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Chapter 1

Vector bundles

Throughout these notes, map means continuous function.

1.1 Vector bundles

Let F be R or C.

Definition 1.1.1. An n-dimensional F-vector bundle over a space X is a collection
{E:}zex of F-vector spaces and a topology on the set E := ][, .y E; so that the map

T F—X
ecE,—zx

satisfies the following local triviality condition: each x € X has a neighbourhood U > x
and a homeomorphism
ou:UxF" — Ely =7 YU)

such that 7(¢y(x,v)) = z and such that py gives a linear isomorphism {y} x F* = E,
for all y € U. We call such a U a trivialising open set, and @y a trivialisation.

We will usually refer to # : E — X as a vector bundle, leaving the vector space
structure on the fibres E, := 7~ !(z) implicit.

A section of a vector bundle 7 : E — X is a map s: X — E such that mos = Idx.
In particular, letting so(x) be the zero element in the vector space E, defines the zero
section so : X — E. We write E# := E \ s9(X) for the complement of the zero section,
i.e. the set of non-zero vectors.

Example 1.1.2. Projection to the first coordinate m; : X x F" — X defines a vector
bundle, the trivial n-dimensional F-vector bundle, where E, = {z} x F" is given the
evident [F-vector space structure. To save space we will write this as F"*, or Iy if we need
to emphasise the base space.

Definition 1.1.3. If 7 : F — X is a vector bundle, then a subspace Ey C F is a
subbundle if each EoN E; is a vector subspace of E,, and 7|g, : Ep — X is locally trivial
as in Definition 1.1.1.

Example 1.1.4. The Grassmannian Gr,(FV) is the set of n-dimensional vector sub-
spaces of FN. If Fr,(FY) c (FN)" is the subspace of those sequences (v1,...,vy,) of
vectors which are linearly independent, then there is a surjective map

q: Fro(FN) — Gr, (FY)

(U1, 0p) (U, .., )

Lecture 1



2 Chapter 1 Vector bundles

given by sending a sequence of linearly independent vectors to its span, and we use this
to give Gr,(FN) the quotient topology. Let

AN = {(P,v) € Gr,(FN) x FY |v € P},

and 7 : 'yg’N — Grp(FN) be given by projection to the first factor. The fibre 7=!(P) is
identified with P, so has the structure of a vector space. We claim that this is locally
trivial. To see this, for P € Gr,(F") consider the orthogonal projection 7p : FN — P:
the set

U:={Q € Gr,(FY) | 7plg : Q — P is an iso}

is an open neighbourhood of P (this can be checked by showing that ¢~*(U) is open),
and the map

")/]?’N’U —UXxP

(Q, ) — (@, 7p(v))

is a homeomorphism: its inverse ¢y gives a local trivialisation. The vector bundle 7§’N
is called the tautological vector bundle on Gry,(FY).

Definition 1.1.5. It is conventional to call a 1-dimensional vector bundle a line bundle.

1.1.1 Morphisms of vector bundles

If r: E— X and 7’ : B/ — X are two vector bundles over the same space X, then a
map f : E — E'is a vector bundle map if it is linear on each fibre, ie. f, : B, — E.,
is a linear map. Hence two vector bundles are isomorphic if there are mutually inverse
vector bundle maps f: E — F and g: E' — E.

1.1.2 Pullback

If 7: E — X is a vector bundle and f: Y — X is a continuous map, we let

[E:={(y,e) €Y x E| f(y) = 7(e)},
and define f*7 : f*E — Y by f*n(y,e) =y. Then (f*E), = Ey,) has the structure of
a F-vector space.
Suppose ¢y : U x F* 5 E|y is a local trivialisation of . Writing V := f~1(U), an
open set in Y, the map
VXF"— (ffE)|v
(y7 6) — (y7 QOU(f(y)) 6))

is a homeomorphism. Thus f*7: f*E — Y is a F-vector bundle.

1.1.3 Operations on vector bundles

Roughly speaking, any natural operation that one can perform on vector spaces, one can
also perform on vector bundles. We shall not try to make this precise, but settle for the
following examples.
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Sum of bundles

If : E — X is a n-dimensional F-vector bundle and 7’ : E/ — X is a n’-dimensional
F-vector bundle, there is a (n + n')-dimensional vector bundle 7 @ 7’ : E® E' — X with

E® E :={(ee)e ExE"|r(e) =7'()}

and (7 @ 7’)(e,€’) := w(e). Then (E & E'), = E, x E/ has a natural F-vector space
structure, and one can easily find local trivialisations over open sets given by intersecting
a trivialising open set for E with one for E’. This is often called Whitney sum.

Tensor product of bundles

If 7 : E — X is a n-dimensional F-vector bundle and 7’ : £/ — X is a n/-dimensional
F-vector bundle, there is a (n - n’)-dimensional vector bundle r @ 7’ : E® E' — X. As
a set
E®E =[] B ®r E,
zeX

but we must give this a topology making it into a vector bundle.

To do so, let {Uy }aer be a cover of X over which both vector bundles are trivial, and
let oy, : Uy x F* = Ely, and ¢, : Uy ¥ F" — E'|p. be trivialisations. We can form

Us x (F"®F") — (E® )|y, = [[ E-®r E,
CL’EUQ

(,v) — (. (2, —) @ ¢, (2, —) (v)

and topologise E ® E’ by declaring these functions to be homeomorphisms onto open
subsets.

Homomorphisms of bundles

If 7 : E — X is a n-dimensional F-vector bundle and 7’ : E' — X is a n’-dimensional F-
vector bundle, there is a (n - n’)-dimensional vector bundle Hom(w,7') : Hom(E, E') —
X. As a set it is
Hom(E,E') = || Homz(Ex, E,),
zeX

and this is given a topology similarly to the case of tensor products.

A function s : X — Hom(FE, E’) such that Hom(w,7")os = Idx gives for each z € X
an element s(z) € Hom(FE,, E.), and these assemble to a function

§:E— F.

If s is continuous then § is a bundle map.
In particular, we have the dual vector bundle EV = Hom(E,F ).
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Realification and complexification

If 7: E — X is a C-vector bundle, then by neglect of structure we can consider it as a
R-vector bundle; we write Egr to emphasise this. If 7 : £ — X is a R-vector bundle then
there is a C-vector bundle 7 g C : £ ®gr C — X with total space given by the tensor
product E ® (X x C)r of the vector bundle E and the trivial 1-dimensional complex
vector bundle, considered as a real vector bundle. Complex multiplication on the second
factor makes this into a complex vector bundle.

Complex conjugate bundles

If 7: E — X is a C-vector bundle, then there is a C-vector bundle 7 : E — X where
FE is equal to E as a topological space and as a real vector bundle, but the fibres E,
are given the opposite C-vector space structure to E,: multiplication by A € C on E, is
defined to be multiplication by X on E,.

Exterior powers

The exterior algebra A*V on a F-vector space V is the quotient of the tensor algebra
T(V) = @, V® by the two-sided ideal generated by all v @ v. As these elements
are homogeneous (namely quadratic), the exterior algebra is graded and we write A¥V
for the degree k part. Elements are written as v A va A - -+ A vg. Choosing a basis, it is
easy to see that dim A*V = (dir}z V), and in particular that A¥V = 0 if & > dim V. The
formula

NV QNW — A"(VaeWw)
(Vi A Avg) @ (Wi A~ Awp) —> vp A A Awp A=+ Ay
defines a linear isomorphism.
We can also apply this construction to vector bundles: if 7 : E — X is a F-vector
bundle, we define
AE = ]_[ AFE,,
zeX
and give it a topology similarly to the case of tensor products.

1.2 Inner products

An inner product on a R-vector bundle 7 : E — X is a bundle map
<_7_> E®E—>BX

such that the map (—, —), : E; ® E; — R on fibres is an inner product. Equivalently, it
is a section
x> (— =)z X - Hom(FE ® E,Ry)

which has the property that each value (—, —, ), € Hom(FE, ® E;,R) is an inner product.
Such an inner product defines a bundle isomorphism

e (€, —)n(e): E— EY.
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Similarly, a Hermitian inner product on a C-vector bundle 7 : E — X is a bundle
map B
(—, =) F®FE — Cyx

such that the map (—, —); : B, ® E, — C on fibres is a Hermitian inner product on E,.
Such a Hermitian inner product defines a bundle isomorphism

e (e, —)n(e): B — EY.

It will be useful to know that (Hermitian) inner products exist as long as the base is
sufficiently well-behaved. For any open cover {U, }qer of a compact Hausdorff space X
one may find a partition of unity: maps A, : Uy — [0,00) such that

(1) supp(Aa) :={z € X |Aa(z) > 0} C Uy,
(ii) each x € X lies in finitely-many supp(Aa),
(iii) > nerAa(z) =1 for any z € X.

Lemma 1.2.1. If 7 : E — X is a F-vector bundle over a compact Hausdorff space, then
E admits a (Hermitian) inner product.

Proof. Via the local trivialisations ¢, : Uy x F* = E|y, and the standard (Hermitian)
inner product on F”, we obtain a (Hermitian) inner product (—, =)y, on Ely,. We then

define
(e, f) = alm(e)) - (e, lua;

ael

this is a locally-finite sum of bundle maps, so a bundle map. It is an inner product
on each fibre as the space of inner products, inside the space of all bilinear forms, is
convex. O

1.3 Embedding into trivial bundles

Lemma 1.3.1. If 7 : E — X is a F-vector bundle over a compact Hausdorff space, then
(i) E is (isomorphic to) a subbundle of a trivial bundle FY for some N >0, and
(ii) there is a F-vector bundle 7' : E' — X such that E @ B’ = FY.

Proof. For (i), as X is compact, let Uy,...,U, C X be a finite open trivialising cover,
Aly..., Ap : X = [0,1] be a partition of unity associated with it, and let

Yu; - U; x F* — E|U¢
be local trivialisations: write v — (7(v), pi(v)) for their inverses. The map

p: E— X x (F™)*P
v (m(v), A(7(v) - p1(v), .- Ap(T(v)) - pp(v))
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is well-defined (as A\;(7(v)) = 0 if p;(v) is not defined), is a linear injection on each fibre,
and is a homeomorphism onto its image. Furthermore, its image is a subbundle, as over
supp(A;) projection to X times the ith copy of F” gives a local trivialisation.

For (ii), using (i) we may assume that E is a subbundle of X x F¥ and we let

E = {(z,v) € X xFN |v € E},

using the standard (Hermitian) inner product on FV, with 7’ : E/ — X given by projec-
tion to the first factor; E/, = E certainly has a vector space structure, and it remains
to see that 7’ is locally trivial. For x € X let U 3 z be a trivialising neighbourhood
and gy : U x F" — E|y be a trivialisation. The coordinates of F" define nowhere zero
sections $1,...,8,: U = E|ly C U % FN . Choose vectors e,i1,...,ex € FV such that

s1(x), ... sn(), engts ... ey € FY

are linearly independent. As being linearly independent is an open condition, there is a
perhaps smaller neighbourhood U > U’ 3 x such that

$1(y)y -y $n(Y), €nt1,---,eN € N

are linearly independent for each y € U’: these determine sections si,...,sy : U —
U’ x FN which are linearly independent at each point. Applying the Gram-Schmidt
process to these (which is continuous) gives sections

§hy sy U = U x N
which are orthogonal and such that s} (y), ..., s),(y) form a basis of E,. Then the remain-
ing vectors 7, 1 (y), ..., sy (y) form a basis of E, for each y, so there is a homeomorphism

Oy U xFN"" — E'|lgr c U x BN
N
(y) tn+17 s 7tN) — <y7 Z tle(y))
i=n+1

giving a local trivialisation of 7’ : B/ — X. O

1.4 Concordance

If 7: E— X x[0,1] is a vector bundle, then the restrictions ; : £; = E|x g — X for
1= 0,1 are called concordant.

Lemma 1.4.1. If X is compact Hausdorff then concordant vector bundles are isomorphic.

Proof. Let m : Ey — X be the restriction of 7 to X x {t}, and 7} : Ef — X x [0,1] be
the pullback of E; along the projection X x [0,1] — X. Then E and Ej are isomorphic
when restricted to X x {t}, so the vector bundle

Hom(rm,m;) : Hom(E, E;) — X x [0,1]
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has a section s; over X x {t}. By local triviality and using a partition of unity this may
be extended to a section s : X x [0,1] = Hom(FE, E}), and as being a linear isomorphism
is an open condition, and X is compact, restricted to X x (t — €,t + €) it gives a linear
isomorphism. Thus there is a vector bundle isomorphism

E|X>< (t—e,t+€) = Eé |X><(t—e,t+e)7
and so
E, >~ E,

for any s € (t —€,t +€). As [0,1] is connected, Ey = Ej. O

On the other hand isomorphic vector bundles are also concordant. Given m; : E; — X
which are isomorphic, we can take Ey x [0,1/2] — X x [0,1/2] and E; x [1/2,1] —
X x [1/2,1] and identify them along an isomorphism FEy x {1/2} = FE; x {1/2} to get a
vector bundle 7 : E — X x [0, 1] which agrees with E; over X x {i}.

Corollary 1.4.2. If fy, f1 : X — Y are homotopic maps, X is compact Hausdorff, and
m: E =Y is a vector bundle, then f§E = f[E.

Proof. Let F : X x [0,1] — Y be a homotopy from fy to fi, and apply the lemma to
F*r: F*E — X x [0,1]. O

Corollary 1.4.3. A vector bundle over a contractible compact Hausdorff space is trivial.

Proof. The identity map of such a space X is homotopic to a constant map ¢ : X —

{x} % X. Thus if E — X is a vector bundle then F = ¢*i*(E), and i*(FE) is trivial (as
all vector bundles over a point are) so ¢*i*(FE) is too. O

1.5 Classification by infinite Grassmannians

Let F*° = Uy FY, topologised so that a subset is open if and only if its intersection

with each FV is open. This is an infinite-dimensional F-vector space, and the standard

(Hermitian) inner products on FV extend to a (Hermitian) inner product on F*®. Our

discussion in Example 1.1.4 applies to this too, defining Gr,(F*) and a tautological

vector bundle 4> on it, which restricts to 4" on the subspace Gr,,(FN) C Gr,, (F*®).
Corollary 1.4.2 shows that for X compact there is a well-defined function

{maps ¢ : X — Gr,(F*)}/homotopy — {n-dim vector bundles over X }/isomorphism
¢ r— ("™ — X).
Lemma 1.5.1. If X is compact Hausdorff then this function is a bijection.

Proof. If m : E — X is an n-dimensional F-vector bundle, then by Lemma 1.3.1 (i) we
may suppose that F is a subbundle of X x FY for some N > 0. In this case each E, is
an n-dimensional vector subspace of FYV, and hence of F*°, which defines a map
op: X — Gry(F>)
x— B,
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which tautologically satisfies ¢%(7¢""") = E. This shows surjectivity.
To see injectivity, let ¢g,¢1 : X — Gr,(F*) be maps and suppose they classify

isomorphic vector bundles. Consider the homotopy of linear maps

L:F>® x [0,1] — F>
(x1,29,23,...;t) —> (1 — 1) - (21,29, 23,...) +t- (21,0,22,0,23,0,...).

This gives a homotopy

X % [0,1] — Gry(F®)
(z,t) — L(—,t)(¢o(z))

from ¢y to a map ¢, which only uses the odd-numbered coordinates. Similarly we obtain
a homotopy from ¢ to a ¢} which only uses the even-numbered coordinates. The vector
bundles (¢()*yp"™ and (¢})*yg"™ are isomorphic (as they are isomorphic to ¢§y™™" and
gb’{fyg *°® respectively, which were isomorphic by assumption), say by an isomorphism ).

Then linear interpolation
X x [0,1] — Gry(F™)
(@, 8) = (L =1) v+t 1a(v) [0 € gp(2))
gives a homotopy from ¢, to ¢}, as the linear map (1 —¢t)- (=) +t-¢,(—) : ¢{(x) — F>®

is injective for all £ by the way we arranged the parity of the coordinates. O

1.6 The clutching construction

Corollary 1.4.3 can be used to give a useful description of vector bundles over spheres,
and more generally over suspensions.
For a space X recall that the cone on X is

CX := (X x[0,1])/(X x {0}),
which is contractible. The suspension of X is
YX = (X x[0,1])/(x,0) ~ (2/,0) and (z,1) ~ (2/,1).

If X is compact Hausdorff then so is CX and ¥X. Identifying X with X x {1} C CX,
we see there is a homeomorphism > X = CX Ux CX; we write CX_ and C' X for these
two copies of C'X.

If f: X — GL,(F) is a continuous map, we can form

Ey:=(CX_xF'UCX, xF")/ ~

where ((z,1),v) € CX_ x F" is identified with ((z,1), f(z)(v)) € CX4 x F*. This
has a natural map 7y : By — CX_ Ux CX; = XX, and it is easy to check that it is
locally trivial. It is called the vector bundle over XX obtained by clutching along f. If
F: X x[0,1] - GL,(F) is a homotopy from f to g, the same construction gives a vector
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bundle over (XX) x [0, 1] which restricts to £ at one end and to E, at the other: thus
if X is compact Hausdorff then F; = F; by Lemma 1.4.1.

On the other hand, if 7 : F — ¥X = CX_ Uy CX is a vector bundle and X
is compact Hausdorff then by Corollary 1.4.3 the restrictions E|cx, — CX4 are both
trivial, and we can choose trivialisations

ot Elox, — CXy x F™.

From this we can form the map of vector bundles

-1 -1
X xF" 25 Bl 25 x <

over X, which is necessarily of the form (x,v) — (z, f(z)(v)) for some f: X — GL,(F).
This identifies & = Ey for the clutching map f. If we re-choose the trivialisations ¢4
then up to homotopy f changes by multiplication by a fixed matrix.

Thus every vector bundle over %X arises up to isomorphism by clutching. More
precisely, there is a well-defined function

{maps ¢ : X — GL,(F)} {n-dim vector bundles over ¥.X}
homotopy, 7o (G Ly, (F)) isomorphism
f»—}(ﬂ'ftEf-)EX)

and for X compact Hausdorff it is a bijection.
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Chapter 2

Characteristic classes

2.1 Recollections on Thom and Euler classes

Recall that to a R-oriented d-dimensional real vector bundle 7 : £ — X there is associ-

ated a Thom class
u=ug € H(E,E";R).

The composition
H'(X:R) = Hi(E; R) "5 H™(E, E#: R)
is then an isomorphism, the Thom isomorphism. Under the maps
HYE, E*, R) L5 HYE; R) =% HY(X;R)
the Thom class is sent to the FEuler class
e=e(E) € HY(X;R).

