EXAMPLE SHEET 3 FOR DIOPHANTINE ANALYSIS,
LENT 2026

PETER VARJU

About this example sheet:

e Please send comments and corrections to pv270@Qdpmms.cam.ac.uk.
e Please submit your solutions of Problems 1 and 3, by Friday 6 March,

17:00.

e The purpose of this example sheet is to complement the material of
the lectures. The level of difficulty of the problems varies considerably
(in a non-monotone fashion), and they are not intended to be mock

exam questions.

1. Let a # 0 be an algebraic number of degree d and § # 0 an algebraic
number of degree D. Suppose D > 2d.

Give a lower bound on |a — ] by computing the height of « — § and
using the Liouville bound. The purpose of this question is to improve this
bound. The actual values of the numerical constants are not important. If
you obtain larger values, that is acceptable.

(a) Let M € Zs; be such that D > 2Md. Prove that there is a poly-
nomial P € Z[X] of degree D — 1 that vanishes at « to order M
with

H<P) < D2M2d/DH(a)2Md.

(b) Prove that
\P(B)| = H(P)™?-DP.H(B).
(c) Prove that
[P(8)] < DM H(P)H (o)™ H(8)” |a— 5|

(d) Prove that there is an absolute constant C' such that

1/2

o= B > D=V M (a) =P M ()P

Hint: You should get |a — 8| > 27 M (o) P M (B)~? from the Liouville
bound. (a): Use Siegel’s lemma and D — Md > D/2. (b): Estimate the
height and use the Liouville bound. You also need to show P(3) # 0.
(c): Use Taylor expansion around « to order M with remainder term. Use

max(|al,|8]) < H(a)'H(B)". 1
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Solution

We have H(a — ) < 2H(a)H(B) and deg(a — f) < dD. Since «
and S have different degrees, they are not equal and o — 3 # 0. Now
Liouville’s inequality gives

o = B = H(a — B) =% > (2H (a) H(5)) "
=27 M ()P M ()~
(a) We use Siegel’s lemma for the system of linear equations

O=ap_1a” "+ ...+a1a+ ag

D—1 1
OzaD_1< 1 )ozD_2+...+a1(1)oz0

B D=1\ p_u M—1\ ,
O—aD_l(M_l)a —l—...—|—CLM_1(M_1>O,/,

where ag,...,ap_; are the variables. We will then set P(X) =
ag, X1+ ...+ a1 X + ag, where the coefficients are integer solutions,
not all zero, of the above system of equations.

We estimate the height of the equations. For a finite place v € Mq(q)
and m < M — 1, we have

max (‘ (‘7 )ozj_m) ) = max(1, |al,)?""" < max(1, |a|,)”.
j=0,...D—1 \|\'m v

For an infinite place, we have

J\ i
max (‘ ol
§=0,...,.D—1 m

where we used the estimate ( 731 ) < D™,
Using the definition, the height of the mth equation is bounded by

Hp((Dn; 1)m (;j;)am—m)

> < D™ max(1,|al,)P~tm

v

< pM-1 max(1, |oz\v)D,

< ] max(n o)™ [T D™V max(1, |af,) "
veMq(a).s vEMQ(a),00
= DM H(a)P.

There are M equations with coefficients in the number field Q(«) that
is of degree d. The number of variables is D. Siegel’s lemma shows
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that there is a non-zero integer solution aq, ...,ap_1 with
= D2M2d/DH(a)2Md

: aM aM
where we estimated the exponent as ;%537 < 5 T3

(b) We know that P() # 0, because 3 is of degree D > deg P. We
estimate the height of P(53) as

H(P(B)) < L(P)H(a)"*") < DH(P)H(5)".
Now the Liouville bound gives
|P(8)] > H(P(8)™" > H(P)™" D~ H(8)™"",

where we used deg P(f) < deg 8 = D.
(c) We use that

’ 1 M—-1p(M
PO = [ (=2 P e

which can be proved using integration by parts and P(m)(a) = 0 for
m = 0,..., M—1. Here the integral is along the straight line connecting
a to 5. (This is the integral form of the remainder term in Taylor’s
theorem.)

We have )
|P(B)] < mm —5\MmzaX|P(M)(Z)|‘

where z in the max runs over the line segment connecting a and f.
(When « and 3 are real, you can also prove this using the Lagrange or
the Cauchy from of the remainder.) We estimate

[P (2)] < DH(PM) max(|al, |8))° < DM H(P)H ()™ H(8)"",

and the claim follows if we plug this in to our previous bound on |P(f3)|.
(d) Comparing the upper and lower bounds for |P(5)|, we get

jor = BI1M = DM H(P) T H (a) P H(B) T H(P) DT H(B)

_ D—M—l—DH(P)—D—1H(a)—dDH(5)—2D2

> D_ZDH(P)_2DH(C¥)_dDH<ﬂ)_2D2.
Plugging in the bound for H(P) from part (a), we get

]04 o ﬁ‘M > D72DD74M2dH(Oé)74MdDH<a)deH(5)72D2
_ D_4M2d_2DH<Oé)_5MdDH(6)_2D2
which gives
|oz _ B| > D—4Md—2D/MH(a)—5dDH(B)—2D2/M‘
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The first factor is optimized when we choose M approximately
(D/d)'/?. Tt might be possible to improve this, when H(f) is large.
To prove the bound asked for in the question, we need to choose an
integer 1 < M < D/2d such that ¢;(D/d)"? < M < Cy(D/d)"? for
some constants ¢; and C;. Taking M = [(D/2d)'/?|, this holds with
C1 = 2_1/2 and Cl = 21/2.

L J

2. Let wy,...,w, be distinct real numbers, let di,...,d, be non-negative
rational integers, and let uy,...,uy be distinct real numbers for N = d; +
...+ d, +n —1. Show that there exist polynomials ai,...,a, € R[X] of
degrees dy, . .., d, respectively, such that the function

F(X) = Z%(X) exp(w; X)

has a simple zero at each u;, and no more zeros.
Hint: Use linear algebra to find a non-zero F' that vanishes at the pre-
scribed points. Use the zero estimate to show it has no more zeroes.

Solution

We consider R[X]@ the vector space of polynomials of degree at most
d and look for a solution of the system of equations

Z a;j(u;) exp(wju;)

j=1
for each i = 1,..., N, where we consider a; € R[X](%) as variables.
The dimension of the space R[X]@) 4 ... + R[X]@) of variables is
di+...+d,+n =N+ 1. The number of equations is N, so there is
a solution such that not all a; is 0 by linear algebra.
By Proposition 42, the function ) a;(X) exp(w;X) cannot have more
than N zeros counting multiplicities, so every wu; is a simple zero, and
there are no other zeroes.

3. Let wy,...,w; be Q linearly independent elements of C”. Show that the
functions
C"—=C:x=(21,...,2,) — exp(w; - z)
for j =1,..., k are algebraically independent over the field Q(z1, ..., xz,).
Hint: You need to show that

Z ary ... () exp((liwy + ... + lyw) - x) # 0

Iyl
for any choice of non-zero a;, . ;, € Q[z1,...,x,], where the indices [y, ...,
run through some finite range. Prove this by induction on the sum of the
total degrees of the a’s by a similar argument to Proposition 42.
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Solution

We need to show that if
P(Xy,..., X)) =Y (@)X X

liseslie

is a non-zero polynomial, that is, not all a;, ., is zero, then

alk
P(exp(wy - z),...,exp(wy - x)) # 0.
This is equivalent to

Z ary,. () exp((lhhiwy + ... + lywg) - ) # 0.

Iyl
We note that by Q-linear independence of wy,...,wy, the vectors
lhwy + ... + lywy are all distinct. We prove the following formally
stronger statement. Suppose that b1,...,b0, € Q(z1,...,x,) are non-
zero polynomials and vl, .oy Uy € C™ are distinct vectors. Then

(1) Zb x)exp(v; - x) # 0.

