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Abstract. It is well known that Sullivan showed that the mapping class group of a simply
connected high-dimensional manifold is commensurable with an arithmetic group, but the
meaning of “commensurable” in this statement seems to be less well known. We explain
why this result fails with the now standard de�nition of commensurability by exhibiting
a manifold whose mapping class group is not residually �nite. We do not suggest any
problem with Sullivan’s result: rather we provide a gloss for it.

In the landmark paper [Sul77] Sullivan proves a structural result on the groupsπ0Di�(M)
of isotopy classes of di�eomorphisms of a simply connected compact manifold M of di-
mension at least 5, which has as consequence that these groups are “commensurable” with
arithmetic groups (Theorem 13.3 of loc. cit.).

Sullivan de�nes “commensurability” of groups (at the bottom of p. 307 of loc. cit.) as
the equivalence relation generated by passing to subgroups of �nite index and taking
quotients by �nite normal subgroups. This di�ers from the current common usage of
this term as the equivalence relation generated only by passing to subgroups of �nite
index; from now on let us reserve commensurable for the latter term, and refer to Sullivan’s
notion as commensurable up to �nite kernel.

These two notions di�er. Recall that a group is residually �nite if the intersection of
all its �nite index subgroups is trivial, or equivalently, if each nontrivial element remains
nontrivial in some �nite quotient. As arithmetic groups are residually �nite [Ser79, p. 108],
and residual �niteness is clearly preserved by passing to �nite index sub- and supergroups,
a group commensurable to an arithmetic group is in particular residually �nite. However,
work of Deligne [Del78] shows that there are central extensions

0 −→ Z/n −→ Γ −→ Sp2д(Z) −→ 0

for which Γ is not residually �nite. Such a Γ is clearly commensurable up to �nite kernel
with the arithmetic group Sp2д(Z), but cannot be commensurable with an arithmetic group.

The aim of this note is to explain how Deligne’s example may be imported into manifold
theory to provide a mapping class group of a simply connected high-dimensional manifold
that is not residually �nite, and hence not commensurable with an arithmetic group.

Theorem. For n ≡ 5 (mod 8) and д ≥ 5, the mapping class group π0 Di�(]дSn × Sn) is not
residually �nite.

The best known family of groups commensurable up to �nite kernel with an arithmetic
group but not residually �nite is Deligne’s, and the best known (to the authors, as we
have studied them elsewhere [GRW16, Kra19]) family of mapping class groups of simply
connected high-dimensional manifolds are those of ]дSn × Sn . Fortunately these examples
are often close to each other; the proof of the Theorem will be to make this precise.

Remark. Sullivan also proves that the groups π0hAut(X ) of homotopy classes of homotopy
equivalences of a simply connected �nite CW complex X are commensurable up to �nite
kernel with an arithmetic group [Sul77, Theorem 10.3 (i)]. However, as explained by Serre
[Ser79, p. 108], in this case further results of Sullivan may be used to show that such groups
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are commensurable to arithmetic groups in our sense. Indeed, the groups π0hAut(X ) are
residually �nite as a consequence of [Sul74, Theorem 3.2], and among residually �nite
groups being commensurable up to �nite kernel and being commensurable agree: using
the second description of residual �niteness mentioned above, one can deduce that for any
�nite normal subgroup K ≤ G of a residually �nite groupG , there is a �nite groupC and a
morphism G → C such that the induced morphism G → (G/K) ×C is injective and hence
exhibits G as a �nite index subgroup of (G/K) ×C , so G and G/K are commensurable.

As a point of terminology, the �nite residual of a group is the intersection of all its �nite
index subgroups; a group is residually �nite precisely if its �nite residual is trivial.

Deligne’s extensions. We begin by explaining the special case of Deligne’s work [Del78]
mentioned above in a bit more detail (see also [Mor09]). The fundamental group of the Lie
group Sp2д(R) can be identi�ed with Z, so the pullback of its universal cover to Sp2д(Z)
yields a central extension of the form

(1) 0 −→ Z −→ S̃p2д(Z) −→ Sp2д(Z) −→ 0.

As long as Sp2д(Z) has the congruence subgroup property, i.e. for д ≥ 2, Deligne’s work
implies that the �nite residual of S̃p2д(Z) agrees with the subgroup 2 · Z ⊂ S̃p2д(Z),
so S̃p2д(Z) is in particular not residually �nite. Moreover, this shows that for n ≥ 3
the quotients S̃p2д(Z)/(n · Z) are not residually �nite either, and hence give rise to non-
residually �nite central extensions of Sp2д(Z) as asserted in in the introduction.

There is an alternative description of the extension (1), more convenient for our pur-
poses, which we now explain.

The signature class. Let us describe Meyer’s signature class sgn ∈ H2(BSp2д(Z)), follow-
ing [Mey72]. For д ≥ 3 the group Sp2д(Z) is perfect, i.e. the �rst homology H1(BSp2д(Z))
vanishes, so by the universal coe�cient theorem it su�ces to specify a morphism

(2) sgn : H2(BSp2д(Z)) −→ Z.

To do so, recall that, as a consequence of classical work of Thom [Tho54], the second
integral homology group of a space X is canonically isomorphic to the group of cobordism
classes of continuous maps f : S → X for oriented closed surfaces S . As a result, we may
represent a homology class in H2(BSp2д(Z)) by a map f : S → X of this kind and associate
to it a symmetric bilinear form given by the composition

H1(S ; f ∗H) ⊗ H1(S ; f ∗H)
^
−→ H2(S ; f ∗(H ⊗ H))

λ∗
−−→ H2(S ;Z)

〈[S ],−〉
−→ Z.