Remark 2.1.1. For a real vector bundle «# : F — B with inner product, you may
have seen the Thom class defined as a class up € HYD(F),S(E); R). As the natural
inclusions D(E) — E and S(E) — E# are homotopy equivalences, the natural map

HYE,E*;R) — HYD(E),S(E); R)

is an isomorphism and so these definitions correspond.

2.1.1 Naturality

A map f : X' — X induces a map f : E' — FE given by projection to the second
coordinate, where

E = fE={(a)e)e X' x E| f(2') = n(e)}

is the pullback, and this projection map f sends (£ )# to E#. Thus there is a commu-
tative diagram

q*

HY(E,E#;R) HYE; R) —>~ HY(X;R)

e )

HYE, (B')#; R) -~ BB R) —~ HY(X'; R).

If we orient £/ = f*E by defining up: := f* (ug), which is the same as insisting that f
be an orientation-preserving linear isomorphism on each fibre, then this diagram gives

e(f*E) = f*(e(E)) € HY(X'; R).

10
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2.1.2 Sum formula

If mp : By — X and m; : B1 — X are R-oriented real vector bundles of dimensions dg
and dj, recall that the underlying set of Ey @ E1 is the fibre product Fy x x E1, and so

(Eo & E1)* = (BY xx E1) U (Eo xx EY).
Thus there are maps of pairs

Po - (Eo ><_)(E1,E'8/7E Xx El) — (Eo,E#)
p1: (Bo xx E1, Eg xx EfY) — (B, EfY)

and so a map
¢ : HY(Ey, EY'; R) @ H(By, Ef'; R) — H"(By ® B, (Ey @ E1)*; R)
r®yr— po(z) — pi(y)

using the relative cup product.

One can check that p(ug, ® ug,) is a Thom class for Ey @ E; (i.e. restricts to a
generator of the cohomology of each fibre), which in particular gives an R-orientation of
FEo @ F1. By pulling back this Thom class along the zero section it follows that

e(Eo @ Ey) = e(Ey) — e(Fy) € HoT (X R).

2.1.3 Gysin sequence

If we choose an inner product on a d-dimensional R-oriented real vector bundle 7 :
E — X and form the sphere bundle p : S(F) — X, then combining the equivalence
S(E) ~ E7#, the long exact sequence for the pair (E, E*), and the Thom isomorphism,
we obtain the Gysin sequence

e(%

o HY(X;R) "5 HY(XGR) s HIYU(S(E); R) 2 HYY(XGR) — -

2.1.4 Complex vector bundles

A complex vector bundle is R-oriented for any commutative ring R, so any d-dimensional
complex vector bundle 7 : E — X has an associated Euler class e(F) € H?*(X;R). In
particular, if 7 : L — X is a complex line bundle i.e. a 1-dimensional complex vector
bundle, then there is a class

e=e(L) € H*(X;R).

The tautological line bundle %1:,N+1 — CPV is given by
N = {(4,v) € CPY x CN L v € 4},
and has an Euler class x := e('y(é’NH) € H?(CPN; R). Then

H*(CPY;R) = R[z]/(zNT1).
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Remark 2.1.2. There is one small subtlety which we will have to bear in mind. If
[CPN] € Hon(CPY; R) denotes the fundamental class given by the orientation of CPV
determined by the complex structure, then

(@™, [CPY]) = (-1

We will explain why this holds in Example 2.9.3. It can also be seen by showing that
the Poincaré dual of x is —[CPV~1].

Remark 2.1.3. If 7; : B, — X for i = 0,1 are complex vector bundles, then one can
check that the R-orientation of Eg @ E; coming from Section 2.1.2 agrees with the R-
orientation coming from the fact that Ey @ E; is a complex vector bundle (it is enough
to check this on a single fibre).

2.1.5 Real vector bundles

A real vector bundle may or may not be R-orientable for a particular commutative ring
R, but is always Fo-oriented. Thus any d-dimensional real vector bundle 7 : E — X has
an associated Euler class e(E) € HY(X;Fy). In particular, if 7 : L — X is a real line
bundle i.e. a 1-dimensional complex vector bundle, then there is a class

e =e(L) € H'(X;Fy).
The tautological line bundle 'yﬂl{’NH — RPY is given by
= {0 v) e RPY x RV v € ¢},
and has an Euler class x := e(vﬂi’NH) € HY(RPVN;Fy). Then

H*(RPY;Fy) = Folz]/ (V).

2.2 The projective bundle formula

Let m: E — X be a d-dimensional F-vector bundle. We may form its projectivisation
P(E) = E* /F*,

that is, remove the zero section and then take the quotient by the F*-action given by
the action of scalars on each fibre. The map

p:P(EF) — X
[v] — = (v)

is well-defined. The fibre p~!(z) is the projectivisation P(E, ), which we identity with the
set of 1-dimensional subspaces of E,. Furthermore, P(E) has a canonical 1-dimensional
F-vector bundle over it, with total space given by

Lg:={({,v) e P(E) x E|vel}
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and projection map q : Lg — P(F) given by ¢(¢,v) = £. (It is easy to check that the
map q is locally trivial over each p~!(U,) C P(E), where U, is a trivialising open set for
m.) Thus there is defined a class

H?*(P(E); R) if F =C, for any commutative ring R

zp :=e(Lp) € {Hl(IP’(E);FQ) if F=R.

To avoid repetition, let us write R = [F5 in the case F = R.

Theorem 2.2.1. Ifrm: E — X is a d-dimensional F-vector bundle then the H*(X; R)-
module map

H*(X;R){1,2p,2%, ..., 25} — H*(P(E); R)
d—1 ) d—1 '
D yi-ah— Y ptw) — 2
1=0 1=0

is an isomorphism.

Lecture 5

Proof. We shall give the proof only when X is compact: the theorem is true in general,
but uses Zorn’s lemma and so requires understanding the behaviour of cohomology with
respect to infinite ascending unions, which has not been covered in Part III Algebraic
Topology and is outside the scope of this course.

As X is compact, we may find finitely-many open subsets Uy, ...,U, C B so that the
vector bundle is trivial over each U;. We let V; = Uy UU; U --- U U;, and will prove the
theorem for x|y, : E|y; — V; by induction over i. The theorem holds for V = ) as there
is nothing to show. Assuming it holds for V;_1, consider V;_y C V; = V;_1 U U; and the
map of long exact sequences

H*_l(‘/ifl; R){1>xE¢$2E7 s 7$dE71} H*_I(P(E|Vi—1); R)
0] o

H*(‘/tw ‘/’i—l; R){l,:(}E,.TIQE, LR xdE_l} - H*<P(E’V1)7P(E’V1—l)7 R)

(3

H*(Viy; R){1, 2,03, ... 271}

H*(P(E]v;_,); R)

0 0

H* NV, Vies R){1,2p, 0, 2} —— HV (P(E|y), P(Blv_, ) R)

This commutes: the only tricky point is the squares containing maps 0, where one uses
the general fact that if i : B < Y then the map 0 : HP(B; R) — HP*(Y, B; R) is a map
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of H*(Y; R)-modules in the sense that
Iy — "x) = I(y) — x.

By assumption the first and fourth horizontal maps are isomorphisms, so if we can
show the second and fifth horizontal maps are too then the result follows from the 5-
lemma. (Note that the second and fifth horizontal maps are the same, just with a degree
shift.) By excision we can identify the second (and so fifth) horizontal map with

H*(U;, Ui N Vi, R){1, 2, 2%, ..., 2% '} — H*(P(E|p,), P(Elv,avi_, ); R).
Choosing a trivialisation E|y, — EdUi gives a homeomorphism of pairs
(P(Elv,), P(Eluinv;_,)) — (Ui, Ui N Vier) x P

under which Lg corresponds to wg(fy];’d), and so xp corresponds to 73 (z). Now the
classes
1,z,2%,... 27 e H*(FP* Y R)

are an R-module basis, so the (relative) Kiinneth theorem applies and gives that
H*(Ui, U N Vg R){1,2,2°, ... 21y = H*(U;,U; N Vi_1; R) @ H*(FP?"1; R)
— H*((U;,U; N Vi) x FP~1 R)
Saat— S wi(a) — w(a)
is an isomorphism, as required. O
Corollary 2.2.2. If7: E — X is a d-dimensional F-vector bundle then the map
p": H'(X; R) — H*(P(E); R)
1S injective.

Proof. Under the isomorphism given by Theorem 2.2.1, this map corresponds to the

inclusion of the H*(X; R)-module summand associated to 1 = z%. O

2.3 Chern classes

We now specialise to the case F = C, and let 7 : E — X be a d-dimensional complex
vector bundle.

Definition 2.3.1. The Chern classes ¢;(E) € H*(X; R) are the unique classes satisfying
co(E) =1 and

S (V' (e(E) - af =0 € H*(B(E): R),

under the isomorphism of Theorem 2.2.1.
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The following theorem describes the basic properties of Chern classes.
Theorem 2.3.2.
(i) The class ¢;(E) only depends on E up to isomorphism.
(ii) If f : X' — X is a map then ¢;(f*E) = f*(ci(E)) € H*(X'; R).
(iii) For complex vector bundles m; : E; — X, i = 1,2, we have

ch(B1 @ By) = Y ca(Er) — cy(Ea) € H¥(X;R).
a+b=k

(iv) If m: E — X is a d-dimensional vector bundle then c¢;(E) =0 fori > d.

Proof. For (i), suppose ¢ : F1 — Fj is an isomorphism of vector bundles over X, then it
induces a homeomorphism P(¢) : P(E;) = P(E») over B, satisfying P(¢)*(Lg,) = Lg,
and so satisfying P(¢)*(zg,) = g, Thus we have

=0

d d
0=Plor (Z(—l)@‘pswi@)) - x%) = Y (CDpia(B) —

which is the defining formula for the ¢;(E7).
The argument for (ii) is similar. There is a commutative square

E=fBE-—1sE

F

X' X

and projectivising gives a commutative square

p(E) SYL peg)

P,k

X/

where P(f)*(Lg) = Lgr and so P(f)*(2g) = 2g. Thus we have

d d
0=PB(f)" (Z(—lvp*(cxm) - a:%> =S ()W) (fralB) — ol

i=0 i=0
which is the defining formula for the ¢;(E’).
For (iii), we have P(E;) C P(E; & E2) D P(Es;) disjoint closed subsets, with open
complements U; = P(E; @ E3) \ P(E;). The inclusions
P(El) c Uy
P(Ez) cU;
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are easily seen to be deformation retractions. The line bundle Lg, ¢ E, restricts to Lg,
over P(E;), so xp, e, restricts to zg, over P(E;). Supposing that E; has dimension d;,
the classes

d;

wi =Y _(~1)p*(¢j(Ei)) = 2, lp, € H*(P(Ey @ Ez): R)

j=0
therefore have the property that w; restricts to zero on P(F;) and so on U, and we
restricts to zero on P(Es) and so on Uy. Hence

di+da
wi—wy= Y (=1)Fp < > calBr) — Cb(E2)> — g bt
k=0 a+b=k
is zero on Uy U Uy = P(E; @ E3), so by the defining formula of ¢i(E; @ E2) we get the
claimed identity.
Part (iv) is true by definition. O

Due to item (iii) it is often convenient to consider the total Chern class
o(E) =1+ c1(E)+ ca(E) +--- € [[ H¥(X; R),
i
as item (iii) is then equivalent to the formula
C(El S5 EQ) = C(El) ~— C(EQ),
which is often easier to manipulate.

Example 2.3.3. Consider a complex line bundle 7 : £ — X. Then p: P(F) - X is a
homeomorphism, and it is easy to see that Ly = p*(E). Thus

zp = e(Lg) =e(p"(E)) = p"(e(E))
and so
0=1< b —p(e(E) — 2%
so that c1(E) = e(E) € H?>(X; R) (as p* is injectlve
In particular, for *y(C’NH — CP"N we have c; (VC’ 1) = 2 € H2(CPM; R), and so the
total Chern class is
1,N+1
(e - )
Example 2.3.4. Let m : C% := X x C" — X be the trivial n-dimensional complex
vector bundle. It is pulled back along the unique map f : X — * from the trivial bundle
Cl =% x C"™ — %, and so

=1+

ci(Cx) = ai(f7CY) = f(ei(CY))
but this vanishes for i > 0 as ¢;(C?) € H?(*; R) = 0. Thus the total Chern class satisfies
o(Cx) =1

This means that ¢(E @ C%) = ¢(E) — ¢(C%) = ¢(E), and so, by expanding out, we
see that ¢;(E & C%) = ¢;(F) for all i.
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2.4 Stiefel-Whitney classes

We may repeat the entire discussion above with R = F9 and with real vector bundles.
Then if 7 : E — X is a d-dimensional real vector bundle it has a real projectivisation
P(E), a canonical xg € H'(P(E);F), Theorem 2.2.1 gives an isomorphism

H*(X;FQ){lvxva%v s 737%_1} L> H*(P(E)a]FZ)v

and under this identification the Stiefel-Whitney classes w;(E) € H'(X;Fy) are defined
by wo(E) =1 and
d .
> p*(wi(E)) — 24" = 0 € HY(P(E); Fa).
1=0

As in Example 2.3.3 we have wl(’yﬂlk’NH) = 2 € HY(RPN;Fy). The analogue of

Theorem 2.3.2 holds, as follows.
Theorem 2.4.1.

(i) The class w;(E) only depends on E up to isomorphism.

(ii) If f : X' = X is a map then w;(f*E) = f*(w;(E)) € H/(X';Fs).
(iii) For real vector bundles m; : E; — X, i = 1,2, we have

wi(B1 @ By) = Y wa(Br) — wy(Ea) € H*(X;Fa).
a+b=k

(i) If m: E — X is a d-dimensional vector bundle then w;(E) =0 fori > d.
The total Stiefel-Whitney class is

w(E) =14 w(E) +wy(E) +--- € HHZ’(X;&),

(]

and it satisfies w(FE @ F) = w(FE) - w(F).

2.5 Pontrjagin classes

If #: E — X is a d-dimensional real vector bundle, then we can form a d-dimensional
complex vector bundle £ ®g C — X by forming the fibrewise complexification.

Definition 2.5.1. For a real vector bundle 7 : E — X, we define the Pontrjagin classes
pi(E) by ‘ .
pi(E) := (—1)"coi(E ®g C) € HY(X; R).
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2.6 The splitting principle

The following is a very useful technique for establishing relations between characteristic
classes.

Theorem 2.6.1. For a complex vector bundle w : E — X over a compact Hausdorff space
X and a commutative ring R, there is an associated space F(E) and map f : F(E) — X
such that

(i) the vector bundle f*(E) is a direct sum of complex line bundles, and
(ii) the map f*: H*(X;R) — H*(F(E); R) is injective.
The analogous statement holds for real vector bundles and R = Fs.

Proof. By induction it is enough to find a map f': F'(FE) — X so that (f')*(E) X E'® L
with L a complex line bundle, and (f")* : H*(X; R) — H*(F'(E); R) injective, as we
can iteratively apply the same to the vector bundle E’.
For this we take F'(E) := P(FE) and f’ = p: P(E) — X. There is an injective bundle
map
¢:Lp — p"(E)
(L,v) — (¢, v),
and as X is compact Hausdorff we may choose an (Hermitian) inner product on FE,

inducing one of p*(E), and hence take E’ to be the orthogonal complement of ¢(Lg) in
p*(E). Then p*(F) = Lr @ E’ as required, and p* is injective by Corollary 2.2.2. O

2.7 The Euler class revisited

As a first application of the splitting principle, we prove the following.

Theorem 2.7.1. If 7 : E — X is a d-dimensional complex vector bundle over a compact
Hausdorff base, then cq(E) = e(E) € H*(X;R). Similarly, if 7 : E — X is a d-
dimensional real vector bundle, then wy(E) = e(E) € HY(X;Fy).

Proof. We consider the complex case. Let f : F(E) — X be the map provided by the
splitting principle, so f*E =2 L1 ® --- @ Lq with the L; complex line bundles. Then

fre(B)) =c(f'E) =c(L1 @ ® Lg) = (1 + c1(L1)) - - (1 + c1(La))
and so, expanding out, we have
[ (ca(E)) = c1(L1) - -~ e (La).
On the other hand we have
f[re(E)=e(f'E)=e(L1® - @ La) = e(L1) - e(Laq).

Now by Example 2.3.3 we have ¢;(L) = e(L) for a complex line bundle L, so it follows
that f*(cq(E)) = f*e(E). But f* is injective, so c¢q(E) = e(E).
The argument in the real case is analogous. O
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2.8 Examples
Example 2.8.1. Consider k'yé’NH = 'y(é’NH @D vé’NH — CP¥ the direct sum of k
copies of the tautological complex line bundle. We showed in Example 2.3.3 that

(" =1+ 2 € H¥(CPY;2),
SO

c(k:y(é’NH) =(1+a)f=1+ke+ (2

k>x2—|—--- e H*(CPN; 7).

Example 2.8.2. Similarly, kfyﬂé’NH — RPV, the direct sum of k copies of the tautolog-
ical real line bundle, has

k
w(k’yﬂlk’NH) =142 =1+kx+ <2

)xz + ... € H*(RPY;Fy),
but now the binomial coefficients are taken modulo 2.

Example 2.8.3. If 7 : £ — X is a complex vector bundle, recall from Section 1.1.3
that the conjugate vector bundle 7 : E — X has the same underlying real bundle but
with the opposite complex structure. That is, the identity map f : E — E is complex
antilinear, satisfying f(\-v) = X f(v). This still induces a map

P(f) : P(E) — P(E)
over X, which interacts with the canonical line bundles Lg and Ly as

P(f)"(Lg) = Ly

As a real vector bundle E is equal to L, but it has the opposite complex structure and
hence the opposite orientation. Thus its Euler class has the opposite sign, so we have

P(f)"(zp) = P(f)"(e(Lp)) = e(P(f)"(LE)) = e(Lg) = —e(Lg) = —5.

Applying this to the polynomial defining the ¢;(E) gives that
Y (=1)'p(ei(E)) — (—xg)"" = 0 € H*(P(E); R),

and comparing this with the polynomial defining the ¢;(E) shows that

c(E) = (~1)icy(E).

Example 2.8.4. If 7 : £ — X is a complex vector bundle then choosing a Hermitian
inner product on E, which is possible if X is compact Hausdorff, gives an isomorphism
FE = EVY, so in this case we also have

G(EY) = (~1)ic(E).
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Example 2.8.5. Over CP" x CP" consider the line bundle L := m} (v&" T @5 (7" ),
having c;(L) € H?(CP™ x CP*;Z). By the Kiinneth theorem, we must have c;(L) =
Az ® 1+ Bl ® x for some A, B € Z. Choose a point { P} € CP", and pull back L along
the inclusion

CP" = CP" x {P} — CP" x CP".