We write

N = Z(deg(b )+ 1),
7=1
where the degree is the total degree, and prove the claim by induction
on N. If N =1, then there is only one term in the sum, and the claim
is trivial.
Now suppose N > 1, and the claim holds for lower values on N. We
note that

Z bij(z)exp((v; —v1) - ) = exp(— zm: x)exp(vj - x)

is non-zero if and only if (1) holds. We can, therefore, assume that
V1 = 0.
Now write

%gbﬂ expl(v Zb z) exp(v; - ).

If this function is non-zero for some i, then (1) also holds. Note that
by = Ob, /Ox; is either 0 or a non-zero polynomial of lower degree than
bi. In either case the value of N decreases, so we are done by the
induction hypothesis if we can find a suitable ¢ so that not all b; is
Z€ero.

We consider two cases. The first is m = 1. In this case, the claim
follows in the same way as in the N = 1 case, because there is only
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one term in the sum. Alternatively, we can finish the induction step,
by noting that if N > 1, then b; is not the constant polynomial and
hence has a non-zero partial derivative.

The second case is m > 1. In this case, vy # 0, because the vectors
vj are distinct. In partlcular V9 has a non-zero component, say the ¢

component. Then bg has the same degree in x; as by, so b2 £ 0, and we
are done.

4. The goal of this question is to give an alternative proof of the real case of
the Gelfond Schneider theorem based on Gelfond’s proof. Now let A, Ay €
R and suppose a; = eM ay = e B = \y/\; are all algebraic and 3 ¢ Q.
We aim to derive a contradiction.
(a) Let L € Z>; and let fi,...,fr : C — C be entire functions. Let
SQ,Sl € ZZO with L = (So + 1)51, and let 51,...,651 € C. Let
r € Ryg with |§5| <r fors=1,...,5;. Let E € R>;. Prove that
L

det](d”/d=") f(&)] ;< BRSO S LT T maxc ((d7)/d=7) filer
0,8 e 1 7 -0
The indices in the determinant run through the ranges t =1,..., L,

c=0,...,5%and s=1,...,5.
(b) Now let T', Sy, S1, L € Z>( be such that

L= 2T +1)*=(Sy+1)(25; + 1),
and consider the determinant
A = det[(d/dz7) exp((t1 + Pt2)2)|s=rys)tite,

where the indices run through the ranges ty,t, = —T,...,T, 0 =
,Spand s =—51,...,5.
Use (a) to give an upper bound on |A|.
(c) Use Proposition 42 to show that A # 0.
(d) Show that A is algebraic, estimate its height and find a contradiction
with an appropriate choice of the parameters.
(e) Compare A with the determinant in Schneider’s proof.

Hint: (a): Try the same proof as in Proposition 38, but now you cannot pull
out factors of z4%/t from the rows. Instead try to expand the determinant
and estimate the degree of each term. (c¢): Same as the proof of Proposition
41, but now you need to count zeros with multiplicities. (e): Gelfond’s A is
the transpose of Schneider’s.

's 2

Solution

(a) We use Schwarz’s lemma for the function
F(u) = det|(d” /=) fil—¢.] «
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Estimating the determinant by expanding it into L! terms, we have

(o} ag

[Flp < Lt max |(d7/d=") filr,
so the claim will follow if we show that I’ has a zero of order at least
L(L — 1)/2 — S()(So + 1)51/2 at z = 0.
To do this, we assume similarly to the lectures that we have f, = 2
for some k; € Z>( for each t. (As we did in the lectures, it is possible
to expand each f; as a power series. Expanding the determinant, we
get a series for F, which can be shown to converge and we show that
each term in the series has the required order of vanishing at z = 0.)
If two k; coincides, then the determinant is identically 0, so we can
assume that this is not the case. Now the determinant is the sum of
products

k¢

L dot

dzot |Z:£Stu’
t=1

where (oy,s;) runs through {0,...,S0} x {1,...,5} in some order.
Such a product is divisible by uiza(ki=ot) §f k; > o, for all t. Otherwise
the product is identically 0.

