Free Groups
Oscar Randal-Williams

In lectures I gave the definition of a free group, described its multiplication, but
didn’t prove that it is indeed a group. This handout gives an alternative definition
which is clearly a group, and show it is equivalent to the definition given in lectures.

Let S = {sa}acs be a set, the alphabet, and let S™! = {s '},er; suppose that
SN S~ =0. A word in the alphabet S is a (possibly empty) finite sequence

(x1,m9, ..., 2y)
of elements of SU S™'. A word is reduced if it contains no subwords
(Sarsa') or (s, 8a).

We let W be the set of reduced words, and P(W) be the group of permutations of
the set W.

Definition 1. For each o € I, define a function L, : W — W by the formula

Ses L1, Loy T if x1 # st
La(xl,mg,...,xn): ( ay L1y L2, ) n) : 1 7& (il
(T2, ..., Ty) if x1 =s,".

Note that in the second case x5 # s,, otherwise (x1, zs, . .., z,) would not be reduced.

Lemma 2. L, is a bijection, so represents an element of P(W).

Proof. Let (z1,...,7,) € W. If z; = s, then zo # s;!, s0 Lo(z2,...,2,) =
(x1,...,2,). Ifzy # s, then (s;1, 21, .., 2,)is areduced word, and Ly (s;t, 1, ..., 2,) =
(x1,...,2,). Thus L, is surjective.

If Lo(x1,29,...,2,) = Lo(Y1,Y2, .-, Ym) and this reduced word starts with s,
then z; # s;! and y; # s, !, and so x; = y; for each i. If this reduced word does not

start with s, then x; = y; = s !, and
(1'2, S ,$n> = La(xlwx% o 737”) = La(y17y27 <o 7ym) = (y27 v 7ym)7

sO (1,22, ..y xn) = (Y1, Y2y - -y YUm)- O

Definition 3. The free group F(S) is the subgroup of P(WW) generated by the ele-
ments { Ly }tacr-

Lemma 4. The function ¢ : F(S) — W given by o +— o - () is a bijection.
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This identifies F'(S) with the set of reduced words W in the alphabet S, and
shows that the group operation is given by concatenation of words followed by word
reduction. Thus the definition given in lectures is indeed a group.

[e?

Proof. 1f (s ,...,s& ) is a reduced word, with ¢; € {£1}, then

(8217 cee 7823) = Lzll e LGn ' () = ¢(L;11 e LZ:,%
and so ¢ is surjective.
As the {L,}aer generate F'(S), any element o may be represented by a concate-
nation
o =L - Lo € P(W).

As L, - L' = Idw and L' - L, = Idw, if the word (s ,...,s& ) is not reduced
then we can simplify L¢! --- Lg while giving the same element o € P(W). Thus we
may suppose that any o is represented by L --- Lg" such that the associated word

(s€,..., st ) is reduced. But then

a1’ ) Tan
¢(U) =0- () = (324117 . "SZZL)v

from which we can recover o = L¢! --- Lg* , which shows that ¢ is injective. O]
Note that there is a function ¢ : S — F(S) given by sending s, to the word (s,).

Lemma 5. For any group H, the function

group homomorphisms N functions
p:F(S)— H p:S—H [’

given by precomposing with ¢, is a bijection.

Proof. Given a function ¢ : S — H, we want a homomorphism ¢ such that ¢((s,)) =
¢(sq). But there is a unique way to do this, by defining, on not necessarily reduced
words,

P((say -8 )) = 0(5a,)" - P(8a,) "

Note that if (sg ,...,s% ) is not reduced, so contains for example (sq, s,'), then the

’ 2
product ¢(sq,)" -+ (84, ) contains ¢(sq) - ¢(sq)"F = 1 and so we may reduce the
word (sgl, ..., s ) without changing the value of ¢ on it. As the group operation

in F(S) is given by concatenation and reduction of words, this shows that ¢ is a
homomorphism. O
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