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Proposition 6. Let f :Rn → Rm and let x ∈ Rn. Then f is differentiable at x iff each

fi:Rn → R (1 6 i 6 m) is differentiable at x. Moreover, if f is differentiable at x then

(Df |x)i = (Dfi)|x for each i, and all partial derivatives of f exist at x with the matrix A

of Df |x being given by Aij = Djfi(x).

Proof. Write

f(x+ h) = f(x) + α(h) + ε(h)‖h‖

where α ∈ L(Rn,Rm). Then for each i with 1 6 i 6 m we have

fi(x+ h) = fi(x) + αi(h) + εi(h)‖h‖

where αi ∈ L(Rn,R). Now, ε(h)→ 0 as h→ 0 iff for each i we have εi(h)→ 0 as h→ 0,

establishing the first two of the three claims above.

Finally, suppose f is differentiable at x with Df |x = α. Then, writing e1, e2, . . . , en and

e′1, e′2, . . . , e′m for the standard bases of Rn and Rm respectively, we have for each j that

f(x+ tej)− f(x)

t
=
α(tej) + ε(tej)‖tej‖

t
= α(ej)± ε(tej)→ 0

as t→ 0. Hence Djf exists for each j and

α(ej) = Djf(x) =
m∑
i=1

Djfi(x)e′i

as required. �

Proposition 7. Let m, n > 1 and let ‖.‖, ‖.‖′ denote the operator norm and the Euclidean

norm respectively onMm×n. Then there exist constants c and d (depending on m and n)

such that for all A ∈Mm×n we have ‖A‖ 6 c‖A‖′ and ‖A‖′ 6 d‖A‖.

Proof. Let A ∈Mm×n.

Let x ∈ Rn with ‖x‖ = 1. Then

‖Ax‖2 =
m∑
i=1

((Ax)i)
2 =

m∑
i=1

( n∑
j=1

Aijxj

)2
6

m∑
i=1

( n∑
j=1

‖A‖′
)2

=
m∑
i=1

(n‖A‖′)2 = mn2‖A‖′2

and so ‖Ax‖ 6 n
√
m‖A‖′. Thus ‖A‖ 6 n

√
m‖A‖′.

For the other way round, we have

‖A‖′2 =

m∑
i=1

n∑
j=1

(Aij)
2 =

n∑
j=1

( m∑
i=1

(Aij)
2
)

=

n∑
j=1

‖Aej‖2 6
n∑

j=1

‖A‖2 = n‖A‖2.

Thus ‖A‖′ 6
√
n‖A‖. �


