
Question 1

Consider the following directed acyclic graph:

X2X1 X3 X4

X5

(a) Explain what it means to say that random variables X1, X2, . . . , X5 satisfy
a linear structural equation model with respect to this graph.

(b) Explain what it means to say that the distribution of random variables
X1, . . . , X5 factorises according to this graph.

(c) Suppose the distribution of X1, . . . , X5 factorises according to this graph.
For each of the following conditional independence statements below, ex-
plain whether or not it is implied by the graph:

1. X1 ⊥⊥ X5;

2. X1 ⊥⊥ X4 | X3;

3. X3 ⊥⊥ X5 | X2;

4. X3 ⊥⊥ X1 | X2, X4;

(d) Explain what it means to say X1, . . . , X5 satisfy a nonparametric struc-
tural equation model (NPSEM) and define the counterfactual X4(x2) us-
ing the model.

(e) Explain whether the following counterfactual independence statements are
implied by the graph:

1. X4(x2) ⊥⊥ X2 | X5;

2. X4(x2) ⊥⊥ X1;

3. X4(x2) ⊥⊥ X1 | X2.

You may assume all the single-world independence assumptions for coun-
terfactuals defined by the NPSEM are satisfied.

(f) Explain the concept of causal identification. Derive an identification for-
mula for E[X4(x2)] assuming all random variables are discrete.
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Question 2

Consider the problem of inferring the causal effect of a binary treatment variable
A on a real-valued outcome variable Y . Let X be some observed covariate and Z
be an instrumental variable. We observe independent and identically distributed
copies (Zi, Xi, Ai, Yi) for i = 1, . . . , n of (Z,X,A, Y ).

(a) Define the average treatment effect (ATE) and the average treatment effect
on the treated (ATT).

(b) Suppose there are no unmeasured confounders given X. Define the inverse
probability weighting (IPW) and outcome regression (OR) estimators for
ATE using (Xi, Ai, Yi), i = 1, . . . , n. Explain how model misspecification
for the nuisance functions may affect the properties of these estimators.

(c) Define what it meant for Z to be a valid instrumental variable without
conditioning on X. Give a causal effect estimator using (Zi, Ai, Yi), i =
1, . . . , n and explain the additional sufficient conditions for it to converge
to some form of causal effect of A on Y .

(d) Briefly describe how you may test whether the IPW estimator in (b) and
your estimator in (c) converge to the same value as n → ∞. You may
assume any regularity assumptions needed for the estimators to admit
asymptotic linear expansions and leave the explicit forms of the influence
functions unspecified.

(e) Suppose you have strong confidence in the validity of the instrumental
variable Z. Suppose you also believe your propensity score model for the
IPW estimator is correctly specified and all the regularity assumptions in
(d) are very reasonable. If the statistical test in (d) is rejected at level
0.0001, does it mean that you have evidence that there are unmeasured
confounders besides X? Justify your answer.
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Question 3

Consider the following directed acyclic graph:

AZ
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Suppose the random variables Z,A, Y,W are observed but U is unobserved.
Suppose the distribution of Z,A, Y,W,U factorises according to this graph and
satisfies the faithfulness assumption. Finally, suppose A is binary.

(a) For each of the following conditional independence statements below, ex-
plain whether or not it is implied by the graph:

1. W ⊥⊥ A | U ;

2. Z ⊥⊥ Y | A,U ;

3. W ⊥⊥ A | Y,U .

(b) Explain what it means to say that Z,A, Y,W,U satisfy a nonparametric
structural equation model (NPSEM) with respect to this graph. Use the
NPSEM to define the average treatment effect of A on Y .

(c) Define what it means for Z to be a valid instrumental variable for es-
timating the causal effect of A on Y . Is Z in the graph above a valid
instrumental variable? Justify your answer.

(d) Suppose there exists a function b(w, a) such that

E[Y | U,A = a] = E[b(W,a) | U,A = a] for a = 0, 1.

Express the average treatment effect using the function b and the observed
variables. Then prove the following identity

E[Y | Z,A] = E[b(W,A) | Z,A].

(e) Suppose b(w, a) is in the following parametric family indexed by some
unknown parameter θ = (θ1, θ2, θ3, θ4):

b(w, a) = b(w, a; θ) = θ1 + θ2w + θ3a+ θ4aw.

Describe how you can use the results in (d) to estimate the average treat-
ment effect.
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Question 4

Consider the problem of inferring the causal effect of a binary treatment variable
A on a real-valued outcome variable Y . Let X be some observed covariate.
We observe independent and identically distributed copies (Xi, Ai, Yi) for i =
1, . . . , n of (X,A, Y ).

(a) State the no unmeasured confounders assumption for this problem. Then
define the inverse probability weighting (IPW) and outcome regression
(OR) estimators for the average treatment effect (ATE) using (Xi, Ai, Yi), i =
1, . . . , n.

(b) For a = 0, 1, let

δa(x) = E[Y (a) | A = 1, X = x]− E[Y (a) | A = 0, X = x].

What values can δa(x) take if the no unmeasured confounders assumption
is satisfied? Justify your answer.

(c) Suppose the no unmeasured confounders assumption is not satisfied, but
we know the functions δ0(x) and δ1(x). Derive an identification formula
for the ATE using δ0(x), δ1(x), and the joint distribution of A,X, Y .

(d) In the setting of (c), give a statistical estimator of the ATE by extending
the IPW estimator in (a). Explain when you expect your estimator to be
consistent.
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