand, is equal to R,, + % WA"J Vf( ) Toy,_, with E[||R,||] = o(1) by Ito’s
isometry (applied coordinatewise). - follows then from o being cadlag and (w)
The same argument shows that the left hand side in is of order op(1). O

Proof of Proposition[3.5.5 Lemma [3.5.6(¢) below shows

LA
D, =r Z E[f(Xs,) = f(Xto )| Fros] + ouep(Ar). (3.5.13)

In order to find the limit of this sum, write it as

A #/40 A Lt/80]
5 2 E [Axl Pl ] + 57 ; E [Bil Fi,_,] (3.5.14)

where Ay = f(Xy,) — f(X4,_,) — B and By, = (Vf(Xy,_,), Xt, — X¢,_,). Note that by
the Burkholder-Davis-Gundy inequality

[t/An]

Z (E [Ak?"Ftkfl] - Ak)

2 n
] <STE[42],
k=1

k=1

E [ sup
0<t<T
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which is of order o(A,) by Lemma [3.5.1((i7i). Therefore, (3.5.14]) is up to an error of

order oyep(Ay) equal to

A Lt/AnJ A [t/An]
- f(Xey,) — (thfl))_'_T > (B[Bil Fy ] - Br),
k=1

The first sum is just %(f(XWAnJ) — f(Xo)) = %(f(Xt) — f(X0)) + oucp(Ay), while
the second one is equal to

Lt/A
2n Z t <Vf X, 1), (E[br| Fop y] —br))dr
k—1
A \.t/AnJ tr
ST X[ ) s,
tre—1

This is equal to —% fOWA"J (Vf(X,),00dWy) 4 0yep(Ay,) and the claim follows. In the
second line use Lemma M(zv) and for the first line note that it is a discrete martingale
of order oyep(Ay,) by the Burkholder-Davis-Gundy inequality and Lemma [3.5.1(). O

We now state and prove the lemmas used above.

Lemma 3.5.6. Assume|(H-a-5) for 0 < a,f < 1. Let s >2—2a, s>1, s+ > 1.
Then we have for f € FL*(RY) with compact support that

A Lt/ AnJ

Ty th (thﬂ)‘}—tkﬂ] = OUCP(An)'

Proof. Consider first f € S (]Rd). By applying It6’s formula and the Fubini theorem the
left hand side in the statement is equal to Dy, ¢(1, f) + Dn+(2, f), where D, (1, f) and
Dy, + (2, f) are defined by

[t/An] 4, A,
> [ (tk—r—2>E[<Vf( )by ft“}dr,
k=1 “tk-1
[t/An] 4,
Z / <tk—r— > E[ Z Olm ( 0,0 )(Z’m)‘}}kl}dr.
k=1 Ytk—1 lm=1
We will show that
E sup |Dn,t(17f)+Dn,t(2’f)’]
0<t<T
o(An|l fllFLs) + Ay / \Ff (@) (1 +[[ull)® gn (u) du, (3.5.15)

with g, as in Lemma below. Choose now any sequence (fn,,) C S(R?) converging
to f € FL*(R?) with respect to |-||pzs. This means, in particular, that f,, converges



83 Chapter 3. Estimating occupation time functionals

to f uniformly. Therefore also holds for f. The properties of g, and dominated
convergence therefore imply the claim.

In order to show (3.5.15) note first that E[supgc;<7 |Dn(1, f)|] = o(An|| fllpLs) fol-
lows already from Lemma 375_1|<v) With respect tioiDm(Z, f) write ¥y = oy0,' and fix
I,m=1,...,d. For f € S(R?) it is always justified to exchange integrals in the following
calculations. We can write 92, f(X,) = —(27)~? [ F f(u)ujume X" du such that

Dy (2, f) = —(27r)_d/]:f () wumQn i (u) du

where

Qni(u /tk (tk -7 — A2> E [67i<“’XT>Er(l’m)‘ ./T"tk_l} dr.

Consequently, because of

sup
0<t<T

L/p]?f 1”1Mn62nt( )(1U

] S/\ff (u)\HUHQE[DE?ET!Qn,t (U)\]du,

the remaining part of (3.5.15)) follows from Lemma m O

The following lemma is stronger than necessary here. This will become useful for
Theorem [3.1.9]

Lemma 3.5.7. Assume|(H-a-3) for 0 < o, < 1. Let s >2—2a, s > 1, s+ > 1.
Then we have uniformly in u € R that

| sup Qus (w)L2@) < CAR (1+ [ul)* 2 gn (u),
0<t<T

where SUp,>1 SUPycpd |gn (1) < 00 and gn(u) — 0 for all u € R? as n — oo.

Proof. The proof is divided into five steps.

Step 1. Let 0 < e <1 and define t. = max([t/e|e — 2¢,0) for 0 < ¢t < T. t. projects
t to the grid {0,¢,2¢,...,[T/e]|e} such that ¢t — t. < 3¢ and ¢ — t. > min(2e,¢). Later,
we will choose ¢ dependlng on n and u, i.e. € = £(u,n). Define the process Xt( ) =
X, +by, (t—t) +0y, (W; —Wy,). Assumption|(H-a-5)|implies E[(5tm) — 5{0™))2) < g2
and Proposition yields E[|| X; — X;(e)]|?] < (£2P+D) 4 g2(@+1/2)) Define

I_t/AnJ t A ‘ _
Qnt(e,u) = Z / (tk —r— 2”) E [eﬂ<"’xr(€)>2&m)‘ ’Ftk—l:| dr.
th—1

k=1

The Lipschitz-continuity of x — e therefore yields

I sup (Qnt(u) = Qnt (e, u))llL2(p)

0<t<T

T A o ) 1/2
<A, </ E |:’€—z(u7X7-)E£l,m) _ efz<u,Xr(s)>E(l,m)‘ :| d?‘)
0

Te

S A (L4 [[ull)*2 gna(u),
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with g1 () = (1-+ [l 2(% + [ul]e + Julle/>+2). We study now Qu(e, u).
Step 2. With respect to the new grid {0,¢,2¢,...,[T/ele} and 0 <t < T let

Ij(t):{kzlv”'vtt/AnJ:(j_1)5<tk§j€}a 1<j<[T/e],

be the set of blocks k < |t/A,,| with right endpoints 5 < t inside the interval (j—1)e, je].

Then Q. (2,u) = ij/ld Rj(u) + Z[T/E] E[Aj(u)| Fj—1)e) for Rjp(u) = Aj(u) —
E[A;j+(u)|F(j-1)c] and where

tr A ) ~
Ajlw) = 3 /t (tk—r‘> Grdr, §ri=E [e @) slm 7, ],
k—1

kJEI]‘ (t)

such that Aj,;(u) is Fj--measurable for fixed wu. We want to show that
Supg<t<7 | Z]Z/lﬂ Rj+(u)| is negligible. Note first that [;(t) = 0 for ¢ < (j — 1)e and
I;(t) = I;(T) for t > je. Therefore, A;;(u) =0 for t < (j —1)e and A;(u) = Ajr(u)
for t > je. Denote by j* the unique j € {1,...,[T/e]} with (j — 1)e <t < je. Then
Z]E/f] Rjt(u) = Bjs—1(u) + Rj» ¢(u), where By, (u) = 377" | Rjr (u) defines a complex-
valued martingale (B (u))m—o,.. [r/e] With respect to the filtration (Fime)m—o,... [1/e]-
The Burkholder-Davis-Gundy inequality then yields

[T/e] 2
[sup S Ry () ] [ swp B @2+ sup |Rjey (w)?
o<t<T | i me{0,...,[T/e]} 0<t<T
[T/e]

SE| D |42 w)?| +E

sup |Aje ; (u)|’
0<t<T

If e < A, then each I;(t) contains at most one block k and for ¢, < r <t < je
we have necessarily t;_; < (j — 1)e = r.. Hence, || S |Ele _i<“’”T6(WT_WTE)>|]: ]| <

e Huf“f ¢ by Assumption |(H-a-3)| and thus |A4;.(u)] < AZe 7H21”< . Moreover, there are

clearly at most A, ! many non-empty 1; ( ). Consequently in this case the last display
llu H

Assume in the following that e 2 A,. Then I;(t) contains at most CeA, ! many
blocks k and therefore

E < A2e? (3.5.16)

~ n

sup [ A ¢ (u)[?
0<t<T

Moreover,
[T/e] 2
E[ > Air (U)!ﬂ
j=1
ey 2% s
th—1

J1,02=1 ky kL €l (T) k2, khel; trf -1

thy kh—1
/ / §T1k1€r1k’ ’ §T2k2£r k’}
thg—1 /1

k

(’1”1,7‘1,7‘2, 7"2) .
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Fix j and k1, k], ko, k5, 71,77, ... ,72,75. Let r and h be the largest and second largest
indices in the set {r;, 7y : 1 <1 < 2} with corresponding blocks k, k such that ¢5_; <
r <y, t;_; < h < t;. Without loss of generality assume h <. If t_1 < 7o <tg, then

[
K .

Eflérkll S €™

B [k &y rabaogis|

If, on the other hand, h < r. < tp_1 <r < tg, then

llul®

E[E[&x] Fr]] S e 2r e

‘E {Eﬁklgr 1K, §r2k2§r2k/]

In the two cases ro <tp_1 < h<r<tpandr. <h<tp_1 <r <t conditioning on Fp
instead gives

<E HE [efuu,%(wﬁwh» ’ fh} H < o L )

B [61b0 s Eraargiy

As ¢ > A,, it follows that Zkefj(T) ftt:,l ldr < e. In all, we conclude that
E[(Z;Z/ﬁ |A; 7(u)[?)P/?)2 is up to a constant bounded by

O SR A
e~ ox TPl drdpn
i tre—1

A} 826_“;1”(26-1-5 Z Z /

By symmetry in r, h we find for u # 0 that

[T/e]

> 2 / /t ~L5E It g

J=1 g kel;(

[T/e]
DY / Lanful (1- e )

J=1 ker(T

Sl (1- e-"%<€+An>) ,

U 2 . u 2 ~
because 1 — e~ 2~ (==h) <l—-e" 3= (+A0) for ti_y <h<jeandk € I;(T). Combining

the estimates for ¢ < A,, and € > A,, in all we have shown in this step that

H sup Qn,t (e u)ll 2y S An (L4 [[ul])*™ gn2 (u)

[T/e]
+H SU_p Z E |F] I)E]HLQ

0<t<
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with
w 2
gna(u) = (1+ [[ul )25 (AL2e— 55

flu)? 1/4
+€1/2_1/4||UH_1/2 <1 e (e—i-An)) +€)'

Step 3. We need to use two martingale decompositions. Write

T/e]
> E[Aj ()] Fi)e]
j=1
[T/e] (T/e] T/e]

ZR(l) ZRN ZE |‘7:] 3)5]7

where RJY(u) = BlA;o(w) Fiyne] — E[A;()|Fgoope). R = E[A;()|Fyo] -
E[A;j+(u )]]—"] 3)c). The arguments in step 2 can be applied to Zg/ﬁ Rﬁ-,lt)(u) and

Z[T/ ¢l R ( ) instead of Z;Z/lﬂ Rj; (u). Moreover, for r < 3¢ observe that r. = 0.
Hence E[ (W) F(j—s)e] is for j € {1,2,3} up to a constant bounded by

b A llog ull? €
Z / <tk -7 — n> e~z Tdr < An/ e” 2K Tdr < A,e.
2 ~Y
th_1 0

kel,(t)

We conclude that

[T/e]
su E .7-"
IIOSth; [Aj.e (W) Fi—ne] 2
, [T/e]
S A (L4 [lull)* " gn2 (w) + || b Z E [Ajt (w)] Fij—s)e] l2 (-

Step 4. For tj_; < r <t and k € I;(t), j > 4, note that r. = (j — 3)e. Hence
El&r k| F(j—3)e] = YiVik, where

, ol g ull?
Vg = e—l(uybufa)s(r—tk—l))—%(T—tk—l),

lods— 2

(tk_l—(j—s)e)gﬂvm)

Y, = o~ HwX(j-3)etb(j—3)c (th—1—(1=3)e))— : )
k=¢€ (j—3)e

2
[l ll

Since also tx_1 — (j — 3)e > ¢, it follows that |Yx| < e” 25 °. Moreover, ftt’“ (tp —r —
)YkVtk,kdr = 0. We therefore conclude that Z{T/E] E[A;(u)|F(j—3)c] is bounded by

[T/e] 2

An [ Z Yl Vi — Vil dr | < A2 (14 [Jul))? e 5k
j=4 kel;(t)” -1

E
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[
Consequently, it follows with g, 3(u) = Ay (1 + |luf)*~%e™ 25 ¢ that

[T/e]

Isup > E [ Ay (W) Fiyospe] ey S An (L4 [[ul) ™ gnys (u).
0<t<T

Step 5. The four previous steps combined show that [|supg<;<q @n.t(w)| z2(p) is up to a
constant bounded by A, (1 + |lu)*2gn(u) with g, (v) = gn1(u) + gn2(u) + gns(u). Set
e = ¢ (u,n) := min (vp|lul| 72, 1) for v, = 2K log(1 + Hu||3A711/2). Hence 0 < ¢ <1 and
e — 0 for fixed u. Choose C' > 1 large enough to ensure that e(u,n) < 1 for ||u|| > C

and n = 1 (and thus for all n). For |ju|| < C this means ¢ < v,|lul|72 < A,ll/Q and
SUPy|ju<c 9n(u) = o(1). For |[ul| > C, on the other hand, it follows that

9n,1 (u) < HUHQ*S (Hu||*172f3y%+’6 + Hu”f2aljrll/2+a> 7
—1
g2 () S [l (A}/Q (1+ P aL?)

2
Il

[lu
e R e

-1
gns () S Jull A (14 JulPay?) .

The assumptions that 2 — s — 2a < 0, s > 1, s + 8 > 1 and the fact that v, grows
in u only logarithmically imply that supy,>c gn(u) is bounded in n. Consequently,
SUp,,>1 SUP,cprd gn(u) is bounded. Moreover, for fixed w with ||u|| > C it follows that
gn(u) = 0 as n — oco. This proves the claim. O

Proof of Theorem [3.1.5

Similar to Theorem [3.1.3]and given the preliminaries it is sufficient to prove the following
two propositions for f € H*(R%).

Proposition 3.5.8. Assume [(H-a-5) for 0 < o, 8 < 1 and |(X0) Then we have for
f € HY(R?) the stable convergence

st]- t

AL My (£) 5 (v (Xr),ardwr>+\/11>2/0 <Vf (XT),ard’vVT> (3.5.17)

as processes on D([0, T],RY), where W is a d-dimensional Brownian motion defined on
an independent extension of (2, F, (Fi)o<i<T, P).

Proposition 3.5.9. Assume|(H-a-() for 0 < «, 5 <1 and|(X0) Lets>2—-2a, s > 1,
s+ B> 1. Then we have for f € H*(RY) that

1

T
(f (Xr) — F(X0)) — & /0 (VF (X)) 0ndVy). (3.5.18)

DN |

Note that the convergence in the second proposition is not functional as compared to
Proposition [3.5.5, Since the weak limit in (3.5.17)) is a continuous process, convergence
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with respect to the Skorokhod topology and thus the stable convergence also hold at
t = T (Billingsley (2013))). This yields the CLT in (3.1.1)) for f € H*(R?) and at the
fixed time 7.

Proof of Proposition[3.5.8. The proof of Proposition [3.5.4] can be repeated in exactly the
same way after replacing all references to Lemma by the corresponding statements
in Lemma . We only have to argue differently for , because V f(X,) may not
be bounded.

As [" (t, — r)dW, is independent of F;,_ ., it follows from the Cauchy-

tp—1

Schwarz inequality that E[Z£1{|Zk\>a}‘]:tk—1] is up to a constant bounded by
2 4 3y72 /

||vf(X(k—1)An)H E[(An + AnYk )1{||Vf(X(k71)An)||A§z/2(1+‘yk|)>€/}’]:tkil] for ¢’ > 0 and

with Y ~ N(0,1) independent of F;, . Since the marginals have uniformly bounded

Lebesgue densities (uniform in time), it follows that the first moment of the left hand
side in (3.5.8]) is up to a constant bounded by

2 2
/”Vf (@)[°E [(An +Y7) 1{va(x)||Ai/2(1+|Yl|)>s'} dr.

This converges to 0 by dominated convergence, implying (i3.5.8]). O

Proof of Proposition[3.5.9. The proof follows the one of Proposition [3.5.5] We only have
to replace all references to by the corresponding statements in Lemma and
use Lemma [3.5.10] instead of Lemma [3.5.6] while also replacing all 0y, expressions by
the respective op terms. ]

Lemma 3.5.10. Assume|(H-a-3) for 0 < o, <1 and|(X0) Lets>2—2a, s> 1,

s+ B> 1. Then we have for f € H*(R?) with compact support, s > 1 and s > 2 — 2a,
that

A, <
D (F) = 52 STBIA(XG) — F(X)IF ] = on(An).
k=1
Proof. Using the notation from Lemma we only have to show for f € S(R?) that
E [|Dn,T(1a f) + Dn,T(27 f)”
1/2
S o(Anllfllas) + An (/ |Ff()[* (1 + [|ul)** g5 (u) dU) , (3.5.19)
with g, as in Lemma m This can be extended to f € H*(R%) by an approximation
argument as in Lemma [3.5.6]
E[|Dnr(1, /)l = o(An|fllas) follows from Lemma [3.5.2(v). With respect to
D, 1(2, f) we write
Dnr(2,f) =—2n)7¢ / Ff () upme” X0 Q, 7 (u) du

with

Qn’T (u) = Z /ttk (tk —r— An) E {e_i<”’XT_X°>Eq(f’m)‘ ‘Ftk—l:| dr.
k—1
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This corresponds to @y, 7(u) in Lemma with X, — X instead of X,.. Consequently,
the independence from |(X0)|shows that E[|D,, (2, f)|?] is equal to

@0 [ FF @) FF @) F ) i [Qur () Qur ()] d )
2 4 A 2
S [ VFF@P el "B || Qur ()]| du,
by Lemma[3.5.3] The remaining part of (3.5.19) follows therefore from Lemma O

Proof of Corollary

Proof. Without loss of generality we can assume in the following that F and the corre-
sponding extensions are separable. In fact, it is enough to prove stable convergence for
separable F, essentially because the o-fields generated by X, b and o are separable (see
Jacod and Shiryaev| (2013, Theorem IX 7.3) for details). Assume first that Xo = 0. On a
suitable extension as in Theorem denoted by (', F', (F})o<t<t, P'), let F,(X, xo)
be defined as the random variables

T n
A;l(/o f(XT—l—xo)dr—AnZ% (f (th_l —i—:co) + f(Xy, +x0)))
k=1

and let F(X,0,W,z0) = \/1/12 fOT<Vf(XT + xo),aTdWN/T>, where F,, and F are mea-
surable functions and zg € R? The _stable convergence in the claim is equivalent
to E[Ug(Fn(X,x0))] — E[Ug(F(X,0,W,x0))] for any continuous bounded function
g : R — R and any bounded F-measurable random variable U (cf. Section . We
have to show that this holds for almost all 2y € R<.

Let (Y, F" (F)o<t<T,P”) be another extension of (Q,F,(F)o<t<T,P) such that

there is a random variable ¥ & N (0,14), with the d-dimensional identity matrix
I;, which is independent of F and such that Y is F{-measurable. On this space
the process (X¢ + Y)o<i<r satisfies Assumption Without loss of generality
(', F', (F})o<t<r,P') also extends this space. Theorem [3.1.5]yields E[Ug(F,(X,Y))] —
E[Ug(F(X,0,W,Y))] for all continuous and bounded g and all F”-measurable random
variables U. By independence of Y and F this holds in particular for all F-measurable
U independent of Y.

By a coupling argument (cf. [Kallenberg (2002, Corollary 6.12)) there are (again
on another extension of the probability space) X,Y, 5, B, U with (X, U,W,KU) 4
()Z',&,B,f/,[j) such that Y is independent of ()?,&,B,[?) and (Fn()?,f’),f]) —
(F()N(, &,B,Y),U) almost surely. By conditioning on ¥ = 2 and using independence
this implies that E[Ug(F,(X,z0))] = E[Ug(F(X,0,W,a0))] for PY-almost all zy (by
dominated convergence for conditional expectations, cf. |Kallenberg (2002, Theorem
6.1)). Since Y Ly & N(0,1), this holds for almost all zp. In particular, this holds for
all g € C.(R%), i.e. all continuous functions with compact support. Since this space is
separable and because F is separable, this implies the claim (cf. Theorem |Kallenberg
(2002, 5.19)). O
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3.5.2. Proofs of Section 2
Observe first the following lemma, which will be used frequently.

Lemma 3.5.11. Let o, 8 € R. It follows that

log? n, a=1,p8=1,

" — T2 Plogfn, a<1,8>1,

/ / (b—a) *a Pdadb < { T2=2=5, a<l,pB<1,
h—1>j22 7tk AFOP a>1,8>1,
T Blogn, a=1,8<1.

Proof. AThe expression in the statement is equal to AZoP ZZ—bjzz(k -1 -
j) e fj]il a~Pda, which is bounded by A%ﬁa*ﬂ(zzzl k=) (f{"a Pda). If a = 1, then

the sum is of order logn, while it is of order n!~® when a < 1 and just finite when

a > 1. The same statements hold for the integral, depending on 3. Considering all
possible combinations yields the claim. O

Proof of Proposition [3.2.1

Proof. Write |Tr(f) — fn,T(f)H%z(P): Ay + Ay + Az, where Ay =30, o) My j, Ag =
2 Zk—1>j22 My ; and Az =23, _, My, and where

M= [ [ B0 = £ (X)) (X0 = £ (X)) dhar

Applying the Cauchy-Schwarz inequality several times yields A; + As + A3z < S1 + 5o,
n t

where S1 = A 370 [F E[(f(X;) — f(Xt,_,))?ldr and Sa = 37, (o iso [Myjl. Tt

follows that

1= A, / (f () — f (@) (Z / Y b (@) dr) d(x,y).
k=1

tp—1

The following idea generalizes Equation (8) of|(Ganychenko| (2015) to arbitrary processes.
For (i) consider t;_1 < h < t; <ty <71 <t and let gns,_, o(2,y) = pap (z,y) —
Ptj_1b (z,y). The Fubini theorem implies for bounded f with compact support that
M;, ; is equal to

/t:kl /til /t:1 /f(l‘)f(y) ObGh,t;_1,b (T,y) d (z,y) dbdhdr.

By interchanging integration and differentiation the inner integral is equal to

([ F@) W) gne; 1 p(x,y)d(z,y)). Observe that fghij_hb(x,y)dy is independent of b.
Consequently, 9 ([ f2(a:)gh7tj717b(:n,y)d(ac,y)) = 0. This holds similarly if f?(z) is re-
placed by f2(y), because fgh,tj_l,b(:c, y)dx = 0. It follows that M, ; is equal to

ty t; r
Sl L U0 s @ ) ey dvtnar
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and Ss is up to a constant bounded by
9 tr tj
8o [G@=r@P X [ [ 0 | dhir | (o).
k—1>j>2 7 th—1 /11

Together with the bound for Sy this yields (z). For (i7) it follows similarly that M}, ; is
equal to

_} th t; r h B 9 12 >
. /t /t e /t ) ( [ ¢ )= £ @) vy (0.9) d (0,3 ) dadbhar

(77) follows from the bound on S; and because Sz is up to a constant bounded by

ty

A2 / -2 3

2
[ 1k G| dnr | dto)
k—1>5>27 k=1 /ti—1

Proof of Proposition [3.2.2]

Proof. As in the proof of Proposition it is sufficient to bound S;+S. For f € S(RY)
we can write f(X,) = (21)7% [ Ff(u)e “®Xr)dy for all 0 < r < T. Tt follows that

E[(f(X:) = f( Xt ) (f(Xn) — f(Xt,_,))] is equal to

(27) 2 / Ff(w) Ff (v) E[ (efuv,xw _ e—i<v,th_1>)

. (e*i<u,Xh> — e_i<“7thfl>> }d (u,v).

With op 4 (u,v) = E[eXu+:Xn)] the expectation is for all h,r, tr—1,tj—1 equal to

h (U, 0) = 01,y (U, 0) = Pny_y (U,0) + 015y 4, (0, 0). (3.5.20)

For (i) this implies by symmetry in u, v that S; is up to a constant bounded by

th—1

An/ \Ff ()| |Ff(v) <;/ Gty 1, (U, 0) dr) d (u,v) (3.5.21)

with g _,r(u,v) as in the statement. Let gn;_, p(u,v) = Oppnp(u, v) — Oy, p(u,v).
Then I3.5.20h is for tj_1 < h < t; < tp1 < r < t equal to ft:;_1 Ght;_1,p(u, v)db.
Therefore S5 is up to a constant bounded by

s [iEr@iEren| X [ /:jl\gh,tj_l,r<u,v>|dhdr d(u,0).

k—1>5>27 th—1 -
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This yields (7). With respect to (ii) note that the last argument also applies to r = h,
k = j such that (3.5.21)) is bounded by

A, / Ff ()] |Ff () (kz / / Gty (,0) dhdr) d(u,v),

lk—1 Y lk—1

giving a bound on S;. For Sy note that (3.5.20) is equal to fth ft};,l 0% ¢a p(u,v)dadb.
This yields (i7), because So is up to a constant bounded by

te [t
a2 firrwiErol( X [ [ e Gl dnar | duo).

k—1>5>2 7 t—1 7%

Proof of Theorem [3.2.4]

Proof. If f is bounded, then f,,(x) = f(x)l{HasIISm} defines a sequence of bounded
functions with compact support converging to f pointwise with || finllco < || f|loo for all
m. If f is Holder-continuous, then we can similarly find a sequence (fn)m>1 C C°(R9)
converging to f pointwise with || fiml|lcs < || fllos. In both cases it follows Py, almost
surely that T'p(fp,) —fnﬁT(fm) = Tp(f) —fn,T(f) as m — oo by dominated convergence.

The lemma of Fatou implies
Pz (£) = P (s, ) < HmninfITr (fn) = P () e,

It is therefore sufficient to prove the theorem for bounded f with compact support.

Conditional on z( the random variables (X}, X,), h # r, have the joint densities
phar(m,y;20) = or(20,2)énr(2,y), 2,y € R Moreover, the heat kernel bounds in
Assumption [3:2.3] imply

[Phr (2,95 20)] < @rn (y — ) qn (. — 20) ,

1
[0rpnr (@93 20)| < ——ar—n (y — &) an (& — o) ,
1 1

827’ r ) 7 << +
‘ hrPh, (wyxo)‘_ (r—h)2 (r—

i) 0@ = ) (= ).

Then [(X7_, [* pr (@, y;20)dr)d(x,y) = T and Lemma [3.5.11 yields

tk—1

tr t;
JUS [ (0 s |+ 00m1 o o) | e
k—1>j>2 7 tk—1 V-1
ti t;
Y / / (r — h)"*dhdr < Tlogn.
tk—1 vt

k—1>j5>2

Applying Proposition [3.2.1(7) to ppr(-;xo) yields the claim in (i) for bounded f. For
(i4), on the other hand, the moment conditions on g, imply that [|ly — z||**qs(z —
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20)qp—a(y — x)d(z,y) < (b — a)®/7 for 0 < s < /2. Consequently, Lemma [3.5.11
yields for A1 [|ly—z||* (35, bk Dty (T, y; xo)dr)d(z,y) up to a constant the upper

tr—1

bound A, SR, fti’“_l (r — tx_1)?*/7dr and also

tr t;
/Hy_x”Qs( Z Z A ‘8}21rph,7" (.CC,y; x0)|dhdr>d(x,y)
k—1 j—1

k—1>j>2 i
te [t
< 3 / / ((r= >/ 4 (r = ) 07t dnar,
tp—1 Jtj—1

k—1>j>2
For 2s/vy < 1 Lemma [3.5.11 implies for the sum of these two upper bounds the order

O(TA%S/'Y*1 + T?s/71ogn), while it is O(T'logn) for 2s/y = 1. In the first case note

that
1 logn

nl=2s/v’

TQS/'Y logn — TA%S/’Y*l (T28/771A172s/'y> logn < TAELS/,Y,

which is of order O(TA}LHS/ "), i.e. there is no logn-term. This implies (ii) for f €
C3(RY). O

Proof of Theorem [3.2.6

Proof. Note that L?(R?) = HO(R?). For f € H*(R%),0 < s < 1, let (fin)m>1 C C(RY)
be a sequence of functions converging to f with respect to ||| g= with || fi|[zrs <[/l 5=
Then |Tp(f) — I’n,T(f)H%Q(P) is bounded by

2”FT (f - fm) - fn,T (f - fm)”%%ﬂ") + 2HFT (fm) - i;n,T (fm)”%%]?)'

Then IT2(f — fulll iy S S EL(F(2) — fn(@))pr(2)da]!/2dr, where the marginal
densities p, satisfy supg< <7 |pr(2)| = supg< <7 | [ €0, (z0, 2)p(w0)dzo| < [|tlloc by As-
sumption It follows that ||T'r(f— fim) | 2p) is up to a constant bounded by || f — fin | 12,

which converges to 0 as m — oco. A similar argument shows an’T(f = fm)llL2@y — 0
as m — oo. It is therefore sufficient to prove the theorem for f € C°(R9).

The random variables (X, X,), h # r, have the joint densities pp,(z,y) =
pr(2)énr(2,9), 7,y € R? and the heat kernel bounds in Assumption imply

o (@ 9)] < Itlootrn (4 — 7).
1
|Orphr (2, y)| < HMHoomq?"—h (y— =),
|3grphr($7y)‘§||u\|oo< L, ! )qw_h@—x).
’ (r=h?* (r="~h)h

Then f fQ(:U)(ZZ:1 fi’il Pty (@, y)dr)d(z,y) S ||NHoonH%2T and it follows by Lemma
[B.5.11] that

[ral s [ (10rtns o) |+ 0 o) it | )
e Ji rPh,r \ L, rPtj_1,0 \ L) y

k—1>5>2

9 tr t; . )
Sl I8 3 [ [ =1y dnr S 13T g
j—1

k—1>j>2 7 tk—17t;
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By symmetry the same holds with f2(y) instead of f2(z). Applying Proposition (z)
along with the trivial bound (f(x) — f(y))? < 2f(x)? + 2f(y)? therefore yields (i). For
(7i) we distinguish the cases v < 2 and v = 2. Let first 0 < s < v/2 < 1. In this case, the
L?-Sobolev norm defined via the Fourier transform is equivalent to the Slobodeckij-norm

B 5 1/2
£l = (Hf\|iz+ [ ) d(w)) , (35.22)

(cf. Di et al. (2012)) for more details). Similar to the proof of Theorem the moment
conditions on g, imply for 0 < s < /2 that

Anl/(f (y) _f(x))z (;/k ptk—h’/‘(xay)dT) d(xay)

tp—1
2 1 = b 2s+d
<At s (3 / ly — 212 py, (. y)dr
zyeRe \ 77 Jtk—1

n ty
S IGALT (Z/ (r—ty_1)®/ dr) ,
k=1

Jow-reor( X [* / s 200 dhr ) 5.

k—1>5>2

tj
<l sw (l=al X [ [ ot (o) anar
j—1

z,y€RY k—1>j>2 tp—1 Jtj—

t t;
SHfH%Is< > / /t] (r—h)25/71h_1dhdr>.
—1 Y1

k—1>5>2 "t

173

We surprisingly recover the same upper bounds as in the proof of Theorem [3.2.6] This
yields the claim in (i) for 0 < s < /2 < 1. Consider now v = 2 and 0 < s < 1.
Unfortunately, the Slobodeckij-norm is not equivalent to the ||-||zs-norm when s = 1.
We already know from (i) that the operator I'p — fn,T is a continuous linear operator
from L?(R%) to L2(P). It is therefore sufficient to show that it is also a continuous linear
operator from H'(R?) to L?(P). Indeed, as the Sobolev spaces H*(R?) for 0 < s < 1
form interpolation spaces, the general claim is obtained by interpolating the operator
norms of I'p — fn,T for s = 0 and s = 1 (cf. |Adams and Fournier| (2003, Theorem
7.23)). For s = 1 we have f(y) — f(z) = fol (Vf(x+t(y — ),y — x)dt. Tt follows for
any 0 < h < r < T that

/ () — F @) gron (y — 2)d (2,9)

1
</ ( 195 @+t = o) Pl = P (o = 2)d(0.0) dt)
= [195 (e 4 P10 (2, 2) 151 = D),
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using [||z]/%¢q(z)dz < a. Proposition i1) therefore implies

~ n 7
2 (5) = P (Dl S Il (203 [ =t
k=1

tr—1
Tk t;
Ay / / (0 —m)2 4 1) dhdr).
k—1>j>2 7 t—1 /11
Using the bounds from above yields the claim in (ii) for s = 1. O

Proof of Theorem [3.2.8

Y is independent of Fy and thus of Xy. Therefore the characteristic function of (X}, X, )
at (u,v) € R for 0 < h <r < Tis pp,(u,v) = @pr(u, v) Fu(u+v), where @ (u, v) =
e¥rr () Fon(u+v) ig the characteristic function of (Y3, Y;). tp,(u) is for almost all r
differentiable with

Orthnr(u) = i, br) = oo ul® + / (0 =1 =i u,2) Ly ry ) dFy (@),
and also 97 1y, ,(u) = 0. Hence
Orpn (U, v) = Opthny (V) Py (u, v) Fu(u + v), (3.5.23)
0o (1, 0) = (Ot (V) + Ontbon (w +0)) Db (v) P (w, V) Fa(u + ).

¢n,r as well as the derivatives 0,¢y, , and 6,2”,90;177« satisfy the assumptions of Proposition
3.2.2{(i) and (4i). Consider first the following lemma.

Lemma 3.5.12. Fiz u,v € R? such that v # 0 and ||u + v|| # 0 and let

78 t;
Un= ) / /tv_l("ﬁhw(u’vﬂ'f"@tj1,r(u,v)’)dhdr,

k—1>5>2 7 k=1 /t;

Nty iy
=3 [ [ e e + s )
k=1""tk—1

te—1
Then we have the following under the assumptions of Theorem |3.2.8(1):
(i) L+ [oll) U0  T2(1+ [0l 721+ [ful)7/2.
(ii) (L4 1|05 Ve S TAG (14 Jol) 257 (14 [uf)) >

(idi) ((1+ 027725 4 (L4 ol (1 + flu+ o770 S T2+ [} 7/2H° (1 +
Jually /245"

Proof. Observe first the following estimates:

tr t;
S [0 [ nstulnr
ti—1

k—1>5>2 7 tk—1

T pT
< / / el r=hl=cllwtoll (hAr) g gy
0 0

T _
< ol ™ / (1 —e*C””””T’h)> e~clurolngy < L IPIT (3.5.24)
0 [[of| 77w+ ]| 7.
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The same holds when @y, ,(u,v) is replaced by @, _, ,(u,v). Let first [Jv][, [|u + v]| > 1.
Then (1 + |Jo])*" < |Jo||7 82 ||u||®" /2 + ||o||"+P"/2||u + v||?"/? and the last display,
together with T > 1 and */2 < +, yields (). The same is true if ||u + v|]| < 1, as
|w+v[|#/2 < 1. If ||v]| < 1, then (i) holds trivially, because |@p (u,v)| < 1. Observe

next that V,, is bounded by

n T TA
2023 el < A, / e-ellutol gy, < J 15w (3.5.25)
2 0 Al + o] 7.

Let first [Ju+ v > 1. Then (14 [[o][)7*7" < [Jol /24572 |[ul[1/2H5°/2 4 [lof 172057 /2 [ +
v|[7/2+87/2 The last display, together with T'> 1 and £*/2 < 7, yields (i7). Again, this
remains true if ||u + v|| < 1. With respect to (ii7) let ||v]|, ||u + v|| > 1. Then it follows
from lu -+ v])%" < ull® + [} that

o725 4 Jlo] 7P 0]

o et 1 e [ et (R [ [ e (R I

ﬁ*

+ [+ ol ull 7 o7

(3.5.24) together with 5*/2 < ~ implies (i7i). The same holds when ||u + v|| < 1 as
before. For ||v]| < 1 the trivial bound from above applies. O

Proof of Theorem[3.2.8. Since Y and X are independent, the marginals X, have uni-
formly bounded densities p,(x) < ||it]|oo, © € R?, even if the distributions of Y, have no
densities. By the argument at the beginning of the proof of Theorem [3.2.6]it is therefore
enough to show the claim for f € S(R?).

Consider first the claim in (7). We only have to show it for s = 8*/2 and s = v/2+ *.
As in the proof of Theorem the general claim for 5*/2 < s < /2 4 §* follows by
interpolation. Let u,v € R%. Then for any 0 < h,r < T it holds |gp (u,v)| < [Fu(u+o)|
with ¢ from Proposition [3.2.2(i). Moreover, by assumption 001 (V)] < e(1+||o|)7+5".
Lemma |3.5.12() and Proposition [3.2.2(7) therefore imply that |z (f) — fn,T(f)H%Q(P)
is up to a constant bounded by

TQAn/UUf(U)IIJTf(v)I(lJr||1L||)5*/2(1+IIUII)ﬁ‘*/2 [ Fu(u+wv)|d(u,v).  (3.5.26)

Lemma shows for this the upper bound T2A,| f|%:, implying the claim for s =
B*/2. With respect to s = v/2 + 8 it follows similarly by Lemma [3.5.12{(éi) and (idd),
Proposition [3.2.2(¢) and Lemma [3.5.3| that | I'r(f) — Fn,T(f)Hiz(]p) is up to a constant
bounded by TA,||f||%. This is the claimed bound for s = /2 + 8*. To see that the
improved bound holds note that |9,vp, -(v)| < c|lv||7*# simplifies the calculations in
Lemma since there is no need to distinguish the cases ||v|| > 1 or ||v]] < 1.

At last, consider (i3). From |0¢p,(v)] S 1 it follows immediately that ¢y »(u,v)
and the time derivatives 8,¢p - (u,v), 02, ¢nr(u,v) are bounded by T?|Fu(u + v)|. As
T > 1, Proposition (zz) and Lemma imply the claim. If ¢1p(v) < Orpr(v) <
cap(v) < 0 for all 0 < h,r < T, then [Py, (u,v)| < e—cczpv)lr=hl=ceap(utv)(rAh) apq
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tr tr

Yoke1sj>2 )y Ji |0r@ng(u,v)|dhdr is up to a constant bounded by

n tr th n tg
Z/ / (—p (v)) e=cc2PW)=h) grgp, < Z/ (efccw(v)(trh) — 1) dh,
k=1"t—1Jh k=1 °

tp—1

and similarly for 0,¢¢,_, »(u,v), while Zk—1>j22 tl;’“_l j;ftjj—l |8,2wg5h7r(u,v)\dhdr is up to

a constant bounded by fOT /; hT (—p(v))e=2P)"=R) drdh. The first expression is of order
O(TA,,) and the second one of order O(T"). Again, the claim follows from Proposition
3.2.2((ii) and Lemma [3.5.3] O

Remark 3.5.13. If d =1 and v > 1, 8* = 0, then the proof applies to X; = Y;. Indeed,
replace T' by fOT e~clutol®hgp in (13.5.24)) and (3.5.25)). Together with a slightly different

argument for ||v|| < 1 this yields e.g. instead of (3.5.26) the bound
T
TA"/ /'ff(u)l Ff @) eI (u, 0) dh
0
T 2
<78, [ 17 R eI ) dh S 5T
0

This works, because u — e~¢ll“I"" ig integrable and because fOT h=Y/7dh is finite.

Proof of Theorem 3.2.13]
The characteristic function of (X, X,) at (u,v) € R* for 0 < h < r < T is
onr(u,v) = @pr(u,v)Fu(u + v), where @y (u,v) is the characteristic function of

(Bh, By). As B is a Gaussian process, it follows that @, (u,v) is equal to e 2 ®n.r(w)
with @5, - (u,v) = ||u||2h?H + ||v||>r* +2 (u,v) ¢ (h, 7). Since fractional Brownian motion
is locally nondeterministic (cf. Xiao| (2006)), there exist constants J,ca > 0 such that
forb—a<4,0<a<b,

Var ((v, By — Ba) + (u, Ba)) 2 ez (||v]*0*(a,b) + [[ul[*o* (0, a))

with 02(a,b) = E[(B") — B{V)?] = (b — a)22. By self-similarity of B this holds for
arbitrary 0 < a < b. Therefore

P, , (u,v) = Var ((v, B;) + (u, By)) = Var ((v, B, — By) + (u + v, Bp))
> ¢ (I[o)2 (r = B! + flu+ o] 202 )

) < e—cllvll?(r=h)?" —cllutv]2h2H

and @p, ,(u,v . Moreover,

1
Oripnr(14,0) = =2 0B (1, 0) o (1,0),

1 1
Rrions 0:0) = (= 30RO () + 50,00, (00) Dy (0.0) ) (1),

O ®p e (u,v) = 2H([[v]|* + (u,v))r*" =1 — 2H (u,v) (r — B)*" 71,
My (u,v) = 2H(||u|l® + (u, )R>~ + 2H (u,v) (r — h)*" 1,
2@, (u,v) = 2H (2H — 1) (u,v) (r — h)*7 2.
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We first prove a lemma. Denote for any function (r, h) — g(r, h) and fixed u,v € R? by
t s
Un(g) the sum Zk71>j>2 ftk ) ft]?_l g(r, h)@p (u, v)dhdr.

Lemma 3.5.14. Let T > 1 and assume , Fiz u,v € RIN{0} and let 0 < H < 1,
H # 1/2. Consider for 0 < h < r < T the functions gi(r,h) = (r — h)*1=1, go(r,h) =
h2H_17 g3<7’, h) = (T - h)4H_27 94(r7 h) = (T - h)ZH_Q: 95(r7 h) = (T‘ - h)2H_1h2H_17
go(r,h) = r2=Ip2H=1 and g7 (r,h) = (r — h)?H=12H=1 Then we have the following
estimates with absolute constants:

(i) (Wl + Tolllle + vl (Un(g1) + Un(g2)) £ T,

(i) if H > 1/2, then (||v]|? + |Jv]|||u + v]|)(Un(g3) + Un(gs)) < T and if H < 1/2,
then the same expression is up to a constant bounded by TA2H1

(iii) if H > 1/2, then ([[v]| + [u-v]))2(Un(g5)+ Un(gs)+ Un(g7)) S T2 and if H < 1/2,
then the same expression is up to a constant bounded by TA%HA,

(iv) (L4 ol Siey fif | [yE 70 4 (= B0 (u, 0)drdh S THA,,.

Proof. We need to bound the integrals in U,(g;) in several different ways. Observe
for 0 < a<b<Tandq=2H—1,4H — 2,1 the following estimates for R

a,byy °
fa qu 2 dT:

ol =2,
OIS ol (e3P — sty < Spoor@t — 2ty2, - (35.27)
b2H o a2H
b _ _ _
R(4H_2) ‘UH 2f 7“2H Zdr < HUH 2(b2H 1 —a2H 1), (3.5.28)
b L e W e
-1 7Hd -1 bl*H _ ,1-H
R(), S { oI Jo < o™ @), (3.5.29)
” b—a b— a,

_Ly,12,2H 1.2
where we used that sup,cga||v|[PrPH e 21017 = sup - ze™2"" < oo for any p > 0. Tt

follows from (3.5.27) and (3.5.29) that U, (g1) is bounded by

/ / py2H1 mea (W20 ol P21 g gy T{H v]| 72,
[[vll~ 1HU+UH L

The estimate for go follows in the same way. For g3 and H > 1/2 it follows similarly
from (3.5.28)), (3.5.29)), 7" > 1 and Lemma [3.5.11| that

< 3 /tk /t] o= i dhdr
— H

T i H||wu+vul< —h)* 2 h-

< pont 0172,
S0 Ul o,
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while for H < 1/2

Il =2,

U <TA2H71
I A

The estimates for g4 follow similarly (they are even easier). With respect to g5 the
integrals decompose and (3.5.27) and (3.5.29)) yield for U, (gs) the bound

[v]| 72,
2H—1 2H—1 2H _ _
REAVRET D < T Lol =Y fu 4 of| Y, (3.5.30)
Hu+vH*2.

The argument for U, (g7) is similar. For U,(gs), on the other hand, the same equations
imply for H > 1/2 the upper bound

T rT —
/ / R22$_1)h2H—16—62||u+v||2h2Hdh < T2H ||U + 7JH 27
v ~ — _
o Jn T ol =l + )7

and for H < 1/2 by r?H=1p2H=1 < p4H=2 and Lemma [3.5.11

Ju o202

tr t;
Z / / lu+ o) ol (r — h) " B3H-2 § dhdrdhdr
k—1>5>27 tk—1 /tj—1

Hv”f2T72Hh4Hf2
lu + 0|2,
STAYE ol 7w+ of| 7,

o]l =2,

because T > 1 and because 1 < logn < A2#~=1 Observe that we did not prove any
bound on ||v||?U,(gs) for H > 1/2. For this, we need a different upper bound on
@h,r(uﬂ])' If Hu + UH 2 HU”7 then @hﬂ”(uﬂ}) < 6762HUH2(Tih)2H702||u+vH2h2H is Clearly
bounded by e~c2lvlI*h*" = Ag p2H-1p2H-1 < (p _ p)2H-1p2H—1 4 pdH=2 for H > 1/2 it

thus follows from (3.5.30)) and Lemma |3.5.11| that

ti t;
Un (96) S Un (g5) + 02 S / / W2 dhdr < T2 o] 2.
k—1>j>27 k=1 /11

If |lu+v|| < [Jv]], however, then @&y, (u,v) < e—e2(lolPr* +[ul*h*) o see why this holds
note that in this case necessarily (u,v) > 0 by elementary geometric considerations. But
then @y, (u,v) > ||lu||?h?H + ||v]|?r2H | since also c(h,7) = E[(Y; — Y3)Y3] + A2 > 0
(recall that increments of fractional Brownian motion are positively correlated when
H > 1/2). From the new bound and follows immediately that

T T
Un (96) < / / Ry V2t emealldPI gy < 28 || =2,
0 h 2 bl
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Finally, with respect to (iv), (3.5.27) yields

n tr tr
S [T - P () drdh S THA,
k=1"7tk—1 /R

Arguing as for U,(ge) with the different upper bounds for @y, ,(u,v), it follows that the
left hand side is bounded by ||v||~*T?# A,,. This yields (iv). O

Proof of Theorem[3.2.13. As in the proof of Theorem [3.2.8] it is sufficient to prove the
claim for f € S(R%) and s € {0, 1}. The conclusion follows by interpolation. We consider
only H # 1/2, since the case H = 1/2 corresponds to Brownian motion and is already
covered by Example|3.2.10

Let 0 < h < r < T and u,v € RE From |ul| < [jv]| + |lu + v|| it follows that
10,00 (1, 0)] S (o] + ol + ol )((r — B2+ 52H1). Lemma B.5.14(7) therefore
implies that Y7, |- .y fti’il ft?;l (10r@nr (w, v)| 41001, (u, v)|)dhdr is of order O(T).
Moreover, g, , r(u,v)| S [Fpu(u +v)| for all 1 < k < n and tp1 < r < t; with g
from Proposition 3.2.2(i). Applying Proposition [3.2.2)) and Lemma shows that
||FT(f)—Fn7T(f)||%2(P) is up to a constant bounded by C,TA| f||2.. With1 < T < T?#
for H > 1/2 this yields the claimed bound for s = 0. With respect to s = 1 note first
that

10, @, (u,0)]
lar(I)h,r (u, U) 6h(I)h,7“ (u? U)‘

(L4 [lull) 1+ vl ((Ilvll +1) 2 4 (r - h)2H’1) :

(L [lull) (1 + ol (o]l + u +])?

) (T2H71h2H71 4 (r— h)ZH—l Ry (p h)zH—l T2H71)
+ (A ) @+ o l) (I + ol + ol) (r = B) 2,

|07 @ (u,0)] S (1 [Jul)) (1 + (o) (r = B)*772.

Lemma [3.5.14{(é4), (i) and (iv) imply

N N

1 n tr tr
ALY / / 10rionr (1, )| + 10501y, (, 0)] )l
k=1

th—1 Jtk—1

< (U flull) (1 + (ol (ol + 1) T | Fp (u + 0)]

ti t;
Z / / 07, on.r (u, v)|dhdr
ti1

k—1>j>2 7 tk=1 /1

21 H>1/2
S @+ ul]) X+ o|) [Fur(u+wv ’ ’
S (1 ) (1+ o) | >1{TA%H1’ o
This yields the claim for s = 1 by applying Proposition [3.2.2{#i) and Lemma as
above. O

Proof of Theorem [3.2.14]
< g l4p, By

Proof. We have f,. € HY/?7P(R) for any small p > 0 with || foc|l 12— <
the triangle inequality and Theorem [3.2.13| (Assumption [(X0)| can be removed for d = 1,
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cf. Remark [3.2.9) | L4 — Tz (fa ) | r2(e) is bounded by

IZ$ = Tr(fae)ll2@) + 07 (fae) = Tz (fa)ll2e)
3
THAL H >1/2,
pH

TN, E , H<1/2.

14
2

Iu

S, HL%’ - PT(fa,e)”L2(1p>) + €7l+p

By the occupation time formula (cf. (Geman and Horowitz (1980)) and [ foe(z)dz =11t
follows that || L% — I’T(fa’g)H%g(P) is equal to E — [ fare(z)LEdz)?] = E[(% fil(L% -
L¥*)dz)?). Equation [Pitt| (1978, (4.1)) imphes (together with the proof of Pitt| (1978
Theorem 4)) that E[(L% - L)Y S (a—b)% for all 0 < € < 55 (1 — H). Consequently,
1L = Tr(fae)ll 2y S €28 ~H)77. Optimizing in e yields the claim. O

3.5.3. Proofs of Section 3

Proof of Theorem [3.3.2]
Proof. Assume first that f € L?(u). Expanding the squared error yields

75 ()~ Fu (Dl - \z/““ s ]
= [ [ B0 () (00— 1 ()

kll

We bound the diagonal (I = k) and off-diagonal terms (I # k) separately. Consider first
the diagonal case and t;_1 < r < h < t;. By the Markov property and stationarity of
X the expectation above can be calculated explicitly. Indeed,

E [(f (Xr) —f (th—l)) (f (Xh) —f (thc—l))]
= <Ph—7’f,f>u - <PT7tk,1faf>‘u - <Ph—tk_1f7f>u + <f7f>u

:<(Ph*7”_I)f+(I_P"“_tk—l)f+(I_Ph*tk—l)f’f>‘u'

Consequently, by symmetry in r, h,

i/t:kl /t:klE[(f (X0) = f (Xt ) (f (Xn) = f (X)) Jdrdh
—QZ<</tk / Py — Dydrdn+ A, [ (IPh_tk_l)dh>f,f>

te—1

—2n (/ /Phr— drdh—l—A/ (- Ph)dh>ff>

Since the generator L is normal, by the functional calculus of L (see Section [A.5|) this
can be written as

m

(W(L)f, f), = / LEWAEL),
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with

—2n<// A(h=r) _ drdh+A/ 1—e’\h>dh> A eC.

