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Proposition 6. Let f:R"” — R™ and let x € R™. Then f is differentiable at x iff each
fi:R™ — R (1 < i < m) is differentiable at . Moreover, if f is differentiable at = then
(Dfl|s)i = (Dfi)|s for each i, and all partial derivatives of f exist at z with the matrix A
of Df|, being given by A;; = D; fi(z).

Proof. Write
f(z+h) = f(x) + alh) +e(h)|A]
where a € L(R™,R™). Then for each ¢ with 1 < i < m we have
filx + h) = fi(x) + ai(h) +ei(h)[|h]
where a; € L(R™,R). Now, ¢(h) — 0 as h — 0 iff for each ¢ we have ¢;(h) — 0 as h — 0,

establishing the first two of the three claims above.

Finally, suppose f is differentiable at = with D f|, = a. Then, writing eq, e, ..., e, and
€, e, ..., e for the standard bases of R™ and R™ respectively, we have for each j that
flx+tej) — f(x) _ alte;) +elte))|te;l _

" = ; = ofe;) £ e(te;) = 0
ast — 0. Hence D; f exists for each j and

alej) = D;f(x) =) Djfi(z)e
i=1
as required. O

Proposition 7. Let m, n > 1 and let ||.||, ||.||’ denote the operator norm and the Euclidean
norm respectively on M,,, x,. Then there exist constants ¢ and d (depending on m and n)
such that for all A € M,,«, we have ||A| < ¢||A|]" and ||A]]" < d||A]|.

Proof. Let A € My,xn.

Let x € R™ with ||z|| = 1. Then

sl = 3 = 3= (3 Aurs)” < 30 (D 11)" = St = g

=1 =1 j=1 =1 j=1 =
and so ||Az| < ny/ml|A|]". Thus ||A]| < ny/mlAll.

For the other way round, we have

m n n

1417 = 3340 = 3- (Xo40)?) = X l14es 2 < 141 = 4

i=1 j=1 =1

Thus A" < +/mlAll. - O



