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1. Let G(x) = (−4π|x|)−1 for x ∈ R3.

(1) Prove that G ∈ L1
loc(R

d).
(2) Prove ∆G(x) = 0 for x ̸= 0. Let h ∈ D(R3) and r > 0. Prove that∫

|x|>r

G∆hdx =

∫
|x|=r

G
∂h

∂n
dx−

∫
|x|=r

∂G

∂n
hdx,

where n is the unit normal vector on the surface |x| = r pointing towards
the origin, that is outward from the domain |x| > r.

(3) Prove ∆TG = δ0.

2. Suppose that Ω ⊂ Rn is open and bounded, let f ∈ C∞
c (Ω), and suppose

0 < ε < 1.

(1) Show that
∫
Ω
(|f |2 + ε)

p
2dx → ∥f∥pp as ε → 0.

(2) By considering
∫
Ω
(|f |2 + ε)

p
2dx =

∫
Ω

(
1
n
div x

)
(|f |2 + ε)

p
2dx, or otherwise,

show that there exists a constant C, depending on Ω, p but not on f , such
that ∥f∥p ≤ C∥∇f∥p.

3. Suppose u : S(Rn) → C is a linear map. Show that u is continuous if and only
if there exist N, k ∈ Z>0 and C > 0 such that:

|u(h)| ≤ C sup
x∈Rn;|α|≤k

|(1 + |x|)NDαh(x)|, for all h ∈ S(Rn).

In particular, all tempered distributions are of finite order.

4. Let s ∈ R.

(1) Show that S is a dense subset of Hs(Rn).
(2) Find a condition on s such that δx ∈ Hs(Rn).
(3) Show that H t(Rn) is continuously embedded in Hs(Rn) for s < t.
(4) Show that the derivative Dα is a bounded linear map from Hs+k(Rn) into

Hs(Rn), where k = |α|.
(5*) Show that the pairing ⟨, ⟩ : H−s(Rn) × Hs(Rn) → C, which acts on f ∈

H−s(Rn), g ∈ Hs(Rn) by

⟨f, g⟩ =
∫
Rn

f̂(ξ)ĝ(ξ)dξ

is well defined, and show that the map g 7→ ⟨f, g⟩ is a bounded linear func-
tional on Hs(Rn). Deduce that Hs(Rn)′ may be identified with H−s(Rn).

5.

(1) Let f ∈ S(Rd) and let h ∈ C∞
c (Rd) with h(0) = 1. Let hn(x) = h(x/n)

for n ∈ Z≥1. Prove that fhn → f in the topology of Hs(Rd) for all s ∈ R.
(2) Conclude that D(Rd) is dense in Hs(Rd) and H1

0 (R
d) = H1(Rd).

6. Fix some f ∈ S(R) and let fr(x) = f(x/r).

(1) Prove that ∥fr∥H1/2 is bounded for r ∈ (0, 1].
(2) Prove that fr ⇀ 0 as r → 0 in the Hilbert space H1/2(R).



(3) By considering functions of the form
∑n

j=1 ajfrj for suitable aj and rj, or

otherwise, show that for all ε > 0, there is a function g ∈ H1/2(R) with
∥g∥∞ = 1 and ∥g∥H1/2 < ε.

7.

(1) Suppose s = n
2
+ γ for some 0 < γ < 1. Show that there exists a constant

Cn,γ > 0 such that for all x, y ∈ Rn, we have∫
Rn

|e2πi⟨x,ξ⟩ − e2πi⟨y,ξ⟩|2

|ξ|2s
dξ ≤ Cn,γ|x− y|2γ.

(2) Show that if s = n
2
+ k + γ for some k ∈ Z≥0, 0 < γ < 1, then

Hs(Rn) ⊂ Ck,γ(Rn).

8. Fix s ∈ R, and suppose that f ∈ Hs(Rn).

(1) Show that there exists a unique u ∈ S ′(Rn) which solves:

∆2u+ u = f,

and express û in terms of f̂ .
(2) Show further that u ∈ Hs+4(Rn) and there exists C > 0 such that

∥u∥Hs+4 ≤ C∥f∥Hs .
(3) Give a condition on s that implies the equation holds in the sense of clas-

sical derivatives (possibly after redefining u, f on a set of measure zero)?

9. [The trace theorem] Assume s > 1
2
and suppose u ∈ S(Rn). Define Tu ∈

S(Rn−1) by:
Tu(x′) = u(x′, 0), x′ ∈ Rn−1.

(1) Show that if ξ′ ∈ Rn−1:

T̂ u(ξ′) =

∫
R

û(ξ′, ξn)dξn.

(2) Deduce that

|T̂ u(ξ′)|2 ≤
(∫

R

(1 + |ξ|2)s|û(ξ′, ξn)|2dξn
)(∫

R

dξn
(1 + |ξ|2)s

)
,

where ξ = (ξ′, ξn).
(3) Show that ∫

(1 + |ξ|2)−sdξn ≤ C(s)(1 + |ξ′|2)−s+1/2

for some constant C(s) depending only on s, and hence

∥Tu∥
Hs− 1

2 (Rn−1)
≤ C(s)∥u∥Hs(Rn).

(4) Conclude that T extends to a bounded linear operator T : Hs(Rn) →
Hs− 1

2 (Rn−1).
(5*) Suppose v ∈ S(Rn−1) and let ϕ ∈ C∞

c (R) satisfy
∫
R
ϕ(t)dt = 1. Define u

through its Fourier transform by:

û(ξ′, ξn) =
v̂(ξ′)√
1 + |ξ′|2

ϕ

(
ξn√

1 + |ξ′|2

)
.

Show that there exists a constant C > 0 such that:

∥u∥Hs(Rn) ≤ C∥v∥
Hs− 1

2 (Rn−1)

and that Tu = v. Conclude that T : Hs(Rn) → Hs− 1
2 (Rn−1) is surjective.



Remark: This question asks for the proof of a different version of the trace
theorem compared to what was stated in the lectures. In the lectures, the trace
operator maps Hs(Ω) → Hs−1/2(∂Ω) where Ω = R>0×Rn−1. Given the definition
of Hs(Ω) and the norm on it, it is enough to show that the operator constructed
in this question satisfies Tu = 0 for all u ∈ Hs(Rd) such that u|Ω ≡ 0. To this
end, it is enough to show that such functions u may be approximated by Schwartz
functions that vanish on Ω. The details of this is an optional exercise.

10.* For two probability measures µ, ν on R their convolution µ ∗ ν is defined via

µ ∗ ν(φ) =
∫
R

φ(x+ y)dµ(x)dν(y), φ ∈ S(R).

(1) Show that µ ∗ ν defines an element Tµ∗ν of S ′(Rn) and find T̂µ∗ν .
(2) Let µ be a probability measure onR such that

∫
R
xdµ(x) = 0,

∫
R
x2dµ(x) =

1. Denote by µ∗k = µ∗ · · · ∗µ the k-fold convolution (with k ∈ Z≥1 factors)
and define a Borel measure on R

λk(A) = µ∗k(√kA
)
, where

√
kA = {

√
kx : x ∈ A}, A ⊆ R Borel.

Show that the corresponding distributions Tλk
converge in S ′(R) as k → ∞

and identify the limit.
(3) Show that Tλk

defines a sequence in H−s(R) whenever s > 1/2 and that it
converges in this space. What if s ≤ 1/2?