Since L is the generator of a Feller semigroup, it follows that (L) C {A € C : Re()\) <
0}. Fix 0 < s < 1 such that |1 —€*| < 2|z|® for z € {A € C : Re(\) < 0}. Then
[W(\)| < 8nA2+5|\|*, A € o(L). Hence the diagonal terms are bounded by

/ WO d(EAS, f), < STALFs / NP dUEAS,
o(L)

o(L)

< 8|[|LI*2FIETAL, (3.5.31)

which is true as long as f € D(]L|*/?). For the off-diagonal terms with | # k consider
ti_1 <r <tp_1 <h. Then, similar as before

E [(f (Xh) —f (th 1)) (f (XT) —f (Xt1—1))]
= (Pp—rf, ) <Ph—tl,1f7 f>u - <Ptk_1—rf7f>u + <Ptk_1—tl_1f7 f>u

<Ptlc 1—T Ph tp_1 _I)(I_PTftl,1)f7f>'u- (3532)

The off-diagonal terms are therefore equal to

/;k /ttl —F (Xeo0)) (f (Xn) = f (Xe,y)) Jdrdn
k>l 1V %—1t-1
T
< </A /An <kilptk . ) (Po—1) (- P)drdh)f,f>

_ / B (\)d(ErS f), .
o(L)

where

(\) = 2/0An /OA" < f: ewk—l—tl—l—”)) (e>‘h - 1) (1 - e’\r)drdh, AeC.

k>l=1
We will show that there exists a universal constant C' < oo such that
‘\ir ()\)‘ < CTAFAMS, A eo(L). (3.5.33)

As in (3.5.31]), this implies that the off-diagonal terms are bounded by

CTALF / I BT £ = G ETA L
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for f € D(|L[*?). Combining this with (3.5.31)) yields the claim. In order to show
(3.5.33) observe that W(A) = 0 for A = 0. It is therefore sufficient to consider A # 0. In
order to bound ¥ in that case note that

n n An—=0)An Ay,
E AME—I=1)An _ E Loc ()\A) = n)\A - 3-
1— n 1— n _ pAA
E>l=1 =1 ¢ ¢ (1 —eran)

Hence, again using |1 — e*| < 2|z|%,

A2 (1 _ emn)z ER: AMk—1=1)A,)

k>1=1

< 2nAZ ]AAL° + 242 \nA,|°

<ATAITS NP
Therefore, (3.5.33)) follows if

‘ a7 (1= ) / / A& (M 1) (1 ¢ )drdh (3.5.34)
0 0
is bounded by a universal constant. To show this, let z = AA,, and note that
Ap Ak
1- dh A, 1 1
At | (1—e*)dh)| _ AL -1 (Lo , (3.5.35)
1 — eron 1 — eron z er—1
A, <€>\(An—r) _ emn) 1 o 1 1
AL dr| =|—-— =|-- 1. 5.
- /0 v r ‘ J - i T ‘ (3.5.36)

(3.5.35) converges to 1 and ([3.5.36|) converges to 0 as |z| — co. If |z]| — 0 and z € {\ €

C : Re(\) < 0}, then (3.5.35)) converges to 1/2 and (3.5.36)) converges to 3/2 . This
implies a universal constant bounding (3.5.34)), thereby proving (3.5.33]). O

Remark 3.5.15. (i) If the generator is self-adjoint, then the operators P,, u > 0, are
self-adjoint as well. P, is positive, P, — I is negative semidefinite and I — P,
is positive semidefinite. Therefore P, |, _(Pr—t,_, — I)({ — Pr—,_,) is negative
semidefinite and is non-positive. In this case, the off-diagonal terms do
not contribute to the estimation error.

(7i) The restriction 0 < s < 1 appears in (3.5.31)) and (3.5.33)) due to the Lipschitz
bound |1 — €*| < 2|z[*.

Proof of Corollary

Proof. Denote by E, for a measure v the expectation with respect to X starting with v
as initial distribution. Let g(z) = E[|T'r,, 7(f) — Tn.1,, 7 (f)1?| X1, = z]. By conditioning
on X7, the tower and Markov properties yield that

[r.205) oy = EEEL (X5,)] Xz,

=E|[Pr,_1,9(Xg)] = /S Pr, 1,9 (x) dn(x)

~

- Fan,T(f)‘

<) [ P it
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Since p is an invariant (stationary) measure of the semigroup, this is equal to (cf. |Bakry
et al. (2013} Section 1.2.1))

I521.., [ =52, 2o Jorn - Buar. 0[]

because

n—Tn 2

T-T,
/ F(Xp)dr =0y ) f(Xy,)
0 k=1

E

The conclusion follows by a simple modification of Theorem because the error is
now considered on [0,7 — T,,] instead of [0, T]. O

g(z)=E Xo==

N 2
_E “rTTn (f) = Pz, (1)

Proof of Theorem [3.3.4]

Proof. By the triangle inequality it follows from f € L?(u) = dom(|L|°) and Theorem
3.3.2] that

H TP (f /f ) dula

Do (F) = Tr (f)|

LQ(P)

<T*1‘

71
LQ(P)+H T (f /f e

Ty (f) - /S f(x) da(z)

for a universal constant C. The claimed bound for the second term is well-known, but
we give the proof here to complement the proof of Theorem Consider f such that
fo=f—[fdpe dom(|L|~1/?). By linearity of the occupation time functional it follows
that

L2(P)

< O\ fllpau T 2AY2 1 ' i

L2(P)

T-'Tr(f) —/Sfdu =T 'Tr(fo)-

Fubini’s theorem yields

HT Tp ( fo = / / [fo (X3) fo (Xn)] drdh
=272 /0 /O (Pn—r fo, fo),, drdh
:/ W(A) d(Efo, fo)us
(L)

where

T rh AT -1 T
_ ) )\(h—r) _ e —1- )\T _ ()\T) (6 — 1) -1
V(N =2T /0 /0 e drdh = 2 272 2 ST ,
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and where ¥(0) = 1 by continuous extension. Since z — z~!(e? — 1) — 1 is bounded on
the left half-plane {z € C : Re(z) < 0}, there exists a constant C' < oo such that

TN <CT YA, Aeo(l).

Consequently,

EHT—IFT (fo) ﬁ <cr! / N~ d (B fo, fo), = CT LT foll 2 O

o(L)

3.5.4. Proof of Theorem 3.4.1]

Consider first the following two lemmas.

Lemma 3.5.16. Assume . For f € H'(R%) we have
2 op [ 1T 2 2| £)12
IP2(7) ~ E[Cr (D162 = A28 |35 [ I9ACKIPar| +0 (A2071Es).

In particular, A2||Dr(f) — E[FT(f)|gn]||%2(P) converges to E[& fOT||Vf(XT)||2dr] as
n— 0.

Proof. By independence of X and (X, — Xo)o<t<r the o-algebra G, is also generated by
Xo and the increments X;, —X;, |, 1 <k <n. The independence of increments and the
Markov property then imply for t;_; <r <t that E[f(X,)|G,] = E[f(X,)|X¢,_,, Xt.]-
The same argument shows that the random variables Y, = [* (f(X,)—E[f(X,)|Gn])dr

tr—1

Vary, < " f(Xr)dT>] )
tp—1

where Vary(Z) is the conditional variance of a random variable Z with respect to the
o-algebra generated by X;, , and X;, . In order to linearize f, note that the random

variable Vark(ftt:_l F(X)dr) = Varg ([ (F(X,) — f(Xi,_,))dr) can be written as

th—1

are uncorrelated. Therefore

IT7(f) = E[Lr ()] Galll2(p) = ZE Y =) E
k=1

ty
Vary, (/ <Vf (th_l) , X — th_1> dr) + Kn,

lk—1

([ (700 00 = (97 (i) X - ) ),

where k,, is the corresponding crossterm of the decomposition. From Lemma (m)
and (i) it follows that the first and the last term are of order o(A3| f||3,.) and
O(A3an(f)) = O(A3]|f]13,1), respectively, and thus by the Cauchy-Schwarz inequality
kin = o(A3 || fII3;1). Hence, |Tr(f) —E[lr (f) \Qn]%z(ﬂm) is equal to

Var < / YV (X)X dT>

+o (A7) -

te—1

n
Z E
k=1
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Conditional on Xy, ,, Xy, , the process (X, ), ,<r<t, is a Brownian bridge starting from
X, _, and ending at Xy, . In particular, E[X, | Xy, |, X, | =X, + T_At’;_l (Xt — X1, )
(see e.g. Karatzas and Shreve (1991 6.10)). The stochastic Fubini theorem and Itd

isometry thus imply that the last display is equal to

;E <Vf (Xo ) ,/tk

tp—1

2
A,
(tk—r_z)dxr> +o (A21113)

3 n
_An

12
k=1

A2 T 2 2 2
=5 [ IV £ o (A2 7).

E[IVf (X )] +o (A2 £130)

where the last line follows from Lemma iv). O

Lemma 3.5.17. Assume . Fiz 0 < s < o and let p(x) = (2m)~ Y2 1217/2 for

x € RY. Consider the approzimations fo. = fo * e, where p. = e %(e71(")) and
1—s

1.
e = Ay ™. Then the following statements hold as n — 0o:

(i) ”PT(fa - fa,e) —-E [PT (foz - fa,e)‘ gn]”%ﬁ(]p) = 0(A111+s)7

(it) |IT7(fae) = E[Tr (fa)| Gnll T = O(AG I facllFn) = O(AL),

(idi) T inf, o0 (€27 2B [TV fae(X,)[|2dr]) > 0.

Proof. Applying (3.4.1) from right to left and Theorem [3.2.13| for the function f =
fa — fae € L?(RY) shows that the left hand side of the equation in (i) is up to a

constant bounded by A, || fo — fa,aﬂig. The Plancherel theorem and Fp.(u) = Fo(eu)
yield that this is equal to

_ _ _ _MQ
(@27) L Al Ffa (1 Fo) |22 < Ape®® / =2 d<1_e : )du.

The du-integral is finite and therefore the last line is of order O(A,2%) = o(AL*®),
because o > s, implying (7). Similarly, applying from right to left and Theorem
for the function f = f,. € H'(R?), the left hand side of the equation in (ii)
is up to a constant bounded by AZ||fsc||%:. As above this can be bounded from the
Plancherel theorem by

(o) 8% [ 1Ffa (0 17 ) (L4l du
wll 2
s oz [ fulh e
saze [C e ) e Far
0

As a < 1, the dr-integral is finite for ¢ = 0 and thus the last line is of order
O(A2g2272) = O(ALT®). This is the claimed order in (ii). Finally, with respect to
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(#i1), denote by p, the marginal density of X,. Then we have by the Plancherel theorem,
applied componentwise, for any Ty > 0 that E[7; fOTHV fare(X,)||?dr] is bounded from
below up to a constant by

/TOT </ IV foe(@)pr? (x)HZda;) dr

= [ T ( JIf Fratw=n) Fe =) - h o) dy||2du) dr.

where h,(y) = 24/2(27)/4rd/4e=1lWI°" is the Fourier transform of p,ln/Q. The substitution
eu — u then yields that the du-integral above is equal to

202 /H/ Ve (u— ey) hy (y) dy||*du = 22 /”(Vs % hre) ()| *du,

for hye(u) = e %h. (e u) and vo(u) = u(e + ||ul)~*¥2eI4*/2 Interestingly, v. €
LYRY) N L2(RY) for all e > 0 as @ < 1. As also h,.. € L}(R?), Young’s inequality, also
applied componentwise, implies that

J 1 =0 ) 0P < el ([0 = ) (P

Since ||hrc||2, S =42 ||lve(w)]| < |lvo(w)| and ve(u) — vo(u) for any u € RY we therefore
conclude by dominated convergence that the last line is of order o(r~%2). Moreover,
it follows again by the Plancherel theorem with Fh, .(z) = (27T)dp71~/2(656) that [|(vp *
hr ) (w)]|?du = (27T)df”]:1/0 (z)||?pr (ex) dz. Letting € — 0 yields the convergence to
(277)‘1/2 r=4/2 [|| Fuvy (x)||?dz. By Pythagoras we thus find for any » > Ty > 0 that also

[ (ve * hye) (w)]|2du — er=%2 for some constant 0 < ¢ < co. Consequently,

1 (T T
liminf ( €272°R | — / |V fae(X)|2dr| ) = / = 2dr,
n—o00 12 0 ’ T
which is bounded from below as Ty > 0. O

Now we prove the theorem.

Proof of Theorem[3.4.1] The first inequality in (¢) is clear. The limit in the last equality
follows from Lemma [3.5.16 With respect to (i7) observe that

ITr (fa) = E[T'7 (fa)] gﬂ]H%Q(P) = Tr (fa = fae) = E[Tr (fa — fa,s)’ gn]”%%ﬂ”)
+ tn + 7 (fae) = E [T (fae)l gn]”%?(]?)a
where k, is the crossterm of the expansion. From Lemma [3.5.17] it follows that the

first term is of order o(AL*#), while the third one is of order O(AL**). Therefore, the
crossterm is via the Cauchy-Schwarz inequality itself of order o(Al+#). Hence, Lemma
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3.5.16/ implies that liminf, AT_L(HS)HFT(fa) —E[l'7(fa)|Gn) H%Q(P) is equal to

lim inf ANy (foe) = B [Tr (fae)l Galll 72 p)

—pmint (Ag [ L T||Vf (X,)|I2d

= 171H—l>£ n 12 o a,c\Ar T
+liminf (o (A7OFIAZ | fuclB)) -

From part (i7) of Lemma|3.5.17|it follows that the last term is 0, while part (7i¢) implies
the wanted lower bound for the first term, as Al=%¢20=2 = 1. O



Chapter 4.
Generalized I1td6 formulas

In this chapter we study the existence of the quadratic covariation process and the related
problem of finding generalized 1t6 formulas. The methods we use are directly related to
the ones of Section The results are formulated in terms of Fourier-Lebesgue spaces
which are introduced in Section [A.4l

4.1. Existence of quadratic covariations and It6 formulas

We first define the quadratic covariation and state some of its properties. More details
can be found in Russo and Vallois (1996, [1995). Consider two R%valued stochastic
processes Z = (Zt)o<i<r and Y = (Yi)o<i<r. The quadratic covariation [Z,Y ] of Z
and Y at 0 <t < T is defined as

ZY],=lim > (Zy, — Zy,) (Yo~ Ya,) (4.1.1)

L €Emn, tp <t

if this limit exists in probability for any sequence of partitions (my,)n>1 of [0, 7], where
the points in 7, are 0 = tg < t; < --- < t, = T, and such that the mesh size |m,| =
maxy, |ty — tx—1| tends to zero as n — oo. [Z,Y]; is bilinear and independent of (7, )n>1.
Moreover, if Z,Y are continuous semimartingales, then [Z, Y], always exists.