One one hand this pulls L back to 'yé’”H QP = 7}5"“, having first Chern class z. On

the other hand it pulls back Az ® 1+ Bl ® x to Az, so A = 1; by symmetry we see that

B =1too. Asz=c¢ (Wé’nﬂ), we can write this as

1,n+1

all)=a(" ™ el+10a(e™™).

Now if X is compact Hausdorff and m; : L; — X, ¢ = 1,2, are line bundles, then there
is a N > 0 and maps f; : X — CP¥ such that fi*('yé’NH) = [;, by the discussion in
Section 1.5. Thus Ly ® Ly = (f1 X f2)*(L) for the line bundle L — CPY x CPV described

above. Thus

cl(Li®Ls) = (fix fo)*(e1(L)) = (fix f2) (1 (e TH@1+1@er (v ¥ ) = e1(L1)+er (Lo).

2.9 Some tangent bundles

Lecture 7
Example 2.9.1. Realising S™ as the unit sphere in R”*! it has a 1-dimensional normal

bundle, which is trivial (by taking the outwards-pointing unit normal vector). Thus there
is an isomorphism

TSn D K o~ KnJrl’
and so

w(TS™) = w(TS" ®R) = w®R"™) =1

and so all Stiefel-Whitney classes of T'S™ are trivial.
Example 2.9.2. RP” is obtained from S™ as the quotient by the antipodal map. Inside
R"™*! the antipodal map acts by inversion on each of the n+ 1 coordinate directions, but
acts trivially on the normal bundle as it sends the outwards-pointing unit normal vector
at x to the outwards-pointing unit normal vector at —x. This gives an isomorphism of

vector bundles
TRP" R = (n + )",

and so
w(TRP™) = w(TRP" & R) = w((n + 1)yg" ") = (1 + )" € H*(RP™; Fy).

Example 2.9.3. The tautological bundle ’y(l:’nﬂ — CP" is naturally a subbundle of the
trivial bundle Q&’;&; let us write w™ — CP™ for its (n-dimensional) orthogonal comple-
ment. There is a map of vector bundles

o Hom(’yé’nﬂ, w") — TCP"
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given as follows: on the fibre over a point £ € CP", given a linear map f : £ — ¢ we can
obtain a nearby line £ as the image of the linear map

Ide f: 0 — (@t =CrH

For t € R we therefore get a smooth path ¢ — ¢;.¢ through ¢, defining a vector ¢(f) €
T,CP". It is easy to see that ¢ so defined is a linear isomorphism on each fibre.
In particular, this describes TCP™ as an n-dimensional complex vector bundle.
Adding on Cepn = Hom(7&" ™, 75" ) to each side and using &' @ w™ = Clt!

gives
TCP" © Q(CIPW = Hom(’y((l:’n—’_ljgglﬁ) o~ (n + 1),Y((1:,rz-i-17

and so
o(TCP") = (1+c1(g"™ ™))" = (1 — 2)™™! € H*(CP"; R).

In particular, by Theorem 2.7.1 we have
e(TCP") = ¢, (TCP") = (=1)"(n + 1)z™
and so
(e(TCP"), [CP"]) = (n+ 1)(=1)"(«", [CP"]).

We know that this calculates the Euler characteristic of CP"™, which is n + 1: thus we
must have (z", [CP"]) = (—1)", as claimed in Remark 2.1.2.

Example 2.9.4. Consider the manifold M = RP"#RP", with tangent bundle TM —
M. Let us write H*(M;Fs) = Folz,y]/ (2", y" L 2y, 2™ — y"), so

n—1
w(TM) = 1+Z(ai-xi+bi‘yi)+c-x”
i=1

for some scalars a;, b; and c. As the restriction of T'M to each copy of RP™\ D" C M is
isomorphic to the restriction of TRP", we have that

1
ai:bi:<n+ >f0r1§i§n—1.
)

We cannot determine ¢ this way, as RP™ \ D™ has no nth cohomology. But as w, (T'M)
agrees with the Euler class of M mod 2, we know that (w,(T'M),[M]) is the Euler
characteristic of M, which is 0 mod 2 so ¢ = 0.

2.10 Nonimmersions

Suppose that there is an immersion i : M™ 3 R™* i.e. a smooth map whose derivative
is injective at each point. This gives an injective map of vector bundles

. k
Di: TM — RYf
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with orthogonal complement v; — M a k-dimensional real vector bundle. Then T'M &

v; &2 Kﬂ’@ff, and so

w(TM) — w(y;) = w(TM & v;) = wRY ™) =1

and so
1
w(M)

As v; has dimension k, we must have w;(v;) = 0 for j > k.

w(y;) = € H*(M;TFs).

Example 2.10.1. If there is an immersion i : RP” &5 R***_ then

1

W € H*(R]Pm7 FQ)

’LU(I/l) =

is a polynomial of degree at most k. We may consider the following table,

n (1+$1)n+1 € H*(RP";Fy) = Falx]/(2"*!) | does not immerse in RV
2 1+ 2
3 |11

4 | 1+z+2%2+2° 6
5 | 14 a2 6
6 1+ 6
711

8 |1+a+22+23+a2r +2°+a20+27 14
9 | 14+a2+az*+25 14
10 | 1+ +a2*+2° 14
11 [ 1424 14
12| 14+2+2%+23 14
13| 1+22 14
14|14 14
151

16 | 1+z+22+-- 42 30
17 1+ +2t+ 20+ 28 + 2104 22 4214 | 30
18| 1+z+at+a+28+29+212+ 213 30
19 | 1+a2*+28+ 212 30
20 | 1+z+22+23+ 28+ 29 + 210 4 211 30

The smallest dimensional real projective plane for which the smallest Euclidean space
it immerses into is not known is RP?*: it is known to immerse in RP?®, and known to
not immerse in R%7.

2.11 Cohomology of infinite Grassmannians

In this section we will see that the Chern, Stiefel-Whitney, and Pontrjagin classes fully
account for the cohomology of the infinite Grassmannians. In view of the fact that the
infinite Grassmannians classify vector bundles (Section 1.5), this shows that these classes
are “the only” characteristic classes of vector bundles.
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Lemma 2.11.1. There is a homotopy equivalence S(vg"™") =~ Gry—1(F*).

Proof. The space S(y3">°) consists of pairs (V,v) of an n-dimensional subspace V' < F>
and a unit vector v € V. To this we can associate the (n — 1)-dimensional vector space
()t :={r € V|z L v} <F>, which defines a map

P : S(yp™?) — Gryp—1(F™).

On the other hand assigning to an (n — 1)-dimensional subspace W < F* the pair
(FeW <F@F>, e;), where we identify F & F> = F> by shifting coordinates, defines
a map
U Gryp—1(F®) — S(p™).

The composition ® o ¥ is almost the identity: it sends W < [F*° to the subspace 0 @
W <F@F>® = F*, ie. its image under the linear map (z1,z2,x3,...) — (0,21, x2,...).
The straight line homotopy (z1, z2,...;t) — (1—1t)-(z1, z2,...)+t- (0,21, 22, ...) through
linear maps shows that this is homotopic to the identity.

The composition ¥ o ® sends (V,v) to (F @ (v)* < F@F® =2 F>® ¢;). A sequence
of straight-line homotopies similar to the proof of Lemma 1.5.1 shows that this is also
homotopic to the identity. O

Theorem 2.11.2. The map
Rlcy,ca,. .. cn] — H*(Grp(C™); R)
ci — (™)
is an isomorphism. Similarly, the map
Folwy, wa, ... ,wy] — H*(Gr,(R*>);Fy)
wi — wi(w)

is an isomorphism.

Proof. We do the complex case, and neglect the ring R from the notation; the real case
is completely analogous. We proceed by induction on n; the case n = 0 is immediate
as Gro(C*>®) = {x}. For n > 0 we consider the Gysin sequence for the sphere bundle
p:S(¢™) = Gry,(C*). By Lemma 2.11.1, a portion of this sequence takes the form

Hi(Gry(C®)) “ 47

n—1,00

By induction H*(Gr,—1(C*)) is generated by the classes ¢;(¢ ) = inc*e;(7¢™), so
the map inc* is surjective. By Theorem 2.7.1 we have e(7{™) = cn(7¢™"). Thus we
find that cup product with ¢, (y&'™) is injective on H*(Gr,(C*)), and that there are
isomorphisms

inc® : H*(Gra(C))/(ea(E™)) 2 H* (Gra-y(C%)) = Rles (), . et (G2 ).
This implies the claim, by comparing with the exact sequence
0 — Rlcy,...,cn) 25 Rlet, ..., cn] — Rler, ... cn1] — 0

and using the 5-lemma. O

T HT(Gr, (CF) G HiT2 (G, (C°)) — H (G (C)).

Lecture 8
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There is not such a pleasant formula for the integral cohomology of Gr,(R>), but
we can understand it away from the prime 2 by introducing the oriented Grassmannian

Gra(RY) = {(V,w) |V € Gro(RY),w is an orientation of V}.

Forgetting the orientation gives a 2-to-1 covering map p : @;“n(]RN ) = Gr,(RY). We
may think of an orientation of V' as a choice of unit vector in the 1-dimensional inner
product space A"V, which identifies Gr,,(RY) with S(Anwﬂg’N).

Writing ﬁﬁ’N = p* (v n’N) for the pullback of the tautological bundle, the advantage
is that this vector bundle is canonically oriented. Thus we have a Gysin sequence for
Gro_ 1(R*®) ~ S(3"%) it Grn(]Roo) and so can try to proceed as in the argument above.

Theorem 2.11.3. If 2 is invertible in R and k > 0 then the maps

Rle,p1,. .. ,pr—1] — H*(Grop(R®); R)
R[p17 cee 7pk71] — H*(GTZkfl(ROO% R)7

sending e and p; to the Euler and Pontrjagin classes of '™, and the map
]FZ[U)Za s 7wn] — H*(Grn(ROO)’ ]F2)
sending w; to the Stiefel-Whitney class of 4g'™°, are isomorphisms.

In the first case the class pk(’y%’oo) is also defined, but on Example Sheet 1 Q5 (ii)
2k, 00
)2

you will show that it is equal to e(yg "~
Proof. For the third case we proceed exactly as in Theorem 2.11.2, but starting the
induction with Gry(R*) = 5% ~ x.

For the first two cases we use the Gysin sequences to proceed by induction on n (i.e.
2k or 2k — 1); the case n = 1 is immediate as above. If n = 2k then, as p* is surjective
on R-cohomology by induction, the Gysin sequence for p gives short exact sequences

2k, 00)

0 — H'(Grop(R®); R) O HiF2(Grop(R®); R) 2 HI+2H(Grop_ 1 (R®); R) — 0

and we finish the argument just like in Theorem 2.11.2. If n = 2k — 1 then by Example
Sheet 1 Q2 we have 2e(52° ™) = 0 and so e(52° ™) = 0 by our assumption that 2 is
invertible in R. In this case the Gysin sequence for p gives short exact sequences

0 — Hi(Grop_1(R®); R) 25 HI(Grop_o(R®): R) 2 H=Ck=2(Gryp_ 1 (R®); R) — 0.

By our observation about the top Pontrjagin class being the square of the Euler class,
and induction, the composition

Rlp1, ... pe—1] — H*(Grop_1(R®); R) X H*(Grop_o(R®); R)

is split injective (with image the subring R[p1,...,pr_2,€%] C Rle,p1,...,pr_2]). The
claim then follows from the Gysin sequence above by counting ranks. O
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To make a final conclusion about the unoriented real Grassmannians Gr,(R>) we
will need to use a general tool.

Lemma 2.11.4. If«: X Xisa covering space with fibres of finite cardinality m, and
R is a ring in which m is invertible, then 7 : H*(X; R) — H*(X; R) is split injective.

Proof. The construction

7 Cu(X;Z) — Cu(X; Z)
o: AP - X —s Z G:AP - X

lifts 6 of o

defines a chain map, and m4 o 7 is multiplication by m as po ¢ = ¢ and there are m
lifts. Applying Homgz(—, R) gives a chain map 7V : C*(X; R) — C*(X;R) satisfying
7V7*([z]) = m - [z] on cohomology, and as m € R is assumed to be invertible the claim
follows. O

Corollary 2.11.5. If 2 is invertible in R and k > 0 then the maps

Rlpi1,...,pk] — H*(Grox(R>); R)
Rlp1,...,pp—1] — H*(Grop—1(R™); R),

sending p; to the Pontrjagin classes of vg'™, are isomorphisms.

Proof. We apply the lemma to the 2-to-1 covering space p : a;“n(]Roo) — Grp(R*), so
as 2 € R is invertible we find that the map

p* . H*(GTn(ROO),R) N H*(@R(Roo)’R) _ {R[C,p1, s 7pk—1] n =2k
Rlp1,...,pk—1] n=2k—1
is (split) injective.

Reversing the orientation gives an involution ¢ : @;n(RN ) — Grn(RY) which com-
mutes with p, and pulls back f?ﬁ’oo to the same vector bundle but with the opposite
orientation. Thus t*p; = p; and t*e = —e. As t commutes with p, the map p* lands
in the t-invariant subring. This is the whole ring in the second case, and the sub-
ring Rle?,p1,...,pk—1] = R[p1,...,Pr_1,px) in the first case. As the Pontrjagin classes
certainly are all pulled back along p, it follows that p* is an isomorphism onto this
subring. O
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Chapter 3

K-theory

3.1 The functor K

For a compact Hausdorff space X, we let Vect(X) denote the set of isomorphism classes
of finite-dimensional complex vector bundles 7 : £ — X.

In distinction with Definition 1.1.1 we only ask for the dimension of a vector bundle
to be locally constant, not globally constant: thus a wvector bundle may have different
dimensions over different connected components of X.

Whitney sum @ and the zero-dimensional vector bundle C° y make (Vect(X),®,C%y)
into an abelian monoid, i.e.

(i) @ is associative and commutative, and
(i) C°y is a unit element for .

Definition 3.1.1. We let K°(X) be the Grothendieck completion of the abelian monoid
(Vect(X),®,C%).
That is
K%X) = Vect(X) x Vect(X)/ ~

where ([Ep], [Fo]) ~ ([E1],[F1]) if and only if there exists a [C] € Vect(X) such that
[Eo @ F1 & C| = [E1 @ Fy @ C]. This has a sum operation defined by
[([Eo], [FoD)] + [([EA], [F1)] := [([Eo ® Enl, [Fo @ F1])],

which is well-defined with respect to ~, and [([C°], [C®¢])] is a unit for this sum oper-
ation. This is an abelian group, with [([Fo], [Ep])] inverse to [([Eo], [Fol)]-

For ease of notation, we usually write

E—F = [([E], [F])]
0:= [([C2x], [C2x])]-

Example 3.1.2. A vector bundle over a point * is determined up to isomorphism by its
dimension, so (Vect(x),®,C%,) = (N, +,0) as an abelian monoid. Thus K°(x) = Z as
an abelian group, as the Grothendieck completion is precisely the usual construction of
the integers from the natural numbers.

Explicitly, the isomorphism is given by E — F € K%(x) — dim(E) — dim(F) € Z.

By construction [E] + ([E],[C°x]) : Vect(X) — K°(X) is a homomorphism of
abelian monoids. It has the following universal property among homomorphisms to
abelian groups.

26
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Lemma 3.1.3. If (A, +,0) is an abelian group, then any homomorphism
¢: (Vect(X),®,C%%) — (A4, +,0)
of abelian monoids extends uniquely to a homomorphism
¢: (K°(X),+,0) — (A, +,0)

of abelian groups.
Proof. 1f [Ey @ Fy @ C] = [Ey ® Fy ® C] then

o([Eo]) + o([F1]) + o([C]) = o([Er]) + ([Fo)) + ¢([C]) € A
and we can cancel the ¢([C])’s as A is a group. Hence

o([Eo]) — o([Fo]) = o([Er]) — o([F1]) € A

and so ¢([([Eo], [Fo))]) := ¢([Eo]) — ¢([Fo]) is well defined. This is a homomorphism of
groups. ]

If (X, z0) is a based space, then there is a homomorphism of abelian monoids

rke, : Vect(X) — Z
[E] — dim(FEy,)

which, as the target is an abelian group, extends to a homomorphism
rkey : KO(X) — Z,
which is split via the homomorphism n > sign(n)C/"l ..
Definition 3.1.4. The reduced K-theory of (X, xz) is
K%(X) :=Ker(rky, : K%(X) = 7),
so the splitting gives a canonical isomorphism K°(X) = Z ¢ K9(X).
For example, by Example 3.1.2 we have KO(*) =0.

Lemma 3.1.5. If X is compact Hausdorff, then every element of K°(X) may be written
as B — @X for some vector bundle E — X and some N.

Proof. An element of K°(X) is of the form [([E], [F])]. By Lemma 1.3.1, as X is compact
Hausdorff there is a vector bundle F’ so that F & F' =~ CN x for some N > (0. Then

(ICX], [F]) ~ ([F'), [€2)),
so adding ([E], [C%]) to both sides shows that
([E), [F]) ~ ([E® F],[C ),

as required. O
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It follows from this lemma that we may give another description of K°(X) when X
is compact Hausdorff, namely

K%X)=Vect(X)) ~

where [Ep] ~ [F1] if and only if [Eg @ CN ] = [E; @ CM ] for some N, M € N. The
isomorphism is given by the function

[E] € Vect(X)/ m— E — CI™Fe0) o e K9(X)
This is easily seen to be well-defined, is surjective by the previous lemma, and if
B — clim(E) g - cdim(Br) e RO(X)
then
[E®Ci™Pe) g 0] = [B' @ CImEx) ¢ C] € Vect(X)

for some C, and further adding on a C’ such that C @ C’ = CYy, which uses again that
X is compact Hausdorff, gives that [E] =~ [F'].

So for compact Hausdorff spaces we can also think of reduced K-theory as being
given by vector bundles up to such stable isomorphism.

Corollary 3.1.6. K°(5') =0

Proof. As S' = ¥S°, by the clutching construction there is a bijection between isomor-
phism classes of n-dimensional complex vector bundles over S and homotopy classes of
maps S° — GL,(C). As GL,(C) is path-connected, all such maps are homotopic, so
all n-dimensional complex vector bundles over S' are isomorphic: that is, they are all
trivial. The claim now follows by the above description of reduced K-theory. O

3.1.1 Functoriality

If f: X — Y is a continuous map, there is an induced map of abelian monoids f* :
Vect(Y) — Vect(X) given by f*([E]) = [f*E]. This extends to the Grothendieck
completion, to give a homomorphism of abelian groups

fK%Y) — K9%X)
E—Fv— fY(E) - f*(F).

If f:(X,z0) — (Y,y0) is a based map it induces a map on reduced K-theory by the
same formula.