Now
L L
k=D t=L(L-1)/2
t=1 t=1
and
L So
ZO’t = Sl Z] = 5180(50 + 1)/2
t=1 5=0
irrespectively of the order of o; running through {0,...,Sy} S; times.
The claim follows.
(b) Using

ftl,tz = exp((tl + Bt2>z)
and & = A1s, the determinant A is of the form given in Part (a). We
have [£;| < C'S; =: r for some constant C' depending on \;, and

dO’
— fuu
dze" " Er

for another constant C' depending on A; and \,.
Now applying the bound in Part (a), we get

log |A| < —c(log E)L? + C(log E)S3S; + C(log ET)SyL + CETS, L

for suitable ¢ > 0 and C' depending on A\; and \s.
(c) Suppose to the contrary that A = 0. Then there are a;, +, € R for
t; and t, running between —T,...,T, not all 0, such that the linear

< exp(C(logT)Sy + CETS,)
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combination of the rows of A with these coefficients is the 0 vector.
This means that the function

G(Z) = Z Aty ta eXp((tl + 6t2)2>
t1,l2
has the property that (d?/dz?)G|,=n,s = 0 for ¢ = 0,...,Sy and
s =—51,...,51, so G has (Sy+ 1)(25S + 1) = L zeroes counting mul-
tiplicities. This is more than L — 1, which contradicts Proposition 42.
(d) Using that exp(A;) = aq and exp(BA;) = g, we can write

A= [(t; + 5752)004?504328]%’?'

This is obtained from algebraic numbers with field operations, so it is
algebraic. We estimate the height of A using Proposition 28 thinking
of A as a polynomial in 3, aj, as, a;' and ay'. We expand the
determinant, we obtain L! terms, and in each term we expand the
products of powers of (t; + ;). This way, we obtain < L!-2%% terms.
Each has an integer coefficient, which is the < SyL-fold product of
numbers that arise as t; or 5. The length of the polynomial is at most
L!- (2T)%F, In this polynomial, the exponent of 3 is not more than
LS, and the maximal exponents of each of ay, ap, a7’ and a5 ' is not
more than T'S; L. By Proposition 28, we get

H(A) < L) H(3)"5 H(oy) ™" H{a7 )"
H<a2)T51LH(a2—1)T51L
<exp(Llog L + C(logT)SyL + CTS,L)

for a suitable constant C' depending only on A; and As.
By the Liouville bound and A # 0, we have

|A| > exp(—CLlog L — C(logT)SoL — CTS, L)

This contradicts the upper bound in Part (b) if clog(F)L? is larger
than each of

CLlogL, C(logE)S2S;, C(log ET)SyL, CETS,L,

where ¢ and C' are some constants depending only on A\; and A,.

Now we take F = 10, T approximately L'/2, S, approximately L'—¢
and S approximately L°. It is easy to check that this is suitable if L is
sufficiently large.

(e) The determinant appearing in the question is simply the transpose
of the determinant that appeared in the proof presented in the lectures.
Therefore, the proofs of Gelfond and Schneider are duals of each other
in a certain sense. This was not immediately obvious in their original
formulation, which was based on constructions of auxiliary functions
using Siegel’s lemma.




EXAMPLE SHEET 3 9

5. The goal of this question is to give a proof of Dyson’s diophantine expo-
nent without using Siegel’s lemma. Let o € RNQ\Q, and let ¢ > 0. Suppose
to the contrary that there are py/q1,p2/q2 € Q with |a — p;/g;] < qj_‘/ﬁ_6
for j = 1,2 and such that ¢; and log¢s/logq; are both large in terms of «
and .

Consider the matrix

M = [801702thyt2|(X,Y)=§s} t1,ta
1

01,02,8
where
aU1+U2
60-1702 - 0'1!0'2!8)(0181/02.
The indices t; and t; run through the ranges 0,...,n; and 0,...,ny, where

ny,ng € Z>o are large and such that n; log ¢; and nylog g, are close to each
other. We take & = (a,a), and let &, ..., &; be the Galois conjugates of
(o, ). We take &1 = (p1/q1,p2/q2). The indices s, 1, o9 run through

2
{(s,01,09) s =1,...d,01/n1+03/ny < ——=—01 }U{(d+1,01,03) : 01/n1+09/ns < 62}

V2d

for appropriate parameters 61, 05 > 0, which will be chosen in terms of £ and
a.

(a) Use Dyson’s lemma to show that M has rank L := (ny +1)- (ng+1).

(b) Show that you can find an L x L submatrix with nonzero determinant
A of M that includes a maximal linearly independent subfamily of
the columns that correspond to s < d.

(c) Consider the Taylor expansion of all entries in the columns that cor-
respond to s = d+ 1 around (X,Y) = (a, «), and use this to give an
upper bound on |A|.

(d) Estimate H(A) and find a contradiction for an appropriate choice of
the parameters.

Hint: (a): Consider a linear combination of the rows of M and show that
the corresponding polynomial cannot have so much vanishing to make the
linear combination all 0 if 41, d, are appropriately chosen and ny/n; is small
enough, which you may force by requiring that log g2/ log ¢; is large. (¢): Use
column operations on the determinant to remove low degree terms from the
Taylor expansions. You need to use that you have enough columns in your
determinant that span the space generated by all columns of M corresponding
to s = 1. (d): The standard Liouville bound will not be enough, but you
can prove that there is always a Galois embedding 7 : Q(a) — C such
that |7(A)| > H(A)™!. Observe that you may replace A by m(A) and the
previous parts will not be affected.

[ Solution ]

(a) Suppose to the contrary that the rank of M is less than L. Then the
rows of the matrix are linearly dependent, and there are some complex
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numbers ay, +,, not all zero, such that the linear combination of the
rows with these coefficients is the all 0 vector. That is, the polynomial
P(X.Y) =) a,,X"Y"
t1,t2

satisfies Oy, 0, P|(x,v)=¢, = 0 for all (s,01,02) in the range specified in
the question.
Now we estimate Ip(£,;n; ", ny ') for each s. We have

2
Ip(ésnitngt) > — — 6, =: t,
P(f 1 2 ) \/Zl 1
fors=1,...,d and
Ip(Earisnyting ') > 03 =: ta
using the vanishing of the derivatives stated above and the definition
of the index. This contradicts Dyson’s lemma if we have

d+1 2
t d 1 N9
R I
szl 2 Z T 2 nq
We have
d+1 )
t 2 2 20
Yo B =d(—= = 61)*/2403/2 > d(= — =) + 63/2

202~ 24 Vad

>1—26Vd+ 62/2.

This satisfies our requirements if we choose 9; and ds is such a way that
3Vdé, < 62/2 and then make sure that ny/n; ~ logq/log g, < Vdod,.
(b) Since M has rank L, its columns span C*. We begin by selecting
linearly independent columns among the columns that correspond to
s < d, and do this until there are no more columns among these that
are linearly independent from those already selected. Finally we select
columns among those that correspond to s = d+ 1 until we get a basis
of CE.

(c) Let f € R[X,Y] be a polynomial of degree at most n; in X and at
most ny in Y. The Taylor expansion of f around («, a) gives

For/ap2/a) = D D Oy fla,a)(pr/ar — ) (p2/as — @)™,

p1=1 p2=1
Applying this for d,, »,f and taking into account the factorials in the
definition of 0,, ,,, we have

ni n2 + +
aa1,02f(p1/q17p2/q2) - Z Z (pl 0'10-1> <p2 0'20-2>

p1=1p2=1
! ap1+01,p2+02f(a7 Oé) (pl/ql - a)pl (pQ/QQ - ()é)pQ'
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We now consider a column of A that corresponds to s = d + 1 and
some o1 and oy. (Later we will see that A contains quite a few such
columns.) Writing f;, ;, = XY this column has entries

(2)
ni no

prEon)(pero b1 PLD2 p2
Z Z < o1 >( oy )0p1+a1,92+02ft1,t2(a,a) <——a> (__a> ]

p1=1 pa=1 a1 q2

If p; and py are such that

2
(pr+0o1)/n1 4 (p2 +02) /12 < —= — 6y,

V2d

then M contains the column whose entries are

a,01th71 ,p2+02 ftl,tz <O‘7 Oé).

This column is in the linear span of the columns of A corresponding
to s < d, so it can be written as a linear combination of columns of A
without using the column with entries (2). Performing an appropriate
column operations, we can therefore replace the column with entries
(2) with a column whose entries are

(3)
S (e [ (o

p1,p21%+%>\/%*51

nyp o n2

: ap1+01,p2+02ft1,t2 <&7 a)(pl/ql - a>pl (pQ/QZ - a)pz
without changing the value of A. This relies on the fact that the

coefficient
+o + o
(m O(ma ﬁ@ﬁm—awwd@—aw

01 2

is independent of ¢; and 5.
We now estimate the entries (3). We have

(pl (—: 01) (p2:02) ’apl+01,92+02ft1,t2 (Oé, Oé)| < 2n1+n22n1+n2|a|m+n27
1 2

where we estimated the product of the binomial coefficients, as well as
the coefficient of the 0,, ,, derivative by 2"*"2. Next we are going to
use

Ipi/as — af < g7V
writing » = min(¢}", ¢3*) and R = max(q}", ¢3*), we have

‘pl/fh - Oé‘pl ’pQ/qQ — a’pQ < r*(ﬁl/n1+p2/n2)(\/ﬂ+5)'
Using that for all py, po that appear in the sum, we have

p1 | P2 2 01 02
—t > — -0 —— — —
nq N9 \/ZZ ! ny N2
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and that o1/ny + 09/ny < 9 we have

(1)1 — o) (VD + £) > (\/%z S ) (V2d 4 e) > 2+ e/d

provided we choose d; and ¢y sufficiently small in terms of . Taking
into account that there are at most (ny + 1)(ng + 1) < 2™7"2 terms in
(3), we get an upper bound of

|80(|n1+n27”_2_€/d

for these entries.

We write L for the number of columns corresponding to s in A. Using
a calculation similar to what was done in the lectures estimating the
number of o1, 09 with o1/ny + 09/ny < 2/@ — 01 by considering the
area of an appropriate triangle, we get that

b 2
for s < d, provided n; and ny are sufficiently large depending on ¢;.
Therefore, Ly,1 > L — Ly —...— Ly > L.
The entries of A that are in columns corresponding to s < d are
bounded by [2a|™ 2. Expanding A and using the bound we proved
for the entries, we get

< (1/d—01/d)L

|A] < Ll20] (b ) [ (s 1 s - 2 D
<L |8a|(”1+”2)L7ﬂ_(2+5/d)Ld+1 .

(d) We estimate the height of A using its original form before we per-
formed the column operations. Expanding that determinant, we have
L! terms. Each term is a product of L entries of A. Each term con-
tribute a binomial coefficient that is an integer at most 22 and a
power of a or p1/q; and ps/qgo. Therefore, it is possible to express A
as a polynomial expression of «, p1/q; and ps/go. The polynomial has
L! terms, each term has an integer coefficient at most 2"+l 5o the
length of the polynomial is at most L!12("+72)L The exponent of a
is at most (ny + n2)L, and the exponent of p;/q; is at most n;Lg1.
Therefore, we have

H(A) < L!Q(n1+n2)LH(a)(n1+n2)LH(p1/q1)n1Ld+1H(p2/q2>n2Ld+1

Using that H(p;/q;) = max(|p;|,|q;|) < Clg;| for some constant de-
pending on «, we have

H(A) < L!C(nl-‘rm)LRQLdH’

where C'is another constant depending on o and R was defined in Part

(c).
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Noting that A # 0 and hence
HA)WQ = g(AHEA > T max(|A[*,1),
vEME 00
it follows that there is an infinite place v such that
Al > H(A)™
So there is a Galois embedding 7 : K — C such that
[m(A)] > H(A)™

We observe that A is also a non-zero subdeterminant of M and the
columns corresponding to s < d still span the space generated by the
columns of M with s < d, so the upper bound we proved in Part (c) is
also valid for |7(A)|. There is no harm in assuming 7(A) = A.
Comparing our upper and lower bounds we get