From now on let X be a continuous It6 semimartingale as in . It follows that
[f(X), XM, exists for f € C*(RY) and 1 < m < d and satisfies [f(X), X(™)], =
Zi:l fg O f (X)) (ora )™ dr (cf. Russo and Vallois (1996, Proposition 1.1)). Moti-
vated by the results in Section we will study this expression by Fourier inversion
(cf. (3.1.6)). The results follow the same sequence as in Section i.e. we consider
first s > 0 and f € FL (RY), then f € H (R?) under a stronger assumption on Xo.

loc

Proposition 4.1.1. Assume [(SM-a-3) for 0 < a,f < 1. Let s > 1 —2a, s > 0,
s+ B8 >0. Then we have for any f € FL{ (RY) and 1 <m < d

loc

S () = £ (X)) (X - XE) S 0, XM (412)

tp Emn,tp <t

for any sequence of partitions (mp)p>1 of [0,T] with |m,| — 0, i.e. the sum converges
uniformly in probability to [f(X),X(m)]t.

This proposition is remarkable, similar to Theorem because it is only based
on regularity assumptions for ¢ and b and gives a precise condition on the regularities
of o, b and f. If X is reversible, i.e. if the time reversed process t — Xp_; is again a
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semimartingale, then this is a special case of Theorem 3.8 of |[Errami et al.| (2002), because
FL; (R?) c C(RY). For Proposition however, reversibility is not necessary.

loc

In order to go beyond f € FLj (R?), we need to work again under Assumption |(X0)}

In this case the sum in (4.1.2]) does not converge uniformly in time anymore, in general
(cf. Follmer and Protter| (2000))).

Proposition 4.1.2. Assume [(SM-a-) for 0 < o, < 1 and|(X0) Let s > 1 — 2a,
s> 0, s+ 8> 0. Then the quadratic covariation [f(X), X ™), erists for f € H (R?)
and 1 <m<d,0<t<T.

The condition on Xy can be relaxed, just as in Corollary

Corollary 4.1.3. Assume|(SM-a-0 ) for0 < a,f <1. Let s >1—2a, s> 0, s+ > 0.
For any function f € HfOC(Rd) there exists a set E C R? such that R\E has Lebesgue

measure 0 and such that the quadratic covariation [f(X), X (™)), exists for all Xo = zo €
E1<m<d 0<t<T.

This is, to the best of our knowledge, the most general condition obtained so far for
the existence of [f(X), X (™), for a continuous It6 semimartingale X. The set E depends
in general on the function f, i.e. it can change if we consider a different function f with
f= f almost everywhere. The same restriction appears in |[F6llmer and Protter| (2000))
with respect to f € L2 (R?) = H) (R?) and with X being a Brownian motion.

loc
Remark 4.1.4. (i) The proof of Proposition shows that for bounded coefficients
b and o the quadratic covariation [f(X), X("™)]; even exists as limit in LP(P) and
that || [f(X), X"l 2y S 11 £l

(ii) The partition sequences (7, )n>1 for which [f(X), X(™)]; exists are arbitrary, as
long as |m,| — 0. In particular, we do not require further conditions such as (3.1)
in Moret and Nualart| (2001) or (2.2) in Follmer and Protter| (2000)).

(iii) A slightly more precise argument shows that [f(X), X("™)]; exists for all bounded
measurable functions f, if X is an additive process (cf. . This is pos-
sible, because in this case the characteristic functions in the proof of Lemma
can be calculated explicitly without approximation and thus the expression
(1 + lul)~*[|Qn(uw)|| L2(py in that lemma is not only bounded, but even integrable
with respect to u.

Generalized 1t6 formulas hold under any of the conditions stated above.

Theorem 4.1.5. Assume|(SM-a-§ ) for0 < a,B<1. Let s>2—2a,s>1,s+5>1
and consider 0 <t <T. Then the It6 formula

3 foor 0.5,

m=1

N =

£ (X0 = f(Xo) + /0 (VF(X,),dX,) +

holds under any of the following conditions:

(i) f € FLj,(RY),

loc

(ii) f € Hi (RY) and Assumption|(X0) is satisfied,
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(1ii) fis a function in H}
1.5
The conditions in the theorem are precisely the ones for the central limit theorems in

Section The It6 formula of Russo and Vallois (1996) applies also to C(R%)-functions,
assuming reversibility of X.

(RY) and Xo = 29 € E C R?, where E is the set of Corollary

4.2. Proofs

We first provide some preliminary steps. Define for a partition 7, of [0, 7] and a function
f the operator

St (f) = St (f, X) = S (£, X)
= Y () - f (X)) (X - X))

tpEmTn,tr <t

As for the proofs of the central limit theorems in Section consider the decomposition
St,ﬂ'n(f) = Mn,t + .Dn’t, where Mn,t == Ztkéﬂ'n,tkﬁﬂn(Ak - E[Ak“/—_'tk 1]) and Dnt =

Sty <, ELARIF ] with A = (F(0,) = F(X0, ) (X0 - X" 1) The martingale
M,,+ can be handled easily, as we will see later. In order to study D,; we apply the
idea from the introduction of this thesis. For f € S(R?) it follows by inverse Fourier

transform that D, is equal to (27)~¢ [ F f(u)Qp¢(u)du, where

Quewy= 3 E[(e7iledn) - emileXun)) (x(W - x| 7]

t Emn t <t

We will first prove upper bounds on ||@n +(u)| 12(p) uniformly in u € RY. For this it is
helpful to work under Assumption |[(H-a-3)| first.

Lemma 4.2.1. Assume|(H-a-0 )| for0 < a,8 <1. Let s >1—2a, s >0, s+ > 0. Let
(Tn)n>1 be a sequence of partitions with |, — 0 and consider 1 <m <d, 0 <t <T.
Then supega((1 + [lul]) (| Qn,t(w)[ L2 () < 0.

Proof. In order to simplify the notation we consider in the following only ¢ = T and
write Sx, (f) = S1x, (f), Qn(u) = Qur(u) for fixed 1 < m < d. The proof is similar to
Lemma For fixed u € R? consider the following four steps.

Step 1. Let € > 0, which will be chosen later depending on w. Let t. = max([t/c]e —
€,0), t > 0, and consider for k = 1,...,n the partitions {ty—1 = aro < ap1 < --- <
ap N, = tg} of [tp—1,tx] such that either Ny = 1 and (t;)c < tgp—i1, or N > 1 and
Ok, Ny—1 = (tk)g > tp_1, while {CLkJ, - ,akJ\/k_g} are all multiples of € in (tk—la (tk)a).
Let Zy = [3 0,dW,, 0 <t < T. Then with Uy = Z;, — Z, |

Z E |:< z u th . ei<u’X%1>> U]gm) ‘]:tk1:|
n Nk

_ Z ZE[< —3 uXak]> . e_i<u7xak,j—l>>U]£m)

k=1 j=1

7ol
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Let X¢(e,h), 0 < h <t, beasin (A.3.1) with ()., = (t)c: Vh, 0 < h <t, and let Z;(e, h)
be the corresponding approximation of Z;. Define furthermore Qy, (e, u) as

n  Ng

Qnt g, U ZZE[( ZuXakJ(atk 1)) —e_i<u’X‘lk,j—1>>

k=1 j=1

m ()
.(Z(g,w)_ (ertiy) — Z™ >

and let th(s,u) be defined similarly but with X, , instead of Xg, (e,tk—1). It then
follows from the Lipschitz continuity of = — ¢ and the Cauchy-Schwarz inequality that
|Qn,t (1) — Qnt(e,u)| is upper bounded bounded by

]:tk 1:|

n Ng 1/2
/ belldr + flull | S-S E [ Xar, — Ko, 1P Fos ]
k=1 j=1
n Ng 1/2
A E[12) - 2 0P Fu ]| (421)
k=1 j=1

Proposition shows ||Qn+(u) — Qm(a,u)HLz(p) < 1+ flull(ePFV2 &), The
same bound applies to ||Qn(e,u) — Qn,t(&U)HL?(P) and thus also to [|Qn:(u) —
Qnt (6, u)|| L2 p)

Step 2. The reduction to @y ¢(¢,u) allows us to calculate the conditional expectations
with respect to F, |, up to (tx)et, , = (tk)e Vitg—1. In order to rewrite Q, +(e,u) let for
1<j <N

Uk,j = Zalcj (57tk—1) - Zak -1 = Oagj1 (Wakj - Wak,j—l)

and let Uy o = Vio = 0. Then Q (e, u) is equal to > j_ 12 1 (R ja(u) + Ry j2(u)),
where

Ry j1(u) =E <€_i<u’X“k"J‘ &tk-1)) _ €_i<u’X%’j1>>U( ™)

_E 6—i(u,Xak,]-(57tk—1)>U’§ZL) ]:tkI:|

3J—

_E < —i(u,Xay, j (Eth-1)) _ —iwXay ;1) = sllod, ;_yul® (ak,j—ak,j—1)>
< Ak j—1 tk 1)

Then X, (e, tp—1) = Xap,_, + bak,j,l(ak,j — ag,j—1) + Uk ; and thus

E [e—z’(u,Xak,j (estr—1)) ‘ ]:ak’j_l}

. 7 2
*Z<U,Xak)j71+bak’j,1(ak,j*ak,j—1)>€ 2H ag,j— 1uH (ak,j—ak,j—1)

]:tk 1}

=€
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We get therefore according to Assumption [(H-a-3)| that

i o
|Rija ()| S [l (anj — agj1) e 20 (@aani1)

E [”Zak,jﬂ - Ztkfl ”}}—tkﬂ]

_HuHQ(a ;1)
Sl (ag; — agj—1) e 20 (i ™ %hi=1)

trivially upper bounding the conditional expectation. On the other hand, since Uy ; 4

(Oay;10a, . )Y2(ag j—ay. ;—1)"/?Z conditional on Fap ;i With Z i N(0, 1) independent

Q. j—1 ’
of Fay, ;1> Rij1(u) is equal to

o~ HuwXay ;1 Fbay ;4 (aj—akj—1))g |:€—i<u7Uk,j> U}g”jl)

fa,w._l] . (4.2.2)

Using integration by parts shows that this equals |ju||(ag; — arj—1)e” 2€ (ak.j=arj-1).
In all, for 2 < j < Nj, with a; —ag ;-1 =€,

|Rij1 (u) + R j2 (u)] S [Jull (ar; — akj—1) e” 20,

such that with Zé\;’g(aw —agj—1) <ty —tp—1 and Ry q2(u) =0

+ Z R (u)
k=1

Step 8. With respect to Ry 1 1(u) the last step shows only

_llug?
|Qn.t(e,u)| S Jlufle”2c7¢

2
[l

R ()] S Null (g — ty) e 30 (ara=te) (4.2.3)

) ) ) Clwl?
and a1 —tg—1 is smaller than €. In order to obtain the improved factor e™ 2¢ © instead,

we use an additional approximation argument. Let [; = {k = 1,...,n : (j — 1)e <
tp—1 < je} for 1 < j < [T/e] be the set of blocks k with left endpoints ¢;_ inside the
intervals [(j — 1), je). Let Aj(u) = Zkelj Rp11(u). Then Y ) | Rp1.1(u) equals

[T/e] [T/e]
7 (Aj(u) — E[Aj(u)] Fy-1)e]) Z E [ A;(u)| Fo1e] -
j=1

Aj(u) is Fj--measurable and vanishes if I; is empty. It follows by the Burkholder-Davis-
Gundy inequality that E[| Y 7_; Rg1.1(u)[?] is up to a constant upper bounded by

E{[gmj( ]+E[§f B [4; ()| Fi-ne] | }

[7/e] 2
+E Z E[Aj (w)| Fj_1)e]

J=1
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2
el

Since ||ul|(ax1 — tk,l)l/Qe_;T(%l_tk—l) < 1, (4.2.3) shows for any 7 > 1 and with
ag1 — tk—1 <ty —tg—1 that [A; (u)\2 <t — tx_1. Consequently,

" 2] 1/ /el 2
> Ria(w) S1+E ZE u)| Fj-ve]
k=1
[T/e] 1/271/2
<1+E[ ZE w)| Fj-o)e] } : (4.2.4)

where we repeat the arguments above for the second inequality. In order to estimate the
conditional expectations let k € I;, 2 < j < [T'/e], such that (tx_1)c = (j —2)e . We
will approximate

E[Rk,l,l(u)|f(j72)g] — E|: <€*i<u,Xak71(e,tk71)> _ e—i(u,th_1>> Uk(:?) ’f(j2)€:|
by
Rk (u) = E|: (e—i<u,Xak’l(E,Cbk,l—tkfl)) o e—i(u,f(tk_l(s,OD) ﬁlgm) ’f(j2)s:| 7
where Xt(e, h), 0 < h < t,is defined in 1j and where Uy, = O(j—2)e (I/Vak,1 — Wtk—l)‘
Define also Rkl(u) as Ry.1.1(u), but with Uy instead of Uk,1- Then the Cauchy-Schwarz
i1

inequality implies (cf. 1)) that |E[Rg 11 (u) — Rk,l(u)‘}—(]’q)s” is up to a constant
bounded by

g [HUk,l - UkHQ‘ ]:(j—2)s} 1/2,

which is of order O(||ul|(ar1 — tx—1) (%2 + £)) by Proposition (with X, | =
X(ap1)er,_,)- On the other hand,

€7i<u7xak71(€,tk71)> . e—i(u,th_1> . <ei<’u,XakY1(€,(lk,1tk1)> _ @_i<u7)~(tk—1(570)>>

B [ Xans (6 tr-1) = Kooy 7] Fj—o)e]

_ <67¢<u,x%71> B 67¢<u,)2tk71(s,0)>) <e—i<u,xak,1(e,tk1)—th1> B 1)
il c0) <€—z‘<u,xak,1(a,tk_1>—xtk_1> i Ka, (s,ak,l—tk_l)—)?tk_l(e,0)>> '

Proposition then yields for [E[Ry 1 (u) — Ry (u u)|F(j—2)e]| up to a constant the upper
bound

(Il (2741 4 225172 - ) (74172 ) ) (s — ).