Lemma 3.1.7. If X is compact Hausdorff and f,g: X — 'Y are homotopic maps, then
ff=g": K'Y) — K'(X).

Proof. Tt is enough to show that f*, ¢* : Vect(Y) — Vect(X) are equal. This is imme-
diate from Corollary 1.4.2. O
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3.1.2 Ring structure

The tensor product of vector bundles induces a multiplication on K-theory. More pre-
cisely, tensor product gives a function

—®—:Vect(X) x Vect(X) — Vect(X)
([E].[F]) — [E® F]

which is additive in each variable, and the Grothendieck completion promotes this to a
bilinear map

~-®—: K%(X) x K°%X) — K°%X)
(Eo — Fo, By — F1) — Eg® By — By ® F1 — By ® Fy + Fy @ F.

This is associative, as tensor product of vector bundles is, and has unit C!y. It makes
K°(X) into a unital commutative ring, and if f : X — Y is a map then

o KY(Y) - K%(X)
is a homomorphism of unital rings. To ease notation we write
1:=C'y € K°X)
and so for n € Z we write n := sign(n)C"l .

Remark 3.1.8. If (X, z) is a based space with ¢ : {x} — X the map i(x) = zo, then
the rank homomorphism 7k, : K%(X) — Z can be identified with

i KO9(X) — K%(x%)
under the isomorphism K(*) = Z of Example 3.1.2. Thus the reduced K-theory
K%(X) = Ker(i* : K°(X) — K°(x))
is an ideal of K°(X). In particular, it still has a multiplication, but no longer a unit.
As usual there is also an external product given by
M- K%X)x K%Y) — K°%(X xY)

A® Br— 1x(A) @ my-(B).

3.2 The fundamental product theorem

Let us write H = [W] € K°(CP') for the K-theory class of the complex conjugate

(egivalently, the dual) of the tautological line bundle.!

!One might think it more natural to just take [y4], as I once did, but [y~?] is more natural from
the point of view of Algebraic Geometry, and will make sure that our formulas match everybody else’s.
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Lemma 3.2.1. We have H+ H = H? +1 € K°(CP'), or in other words (H —1)? = 0.

Proof. We identify CP' = S2, and will use the clutching construction, in particular the

bijection

{maps ¢ : S = GL,(C)}/homotopy — {n-dim vector bundles over S?} /isomorphism
fr— (mp: Ep — S?)

It is easy to see from the clutching construction that: Whitney sum of vector bundles (on
the right) corresponds to block-sum of matrices (on the left); tensor product of vector
bundles (on the right) corresponds to Kronecker product of matrices (on the left).

Considering the clutching construction for 7&’2 — CP!, we express CP! as the sus-
pension of S' via the sets

Co:={[1:2]]|z| <1}
Oy = {fw: 1] Jul < 1}

whose intersection is identified via z — [1 : 2] = [2 : 1] with the unit complex numbers
S1, and which are both discs and so cones on this circle. The maps

v, : Co x C — 7(1:’2]00
(L:z),\)— ([1:2],A-(1,2))

we, - Cl xC — 7(%:’2|C1
([w:1],A) — (w: 1], A+ (w, 1))

are local trivialisations, and they determine the corresponding map

f:51200ﬂ01—>GL1(C):(CX
z [1:z] — 2.

Thus the bundle 7&’2 ® 7&’2 corresponds to the map
f': 8 — GLy(C)

zr—)zo
0 z|’

and the bundle (7&’2 ® 7((1:’2) @ Ccpr corresponds to the map
"8t — GLy(C)

szQO
0 1|°

e O e o

Now
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e R e TR

1
and as GL2(C) is path connected there is a path from ] to the identity matrix. This

0
10
; ! 1" 1,2 1,2 1,2 1,2 . .
gives a homotopy from f’ to f”, so 77" @ 7¢” and (v¢" ® 7¢~) @ Cepr are isomorphic:
thus their complex conjugates are too. O

This lemma defines a ring homomorphism
¢ : Z[H)/((H - 1)*) — KO(CP").

Theorem 3.2.2 (Fundamental Product Theorem). If X is compact Hausdorff then the
ring homomorphism

p: KY(X)®Z[H]/(H —1)?) — K°(X x CP")
z @y — 7 (x) @ m(d(y))
s an isomorphism.
Corollary 3.2.3. Taking X to be a point it follows that
¢+ Z[H/((H —1)?) — K°(CP")
s an isomorphism.

We defer the proof of the Fundamental Product Theorem to Chapter 4, as it is
extensive and will take several lectures.

3.3 Bott periodicity and the cohomological structure of K-theory

It turns out that it is conceptually simpler to develop the cohomological structure for
reduced K-theory and pointed spaces. We will do so, and deduce the consequences for
unreduced K-theory and unpointed spaces at the end.

3.3.1 Beginning the long exact sequence of a pair

Lemma 3.3.1. Let E — X be a vector bundle over a compact Hausdorff space, and
A C X be a closed set such that E|4 — A is trivial. Then there is an open neighbourhood
U D A such that E|y — U s trivial.

Proof. Choose a trivialisation of F|4 — A, which is equivalent to choosing sections
S1y-..,8, © A — FEJ|4 such that the s;(a) are a basis for E, for each a € A. Let
Ui,...,U, be open subsets in X over which the bundle F is trivial, and which cover X.
Choosing a trivialisation of E|y;, one gets maps

Si|Uij : Uj NA— E‘Uij = (Uj ﬁA) x C"

ar— (a,%;(a))



Lecture 11

32 Chapter 3  K-theory

and by the Tietze extension theorem? there are extensions of of the ¥; ; to maps X/
Uj — C". Under the trivialisations E|y; = U; x C" these define sections

7j :

Si,j : Uj — E‘Uj-

Using a partition of unity {¢;} subordinate to the cover {U;}, we can form sections

S;:ZQOJ"SLJ‘:X—)E

which agree with the s; over A. As the sections s, are linearly independent over each
point of A, they are linearly independent over some open neighbourhood U of A, where
they define a trivialisation of E|y — U. O

Proposition 3.3.2. If X is a compact Hausdorff space, A C X is a closed subspace, and
x € A is a basepoint, then the based maps

(A, %) =5 (X, %) L5 (X/A4, A/A)
induce homomorphisms

RO(A4) < RO(x) < RO(x/A)
which are exact at K°(X).

Note that A, as a closed subspace of a compact Hausdorff space, is again compact
Hausdorff; X/A is too, by an elementary argument.

Proof. The composition i*¢* is (¢ 0 i)*, and ¢ o 7 is the constant map to the basepoint.
Since K (%) = 0, it follows that i*¢* = 0.

For the converse, we use the description K°(X) 2= Vect(X)/ ~, vector bundles
modulo stable isomorphism. Let £ — X be a vector bundle so that i*(E) = E|4 — A
is stably trivial. After adding on a trivial bundle to E, we may therefore suppose that
E|4 — A is trivial, and choose a trivialisation h : E|4 = A x C". Let

E/h=E/h Y(a,v) ~ h71(d,v),

which has an induced projection E/h — X/A.

We claim this is locally trivial. Over the open set (X/A) \ (4/4) = X \ A it is
identified with E|x\4 — X \ A so is locally trivial. By the previous lemma it follows
that there is an open neighbourhood U O A such that E|y — U is trivial. Restricted to
U/A C X/A we can identify, via a trivialisation extending h,

(E/h)|v/a = (U/A) x C*

2A continuous real-valued function defined on a closed subset of a normal space extends to the entire
space. Compact Hausdorff spaces are normal.
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so it is trivial, and so in particular locally trivial. Thus E/h — X/A is a vector bundle.
The square

quotient

E——E/h

|,

xX—1-Xx/A
is a pullback, which identifies E' = ¢*(E/h). Hence Ker(:*) C Im(q*) as required. O

We want to extend this to a long exact sequence, analogous to the long exact sequence
of a pair for cohomology.

Definition 3.3.3. Let f: X — Y be a map. The mapping cylinder of f is
My := (X x [0,1)uY)/(z,1) ~ f(z).

There are inclusions

i: X — Mf
z— [(x,0)]
j Y — Mf
y— [y]
and a (deformation) retraction
T Mf — Y

[z,t] — f(z)
[yl — .
This gives a factorisation
fiX My,

where r is a homotopy equivalence.
The mapping cone of fis Cy = My/i(X). We consider Cy as a based space with
basepoint [i(X)]. There is a map

c: Cp — Y/f(X)
[, t] — f(X)/f(X)
[yl — [yl

The point f(X)/f(X) serves as a basepoint.
If X and Y are compact Hausdorff, so are My and CY.

Lemma 3.3.4. Let X be a compact Hausdorff space, A C X be a contractible closed
subspace, and * € A a basepoint. Then the collapse map ¢ : X — X/A induces an
isomorphism on K°.
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Proof. If B — X is a vector bundle then as A is contractible, compact, and Hausdorff
by Corollary 1.4.3 the restriction E|4 — A must be trivial. Choosing a trivialisation
h:E|g — A x C", there is therefore a vector bundle

E/h— X/A

by the construction in the previous proposition, which satisfies ¢*(E/h) = E. This shows
that KO(c) is surjective. To show it is injective we must show that E/h is independent
of h up to isomorphism.

If hg and h; are trivialisations, they differ by postcomposition with

hothi: AxC" — Ax C"
(a,v) — (a,g(a)(v))

for amap g : A — GL,(C). As A is contractible, this map is homotopic to the constant
map to the identity matrix. From such a homotopy we produce a homotopy H of triv-
ialisations over A, and hence a trivialisation of E|4 x [0,1] — A x [0, 1] which is kg at
one end and hj at the other. In the same way that we constructed E/h, we construct

(E x[0,1])/H — (X/A) x [0,1]

which is E/hg at one end and E/h; at the other. By Lemma 1.4.1 these bundles are
isomorphic. O

Corollary 3.3.5. If f : X — Y is the inclusion of a closed subspace into a compact
Hausdorff space and * € X 1is a basepoint, then the map c : Cr — Y/X induces an
isomorphism on K°.

Proof. As f is the inclusion of a closed subspace, the cone on X
C(X):=(X x[0,1])/X x {0}

is a closed subspace of Cf, and the map c is given by collapsing C(X) to a point.
Furthermore, C'(X) contracts to its cone-point. Apply the previous lemma. O

Now given a compact Hausdorff space X and a closed (and hence compact Hausdorff)
subspace A C X containing a basepoint * € A, with f : A — X the inclusion map, we
can form the following diagram:

N

X/A )X

AC

and notice that Cy/X = ¥ A. Using this we can join the exact sequence of Proposition
3.3.2 with the exact sequence

RO(X) 7 BO(x/A4) = KO(Cp) L) BO(sa)



3.3  Bott periodicity and the cohomological structure of K-theory 35

to get a sequence
RO(A) <~ KO(x) <~ KOx/A) <& RO(xA)
which is exact at the two middle positions. Here we write
9: KO(24) = RO(Cp/x) s RO(Cp) < KO(x/A).
Continuing in this way, we have C} = XX and so on, giving a sequence
0 i 20 @ 70 0 0 (Z0)* 0 E9)* =0 0
K°(A) «+— K°(X) +— K'(X/A) +— K" (X4) +— K'(£X) «— K'(2X/A) /- --

which is exact at every position except perhaps the leftmost. Recall that cohomology
satisfies H'71(XX) = H'(X), so by analogy we define

K7(X):= K°(%'X) fori>0.
Then this sequence may be written as
KO(A) ¢ RO(X) < RO(x/4) <2 BY(A) <& R1(x) <& BY(x/4) <2 ...

_ In order to deal with the failure of exactness at the left-hand end, we must define
K%(X) for i > 0, and extend this sequence to the left.

3.3.2 The external product on reduced K-theory

We have defined K°(X) as the subgroup of K°(X) of those virtual vector bundles whose
virtual dimension at zg is zero. We may therefore restrict the external product on K°
to reduced K-theory, giving

KX)o K°(X) — KX x Y).

However, for pointed spaces the cartesian product x is less appropriate than the smash
product
XANY =(XxY)/(XVY).

We want to explain how our discussion so far can be used to improve the external product

above to a product R _ -
KYX)® K°(X) — KX AY).

To do so, we look at the sequence
ROXVY) ¢ ROX xY) < ROXAY) ¢ R UXVY) ¢ B HX X Y) e -
which is exact except perhaps at the left.

Lemma 3.3.6. The inclusions ix : X - X VY and iy : Y — X VY induce an
isomorphism

@iy KX VY) — K {(X)a K YY)
for alli > 0.

Lecture 12
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Proof. As (X VY)/X =Y, we have a sequence
ROX) & ROX VYY) &2 ROY) & kX)) & Y X VY) e -

exact except perhaps at the left. Here ry : X VY — Y collapses X to a point, and
rx : X VY — X collapses Y. Now ry oix = Idx shows that 7% is surjective, so this
sequence is actually exact and is in fact a collection of short exact sequences

0+— K{(X) & KX VY) e K{(Y) «+— 0,
which are split by 3. O
Returning to the exact sequence above, we see that the map
KX XY) — KX VY) 2K {(X)o K (YY)

is also surjective, and is split by 7% @ 7§, the maps induced by projection to the factors.
This splitting in particular gives a decomposition

KX xY)2 K XAY)® K°X)® K°»Y).
If z € K%X) and y € K°(Y), then we have
7 () ® 74 (5) € KO(X x Y).

This vanishes when restricted to {xg} xY or X x{yo}, i.e. vanishes under ¢*, as then it is
the tensor product of a K-theory class with the zero K-theory class. Thus 7% (x)@75-(y)
lies in the canonical summand K°(XAY) of K9(X xY'). This defines the external product

K- KX)o K°(Y) — K°(X AY).

As usual, the internal product is obtained from the external product by pulling back
along the diagonal map A : X — X A X.

Example 3.3.7. If A, B C X then there is a commutative square

T[22
X XNX
l [z]—[x],[=]] l
/(40 B) L (x4 8 (x)B)

where the vertical maps are the evident quotient maps. Thus if A and B are closed
subsets which cover X and are contractible, then we find that the internal product

~-®-: KX)o K°(X) — K%X)

is the zero map (as K°(X/A) — K°(X) is an isomorphism, and similarly for B). (As
an application, this gives another proof of the identity (H — 1) = 0 € K°(CP!) from
Lemma 3.2.1, because H — 1 lies in reduced K-theory.)

More generally, this argument shows that if X can be covered by n contractible closed
sets, then all n-fold products in the ring K°(X) are trivial.
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3.3.3 Bott periodicity

There is a map

c: X — S'AX

[t,z] — [*™ 2]

which collapses [0,1] x {xo} C ¥X. This is a contractible closed subspace, so by Lemma
3.3.4 the map ) .
¢ KY(S'AX) — K°(2X)

is an isomorphism. We will therefore freely identify these groups. As S™"t! = §1 A S7,
and L"TH(—) = ¥(X"(-)), we can iterate.
As a consequence of the Fundamental Product Theorem we calculated

KO(S?) = Z{H]/(H —1)?) = Z{1} & Z{H — 1}
and so K°(S?) = Z{H — 1}. We may therefore form the map

B:K%X)— K°S? A X) = KO(22X)
x— (H—-1)Xuzx,

called the Bott map.

Theorem 3.3.8. The Bott map  : K°(X) — K°(X2X) is an isomorphism for all
compact Hausdorff spaces X .

Proof. The Fundamental Product Theorem implies that the external product map
K9%$?) @ K°(X) — K°(5% x X)

is an isomorphism. Writing K%(X) = Z @ K°(X), and similarly for S?, we obtain an
isomorphism

K9(S%) @ KO(X) @ (KO(SQ) ® f{O(X)> 5 K9(8? x X),

and comparing it with the decomposition of K 0(S% x X) produced above it shows that
the external product map

K°%S*) ® KY(X) — K°S?*A X)
is an isomorphism. With the identification K°(52) = Z{H —1}, this is the Bott map. [

3.3.4 Finishing the long exact sequence of a pair

The above gives, in the notation we have introduced, an isomorphism

B:KY(X) — K %(X)
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and so, replacing X by ¥'X, an isomorphism
B:KH(X) — K%X)

for all 4 > 0. Thus we have actually only defined two distinct K-groups, K° and K,
and so we re-define )
Ri(X) = IE’O(X) if i € Z is even
K°(XX) ifi€Zis odd.

Using Bott Periodicity we can immediately extend the half-exact sequence we devel-
oped in Section 3.3.1 to a long exact sequence, but by the periodicity we may roll this
up into the following six-term exact sequence:

RO(A) ~— RO(X) <L KO(x/A)

X :

K N(X/A) Lo B1(X) " B1(A).

3.3.5 K-theory of spheres

Let us use Bott periodicity to calculate the K-theory of spheres, and to say something
about maps between spheres.

Corollary 3.3.9. We have

and

ki(SZn-i-l) _ {Z . 1
1= —1.

Proof. By Bott Periodicity (Theorem 3.3.8) it is enough to do this calculation for S°
and S', and as K?(S') = K~1(S°) it is enough to do it for S°. We have K°(x) = Z
given by the dimension, so K°(S%) = Z ® Z, and hence K°(S°) = Z. On the other hand
K~1(8% = K9(S') = 0 by Corollary 3.1.6. O

Example 3.3.10. Let f : S' — S' have degree d, and let us show that the map
f*: K71(SY) — K—1(S") is given by multiplication by d.

By definition, this is the map (Zf)* : K°(52?) — K°($?), and g := X f has degree d
too. We have K°(52?) = Z{H — 1}, so suppose that ¢*(H — 1) = k- (H — 1); we must
show that k = d. This identity in K-theory, after taking complex conjugates, means that
we have isomorphisms

g*(,yé?) EBQN ) (,yé?)@k EBQNJrlfk
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for some N > 0. Taking total Chern classes we get
gA+2)=0+2)=1+ke e H(S%72)

so g*(x) = kx and as x # 0 and ¢ has degree d, it follows that k = d as required.

It is a fact from Algebraic Topology that maps h : SP — SP are determined up to
homotopy by their degree: so if h has degree d then it is homotopic to X~ f for a degree
dmap f: S' — S! as above, and so h* : K*(SP) — K*(SP) is give by multiplication by d
too. In Section 5.2 we will see how to deduce this without using the fact from Algebraic
Topology.

3.3.6 The graded multiplication

If X is a pointed space then the diagonal map d : X — X A X induces for i, j > 0 maps
STINd: STIANX — STIAXAX =2 (S'AX)A (S AX)
and so maps
KY%S'AX)® KOS9 A X) =25 ROSTAX ASIAX) LS KOS A X)
hence, using that XX — S A X is an isomorphism on K-theory, a map — @ — :
K{(X)® K9(X) —» K "7(X). For future ease® we define the graded multiplication
—® — to be (—1)¥ times — ® —. Using Bott Periodicity this extends to a multiplication

defined for all 4, j € Z.