L!|8a’(n1+"2)LT*(2+5/d)Ld+1 > L7t~ (nitn2)L p—2Lat1
To get a contradiction, we observe the following. If n; and n, are
sufficiently large depending on €, ¢; and ¢o, then ny/n; can be chosen

sufficiently close to loggq;/log gy so that r = min(g¢]", ¢5?) and R =
max(qy', gy?) are close enough so that

r2te/d)Lari p=2Lat > RE/2d)Latr

We also have
L! < L* = exp((log(ny + 1) + log(ny + 1)) L) < 2072k,
Thus it is enough to show that
(32C|a|)(MHm)l < R(e/2d)Las

and the contradiction will follow. To this end, we recall that Ls.; >
0 L/d. If ¢ and ¢o are large enough in terms of C, «, € and d, then
the required inequality holds.

13

Let A, A2 € C4y. Suppose to the contrary that a; = exp(Ai),
exp(A2), B = Xa/A1 € Q but 3 ¢ Q. We will derive a contradiction.

Let d = [Q(ay, s, B) : Q] and we fix some positive integers Ty, T1,.S. In
what follows, ¢ and C are some constants that depend only on a;y, ay and
and they may be a different one at each occurrence.

(a) Under the assumption (27 + 1)* > 2d(Sy + 1)(25; + 1) find some

at, 1, € Z not all 0 for ty,t9 = =T',...,T such that
max |at, +,| < exp(CSplogT + CST)

t1,t2

6. The purpose of this question is to give a version of the argument in Ques-
tion 6 for the Gelfond Schneider theorem using an auxiliary polynomial in-
stead of an interpolation determinant. This time we do not need to assume
that the logarithms are real.
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and the function

F(z)= ) aygexp((t + fto)z)

[t1][t2|<T

satisfies
dO’
dx°

forc=0,...,5 and s = —951,...,95].
(b) Fix a number £ > 10. Let F' be the function in part (a). Prove that

(4) F(M\s) =0

|F(z)| < exp(CSplogT + CTES)

for all complex |z| < ESi|A].
(c) Suppose F satisfies (4) for 0 = 0,...,5 and s = —54,...,5; with
some S > Sy. Prove

|F(x)] < exp(—cSSilog E+ CSplogT + CTES))

for all complex |z] < 251 |\].
(d) Under the same assumptions prove that
451

drsS+1

fOI‘SZ—Sl,...751.

(e) Under the same assumptions prove that

F(A\is)| <exp(—cSSilogE + CSylogT + CTES; + CSlogS)

dS+1

WF()\1$> =0

for s = —Sl,...,Sl.
(f) Conclude F' = 0, a contradiction.
Hint: (a): Use Siegel’s lemma. (c): Use the maximum modulus principle
for the function
F(z)
(Q? - Sl)\1)5+1 s (LU + Sl>\1>5’+1 '

(d): Use Cauchy’s formula to express the derivative as a contour integral on
the circle |x| = 251|A\1|. (e): Estimate the height of the number in question
and compare the Liouville bound with the upper bound in the previous part.
At this point you need to choose the parameters. Take S; to be a large
constant depending on oy, as, 3, E = SY1° and choose T and Sy to be
sufficiently large satisfying the condition in part (a). (f) Run the arguments
in parts (c¢)-(d) repeatedly to show that all derivatives of F' vanish at 0 (and
at all the other points we worked with).
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Solution

(a) The equation d°/(dz?)F(A\1s) = 0 can be written as
0= a4t + Bt2)" exp((t1 + Bt2) \1s)

t1,t2

— Z iy 1y (T + Bt2)7 i al?®.
t1,t2
So we have d(Sp + 1)(25; + 1) linear constraints over Q for (27" +
1)? variables. To apply Siegel’s lemma, we estimate the height of the
equations. Let v be a place of Q(ay, ag, 3) which is either infinite or
finite and at least one of |/, |az|, and |S], is > 1. There are finitely
many such places, and if v is another place than its contribution to the
height of the equation is < 1. We estimate

max |(t; + ﬁtg)”ozilsa?‘g v
t17t27570

< T%(1 4 |Bl0)® max(|ay |y, [a], )™ max(|asl,, |ao|, )T
< exp(CSylogT + CST),

where C' is a constant depending on g, as, 5. Combining the contri-
bution of all places, we get that the height of the equations is less than
exp(C'Splog T + C'S,T) with another constant C'.

Siegel’s lemma implies that there is a solution for a, +, € Z, not all 0,
such that

d(Sg+1)(281+1)

|at1,t2’ < ((QT + 1)2 exp(C’So log T + C’SIT)) @T+1)Z—d(Sp+1)(251+1) _

By the assumption (27 + 1) > 2d(Sy + 1)(251 + 1), the exponent is
< 1. The factor (27 + 1)? can be absorbed if we enlarge the constant

C, so the claim follows.
(b) Suppose |z| < ESi|A1|. Then

exp((t1 + Bta)x) < exp(|ty + Pta| ESi|A1]) < exp(CTES,)

for a suitable constant C' depending on  and A\;. Combining this with
the bound in Part (a) for the coefficients, we get

F(x)| < > ayu, exp((t + Bta)z)]
[t1],]t2|<T

< (2T +1)*exp(CSplog T + CS,T + CTES,)
< exp(C'SylogT + C'TES)),

as required.
(¢) Using the maximum principle, we can write

H\s\ﬁsl (x — Ayps)H H|s\§sl ( — A\y5)SH!

251 | A1

ESq|A]
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For all s € {—51,...,S51}, we have
|z — A1s] < 35|\
if |z| = 251|\|, and
|z — A\is| > (B — 1)S1|\| > ES1|\]/2
if |z| = ES1|\1|. Combining these estimates, we get

—(5+1)(250+1)
) |F'(2)| B8y -

’F(m>|251\)\1| < <€

We plug in the bound from Part (b), and the claim follows.
(d) We use the Cauchy integral formula

s+t S+1)! F(x
drS+L SHF()\lS) = —( ot ) / _)E )S+2d$'
Y ™ |z|=251|A1] (x 18)

Using that | — A;s| > S1|A1| on the contour of the integral, we get

|F(@)|2s1 /0]
(S1|Ae])5H2

< exp(—cSSilog E+ CSylogT 4+ CTES; + CSlogS)
for a suitable constant C' depending on Ay, .

(e) Next we estimate the height of
d5+1 Fi) )_Z (t + Bta)Slalralzs
et As) =) (et 2)7 0oy
t1,t2
S+1
S+1\ i gi1oi ,
) I i R

t1,t2 7=0

dS+1

F(\s)| < (S 4+ 1) (251|A1])

drsS+1

This can be thought of as a polynomial of length

S+1\, »
S5 (P ) b

titz g
< 25T (T 4 1)? exp(CSplog T + C S, T)

in the variables [, ozfl and aéﬂ. Therefore, the height in question is

at most
25T (2T + 1)2 exp(CSplog T + CS T)H(B) ™ H (0 )*T5 H ()"
<exp(CSylogT + CS T+ CSlogT).
dS+1

If +swxF(A1s) # 0, then the Liouville bound will give

dS+1

|dxs+1F<)‘13)‘ > exp(—CSologT — ST — CSlogT).
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We contrast this with our previous upper bound, and we get contra-
diction, if we have

cSS1log E > CSylogT + CTES, + CSlogS+ CSlogT.

We take E = S/10. Note that S > S, and log.S > log7. Among the
terms, C'SylogT', C'SlogS and C'SlogT, CSlogS dominates. If S;
is a sufficiently large constant, then ¢SS;log E = (¢/10)5;S log S will
dominate all of these terms. In addition, S > Sy > T%/105, so

S > SV /108, = ET - T*5/108,.

We can make T%/° /10S; as large as needed, and then ¢SS; will domi-
nate C'T'E'S;. Therefore, we can choose the parameters to satisfy the
requirements and reach the desired contradiction.

(f) Iterating (c)—(e), we can prove that (4) holds for o = Sy + 1,5y +
2,.... But F is an entire function, and all its derivatives vanish at 0,
say, so F'= 0.
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