In all, with Zkelj(ak,l —tp—1) < 2¢, we get

24 1/2
[T/e]
E Z E [Aj (u)| Fj-2)] ZRk
j=2 kel

< Jluf? (55+1 Jr€oz+1/2) + [l (86+1/2 +5a> '
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Together with (4.2.4)) this means

07 1/2
S 1+ HUH2 (EBJrl +€a+1/2> + ||UH <€B+1/2 +€a>

IR

T/l 291/

+E [ D> Ri(u)

§=2 kel

Step 4. Since Uy, are centered conditional on Fir s Rk(u) is equal to

E [eim,f(%J (z—:,ak,lftk71)>0}£m) ‘Jr(jQ)s]

— e*i<u,X(j—2)a+5(j—2)s(ak,l*(j*2)€)>E [el@ Uk ‘]:(j 2 ]

!
] _ Jlu)?

The last line is of order ¢~ 2c (h—1=(=2)¢) < ¢~ "ac ¢ (with (7 — 2)e = (tx—1)<) and the
5 H (a“ t-1) by arguing as after (4.2.2). We

.E[eﬂuv%m (W =Wii2)e)

first one is of order |lul|(ar1 — tp—1)e”
conclude that

7/e) 291/

~ u2
EY S Re@)| | S lulle 5.

Jj=2 k‘EIj

Step 5. In all we have shown that

1@n (U)HL?(JP’) < || @Qn (u) — Qn (&, u)||L2(IP) + 1@Qn (e, u)”LQ(IP)
w2
5 1+ ||U” (5(B+1/2) + 501) + ||u”2 <€l3+1 + €a+1/2) + ||U||€_ HQg e

Choose € = £(u) = 2C||u|| =2 log(1+]|u||*) which is bounded, continuous and tends to zero

as |lul]| = 0 or |Ju| = co. The last line therefore implies (1+ HUH)isHQn(U)H[g(]P:) < 1 for

Ju)?
|ul| < 1/2. For |ju| > 1/2, on the other hand, note that e~ 2c ¢ = (1+|ju?)~! < [|ul =3

such that for an absolute constant ¢ > 0
_ e e 2
(1 ) =1 Qn (@l g2y S 1+ (Hll =72 + flul] =72 1og (cllul®)*.

This is uniformly bounded in v and n using the conditions on s, «, S and that
|ul| 7" log(c||u||?) is bounded for any r,¢q > 0. This yields the claim of the lemma. O

4.2.1. Proof of Proposition 4.1.1

With the help of the last lemma we will now first derive upper bounds on S , (f).
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Lemma 4.2.2. Assume|(H-a-5) for 0 < a,f < 1. Let s >1—2a, s >0, s+ > 0.
Let (my)n>1 be a sequence of partitions with |m,| — 0 and let 1 < m < d. Then we have

for any f € FL*(RY) that |supg<icr St (Hllpre) S I lrLs-

Proof. Recall the decomposition Sy . (f) = My (f)+ Dn+(f) from the beginning of this
section. By a density argument it is sufficient to show [|supo<i<r St |21 @) S |1l FLs
for f € S(R?), which means we only have to show |supg;<q My, y S I fllrLs,
[supo<i<7 Dntllr@) < [IfIlFLs. Since My, is a discrete martingale, it follows from the
Burkholder-Davis-Gundy inequality that

| sup Mn,tH%l(]P) < || sup Mn,tHL2(IP Z”Ak— Ak‘ftk 1]HL2
0<t<T 0<t<T
n
S MAT2e) S IIfIIEOZIE[Hth = X P S 1%
k=1 k=1

This yields ||sup0<t<T MntHLl(P) S fl%s by the inequality |f(z)] =
2m)~ [ Ff(u)e @ du| < [|Ff(u)|du for z € RY. Since the estimates in the proof
of Lemma are essentially pathwise, we can further show that

sup (1 + [lul)™* sup [|Qnt(w)l[1(p)) < oo
ucRd 0<t<T

Therefore, we have as at the beginning of this section that

sup [ @n(w)|lpr@)llfllres S 1 fllFes.
0<t<T

S

H sup Dnt”Ll(IP < sup (1 + [Jul])”
ueRd

O

Proof of Proposition[{.1.1l Let (m,)n>1 be a sequence of partitions with |m,| — 0. Let
1 < m < d be fixed. Consider the stopping times (px)x>1 and corresponding pro-
cesses (X¢(K))o<t<r as defined in Section[A.2] We already know that Sy, (f, X (K)) —
[F(X(K)), X(K)™], = 0in L'(P) for all 0 < t < T and f € S(RY) c CL(RY)
(cf. Russo and Vallois| (1996, Proposition 1.1)). A simple calculation shows that even
St (f, X(K)) = [f(X(K)), X(K)™)]; 2% 0. Since S(R?) is dense in FL*(R?) with
respect to ||-|| prs, we can extend f +— ([f(X(K)), X (K)™)];)o<t<r uniquely to an oper-
ator on FL*(R%). Lemmaylelds that the operators f — (Sin, (f, X(K)))o<t<T are
equicontinuous on FL*(R?) and therefore S; .. (f, X (K)) — [f(X (K)), X (K)™)];, % 0
holds also for f € FL*(R?).

Consider now f € FLj (R 4) and let fE) = fo for a smooth cutoff functlon ®w
as in Section “ such that &) e F Ls(Rd) has compact support and f(&) = f
on {z € R? : |z|| < K}. It follows that Sy, (f, X(K)) = Smn(f(K),X(K) —Ep—>
[F(X(K)), X (K)™)];. Since Sy, (fEH), X(K+1)™) = S, . (fF) X(K)(™) almost
surely on {px > t}, we also have [f(X(K + 1)), X (K + 1)(m)] [f(X(K)),X(K)m™],
almost surely on {px > t} and therefore it is justified to set [f(X), X(™)], :=
[F(X(K)), X(K)™], on {px > t}. In particular, as Sy, (f, X) = Si.x, (f5), X (K)) on

{pr > t}, we conclude that Sy, (f, X) = [f(X), X(™],. O

N
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4.2.2. Proof of Proposition |4.1.2
Observe first the following corresponding statement to Lemma [4.2.2]

Lemma 4.2.3. Assumefor 0<a,8<1 and . Let (my)n>1 be a sequence
of partitions with |m,| — 0. Let s > 1 —2«a, s > 0, s+ 3 > 0. Then we have for
f € H(RY) that 1Stz (2@ < C2l| fllgs, 0 <t < T, for an absolute constant Cs.

Proof. Asin Lemma we only have to show that || My tl|r2p) S | fllas, [ Dntll 2@y S
| fllzs. By a density argument it is sufficient to consider f € S(R?). By the Burkholder-
Davis-Gundy inequality it follows that

||Mn,t||§,2([p>) ~

ZA2

Fourier inversion and [(X0)| yield for >_j_; A% up to a constant the bound

Z | Ay, — E [Ag| o, ]

([ 17 @lFr@lFn ol ) 3 (3 - x(7)’,

k=1

which is bounded by C|| f|/%. > r_; < xm _ x(m ) from Lemma [3.5.3] It holds that

tk—1

ED> r I(X(m — X(m)) | £ 1. Consequently, ||M,,

tk—1
D,, ; we find from Fourier inversion and independence via |(X0)| that ||Dn,t||%2(]p) is up to
a constant bounded by

2@y S |Ifllgs. With respect to

/|]:f (u1) Ff (u2)| Fp(ur + u2) [E[Qrn (u1) Qrp (u2)]] d (w1, u2),

with Q¢ (u) as in Lemma [4.2.1] Then Lemmas [4.2.1] and [3.5.3)(ii) immediately yield
1 Dotl2ace) < 1 1By 0

Proof of Corollary[4.1.3 We repeat the argument from Proposition Let (mn)n>1
be a sequence of partitions with |m,| — 0 and let 1 < m < d be fixed. As in Proposition
we know that S; ., (f, X(K)) = [f(X(K)), X (K)™)], in L'(P) for all 0 <t < T
and f € S(RY) c CY(R?). This time, since S(RY) is dense in H*(R%) with respect to
||| 275, we can extend f — [f(X(K)), X (K)™)]; uniquely to an operator on H*(R%).
Lemma yields that the operators f — S; . (f, X(K)) are equicontinuous from
H*(R?) to L*(P) and therefore S, (f, X(K)) 5 [f(X(K)), X (K)™)]; holds also for
f € H*(R?). The same localization argument as in Proposition allows us to
conclude that Sy, (f, X) 5 [£(X), X)), for f e HY (RY). O

4.2.3. Proof of Corollary

Proof. Let (m,)n>1 be a sequence of partitions with |7, — 0 and fix 1 < m < d.
We argue as in Corollary [3.1.6] For simplified notation assume Xy = 0 such that the
process X + z¢ has initial value 29 € R% Let (', F, (F})o<t<r,P’') be an extension

of (2, F,(Ft)o<t<t,P) such that there is a random variable Y K N(0,1;) which is
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independent of F and such that Y is Fj-measurable, where I; is the d-dimensional
identity matrix. On this space the process X +Y satisfies Assumption [(X0)l Proposition
4.1.2{ implies therefore S . (f, X +7Y) i [f(X +Y),X]t. In particular, zg — [f(X +
x0), X|¢ is measurable. It follows as in Corollary by a coupling argument that
St (fs X + x0) L3N [f(X 4+ x0), Xt for almost all zy (argue by almost sure convergence
on the extended space that Z,, = [S¢ ., (f, X +Y) — [f(X +Y), X];| converges almost
surely to zero and apply the bounded test functions 1. .)(7), € € Q, to the Z,). O

4.2.4. Proof of Theorem [4.1.5]

Proof. In order to prove (i) consider the stopping times (px)rx>1, processes
(X:(K))o<t<r and localized functions f) € FL3(RY) for f € FL{ (RY) from the

loc
proof of Proposition m Let ( T(LK)) C C®(R%) be a sequence of functions converg-
ing to f5) as n — oo with respect to ||-||rs such that ||fT(LK)HFLs < ||f¥)||prs. The
classical Ito formula together with Proposition 1.1. of |Russo and Vallois| (1996)) yields
F(FP, x (1K) = G5, X (K)), where

F (109, (8)) s= 109 (0(5)) = 140 (o) = [ (VAR (K)). X, (K))

and G(f{"), X (K)) = 3 [0n (X (K)), X ()] fi) = f5) with ve-
spect to ||-|[prs implies also fT(LK) — f¥) uniformly and thus it follows by dom-
inated convergence for stochastic integrals (Revuz and Yor| (1999, Theorem 2.12))
that F(f,SK),X(K)) — F(f%), X(K)) in probability. Moreover, the proof of Lemma
4.2.2 shows that |G(f), X(K)) e S I [rre and therefore (£, X (K)) —
G(f"), X(K)) in probability. From F(f,X) = F(f¥),X(K)) and G(f,X) =
G(f¥), X(K)) on {px > t} according to the proof of Proposition the claim
of (7) follows.