Remark 3.3.11. One may show that this multiplication is graded-commutative (like
the cup product), but we shall not do so.

3.3.7 Unpointed spaces and unreduced K-theory

If X is a space we can make a based space X, = X U {*}. This satisfies K%(X ) =
K°(X), and so we can redefine unreduced K-theory in terms of reduced K-theory as

K{(X):= K'(X,).

With this definition K~'(x) = K~ (x4) = K°(S') = 0 by Corollary 3.3.9. With this
definition we also obtain the six-term exact sequence

KO(A) <2 KO(X) <L KO(X/A)

| |

K1(x/4) —“> K1(X) —~ K~1(4),

and a graded multiplication — ® — : K(X) ® K/(X) — K™ (X).

I did not say this in
lectures!

3See https://mathoverflow.net/questions/441484/the-graded-multiplication-on-topological-k-theory
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3.4 The Mayer—Vietoris sequence

If X be a compact Hausdorff space which is the union of closed subspaces A and B, then
X/A = B/(AN B), so there is a map of long exact sequences as follows.

K1(X)A) — 2 KO(4) <2 KO(X) <P RO(x/A) — 2 K-1(4)

U

K~Y(B/ANB) <2~ K°(An B) <2~ K%(B) <222 {9(B/AN B) <2~ K~Y(AN B)

It is an exercise in homological algebra to see that

e
1, Dip

KA B) 275 ko 4) & KO(B) KO(X)

g /

E1(X) 29 g1y e k(B) 222 k(AN B)
is then exact, where @' is defined as
8 K'(ANn B) -% K™Y(B/AN B) <= KHY{(X/A) 24 KHY(X).

3.5 The Fundamental Product Theorem for K !

There is a useful technique that will let us upgrade many statements about K9 to K*.
Firstly, the long exact sequence for the pair (S' Vv X, X) takes the form

KOX) <L KOS v x) <2 RO ——0

| |

*

K18 P k(s v X) L KX,

and the two maps j* are split surjective (via the collapse map S'V X — X) so the map
§*: K°(S'v X) — K°(X) is an isomorphism. Now the long exact sequence of K-theory
for the pair (S! x X, S v X) takes the form

KO(S'V X) < KO(8! x X) <L KO(S! A X) —— K~1(X)

i@ ;

KBS AX)—Cn K18 x X) s K-1(S v X).

and the two maps i* are split surjective (via the projections S! < S' x X — X and the
description of K*(S!V X) above). Thus the map

™ ® ¢ KO(X)® K H(X) — K°(S' x X)
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is an isomorphism. This gives a natural isomorphism
K1(X) = Coker(rk : K%(X) — K°(S! x X)),

which can be used to reduce certain questions about K ! to questions about K°. An
example of this type of argument is the following.

Corollary 3.5.1. If X is compact Hausdorff then the left K°(X)-module homomorphism
K YX)®Z[H]/((H -1)*) — K 1(X x CP")
z @y r— m(x) @ m5(4(y))
is an isomorphism.

Proof. The exact sequence

0 — KO(X) ™5 KO(S' x X) — K~ (X) — 0

is split, so stays exact after applying — ® Z[H]/((H —1)?). Thus we have a commutative
diagram

KO(X) ® Z[H]/((H — 1)) ———~ K%(X x CP')

| |

KO(S' x X) @ Z[H]/((H — 1)?) —= K°(S' x X x CP!)

| i

K-Y(X)® Z[H]/(H - 1)%) —2" ~ K-1(X x CP!)

where the columns are short exact sequences, and the top two horizontal maps are iso-
morphisms by the Fundamental Product Theorem (Theorem 3.2.2). Hence the bottom
horizontal map is an isomorphism too. O
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Chapter 4

Proof of the Fundamental Product Theorem

The argument we give in the chapter essentially follows Hatcher!, which in turn follows
Husemoller? and ultimately Atiyah and Bott3. We will give a fairly complete argument,
but skip lightly over some analytic details. This material is not examinable.

4.1 A more general clutching construction

The Fundamental Product Theorem concerns vector bundles over X x CP! = X x S2,
and we will make use of a clutching construction adapted to this situation.
Given a vector bundle 7 : ¥ — X and an automorphism

f

E x St - E x St
xSt
X x St

of this bundle pulled back to X x S, called a clutching map, we can form a vector bundle
over X x S = (X x D%)Uxg1 (X x D%) with total space

((Ex D2)U(E x DY))/(e,2) € Ex S' C Ex D% ~ f(e,z) € Ex S' C E x D.

Call this bundle [E, f]. As with the usual clutching construction, changing the map f by
a homotopy of vector bundle automorphisms changes the result only up to isomorphism.
It is evident from the construction that [E1, fi] @ [Ea, fo] = [E1 @ Ea, f1 @ fa]. As
an example, [E,Id] = nj(EF). We may as well assume that f is normalised to be the
identity over X x {1}: if not, acting on E x D% by the inverse of flxxqy < D? gives an
isomorphism from [E, f] to [E, f'] with f":= (f|xxqy ¥ D?)~!o f which is normalised.

Given any vector bundle 7 : F' — X x 82, there are restrictions my : Fiy — X X D:Qt.
As the projection maps X x D2 — X are homotopy equivalences, with homotopy inverses
X =X x {1} € X x 8! € X x D3, there is a vector bundle F := Flxxqy — X and
bundle isomorphisms

F_=~, ExD?and Fy =, ExD?

P+
which are the identity over X x {1} € X x D2. Combining this with the identity
F_|xyxs1 = Fy|xxg gives a normalised clutching map
fiExS 2, F|x g =Filxxst Zp, Ex S

! Vector bundles and K -theory, available at https://www.math.cornell.edu/ hatcher/VBKT/VB.pdf
2Chapter 11 of Fibre bundles, Third edition, Graduate Texts in Mathematics, 20. (1994).
30n the periodicity theorem for complex vector bundles, Acta Math. 112 (1964), 229-247.
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such that F = [E, f]. Thus any vector bundle on X x S? arises by clutching with a
normalised clutching map. Similar reasoning shows that f is unique up to homotopy of
(normalised) clutching maps.

We will think of such an f : ExS! 5 E xS as a continuous family of automorphisms
of the vector bundle E — X parameterised by z € S'. For z € X and z € S' we write
f(z,2) : By — Ey for the restriction of f to the fibre over (z, z).

4.2 Reduction to Laurent polynomial clutching maps

A clutching map f: E x S' — E x S! of the form

Fa.2) = 3 ax(a)t

|k|<n

for bundle maps a; : E — E (which need not be isomorphisms) is called a Laurent
polynomial clutching map. We will argue that there is no loss of generality in only
considering such clutching maps, using some Fourier theory.

Proposition 4.2.1. Any vector bundle [E, f] is isomorphic to [E, f'] for a Laurent poly-
nomial clutching map f.

Proof. The vector space End(E x S') of all bundle maps a : E x S — E x S! can be
given the operator norm |lal| = sup,cx vep, {0} la(v)|/|v], after choosing a Hermitian
inner product on E. As X x S! is compact, the invertible bundle maps form an open
subset. Thus any bundle map sufficiently close to f is invertible, and so is a clutching
map, and furthermore is homotopic through clutching maps to f. It therefore suffices to
show that there is a sequence of Laurent polynomial bundle maps converging uniformly
to f.
Define a bundle map ay, : E — E by the formula*

asc':L 2k xz%
@)= g [ e

211 z
and let s, (z,2) = 3 <, ap(z)2* and o,,(z,2) = #—&—1 Yomeo Sn(x, z). The latter are
the Cesaro sums of the Fourier series for the continuous map f, so op(z,2) — f(z,2)
uniformly by (an elaboration of) Fejér’s theorem. On the other hand all oy, (z, 2)’s are
Laurent polynomial bundle maps. O

4.3 Reduction to polynomial clutching maps

We have seen in the proof of Lemma 3.2.1 that the clutching map for the tautological
bundle 7(%:’2 — CP!' = S?is 2+ 2z : S — GL;(C) = C*, and so that for 7((1:’2 is 2z — 271,
Thus the bundle 75 H — X x S? is presented as [C! v, 27!]. More generally we have the
following.

“Here f(z,z) are elements in the finite-dimensional vector space Hom(FE;, E.), and the integral is
taken in this vector space.
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Proposition 4.3.1. For any E — X and clutching map f,
(B, flo 3 (H) = [E, f=1].
Proof. Apply the procedure of Section 4.1 to the bundle [E, f] ® 75 (H). O
If f is a Laurent polynomial clutching map then it has the form p-z~" for a clutching
map p which is polynomial, i.e. p(x,z) = Ziﬁo bi(z)2¥, and so [E, f] = [E,p] ® 75 (H™).
4.4 Reduction to linear clutching maps

The Fundamental Product Theorem is about K°(—), not about Vectc(—), and so at
some point we must take advantage of the fact that we can differences as well as sums
of vector bundles. This is that point.

Say that a clutching map is linear if it has the form f(z,2) = aog(x) + a1(z)z.

Proposition 4.4.1. If p is a polynomial clutching map of degree < n for the vector
bundle E — X, then there is a linear clutching map L™p for E®"T1 — X such that
[E,p| @ [E®™, Id] = [E®" L L.

In particular, we have [E,p] = [E®"*! LPp] — [E®", Id] € K°(X x S?).

Proof. Write p(z,z) = > p_, ap(z)z®. Define L™p to be the bundle endomorphism of
E®"*1 given by the matrix

ap ap az -+ Aap-1 0an

—z Id 0 --- 0 0

0 —z Id --- 0 0
an = . )

0 0 0 Id 0

0 0 O —z Id

Id ai(z) -+ a_1(2) a)(z) p(z) 0 -~ 0 O Id 0 --- 0 O
0 Id - 0 0 0 Id --- 0 0 —z Id --- 0 O
0 0 1d 0 0 0 Id 0 0 0 Id 0
0 0 0 1d 0 0 0 Id 0 O —z Id

where a}(z) := Y p_; ar(x)zF~". The middle matrix is invertible, as p is a clutching map.
The outer two matrices are of the form Id + N for IV nilpotent, so are also invertible,
and hence L"p is too and so is indeed a clutching map.

Furthermore the outer two matrices are homotopic to the identity through invertible
matrices by a homotopy of the form Id +t- N. Thus [E®" L Lrp] = [E®HL p @ [d] =
[E,p] ® [E®", Id]. O

)
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4.5 Analysis of linear clutching maps

For a linear clutching map ag(z) + a1(z)z for the vector bundle E — X, the goal of this
section is to show that there is a decomposition £ = ET @ E~, depending of course on
the clutching map, such that

[E,a0(x) +a1(z)z] 2 [ET,Id) @ [E, 2].
We first show that we can neglect the coefficient a;(x) of z.

Lemma 4.5.1. We have [E, ap(z) + a1(z)z] = [E, ay(z) + z] for some bundle endomor-
phism ag : E — E.

Proof. Consider the expression

(1+tz)(a1(x) f_;;tz + ap(z)) = (a1(x) + tag(x))z + tai(z) + ao(z).

For t < 1 the left-hand side is well-defined and gives an invertible endomorphism of F,,
since it is obtained from z +— ag(z) + a1(x)z by a reparametrisation of S'. The right-
hand side gives a well-defined bundle map for all ¢, and a;(x) 4 tag(x) is invertible for ¢
near 1 (it is invertible at ¢ = 1 as this is ag(z) + a1(z)z at z = 1) so we can write it as

(a1(x) + ao(z)to) (z + %) for to < 1 near 1. Thus

~ t + ~ t +
(B, ao(x) + a1 (2)2] 2 [B, (a1 (x) + ao(@)to) (= + Lpiekieeled )] o [, » 4 lotahaots))
where the first isomorphism is given by the homotopy of clutching maps with ¢ € [0, ¢o],
and the second isomorphism is because multiplying a clutching map by an automorphism
of F gives an isomorphic bundle. O

For a clutching map of the form ag(x) + z, each linear map ag(z) : F, — F, must
have all eigenvalues off the unit circle (if A\ was an eigenvalue on the unit circle then
ao(z) + z would not be invertible at 2 = —\ € S'). Let us write Ef < E, for the
sum of the generalised eigenspaces of ag(z) with eigenvalues of absolute value > 1, and
E; < E, for the sum of the generalised eigenspaces of ag(z) with eigenvalues of absolute
value < 1. Then E, = E ® E, and this decomposition is preserved by ao(z) and hence
by ap(x) + z too.

Lemma 4.5.2. The subspaces E* :=J, .y EEX < E are subbundles.

Proof. The problem is local in X, so we may work inside a local trivialisation U x C".
Under this trivialisation the bundle maps ag(z) assemble to a continuous map ag : U —
M5, (C), landing in the subspace S C M, «,(C) of those matrices having no eigenvalues
on the unit circle. If we define

+ n | v lies in the sum of the generalised eigenspaces
™= {(A7 ’U) €SxC of A for eigenvalues of absolute value > 1

and T~ similarly, then E¥|y = af(T™F), so it suffices to show that TF are subbundles of
the trivial bundle S x C".
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If x a(t) is the characteristic polynomial of A € S, then it factors xa(t) = x % (£) x4 (¢)
uniquely as a product of monic polynomials having roots of absolute value greater or less
than 1. As the polynomials x 4(t) vary continuously with A, on the space S where no
roots have absolute value 1 the monic polynomials Xf(t) vary continuously with A too. In
particular the dimension of the fibres of 7%, which are the degrees of these polynomials,
are locally constant on S. The bundle maps

(A,v) = x5 (A) - v: SxC" — S x C"

have kernels 7%, so by the Constant Rank Theorem (Example Sheet 1 Q10) the T* are
subbundles. O

We therefore have [E, ag(z) + 2] = [ET,a0(z)|g+ + 2] ® [E™,a0(x)|g- + 2]. As all
eigenvalues of ag(z)|g+ have absolute value > 1, the formula ¢t — ag(x)|g+ + ¢ - z for
t € [0,1] is a homotopy of clutching maps, so

[EF, ao(@)|p+ + 2] = [ET, ao(2)|p+] = [ET, Id]

using that ag(x)|g+ is invertible. As all eigenvalues of ag(z)|g- have absolute value < 1,
the formula ¢ +— ¢ - ag(x)| - + 2 for ¢t € [0,1] is a homotopy of clutching maps, so

[E7,a0(x)[p- + 2] = [E7, 2].

Observe that extracting E* from [E, ag(z) + a1(z)z] is additive: if the a;(x) preserve
a decomposition of E, then we obtain a corresponding decomposition of E¥.

4.6 The inverse

The discussion so far shows that the map u: K°(X) ® Z[H]/((H — 1)?) — K°%(X x $?)
from the Fundamental Product Theorem is surjective. To see this, first represent a vector
bundle over X x S? as [E, f] for some clutching map f, and then approximate f by a
Laurent clutching map pz~" with p a polynomial clutching map of degree 2n. Then in
K-theory [E, f] = [E,pz~"] = [E,p] ® m5(H"). Now we showed that for p a polynomial
clutching map of degree 2n one has

[E,p] = [E®*"1, L?"p] — [E®*", Id)
with L?"p a linear clutching map, and by the previous section we have
[E®2nHL [2np) = [(B®20H)F 4] 4 [(BE®20H)~ 2]
= (B 1), 1d) + (B, 1d) @ mj (H ).
Putting it all together we have
[B,p27" = ((B®* )T, 1d) + (B 7 Id| @ m3(H ") — [E®*", Id]) @ 75 (H")

and each term is of the form {vector bundle on X} ® w5(H") so is in the image of u.
This shows that all vector bundles are hit my u, so all differences of vector bundles are
too.
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To establish the injectivity of p we must understand the ambiguity in the above
construction. The ambiguity enters via n, the degree of the Laurent clutching map
approximating f. In the above setting define

va(B, f) = (E¥"™) " @ (1 - H)+ E® H" € K°(X) ® Z[H]/((H - 1)*).
Now if we write pz~" = (pz) - z~("*1 then we also have
Var1(E, f) = (E®*0h " @ (1 - H) + E@ H™!

and would like to know that it does not depend on the degree which we consider the
Laurent polynomial as having.

Lemma 4.6.1. We have v,11(E, f) = v, (E, f) € K°(X) ® Z[H]/((H — 1)?).

Proof. The eigenspace (E®2("+D+1)~ is determined using the linear clutching map L?*2(pz).
We have p(z,z) = Zilo ar(x)2*, so on E®2"+3 we have the linear clutching map

0 a ai -+ as, O
—z Id 0 --- 0 0
L2”+2(pz) _ 0 —z Id --- 0 0
0 O 0 --- Id O
0 o 0 .-+ —z Id

Doing column operations, which are homotopic to the identity as they are given by right
multiplication by a matrix of the form I'd+nilpotent, gives a homotopy of linear clutching
maps from this to

0 a a1 -+ asp—1 a2y O
—z 0 o --- 0 0 0
0 —z Id --- 0 0 0
0 0O -z .- 0 0 0
0 0 0 —z Id 0
0 0 0 0 0 Id

and then left multiplying by a rotation matrix in the first two coordinates gives a homo-
topy of linear clutching maps from this to

—z 0 o - 0 0 0
0 a a -+ a1 az, O
0 —z Id --- 0 0 0
0 0o -z --- 0 0 0
0 0 0 —z Id 0
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Thus [EP20H3 [2012(p2)] & [E, —2] @ [E®* L L2 © [E, Id).
It is easy to see that E~ = FE for the linear clutching map —z, and £~ = 0 for the
linear clutching map Id. It follows that (E®?"+3)~ = E @ (E®?"*1)~ ¢ 0. Thus

Vni1(E, f) = (E®2HDH = o (1 — H) + E© B
— (E@ (E®2n+1)7) ® (1 o H) + E®Hn+1
— (E692n+1)— ® (1 _ H) +E® (1 _ H+Hn+1)

but as (H—1)? =0 € Z[H]/((H—1)?) we have H(1—H) = (1— H) and so H"(1— H) =
(1 - H), hence 1 — H + H""' = H™. Thus the above is v,(F, f). O

We can therefore write v(F, f) for the class obtained from any Laurent polynomial
approximation of f. This is easily seen to be additive, and so extends to a homomorphism

v:K%X x §%) — K°%X)®Z[H]/(H —1)?).

To check it is a left inverse to y, we use the basis {1, H} of Z[H]/((H — 1)?).

Firstly vu(E ® 1) = v([E,Id]) = w([E,Id)) =E- @ (1-H)+ E®1=FE®1 as
E~ =0 for the linear clutching map Id.

Secondly vu(E®@ H) = v([E, 27 ') = (E®*)" ® (1- H)+ E® H and p = Id so

Id 0 0 Id 0 0
L’p=|—-2 Id 0|~|0 Id 0
0 —z Id 0 0 Id

so [E®3, L?p] = [E, Id])®3 and hence (E®3)~ = 0.
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Further structure of K-theory

Lecture 17
5.1 The yoga of symmetric polynomials

A multivariable polynomial p(z1,x2,...,zy,) € Z[z1,...,x,)] is called symmetric if
P(CUL x2,... 7xn) = p(l‘a(l)v Lo(2)s - 7:60'(71))
for any permutation o € ¥,,. In other words, it is a fixed point of the action of X,, on the

ring Z[z1, . .., Ty] by ;i = T4(;); one might write this as Z[ry, . .. N e el F P )
and it is a subring.

The elementary symmetric polynomials e;(x1,. .., x,) are defined intrinsically by
n n
H(t +x;) = Zei(ml, R I A
=1 =0

These are symmetric polynomials, as the left-hand side is clearly invariant under reorder-
ing the z;. For example, we have

=21+ X2+ x3

= T1x2 + X123 + T2x3

Theorem 5.1.1 (Fundamental Theorem of Symmetric Polynomials). The ring homo-
morphism

3n
Zler,ea, ... ,en] — Zxy,. .., 5]
€; — 62'(1'1, ey xn)
is an isomorphism.
In other words, any symmetric polynomial p(z1, z2,...,x,) has a unique representa-
tion as p(e1(x1,...,Tpn)y .-, en(T1,...,Tp)).

Proof. For surjectivity we proceed by simultaneous induction on the degree and the

number of variables. Let p(x1,...,z,) be a symmetric polynomial and consider the ring
homomorphism
q:Zxy, ..., xn] — ZLlz1, ... xn)/(xn) = L]z, ..o 20—1].

49
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Now q(p(z1,...,zy)) is X,—1-invariant, so as it has fewer variables we may write

D@1, Tn) = TE1(T1r- - T 1)y ren1 (@1, oy 1)),
Thus
p(x1,. . xn) — qler(x1, ... xpn), .oy en_1(x1, ..., 2p))
is a symmetric polynomial, and lies in Ker(q) so is divisible by z,,. As it is symmetric it
is therefore divisible by each z;, and hence is divisible by x; - - -z, (as Z[z1,...,2y,] is a
UFD). Then we can write

p(x1, ... xn) =qler(xr, .o Tn)y ooy en_1(T1, . xn)) Fen(T1, .y xn) - f(T1, .. 20)

for a symmetric polynomial f(z1,...,y); this has strictly lower degree, so is a polyno-
mial in the e;(x1,...,x,), as required.

For injectivity, suppose that p(eq,...,ey,) is a non-zero polynomial lying in the ker-
nel. As it is non-zero, there exist Fi,...,E, € C such that p(F1,...,E,) # 0. Let
Xi,...,X; € C be such that [[lL,(t +X;) = >ty Ei - t"" (i.e. the X; are minus the
roots of the polynomial on the right-hand side). Let ¢ : Z[z1,...,x;] — C be defined to
send z; to X;. Then

d(pler(xr, ...y zpn), - yen(T1, ... xn))) =pler( Xy, ..., Xn), o oyen(X1, ..., X))

and so p(e1(z1, ..., Zpn)y ..y en(T1, ..., 2n)) #0 € Zlx1,. .., 24). O

An important type of symmetric polynomial we will meet are the power sum polyno-
maeals

n
pk‘(xlv" . 7xn) = fo
=1

By the Fundamental Theorem of Symmetric Polynomials these may be expressed in terms
of the e;; the first few are

b1 =¢€
_ 2 9
P2 = €1 — 2€2

pP3 = 6515 — 36162 + 363.
Lemma 5.1.2. We have the identity

Pn — €1Pn—1 + €2Pn—2 — -+ F ep—1p1 = ne, = 0.

Proof. Substitute t = —z; into

and then sum over 7. O
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The coefficient of e, in py(e1,...,ey) is £n # 0, so over the rational numbers one
may also express the e; in terms of the p,,; the first few are

=D
€2 = (p% —P2)/2
es = (p} — 3p1p2 + 2p3) /6.
5.1.1 Relation to Chern classes
HE=L1®Ls®---® L, — X is a sum of n complex line bundles, then we have

c(E) = c(L1)c(La) - - - c(Ln)
=1 +e(L1)d+er(L2) - (14 c(ln))

=) eilci(Lr),...,c1(Ln))

<.
o

so ¢i(E) = ei(c1(L1),...,c1(Ly)) is the ith elementary symmetric polynomial in the first
Chern classes of the L;.

If E — X is not a sum of line bundles, we nonetheless know that there is a map
f:F(E) — X such that f*(E) = Li ® La® --- @ L, is a sum of line bundles, and f* :
H*(X) — H*(F(E)) is injective: thus although ¢;(F) is not an elementary symmetric
polynomial in some degee 2 cohomology classes, H*(X) injects into a ring where it is.

5.2 The Chern character
We wish to construct a natural ring homomorphism
ch: K°(X) — H*(X;Q)

so that if £ — X is a complex vector bundle then the degree 2i component of ch(E) is
given by a polynomial ch;(c1(E),...,c(E)) € Qer(E),. .., c(E)].

Supposing such a natural ring homomorphism exists, then by evaluating it on the
tautological line bundles 71 ANFL _ CPYN for each N we find that there is a formal power
series f(t) € Q[[t]] such that

ch(hg™ ™) = f(e) € H*(CPY;Q) = Qla]/ (=)

for every N. As any line bundle L — X over a compact Hausdorff space is classified by

amap g: X — CP" for some n >0, and z = ¢; ('y(l:’NJrl), it follows that

ch(L) = f(ar(L)) € H(X;Q)

for each such line bundle. On the other hand, as ch is supposed to be a ring homomor-
phism, and ¢; (1 ® Lo) = ¢1(L1) + ¢1(L2) by Example 2.8.5, we must also have

flei(L1) +e1(L2)) = ch(Ly ® L) = ch(L1)ch(L2) = f(c1(L1)) f(e1(L2)),
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and applying this to the external tensor product of the two natural line bundles on
CPN x CP" shows that we must have the identity

f(s+1) = f(s)- f(t) € Q[[s,1]].

By good old-fashioned calculus, the formal power series must then be f(t) = exp(a - t)
for some a € Q. As a normalisation we choose a = 1.

Thus for each sum of line bundles L1 &---® L,, — X over a compact Hausdorff space
we have

ch(Li®---® Ly) = eXP(Cl(Ll)) -+ exp(er(Ly)) € H(X;Q)
1(Lq)* —l— c1(Ln)*

k(cl(Ll@...@Ln),...,cn(Ll@...@Ln))
k!

Mg ||M8

e
i
o

where the power sum polynomials are written in terms of elementary symmetric polyno-
mials by pr(x1,...,2n) = pr(e1(z1, ..., xn), ..., ex(1,...,2y)). It then follows from the
splitting principle that for any complex vector bundle £ — X we must have

:ipk(cl(E)ﬂ];:!'-acn(E». (5.2.1)

Via ch(E — F) = ch(FE) — ch(F), this describes the homomorphism ch completely.

We arrived at this description by positing the existence of a homomorphism ch,
but by reversing the logic above it follows that the formula (5.2.1) defines a monoid
homomorphism

ch: (Vect(X),®,0) — H(X;Q)

which therefore extends to a unique group homomorphism ch : K%(X) — H®(X;Q) by
definition of the Grothendieck completion, and that this is actually a ring homomorphism.
We write

ehy(17) = OBl B)) i

for the degree 2k component. The first few are

cho(E
h(E) = ci(E)

chy(E) = (c1(E)? = 2¢3(E))/2

ch3(E) = (c1(E)? = 3c1(E)ca(E) + 3c3(E)) /6

In particular, if E — F € K°(X) then cho(E — F) = 0 so ch(E — F) € H*(X;Q). We
can similarly define the Chern character on K~! by

) =dim(E)

e}

ch: K7Y(X) = KO2X) % H*(2X;Q) = H*(X;Q)

landing in odd-degree cohomology.
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Lemma 5.2.1. The homomorphisms
ch: K°(8%") — H® (5%, Q)
ch - K—I(SQn—i—l) N ﬁodd(32n+1;(@)
are isomorphisms onto Z = H4(S% 7Z) ¢ H4(S% Q).

Proof. On S? = CP' we have K°(CP') = Z{H — 1} so ch(H — 1) = exp(ei(H)) —
exp(0) = c1(H) because ¢;(H)? = 0. Now ci(H) = 61(7((1:’2) = —61(7(1:’2) = —x, which
generates H%(CP';Z) ¢ H?*(CP';Q) as claimed. For an even-dimensional sphere, by
Bott Periodicity the external product

KO(SQ) ®K0(5«2n—2) N KO(SQW')

is an isomorphism so the target is Z generated by the external product (H —1)®". Thus
ch(K°(8%")) is generated by c1(H)®", so is equal to H?"(5?";Z) c H?*"(5*";Q).
It then follows for all odd-dimensional spheres by our definition of ch for K—1. O

Theorem 5.2.2. The total Chern character
ch: K*(X) — H*(X;Q)

is @ homomorphism of 7./2-graded rings, and if X is a finite CW-complex then it extends
to an isomorphism
ch: K*(X)®Q — H*(X;Q).

Proof. Recall from Section 3.3.6 that for i,5 € {0,—1} the graded multiplication on
K*(X) is given by the (suspended) diagonal map

STTIND:STTIANX, — STUIANX ANX,  ZSTOAXL ASTTAX,,

the external product on reduced K-theory, and, if ¢ = j = —1, a sign and the Bott
Periodicity isomorphism. As the Chern character on K° is multiplicative and is natural
with respect to maps of spaces, only the case i = j = —1 needs to be checked, which is

the claim that the outer part of the following diagram commutes

KX ~HX)

»
ROS' A X)) @ KOS A X)) D0 RO(S2 A X, ) <—2— RO(X,)

ich@ch lch

~ 2
ae0(S A X, ) @ A (S A X) S frevis2 o x,y) ch

(t&)@(t&)T o

H(X ) @ HOM(X )
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The middle square commutes as ch is natural with respect to maps of spaces, and as
B=(H—-1)X—, ch(H — 1) = —z, and ch is multiplicative, the right-hand trapezium
commutes. This leaves just the bottom trapezium, which only concerns cohomology. The
Kiinneth theorem on reduced (rational) cohomology for pointed spaces Y and Z is

—R—: H*(Y;Q ® H*(Y;Q) = H*(Y A Z;Q),

so using XX, ~ S A X, we see that the suspension isomorphism is given by multi-
plication by the standard generator t € H 1(S1:Q). The clockwise composition then
first sends a ® b to (t X a) X (¢ X b), the applies the swap homeomorphism which gives
(—1)(tX¢t) X (aXb), then pulls back along the diagonal to give (—1)(¢X¢)X (a — b). This
agrees with the anticlockwise composition a ® b+ x X (a — b), because (z,[S?]) = —1
by Example 2.9.3, whereas (t Xt,[S?]) = (¢t X ¢t,[ST ASY) = +1,s0 t Kt = —x.

For the second part, note that it follows from the previous lemma that

ch: K°(S*") ® Q — H* (5" Q)
ch K71(52n+1) ® Q N ﬁodd(S2n+l; Q)

are isomorphisms. Proceed by induction on the number of cells of X: if X =Y Uy D¢
then we have a map of long exact sequences

E'Y)©Q—K(s)®Q—K'(X)8Q — K(Y) 2 Q— K (59 © Q

ich lch ich lch iCh
HO™(Y;Q) —— H* (5% Q) —— H(X;Q) —— H*(Y; Q) —— H*"(5% Q).

By assumption ch : K*(Y) ® Q — H*(Y;Q) is an isomorphism, and by the previous
lemma ch : K*(S9) ® Q — H*(S% Q) is an isomorphism, so it follows by the 5-lemma
that ch : K*(X)® Q — H*(X;Q) is an isomorphism too. O

5.3 K-theory of CP" and the projective bundle formula

Recall that we write H = [fy(l:’nﬂ] € K°%(CP"), so that H—1 € K°(CP"). As CP" can be
covered by (n+ 1) contractible spaces, it follows from Example 3.3.7 that all (n + 1)-fold
products of elements of K%(CP") are trivial. In particular we have (H — 1)"*! =0 ¢
Ko(CP™).

Theorem 5.3.1. We have K°(CP") = Z[H]/((H — 1)"*) and K~}(CP") = 0.

Proof. For n = 1 the K part follows from the Fundamental Product Theorem, as
Corollary 3.2.3, and the K—! part from Corollary 3.3.9. Supposing it holds for CP"~!,
consider the exact sequence

Z[H]/(H - 1)") == K°(CP") < — KO(CP") < — RO(5*")

P |

sk

| — K—l(s&n) qH_ K_I(C[Fm) v K—I(C[Pm—l) — .

=7
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We immediately see that K—1(CP"~1) = 0, and that (H — 1) lies in
7= Ker(i* : K°(CP") — K9(CP"™ 1))
s0 is of the form ¢*(Y) for some Y € K°(S?"). Thus
¢*(ch(Y)) = ch((H —1)") = (exp(~z) — 1)" = (=2)" = ¢*(ch((H — 1)*")),

and as ¢* : H*(S?";Q) — H*(CP™; Q) is injective we have by Lemma 5.2.1 that Y
generates K°(S?"). Thus (H — 1)" generates Ker(i* : K°(CP") — K°(CP" 1)) = 7,
and the result follows. O

Recall that if 7 : £ — X is a complex vector bundle then the projectivisation
p: P(E) — X carries a tautological complex line bundle Ly — P(E). If X is compact
Hausdorff then so is P(E), and the conjugate of this tautological line bundle represents
a class Hg := [Lg] € K°(P(E)). This is chosen so that when X = * it agrees with the
class H.

Theorem 5.3.2. If 7 : E — X is a d-dimensional complex vector bundle over a compact
Hausdorff space X, then the K°(X)-module map

KY(X){1,Hp, HE,...,HE 'Y — KI(P(E))
d—1 _ d—1 ‘
d Vi Hpr— Y p*(Yy) @ Hy
i=0 i=0
is an isomorphism for j =0 and j = —1.

Proof. Once we show that this holds for all trivial bundles, then it holds for any complex
vector bundle E — X by following the proof of Theorem 2.2.1 (and using a finite cover
of X by closed sets over which the bundle is trivial, which exist using e.g. a partition of
unity).

For the trivial bundle we are exactly asking for the external product map

— X —: K9(X)® K°(CP¥ 1) — K/(X x CP?Y)

to be an isomorphism. When d = 1 there is nothing to show, and when d = 2 this is
precisely the Fundamental Product Theorem. Looking at the map of long exact sequences
of the pairs (CPY~! CP9~2) and (X x CP?!, X x CP4"2) (and using that the first is
split, so stays being exact after applying K7(X) ® —) we reduce to showing that the
external product map

~X—: K'(X)® K(CP!/cP2) — KJ(X x CP41/X x CP?2)
is an isomorphism. This is the external product map
M- K (X,)® K°($%72) — KJ(X . A S%72)

which is simply (d — 1) iterations of the Bott periodicity isomorphism, so is an isomor-
phism. O

Lecture 19
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Just as for the projective bundle formula in cohomology, we deduce that p : P(E) — X
is injective in K-theory.

Corollary 5.3.3. If 7 : E — X is a d-dimensional complex vector bundle over a compact
Hausdorff space X then the map p* : K*(X) — K*(P(E)) is injective.

Similarly, we obtain a splitting principle in K-theory.

Corollary 5.3.4. For a complex vector bundle m : E — X over a compact Hausdorff
space X, there is an associated space F(E) and map f : F(E) — X such that

(i) the vector bundle f*(E) is a direct sum of complex line bundles, and
(ii) the map f*: K*(X) — K*(F(FE)) is injective.
Furthermore, the map f : F(E) — X is the same as that of Theorem 2.6.1.

By the projective bundle formula we must be able to express H]% as a K9(X)-linear

combination of the classes 1, H E,H%,...,H%_l. In the analogous expression in the
case of cohomology, expressing x% in terms of 1,zg, :L'QE, e ,xdEfl, the coefficients were

tautologically given by the Chern classes (see Definition 2.3.1). In this case we will show
beelow the coefficients have a simple expression in terms of exterior powers (see Section
1.1.3).

To manipulate exterior powers it is convenient to package them all together as the
formal power series

A(E) = iAk(E) P e KO(X)[[t]).

This satisfies Ay(E @ F) = A(E) - Ay(F') by the exponential property of the exterior
algebra. As the coefficient of 1 =t? in A;(E) is 1, a unit, this formal power series has a
multiplicative inverse. If we let

A(E)

ME=F) = 3F

€ KO(0)[[t]

then this defines a natural function A; : K°(X) — K°(X)[[t]]. It lands in the units of
the ring K°(X)[[t]], and defines a homomorphism

Ay (KY(X),+,0) — (KY(X)[[H]]%, x,1).

Theorem 5.3.5. In the setting of Theorem 5.5.2 the identity

d
> (D) (AY(E) - H ' =0 K'(P(E))
1=0

holds.
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Proof. We have an inclusion of complex vector bundles Lr — p*(E) over P(E), and so
choosing a Hermitian inner product on p*(E) we can write p*(F) = Lg & W for some
(d — 1)-dimensional vector bundle W. Thus we have

P (A(E)) = (1+ Lgt) - A(W)

and so rearranging gives Ay (W) = p* (35 A¥(E) - t*)-(1—Lgt+ L3t~ - - ). Extracting
the coefficient of t¢ gives

d
AW =Y T pH(N(E)) - (~Lp)
=0

But the vector bundle W is (d—1)-dimensional so A%(W) = 0. Taking complex conjugates
gives the identity. O

5.4 The K-theory Thom isomorphism, Euler class, and Gysin sequence

If 7 : E — X is a complex vector bundle then E/E# is not Hausdorff. As we have
defined relative K-theory of a space X and a subspace A to be K%(X/A), and X/A
needs to be compact Hausdorff, this means that we cannot make sense of “the relative
K-theory of the pair E D E#”. Instead, if 7 : E — X is a complex vector bundle over a
compact Hausdorff base X then we may choose a (Hermitian) inner product on F and
define the unit disc and sphere bundles as

D(E) ={v e E|(v,v) <1}
S(E) ={v e E|(v,v) =1}

We then define the Thom space Th(E) of E to be the quotient space D(E)/S(E). This
is again compact and Hausdorff. We will discuss the Thom isomorphism in terms of this
space. We already mentioned in Remark 2.1.1 that H'(E, E*; R) = H'(D(E),S(D); R),
and by excision the latter is H*(Th(E); R).