With respect to (i) the argument is similar. This time f) ¢ H(R?) for
f € Hp (R?) and the sequence (f7(,,K)) C C®(R?) converges to f) with respect
to [|||gs with ||fqu)||Hs < ||f%)||rs.  Then we can argue as above, noting that
NG X2y S 1 lie by Lemma 1.2.3] and using that f1™) (X, (K)) —
FEUXAK)), OnfS (X (K)) = O fT)(X,(K)) in LXRY) for all 0 < r < T,
1 <m <d (argue as in (3.5.1)).

For (iii) assume that Xo = 0 and that Y is as in the proof of Corollary Then
F(f,X+Y)=G(f,X +Y) P-almost surely by (i7). In particular, F(f, X + xg) =
G(f, X + x0) P-almost surely for all 2y in some set £ C R, where R\ E has Lebesgue
measure zero. By taking the intersection with the set E from Proposition zm), we
can assume without loss of generality that G(f, X +z¢) = % S O f (X +20), X,
exists for all xy € E. This yields (ii). O




Appendix A.

Technical tools

This appendix provides a number of important tools for the results in this thesis. We
first define stable convergence for sequences of random variables and describe some of
its properties. Then the localization procedure for continuous It6 semimartingales is
presented, which is frequently applied for proving the central limit theorems and the
generalized [t6 formulas. The third section defines and discusses the Fourier-Lebesgue
spaces. We conclude with a short review of Markov semigroup theory and the functional
calculus for normal operators.

A.1l. Stable convergence

The central limit theorems in Chapters [2| and [3] are based on the concept of stable
convergence, introduced by Rényi (1963).

Definition A.1.1. Let (Y,,),>1 be a sequence of random variables on a probability space
(Q, F,P) with values in a Polish space (F,E). We say that Y;, converges stably to Y,

written Y,, 25 Y, if Y is defined on an extension (Q, F',P") of the original probability
space and if (Y,,,U) LN (Y,U) for all F-measurable random variables U.

Equivalently, ¥, <% Y if and only if E[Uf(Y,)] = E[Uf(Y)] for all bounded measur-
able functions f and all bounded F-measurable random variables U (Jacod and Shiryaev
(2013, Definition VIII 5.28)). In that sense stable convergence can be deemed weak L*-
convergence. Stable convergence is stronger than convergence in distribution and allows
to standardize estimators when the parameters of interest are random.

Let now Y, and Y be stochastic processes with values in the Skorokhod space
D([0,T],RY), T > 0, such that Y, <5 Y. It follows that (Y;); <5 Y; for all 0 < ¢ < T if
Y is continuous and that Y, + Z, <5 Y + Z, if Z, and Z are processes in D([0,T],R%)
with supg<;<7||(Zn): — Zt|| 5o (Billingsley| (2013, Chapter 3)). The last convergence
supg<i<7||(Zn)t — Zt|| 5 0 is also called uniform convergence in probability, which is
denoted by Z, 2P, 7. For more details on stable convergence we refer to [Jacod and
Shiryaev (2013). Examples can be found in [Podolskij and Vetter| (2010]).

Proving stable convergence of stochastic processes is generally difficult. An important
tool is the following theorem, which appeared in its probably earliest form already in
Genon-Catalot and Jacod| (1993). We use only a special case adapted to our needs.

Theorem A.1.2 (Jacod and Shiryaev| (2013, Theorem 7.28)). Consider on a filtered
probability space (2, F, (Ft)o<t<T,P) a sequence of processes Y, defined by (Y,): =
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WA"J Enie An =T/n, such that each &, i, is a real-valued Fya,, -measurable and square
mtegmble random variable. Let W = (Wy)o<i<T be a continuous d-dimensional Brow-
nian motion with respect to (Fi)o<i<r. Assume that there are continuous and adapted
RY-valued processes (ut)o<i<t, (wi)o<i<T, 2ero at t = 0, such that the following condi-
tions are satisfied:

[t/An] .
kel F k- -B 0, Al1
20 D B [l Fuan] = Bl = (ALD)
[t/40) g
Z (E (&2 4] Fi-vyan) = E [énkl Fr-1)a.,] ) —>/O ([urll® + fwe|?) dr,  (A.1.2)
k=1
[t/An] .
Z E[fikl{kn,k’x} f(k—l)An] —0, foralle >0, (A.1.3)
k=1
1t/A0] . o
Z E [gn,k (WkAn _W(k—l)An) ‘f(k—l)An] —>/0 u:dr, (A.1.4)
k=1
[t/An] .
Z E [5n,k (NkAn - N(kfl)An)|}-(k71)An] —0, (A.1.5)

where (A.1.5)) holds for all bounded real valued martingales N which are orthogonal to
all components of W. Then we have the stable convergence

t t N
(Vo) L B +/ (U, dW,.) +/ <w7"7dWr>
0 0

as processes on D([0,T], R%), where W is a d-dimensional Brownian motion defined on
an independent extension of (0, F, (Ft)o<i<T, P).

A.2. The localization procedure

Let X be a continuous Itd semimartingale as in . In the following we assume that
((0v0] )Y o<t<r is almost surely bounded (cf. Assumption [(SM-a-3)). We associate
with X a sequence of cadlag processes (F,(X)),>1 on the same probability space. When
proving limiting statements for F,(X), it is often convenient to localize X and the
coefficient processes b and o.

To see how this works note that b being locally bounded implies that there are stopping
times 7 with 7 — 00 as K — oo such that [|b|| < K for all 0 < ¢ < 75 A T. Since
X and o are cadlag and because (040, )o<i<7 is almost surely invertible, we can further
define stopping times nx = inf{0 <t < T : || X4|| + ||o¢|| + || (o¢a,] ) Y| > K}, inf () = oo,
with ng — oo as K — oo. Let px = nx A 7k and set b (K) = bippy, 0i(K) =
Ttnpi Ljlounp, <k} We define the process X(K) = (X¢(K))o<t<r by Xe(K) = 0 if

px = 0 and otherwise by X;(K) = Xo + f(f K)dr + fo o (K)dW,. Then X; = Xy(K)
almost surely for all 0 <t < pg and

sup. (X |+ [0 (ROl + oo K + o K)o () 7) < K

0<t<
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We can now exploit the fact that convergence in probability and stable convergence
are stable under localization. For this assume that there exist also cadlag processes
F,(X(K)) associated with X (K).

Proposition A.2.1. Let F(X) and F(X(K)), K € N, be cadlag processes, possibly
defined on an extension of (0, F, (Ft)o<t<T,P). Assume that Fj,(X): = F,,(X(K)): and
F(X); = F(X(K)): almost surely for all 0 <t < pg and all n.

(i) If F,(X(K)) LN F(X(K)) as n — oo for all K, then also F,,(X) — F(X).

st

(i1) If Fr,(X(K)) N F(X(K)) as n — oo for all K, then also F,,(X) — F(X).

A proof can be found in [Jacod and Protter| (2011, Lemma 4.4.9).

A.3. Some inequalities for It6 semimartingales

The following holds in continuous and in discrete time, as well as conditional on .

Theorem A.3.1 (Burkholder-Davis-Gundy inequalities, |[Revuz and Yor| (1999, Theorem
4.1)). For every 0 < p < oo there exist two absolute constants ¢, and C), such that for
all continuous local martingales M = (My)t>0, Mo =0, and allt >0

& E [<M, M)f/ﬂ <E Kos;?;t Msy)p] < C,E [(M, M>f/2} .

Let X be a continuous Itd6 semimartingale as in (2.1.1)). For ¢ > 0 and ¢t > 0 let
te = max([t/e|e —€,0) and t., = h Vi, such that ¢ <t —t. < 2c and (t —h) Ae <
t —ten < (t —h) A2e. Define for 0 < h <t the approximated processes

Xt (Ea h) = th,h + Bts,h(t - t&ﬁ) + Uts,h(Wt - Wts,h)v (A'3'1)

X (e,h) = Xo—n), + by (t = (t = 1)) + o(—n). (Wi = We_p).)- (A.3.2)

We write X;(¢) = X;(¢,0). Then the following estimates hold by the Burkholder-Davis-
Gundy inequality, applied componentwise.

Proposition A.3.2. Assume|(H-a-f) for 0 < a,8 < 1. Then the following holds for
some absolute constant C and all 0 < h<t<T,t+h<T:

(i) B[ Zern — Zi||?] < Ch for Z = X, X(e,h), X (&, h),
(ii) B[ X: = Xule, )21 F,, ] < C (=) AP P24 (= h) ne)™H),
(iii) Bl Xern = Xo = (Kira(e) = Ke(@)|] < Ch (2541 4 %),
(iv) El|Xi1n(e,h) = Xt = (Xenle, ) = Xe(@)2IFe] < Ch (e +n)*PF 4+ (e + 1)),

(0) Bl|Xi(e, h) = X, [21F, ) < C (=) A2 + (¢ = B A=)
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A.4. Fourier-Lebesgue spaces

We use extensively the following function spaces, which appear in the form below for
example in (Catellier and Gubinelli| (2016)).

Definition A.4.1. Let s € R, p > 1 and denote by FL*P(RY) := {f € LP(R?) :
|flFrse < oo} the Fourier-Lebesgue spaces of order (s,p) with norm || f|prse =
([ |Ff(w)[P(1+]u])*Pdu)t/P. Denote by FL;*(R?) the localized Fourier-Lebesgue spaces
which contain all functions f such that fo € FL*P(R?) for all ¢ € C°(RY).

This definition assumes implicitly for f € FL*P(R?) that the Fourier transform Ff
exists as a function in LP(R?). For p = 1 we just write FL*(R?) (or FL; (R%)) and
| f|lFrs. For p =2 the spaces H*(R?) := FL*?(R%) (or Hi (RY) := FLZ;i(]Rd)) are the
fractional L2-Sobolev spaces of order s with norm ||-||gs := ||| prs2. In particular, a
function f € H*(R%) is | s|-times weakly differentiable. The Fourier-Lebesgue spaces are
also related to the Bessel potential spaces for 1 < p < oo (cf. (Triebel, 2010))). Observe

the following embeddings which follow from properties of the Fourier transform.
Proposition A.4.2. Let s > 0. Then it holds:

(i) FLj,.(RY) C C°(RY),

loc

(is) C3(RY) c HE #(R%), e > 0,

loc

(iii) Hi (RY) C FL; (RY), s > s 4 d/2.

loc

Note that we can gain in regularity for some functions by considering larger p. For
example, the Fourier transforms of the indicator functions 1,3, a < b, decay as |u|~! for
lu| = 0o and thus 1f, ;) € FL°™(R), but also 1,y € H'Y2~(R). Similarly, z — e~ 1#l lies
in FL'~(R) and in H%/?~(R). For another example of negative regularity see Theorem
More details on these spaces can be found in |Adams and Fournier| (2003)), D1
et al.| (2012)), Triebel (2010).

A.5. Semigroup theory and the functional calculus

This section recalls the basic objects needed in Section[3.3] For more details on semigroup
theory and the functional calculus see Bakry et al.| (2013 Chapters 1.4.1 and A.4), Rudin
(2006, Chapter 13) or Engel and Nagel (1999)).

Let X be a Markov process with values in a Polish space S and let 1 be any probability
measure S. On the induced Hilbert space (L?(u), ||-||,,) denote by (P,);>0 the Markov
semigroup associated with X which satisfies P f(z) = E[f(X,)|Xo = 2] for f € L?(u),
x € S, and P.ys = PP, r,s > 0. The infinitesimal generator of the semigroup is
defined as

Bf-f
r

Lf =lim

r—0

, f€dom(L),

where the limit is taken with respect to ||-||,, and where the domain dom(L) C L?*(u)
is the set of all functions for which this limit exists. If (P;),>0 is strongly continuous,
ie. Pof — fin L?(u) asr — 0 for all f € L?(u), then the semigroup is called Feller.



123 Appendix A. Technical tools

This is true for most Markov processes in practice, including Lévy processes and many
diffusions. In the Feller case, L is a densely defined closed linear and usually unbounded
operator on its domain with spectrum o(L) C {\ € C: Re(\) < 0}.

In order to define fractional powers of the generator assume that L and thus the
operators P, are mormal, i.e. LL* = L*L, where L* is the Hilbert space adjoint of L
with respect to L?(u). In that case the spectral theorem (Rudin| (2006, Theorem 13.33))
guarantees the existence of a resolution of the identity or spectral measure (E4) 4ep(c) on
L?(p). This means that (E4) acp(c) is a family of orthogonal projections E : L?(p) —
L?(p) for Borel sets A C C such that for every f,g € L?(u) the map A — (Eaf, g)# is
a complex measure supported on o(L). Moreover, A +— (FE4f, f>u is a positive measure
with total variation (Ec f, f), = HfHZ By the spectral theorem we can associate to any
measurable function ¥ : C — C a densely defined closed operator W(L) by the relation

@t - [ OB g g€ 1),
with domain dom(¥ (L)) = {f € L?(u) : fU(L) [W(N)2d(Exf, f)u < oo}. It satisfies
H\I’(L)in = fa’(L) |U(N\)|2d (E\f, f),- In particular, we can define the fractional oper-

ators |L|*/? on dom(|L|*/?) for 0 < s < 1. At last, by the spectral theorem for normal
semigroups (Rudin| (2006, Theorem 13.38)), the semigroup can be realized in its expo-
nential form, i.e. P, = ¥(L) with ¥(z) =", r > 0.
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