The following theorem gives the existence of a theory of Thom classes for complex
vector bundles.

Theorem 5.4.1. To each complex vector bundle w : E — X over a compact Hausdorff
base there is associated a class \p € K°(Th(FE)) such that:

(i) The map ® : K%(X) — K°(D(E)) Apy K%Th(E)) is an isomorphism.
(i) If f + X' — X is a map and E' = f*(E), with induced map Th(f) : Th(E') —
Th(E), then
Th(f)*(\g) = A € K'(Th(E")).

(iii) If X = then A € KO(Th(C")) = K°(S?") is the generator (H — 1)%".
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Proof. Consider the inclusion P(E) — P(E @& Cx). The map

E—PE®Cy)

v — [v,1]
is a homeomorphism onto the complement of P(E), which gives an identification of
P(E & Cyx)/P(E) with the 1-point compactification E*. Choosing a homeomorphism

[0,1) & [0,00), we get a radial homeomorphism Th(F) = E*. Thus there is an exact
sequence

KO(P(E)) ~—— K°(P(E & Cy)) ~—— K°(Th(E))

-y d

K-Y(Th(E)) —~ K~ (P(E ® Cy)) ——> K~ (P(E)).

By the projective bundle formula the two maps labelled i* are surjective, so writing H
for both Hrgc and Hg = i*(Hggc), L for both Lrgc and Ly = i*(Lggc), and n for
the dimension of E, we have

ROTH(E)) = Ker < K°(X)[H] K(X)[H] )

—— — - — - :
(CH (F1)IA(E e C) - Hrl=h) - (S (=1)IAN(E) - Hn)
Using that H~! = L, the generator for the ideal on the left is

n+1
H S (C)AE@C) @ H = B A (EoC) = B - A_1(B)-(1- L)
=0

and that for the ideal on the right is H" - A_(E). As H is a unit, the class A_1(E) lies
in the kernel of 7*, and we define Ag € K°(Th(E)) to be the unique class mapping to
A_1(FE) under g¢*.

Under these identifications the proposed Thom isomorphism map is

| ~ KYX)L] xp—  (AB)
o KY(X) i-1) ~ (,\E-(IE—L))

so is an isomorphism as required. Property (ii) holds as the construction is natural in
E. For property (iii), when the bundle is £ = C" — % we have P(F & C) = CP"
and the degree 1 map ¢q : CP" — Th(C") = S?" comes from collapsing CP"~! ¢ CP".
Then A € K°(S?") is characterised by satisfying ¢*A = A_p(C") = (A_1(C))” = (1 —
L)™ € K°(CP"). Taking Chern characters gives ¢*ch(\) = (1 — e*)" = (—x)", and as
{(—z)™, [CP"]) = 1 it follows that (ch(\),[S?"]) =1 too. By the proof of Lemma 5.2.1 it
follows that A = (H — 1)%". O

= Ker(i*) = K%(Th(E))

The inclusion s : X — E as the zero section extends to a based map s : Xy — Th(FE)
from X with a disjoint basepoint added, giving a map

s*: KOTh(E)) — K°(X,) = K°(X),
and, by analogy with characteristic classes in cohomology, the K-theory Euler class is

B(E) = s*(\p) € K°(X).
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Lemma 5.4.2. We have eX(E) = A_{(E) = 31, (-1)'AY(F) € K%(X).

Proof. Under the identifications in the proof of Theorem 5.4.1, the zero section factors
through the section
§: X —PE®C)

where s'(x) is the line {0} & C C E, @ C. This satisfies (s')*(Lgac) = Cx, whence the
claim follows from the formula for Ag. O]

The long exact sequence for the pair (D(E),S(F)), combined with D(E) ~ X and
the Thom isomorphism, gives the K-theory Gysin sequence

KO(S(E)) <2 K0(x) £ Ko(x)

: -

KX B g-1x) 2 k-Y(S(E)).

where p : S(E) — X, and p is simply a name for the connecting homomorphisms
K{(S(E)) -2 KY(D(E)/S(EB)) = K (Th(E)) 25 K+1(X).

5.5 K-theory of RP”

We will now compute the K-theory of RP”, albeit in a somewhat indirect way. Let us
write v := [yt ®@r C] — 1 € KO(RP").

Theorem 5.5.1. We have

KOYRP™) = z{1} ® Z/2"{v} K YRPY =7
with v? = —2v.
We have
KYRP?) = {1} @ Z/2"{v} KY(RP*™) =0
with v? = —2v.

Let us begin the proof of Theorem 5.5.1 for odd-dimensional projective spaces.

Lemma 5.5.2. There is a homeomorphism RP?n+1 =~ S(’y(g:’nJrl ® ’y(l:’nﬂ), under which

the projection map p : RP?"*1 — CP" pulls back 7((1:,n+1 to 7]11{,2n+2 ®r C.
Proof. Consider the map 1) : §2"+1 — S(’y((lz’"Jrl ®7¢1:’n+1) which sends z € §?*1 c Cnt!
to

x®x € (x)c ¢ (T)c.

This satisfies ¢)(—2) = () and so induces a continuous map ¢ : RP?"+1 — g(,yén—l-l 2
’y(lc’m'l). Given a line £ € CP™ and a vector z € £, the 1-dimensional space ¢ ®¢ £ is

spanned by z ® z, so ¢ is onto. If ¥(x) = ¥(y) then (z)c = (y)c so y = Az for some
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AeC¥ butalsoz®z=y®y=Nz®2z and so A2 = 1. Thus A = 1, and so y = +x.

This v is injective too. Thus it is a continuous bijection, and so a homeomorphism.
The map p sends (z)g to (z)c. Thus the fibre of p*(7¢""") at £ € RP?*! is given

by the (unique) complex line in C"*! containing /. This complex line is £ @ if, the

complexification of ¢, so p* ('y((l:’"ﬂ) can be identified with 71}&’2"+2 ®pr C. O

We have A_1(L?) =1 — I"=1-H%¢ K°(CP"), so applying the K-theory Gysin

sequence to ’yé’nﬂ ® ’y((l:’nH — CP™ gives
* 1-H?).—
KO®RP2 ) <P go(cpr) LT go(epry

: |

—_— 2 pa— >k
K1 K- (opry P kYR,

Using that K ~!(CP") = 0 this gives an exact sequence

_H2)._
(1-H?)

0— K~ (RP*™) & Z[H]/(H-1)") ZIH)/(H-1)""") 5 KORP*1) 5 0

The kernel of the middle map consists of those polynomials p(H) such that (H —
D" (H - 1)(H + 1)p(H), ie. (H—1)"|(H+1)p(H),ie (H—1)"|p(H),so

K~ ' (RP*H) = 7,
On the other hand as p*(H) = v + 1, we have

KORP*") = Z[p) /(" (1= (v +1))).

The second relation gives > = —2v, using which we can re-write the first relation as
2"y = 0. Thus

KO(RP> ) = 7{1} @ /2" {v}

where the ring structure is determined by v? = —2v.
For even-dimensional projective spaces we can first consider the inclusion RP?"~! —
RP?" with RP?"/RP?"~! 2 §2" giving an exact sequence

7 —— KY(RP?") — 7/2"!

] |

7 ~— K~1(RP?) 0.

We can then consider the inclusion RP?? — RP?"*! with RP2 L /RP2" = §2n+1 oiving
an exact sequence

0 7.)2" —— KO(RP?")

| |

K~1(RP?") Z Z.
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By the first diagram K ~'(RP?") is torsion-free, and by the second it is cyclic, so it is 0
or Z. In the latter case we have a short exact sequence

0— Z/2" — K'(RP™") — Z — 0

which must be split, and so 2" 'K O(RP?") = Z @ Z/2. But by the first sequence
2"~ 1KO(RP?") is a cyclic group, a contradiction. Thus K~ (RP?*) = 0, so by the second
diagram we have K°(RP?") = Z/2". Furthermore, we see that this is generated by the
pullback of v € KO(RP2"*1), which is the class also called v in K°(RP?"), as required.

5.6 Adams operations

We have seen that the Chern classes in K-theory are given by the exterior powers A*(E).
These define functions A* : Vect(X) — K°(X), but they are not additive so are difficult
to work with algebraically. One solution, which we have already used, is to consider the
total exterior power Ay : K°(X) — K°(X)[[t]]*, which sends addition to multiplication
(of units). Another is to proceed similarly to the Chern character.

Theorem 5.6.1. There are natural ring homomorphisms ¥ : K°(X) — K°%X) for
k € N satisfying

(i) Y*(L) = L* if L — X is a line bundle,
(ii) PF ot = Pk,
(iii) for p any prime number, YP(x) = 2P mod p.

Proof. If E — X is a complex vector bundle which is a sum L; @ --- @& L, of com-
plex line bundles, then we are obliged to have *(E) = LY + .- + LE. By the Fun-

damental Theorem of Symmetric Polynomials we can write py(71,...,2,) = > aF as
prler(x1, ... xn), ... ex(x1,...,2,)) in terms of the elementary symmetric polynomials.
Thus

VM(E) = pr(er(L, ..., Ln), ... en(L1, ..., Ly)).

Now

MLy @ @ Ly) = Ag(Ly) - Ag(Ly) = (1 + Lyt) -+ (1 + Lut)

n

= Zei(Lb . aLn)tZ

i=0
soe;(L1,...,Ly) = AN (L1 ® - @ Ly,), and hence
WH(E) = pr(AN(E), ..., AM(E)). (5.6.1)

By the splitting principle in K-theory this must hold for all vector bundles.

This proves the uniqueness of such operations, and we can use the formula (5.6.1)
to attempt to define them (as ¢* : Vect(X) — K°(X), extended to the Grothendieck
completion). By the splitting principle, the operations so defined are additive, satisfy

Lecture 21
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YF(L) = L* if L is a line bundle, and satisfy 9* ot)! = ¢*!. To check that they respect the
multiplication, again by the splitting principle it is enough to check on L ® Ly the tensor
product of two line bundles. But ¢* sends this to (L1 ® L2)* = LY @ L = *(L1)y*(Ls)
as required.

For the final property, on a complex vector bundle E the claim is equivalent to saying
that

ppler,...,ep) — el € pZler, ... e,
or in other words that 2 +- - -4+ah — (14 - -+2,)P € pZ[z1, ..., x,]. This holds as when
(r1 4 -+ + )P is expanded out all terms apart from z} + - -- + 2}, have a multinomial

coefficient (k1 k;’m kn) with all k; < p, which is divisible by p. Now on a general K-theory
class EF — F on X we have

p—1
VB~ F) = (B~ FP = (0(E) - ) - 0(F) - ) - 3 (1) B

1=

and each term on the right-hand side is divisible by p. O

As these operations are natural, if X is a space with a basepoint then they also
induce operations Yk . K9(X) — K°(X) on reduced zeroth K-theory. Using these and
K=1(X) = K°(ZX) we get operations on reduced (—1)st K-theory. Using K~1(X) =

K~1(X ) we get operations on unreduced (—1)st K-theory.

Lemma 5.6.2. The action of F on KO(S%) = 7 1s by multiplication by k™. The action
of YF on K—1(S?"*1) 2 7 is by multiplication by k"t!.

Proof. When n = 1 we identify S = CP!, then this group is generated by x = H — 1,
which satisfies 2 = 0. Now

Pra)=H"~1=(@+1)" - 1=k

so ¥ acts by multiplication by k = k.

We identified the generator of K (52" as the n-fold external tensor power of z, and
as ¥F is a ring homomorphism it commutes with external tensor powers too, so acts by
k™.

For K—! of odd-dimensional spheres, we have defined the action of ¥* via its natural
action on K~1(§2nt1) = KO(x62n+1) = K0(§27+2) 5o the action is by multiplication
by k"L O

In particular, the Bott isomorphism does not commute with the .
Example 5.6.3. In KO(RP") = Z/2l"/21{v} with v = ['yﬂlg’"+1 ®r C] — 1 we have

) = P (" @R Cl - 1) = [T @r CF - 1
=(1+v)k—-1.
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The polynomial g(t) = (1 + t)¥ — 1 € Z[t] is divisible by ¢, so and we can write it as
g(t) =t- f(t) with

(1+t)k—1

f(t) = =kt + <§>t2+--~ € Z[t].

As 2 = —2v € KO(RP"), we have *(v) = g(v) = v - f(v) = v - f(—2), so
1-2)"—1 fv ifkisodd
Prv)=v- g-2-1_ -
-2 0 if k is even.

To see how ¥ acts on K~ (RP?**1) 2 Z we can consider the long exact sequence
for the pair (RP?"+1 RP?"), where we have shown that the collapse map ¢ : RP?"+1 —

RP2+1 /RP2" = §27+1 is an isomorphism on K~!. Thus ¢* acts by multiplication by
kL,

5.7 The Hopf invariant
Given a map f : S~ ! — 82" we may form a space X = Xy = S2n Uy D*. Write

i : 8% — X for the inclusion, and ¢ : X — S** for the map which collapses down
52" C X. We have

Z{1} =0

Hi(X:Z) = Z{a} i=2n
Z{b} i=4n
0 else

where, if u, € H¥(S¥;7Z) is the standard generator, i*(a) = ug, and b = c*(us,). We
then have a — a = h(f)b for some h(f) € Z called the Hopf invariant of f.

Example 5.7.1. The spaces CP? and HP? are of the form S%" Uy D* and the fact that
they are manifolds shows, via Poincaré duality, that h(f) = £1 for these f’s.

We can mimic this construction in K-theory. The usual exact sequence on K-theory
gives

c*

0 — KO(51") 55 KO(X) 5 K0(5%) — 0,
as K1(582F) = 0. The standard generator of K°(S%") is the exterior power (H — 1)¥2",
and we can write B € K°(X) for its image under ¢*. The standard generator of K%(S%")
is the exterior power (H —1)¥", and we can write A € KO(X) for some choice of preimage
under i*. Asi*(A%) = i*(A)2 = (H—1)¥")? = 0 € K°(5") we must have A2 = X (f)B
for some K (f) € Z.

Lemma 5.7.2. We have h(f) = h(f). (In particular K (f) does not depend on the
choice of preimage A.)
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Proof. We have ch(B) = b and ch(A) = a + gb for some g € Q. Thus
ch(A?) = ch(A)? = (a + gb)? = a® + 2qab + ¢*b* = a* = h(f)b = ch(h(f)B)

using that ab = b% = 0 for degree reasons, and so A2 = h(f)B as K°(X) is torsion-free
so ch is injective. O

Theorem 5.7.3 (Hopf invariant 1 Theorem). If f : S4"~1 — 2" has odd Hopf invariant
then 2n = 2,4, 8.

Proof. We apply Adams operations in K°(X). We have
WH(B) = pH( (B — 1)) = k2B
as ¥* acts by scalar multiplication by k2" on K°(S*"). Similarly, we have
Y*(A) = k"A + o(k)B

for some o(k) € Z.
Compute

G (A) = (3" A+ 0(3)B)
=3"(2"A+ 0(2)B) 4+ 0(3)2"B
and
G(A) = P} (2" A+ o (2)B)
=2"(3"A +0(3)B) +0(2)3*"B
so as Y23 = 8 = 3¢? identifying coefficients of B gives
22" - 1)o(3) =3"(3" — 1)o(2).
Now h(f)B = A? =5 ?(A) = 2"A + 0(2)B so 0(2) = 1 mod 2 if h(f) is odd. Then

0(2) and 3™ are odd so it follows that 2™ | (3" — 1). The following number-theoretic
result concludes the argument. O

Lemma 5.7.4. If2" | (3" — 1) thenn =1,2,4.

Proof. Let n = 2¥m with m odd. We will show that the largest power of 2 dividing
3" —1is 2V if k = 0 and 2¥%2 if k£ > 0. The claim then follows: if & = 0 then we get
n < 1, and if k£ > 0 then we get n = 2¥m < k + 2 which by an easy estimate implies
n < 4. The case n = 3 can be excluded manually.

If k=0, then 3" = (—=1)" = —1 mod 4, s0 3" — 1 =2 mod 4 so 3" — 1 is divisible
by precisely 2.

If k=1then 32" — 1= (3" —-1)(3™ +1). As 32 =9 =1 mod 8, we have 3™ =3
mod 8 s0 3™ +1 = 4 mod 8, so 4 = 22 is the largest power of 2 dividing the second
factor; we already saw that 2! is the largest power of 2 dividing 3™ — 1, so 22 is the
largest power of 2 dividing the first factor.

If k> 1 then 32™ — 1 = (32°7'm — 1)(32""™ 4. 1). The largest power of 2 dividing
the first factor is 25*1 by inductive assumption. As 28~ 'm is even, we have 327m =
(—1)2k_1m =1 mod 45032 "™ +1=2 mod 4 so 2! is the largest power of 2 dividing
the second factor. O
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5.8 Correction classes

If 7: E — X is a n-dimensional complex vector bundle then we have produced a Thom
class \p € KO(Th(E)) in K-theory. Furthermore, as a real vector bundle it is Z-oriented
so we also have a Thom class ug € H?*"(Th(E);Z) in cohomology. We can make the
following two constructions:

(i) Define a sequence of cohomology classes, the total Todd class,
Td(E)=Tdy(E)+Tdi(E)+--- € H(X;Q)
by the formula ch(Ag) = Td(E) - up € H*(Th(E); Q).
(ii) Define a K-theory class, the kth cannibalistic class,
p*(E) € K°(X)
by the formula ¢¥*(\g) = p*(E) - \g € KO(Th(E)).

In both cases these classes measure by how far some natural transformation of coho-
mology theories, ch and ¥, fail to commute with the Thom isomorphism. In this section
we will analyse how to compute these invariants.

5.8.1 The Todd class

We wish to find a formula for Td(E) € H*(X;Q) in terms of the Chern classes of E.
By considering the vector bundle C"* — %, where Th(C") = S?" and the Thom class is
(H —1)®" ¢ K°(5§?"), we see that T'dy(E) is non-zero for any vector bundle E — X, so
Td(E) is a unit.

Recall that the cohomological Thom class ug satisfies up-up = e(E)-up € H*(Th(E));
the same argument shows that A\g - A\g = A_1(E) - \g. Taking the Chern character, this
gives

Td(E)-Td(E) -ug -ug = ch(A_1(E)) - Td(E) - ug

and so Td(E)? - e(E) = ch(A_1(E)) - Td(E) € H*(X;Q). As the total Todd class is a
unit, we find that
Td(E)-e(E) = ch(A_1(E)) € H*(X;Q).

We will use this, the splitting principle, and the fact that complex line bundles are
pulled back from a complex projective space, to describe the Todd class in general. Let
us write Q(t) := I_#I)(_t) € Q[[t]].

Lemma 5.8.1. The Todd class satisfies Td(E & E') = Td(E)-Td(E"), and if L — X s
a complex line bundle then Td(L) = Q(c1(L)) € H*(X;Q).

Proof. First consider the tautological line bundle L = fy(l:’NH — CPN. Then A_4(L) =
1 — L, so the formula above becomes

Td(L) @ =1 - exp(~2) € H*(CPY; Q) = Qla]/ (@ ).
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It follows that
Td(L) = Q(z) + A-zV

for some A € Q. But the formula must be natural for inclusions CPY ¢ CPY’, so we
must have A = 0. This shows that Td(L) = Q(c1(L)), so the same holds for any line
bundle by naturality.

To verify the formula Td(E & E') = Td(FE) - Td(E’") we may suppose without loss of
generality that both F and E’ are sums of line bundles. But then, by naturality, we may
as well suppose that X = (CPY)"*™ and that E = Ly @B ---H L, is the external direct
sum of the tautological line bundles over the first n factors, and B’ = L, 18- B L1,
external direct sum of the tautological line bundles over the last m factors. Write x; =
Cl(Li).

The formula above shows that

n+m n+m
TAE® E') 21 tm = ch( [[ 1= T0) = [] (1 — exp(~a2))
=1 =1

which is also Td(FE) - Td(E") - x1 - -+ Tp4m. Therefore as above the difference Td(E &
E') —Td(E)-Td(E') lies in the ideal (', ..., 2, ), but by naturality with respect to

»Yn+m

N it follows that it must be zero. ]
For a sum of line bundles L; — X with x; := ¢1(L;) we therefore have
Td(L1® - ® L) = Q1) - Q(x)

and in each cohomological degree the right-hand side is a symmetric polynomial in the
x;. Thus we may write

Tdp(L1® - @ Ly) = ler(x1, .o xn)y o ep(T1, .0y 20))

for a unique 7, € Qley,...,ex]. Hence by the splitting principle for any n-dimensional
vector bundle £ — X we have

Tdy(E) = mi(c1(E), ..., cn(E)).

The first few polynomials 7 are

=1
]
2
= 2e? — g
12
_e1e — e}
Y

Lecture 23
There is a further corollary of this discussion. If 7 : E — X and 7’ : B/ — X’ are

complex vector bundles then choosing Hermitian metrics on E and E’ induces one on
EBE — X x X', and there is a homeomorphism

D(EB E') ~ D(E) x D(E').
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Under this homeomorphism, there is an identification
S(EB E') = (S(E) x D(E')) Us(g)xs(er) (D(E) x S(E)).
which gives a homeomorphism
ThEBE" = Th(E) ANTh(E')

We can then form A\g K \g € KO(Th(E B E')). It is easy to check that this is @ Thom
class, in the sense that it restricts to a generator of the K-theory of each fibre, but we
want to know that it is precisely the Thom class Apmgr.

Corollary 5.8.2. We have A\g K A\gr = Agmp € KO(Th(EB E')).

Proof. As in the proof of Lemma 5.8.1 it is enough to establish this formula when E and
E’ are external products of the tautological line bundle over CPY in which case

TWEBE') = Th(L) A+ A Th(Lnim).-

The normal bundle of CPV inside CPV*! is given by L, the complex conjugate of the
tautological bundle. As a real bundle this is of course identified with L, so collapsing
the (contractible) complement of a tubular neighbourhood of CP" inside CPN*! gives a

homotopy equivalence
h:CPNT! = Th(L) = Th(L).

This only has even-dimensional cells, so Th(Li) A -+ A Th(Lyym) does too: thus its
K-theory is torsion-free, so the Chern character

ch: H(Th(EB E')) — H*((CPY)"™. Q)

is injective. This means that it is enough to verify the identity Ag K Agr = Agmpr after
applying the Chern character, but then it does indeed hold by multiplicativity of the
Todd class and of the cohomology Thom class. O

5.8.2 The cannibalistic classes

By the multiplicative property of the K-theory Thom class, and of the Adams operations,
we also have p*(E @ E') = p*(E) - pF(E").
Lemma 5.8.3. If E — X is a complex line bundle then p*(E) =1+ E + - -- + B
Proof. The Thom class Ag is defined to be the class which pulls back to
A-1(B) = 1- LE € K°(P(E @ C)) = K°(X)[L]/((1 — L)A_1(E))
along the quotient map ¢ : P(E @ C) — Th(E). Thus *(\g) pulls back to
Y*(1 = LE)=1— (LE)* = (1 + (LE) + (LE)>+--- + (LE)* 1) - (1 - LE),
which by the relation (1 — L)A_7(E) = 0 agrees with
QI+E+E +--+E Y.-(1-LE).

The second term is the pullback of A\g from the Thom space, so p*(E) = 1+ E + B+
.+ E" as claimed. O
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HfE=L1® @ L, is a sum of line bundles we therefore have

PME) =T[Q+Li+--+L" )
i=1

a symmetric polynomial in the L;. It can therefore be uniquely expressed as a polynomial
ine;(Ly,...,L,) = N(E), as p*(E) = qi(A'E, ..., A"E).

For example p?(E) = [[iL;(1 + L;) = >_i"; A"(E) = A1(E). As another example, if
E' is 3-dimensional then

PP(E) =14+ AYE) — A*(E) = 2A3(E) + (A3(E))? + A3(E)A%(E)
+(A%(E))? = A(E)A(B) + A (B)A*(E) + (AN(E)).

5.9 Gysin maps and topological Grothendieck—Riemann—Roch

Let f: M — N be a smooth map of manifolds. A complex orientation for f is a lift to
an embedding f = (e, f) : M — RX x N, along with a complex structure on the normal
vector bundle v - Complex orientations are equivalent if they differ by (i) stabilising
the bundle by Cp, or (ii) changing f by a homotopy of embeddings (an “isotopy”). If
f c U c RE x N is a tubular neighbourhood, collapsing its complement gives a map
¢: SM ANy — U" = Th(vy).
Using the Thom isomorphism and suspension isomorphism we can then form the map
S KH(M) = KY(Th(v) < K(S% ANL) 2 KK(N),

the K-theory Gysin—or pushforward—map associated with f. The number K is not
very intrinsic to the situation, but it satisfies dim(N) + K = dim(M) mod 2 be-
cause v; has a complex structure so is even-dimensional, so we can write the target
as JKitdim(N)—dim(M) (N). Then f!K depends on the complex orientation of the map f,
but only up to equivalence of complex orientations.

Similarly, using the Thom and suspension isomorphisms in cohomology we obtain the
cohomological Gysin map

i

Hi (M, R) Hi+dim(N)—dim(M) (N, R)

ﬁi+2dim(uf)(Th(Vf);R) Lﬁz#Zdim(l/f)(S}( AN, R).

If M and N have R-orientations (compatible with that of v f) then f!H can alternatively
be expressed in terms of Poincaré duality on M and N as

i

H'(M;R)
o
Hgim(a)—i(M; R)

Hi—l—dim(N)—dim(M) (]\77 R)

i

f*
Hgim(a)—i(V; R).
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Theorem 5.9.1 (Topological Grothendieck-Riemann-Roch). We have
ch(fi (x)) = fi (ch(x) - Td(v})) € H*(N; Q).

Proof. We simply chase through the isomorphisms in the definition. We have seen that
the Chern character commutes with maps of spaces and the suspension isomorphism, so

ch(fE (z)) = ch(c*(z - )‘Vf)) = c*(ch(x) - ch()\,,f)) = c*(ch(x) - Td(vy) - uyf)

which is f# (ch(x) -Td(uf)) by definition. O
Example 5.9.2. If M and N have a given complex structure on their tangent bundles
(for example, if they are complex manifolds), then a map f : M — N has a canonical
complex orientation by requiring

¢:TM®E — Ck, @ f*(TN)

to be an isomorphism of complex bundles. In this case Td(E) = %, SO

en(it(e) = i (ente) - T

Example 5.9.3. If M is a complex manifold of dimension 2n then this has important
consequences even applied to the map f : M — {x}. In this case ff : H*(M;Q) —
HO({x}; Q) is the only interesting cohomological Gysin map, and by the description above
using Poincaré duality it is given by ([M], —), evaluating against the fundamental class.
Thus for any complex vector bundle 7 : V' — M we have

([M],ch(V) - Td(TM)™") = cho(f{* (E)) € H*({+}; Q).
But chg : K°(x) = Z — H°({*}; Q) takes integer values, so we find that
([M],ch(V) - Td(TM)™ ) € Z.

) e H*(N;Q).

This is completely not obvious: the formulae for ch and T'd have many denominators in
them.

Example 5.9.4. Let M* have a complex structure on its tangent bundle, with ¢; =
ci(TM) € H*(M;Z) being its Chern classes. We have

c1 20%—02
Td(TM)=1—- —
d( ) 2 + 12 +
SO )
_ c1 co+c
Td(TM) ' =1+ — L, ...
d( ) + 5 + D + ,
and hence
2_2 . 2
(o), AV 2aW) ) ay g v). 244 g,

Applying the above with V = C!,, shows that ([M], 62;;6%> € Z, 50 ([M],ca +c3) €
127Z. As co(TM) = e(T' M), it follows that

(IM],é3) = —x(M) + 12Z.

Lecture 24
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5.10 The e-invariant and stable homotopy groups of spheres

5.10.1 Homotopy groups

For any based space (Y,yo) and p > 1 the p-th homotopy group m,(Y,yo) is the set of
based homotopy classes of based maps f : (SP,*) — (Y,y0). It is a group similarly to

the fundamental group: the operation f - g is given by SP — SP v SP Y9 v Where the
first map collapses the equator (so has degree 1 onto each wedge-summand). For p > 2
it is not hard to see that it is an abelian group, but we shall not need to use this.

If ¢ > p then any map f : SP — 59 is homotopic to a map which is not surjective
(for example by approximating it by a smooth map, or by a simplicial map with respect
to some triangulations), which therefore lands in some D? C S? and so is homotopic to
a constant map. This shows that m,(S9) = 0 for p < q.

Assigning to a map f : SP — SP its degree defines a homomorphism

d:m(SP) — Z.

The fact that self-maps of spheres are determined up to homotopy by their degree, which
you may have seen in Part III Algebraic Topology, is exactly the fact that this map is
an isomorphism for all p > 1.

Assigning to a map f : (SP,*) — (Y, yo) its suspension X f : (SPT! ) — (ZY,40)
provides a function m,(Y,yo) — mp+1(XY,y0), which is easily checked to be a group
homomorphism. The p-th stable homotopy group of Y is given by the direct limit

. k
mp(Yoyo) := lim mp 4 (XY, 90).
k—o0
Note that this makes sense even if p is negative, as p + k will be positive for k£ > 0.
There are tautologically suspension isomorphisms 7, (Y, yo) = 75,1 (XY, yo).

We will be particularly interested in the case where Y = S9 is a sphere. In this case
m,(S7) = W;,q(SO) =:m,_,, so there is really only one parameter in play. The discussion
above shows that 7} = 0 for £ < 0, and that 7§ = Z. Our goal in this section is to show
that the higher (stable) homotopy groups of spheres must be quite intricate.

5.10.2 The e-invariant

We want to discuss an invariant of maps f : S?"t2F=1 5 §27 gimilar to the Hopf
invariant, and especially similar to the proof of Lemma 5.7.2. Namely, we use f to form
the cell complex X = X = Sy ¥ D22k which comes with an inclusion i : S?* — X
and a collapse map ¢ : X — S2"t2F On cohomology we have

Z{1} i=0

Z{a} i=2n
Z{b} i=2n+2k
0 else

HY(X;Z)=
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where i*(a) = ug, and b = ¢*(ugyt2r). The usual exact sequence on reduced K-theory
takes the form

0 — KO($%+2) < KO(X) 5 KO(5%") — 0.

We write B € K°(X) for the image of the standard generator (H — 1)®"+* under ¢*,
and A € K°(X) for some preimage of the the standard generator (H — 1)®" under *.
It follows that ch(B) = b, and ch(A) = a + Ab for some A € Q. If we re-choose A as
A" = A+ rB for some r € Z then ch(A") =a+ Ab+1rbso N = X+ r. Thus

e(f):=X modZ
is well-defined. This is the e-invariant of the map f.

Lemma 5.10.1. The function e : T, 2r_1(S*") — Q/Z is a homomorphism.
Furthermore, the e-invariant of X2 f is the same as that of f.

Proof. Let Xy, = (52" Uy D22k Ug D?+2k 50 it contains Xy and X, as subcomplexes.
There is amap ¢ : Xy, — Xy 4 given by collapsing the equator D?nt2k=1 « DInt2k. thig

has degree 1 onto each (2n 4 2k)-cell. Collapsing the 2n-cell gives a map c¢4 : Xf 4 —
S2n+2k v 52n+2k

0 —s KO(SZnJer V. S2n+2k) ﬂ RO(Xf,g) 1_*> KO(SQn) —50

from which we define classes Ay , By, By € K O(X f,9) in the evident way, and similarly
form classes af 4,bf, by in cohomology. Using naturality of the Chern character and the
inclusions Xy — Xy, < X, we find that ch(By) = by, ch(By) = by, and ch(Ay,) =
apg+ Arby + Agbg. As By and B, both pull back to By., under ¢, and Ay, pulls back
to a choice of Ay.4, applying ¢* to this identity shows that

ch(Ayf.g) = a+ (A +Ag)b € H'(X;.4;Q),

so that Ay = Ay + Ay for a certain choice of Ay.,. As these represent the e-invariant
mod Z, the claim follows

For the second claim, one has X2, ~ »2X 7. It then follows as the Chern character
commutes with the Bott isomorphism. O

Combining the two parts of this lemma shows that the e-invariant extends to a
homomorphism
e:mo_ — Q/Z

from the odd stable homotopy groups of spheres.

5.10.3 Evaluating the e-invariant

To evaluate the e-invariant we need a supply of maps f : §?"t26=1 5 §27 for which we
can understand the K-theory of X; = S2n Uy D?+2k The best way to do so is to start
with a cell complex X that we understand some other way and which has just a 0-cell, a
2n-cell, and a (2n + 2k)-cell, and define f to be the attaching map of the (2n + 2k)-cell
of X. For such an f we tautologically have X; = X.
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Lemma 5.10.2. If 7 : E — S% is a n-dimensional complex vector bundle, then the
Thom space Th(E) is homotopy equivalent to a cell complex with a 0-cell, a 2n-cell, and
a (2n + 2k)-cell.

Proof. Let p : D?* — S2F be the quotient map that identifies the boundary of the disc
with the south pole S. The bundle p*w : p*E — D?* may be trivialised, as the disc is
contractible. We can therefore write D(E) as the union of S(E), a 2n-cell given by the
fibre D(Es) over the south pole, and a (2n + 2k)-cell given by D?* x D?" =~ p*D(E)
attached along the map 9(D?* x D?") = (p*D(E))|gpzr U p*S(E) — D(Es) U S(E).
Thus Th(E) = D(E)/S(E) may be obtained from D(Es)/S(Es) = S?" by attaching a
(2n + 2k)-cell. O

Recall that K°(S2%) = Z, generated by an element that we can denote as (H — 1)%*
whose Chern character is ugr € H*(S?*; Q). We may represent this element as [E] —n €
K%(S%) for E an n-dimensional vector bundle and n > 0. Then ch(E) = n + ug; €
H*(S*%,Q).

By the above lemma we have Th(E) ~ S*" Uy D?*2k for some map f : S22k-1
S?m and we want to calculate e(f). To do so we have

0 — KO(S2"H2k) < RO(TR(E)) -5 KO(S*) — 0
and so get a class B = ¢*((H — 1)®¥"*%) and have to choose a class A such that i*A =
(H —1)®". A good choice of such a class is A := Ag, the K-theory Thom class of E; by
Theorem 5.4.1 (iii) this is indeed a choice of A. For this choice we have
ch(A) = ch(Ag) =Td(E) -ug

for ugp € H*"(Th(E); Q) the cohomological Thom class. We therefore need to calculate
the Todd class Td(E) € H*(S%;Q). What we know is the Chern character of E, so
want to determine the Todd class in terms of the Chern character classes.

Lemma 5.10.3. Define rational numbers d; by the formal power series

1—exp(—t) 1 142 4 1 6 _ t
log(—2P—) = =3t + 51t° — et + Rt T = Zdﬂ il
j>1

Then for any vector bundle w : E — X there is an identity
log(Td(E)) =Y djch;(E) € H*(X;Q).
7>1
Proof. By the splitting principle is suffices to establish this formula when £ = L1 &--- &

Ly, in which case we write z; := ¢1(L;). Then Td(E) =[]}, 1_%_(_”) and so

log(Td(E Zlog = eXp( ml))

=>4

i=1 j>1

= Z djchj (E

j>1

‘SM
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where the last equality is by definition of the Chern character classes. O

Applied to the n-dimensional vector bundle 7 : E — S2* at hand, which has ch(E) =
n 4 ugy, € H*(S?*;Q), gives
log(Td(E)) = deQk
and hence Td(FE) = exp(diuax) = 1 + dyusy as ugk = 0. Combined with the above, and
using that ugy - up € H*"2K(Th(E); Q) is b, gives that

e(f) =dr mod Z.

For example, using the first few dj’s, and comparing with known calculations!, we
have

Im(e:ﬂgk_laQ/Z)

k dki contains a g;oup of order 7[-2];—2 1

L =3

2 5 12 Z./24

4 -5 120 Z,/240

6 55 252 Z./504

8  —i5 240 Z]480 & Z/2

10 Tég 132 7./264 & 7.)2
12—k 32760 7/65520 S Z/8 D L/2 B Z/3

so we see that the elements of 73, , that we have (somewhat implicitly) constructed
generate quite large subgroups in these degrees, but not usually everything.
Recall that the Bernoulli numbers B; € Q are defined by the formal power series

tt_ 1 1,2 4
exp(t) 1 ZB '_1_§t+ﬁt _ﬁt +-
>0

Only even powers of ¢ arise in higher terms, because m —(1- %t) is easily checked

to be an even function. Thus the odd Bernoulli numbers vanish except for By = —%.
Differentiating log(lLM) with some care gives %(exp(tﬁ_l)’ which gives the identity

k-dy, = By,

for k > 2. The size of the cyclic group we have detected is therefore given by the denom-
inator of %. A vast amount is known about Bernoulli numbers?: these denominators
are completely known, and for k even are

denom(Z) = J[ »| - |&/ [ »¥®|,
primes p primes p

s.t. p—1|k s.t. p—1tk

where p*»(¥) is the largest power of p dividing k.

"https://en.wikipedia.org/wiki/Homotopy_groups_of_spheres
’https://www.bernoulli.org/
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