HereH denotes the local systemH → BSp2д(Z) induced by the standard module Z2д of
Sp2д(Z), which comes equipped with a canonical �brewise symplectic form λ : H⊗H → Z.
In [Mey72, §3] Meyer notes that this form is nondegenerate after passing to the torsion
free quotient of H1(S ; f ∗H) (as a consequence of Poincaré duality). Moreover, he shows
that the signature of the induced non-degenerate form on the torsion free quotient depends
only on the bordism class of f (a a consequence of Lefschetz duality), so taking signatures
yields a morphism of the form (2).

The signature class is closely related to the extension (1): by construction, this extension
is pulled back from the central extension of BSp2д(R) ' BU(д) that, under the classi�cation
of central extensions in terms of second cohomology, corresponds to a generator in
H2(BSp2д(R)) � Hom(π1 Sp2д(R),Z) � Z. This group is also generated by the �rst Chern
class c1 ∈ H2(BSp2д(R)), so up to possibly rechoosing the identi�cation π1 Sp2д(R) � Z,
the extension (1) is classi�ed by the pullback c1 ∈ H2(BSp2д(Z)) along the inclusion
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Sp2д(Z) ⊂ Sp2д(R). It is a consequence of Meyer’s signature formula [Mey72, §4] (see also
[Mey73, p. 246]) that

(3) sgn = −4 · c1 ∈ H2(BSp2д(Z)).

The theta subgroup. The mapping class groups we shall consider are closely connected
to a certain �nite index subgroup Spq2д(Z) ≤ Sp2д(Z), sometimes called the theta group,
which consists of those symplectic matrices that preserve the standard quadratic re-
�nement, i.e. the function q : Z2д → Z/2 mapping

∑
i (ai · ei + bi · fi ) to

∑
i aibi , where

(ei , fi )1≤i≤д is the usual symplectic basis. By [GRW16, Lemma 7.5], the signature morphism
(2) becomes divisible by 8 when restricted to H2(BSp

q
2д(Z)), but the resulting morphism

sgn/8 : H2(BSp
q
2д(Z)) → Z does not uniquely determine a class in H2(BSpq2д(Z)), because

in contrast to Sp2д(Z), the subgroup Spq2д(Z) is not perfect. To specify such a class, we use
that the abelianisation of Spq2д(Z) is by [JM90, p. 147] cyclic of order 4 and generated by

Xд = diag
( ( 0 −1

1 0
)
,
( 1 0
0 1

)
, . . . ,

( 1 0
0 1

) )
as long as д ≥ 3. This implies that the morphism Z/4→ Spq2д(Z) de�ned by Xд induces
an isomorphism on torsion subgroups of second cohomology, so induces a splitting

(4) H2(BSp2д(Z))
�
−→ Hom(H2(BSp2д(Z)),Z) ⊕ H2(BZ/4),

which we can use to de�ne a class

µ ∈ H2(BSpq2д(Z))

by declaring it to agree with the divided signature sgn/8 on the �rst summand and to be
trivial on the second. This class is related to the pullback of c1 ∈ H2(BSp2д(Z)) by

(5) 8 · µ = −4 · c1 ∈ H2(BSpq2д(Z)),

since both sides agree in the �rst summand of (4) as a result of (3) and in the second
because H2(BZ/4) is annihilated by 4. By Deligne’s result the �nite residual of the central
extension (1) classi�ed by c1 is 2 · Z, which implies that the analogous central extension of
Sp2д(Z) classi�ed by −4 · c1 has �nite residual 8 · Z, using that

(i) for a central extension 0→ A→ E → G → 0 classi�ed by a class λ ∈ H2(BG;A),
the multiple k · λ ∈ H2(BG;A) for k ∈ Z classi�es the pushout of this extension
along the multiplication map k · (−) : A→ A (see [Bro82, p. 94]), and that

(ii) taking �nite residuals is functorial with respect to all group homomorphisms, and
maps inclusions of �nite index to isomorphisms.

Since Spq2д(Z) ≤ Sp2д(Z) has �nite index and we just argued that the central extension of
Sp2д(Z) classi�ed by −4 · c1 ∈ H2(BSp2д(Z)) has �nite residual 8 · Z, we conclude that that
the central extension of Spq2д(Z) classi�ed by −4 · c1 ∈ H2(BSpq(Z)) also has �nite residual
8 · Z. Using (i) and (ii) once more, we derive from (5) that the central extension

(6) 0 −→ Z −→ Eд −→ Spq2д(Z) −→ 0

classi�ed by µ has �nite residual Z.

Remark. It does not matter for our argument, but the relation (5) cannot be divided
by 4. By de�nition µ vanishes when restricted to BZ/4, but c1 restricts to a generator
of H2(BZ/4) � Z/4 because the composition BZ/4 → BSpq2 (Z) → BSp2(R) ' BU(1)
classi�es the tautological line bundle.
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Proof of the Theorem. Using work of Kreck [Kre79], it is shown in [GRW16, Equation
7.3 and Theorem 7.7] that for д ≥ 5 and n ≡ 5 (mod 8) the mapping class group of
orientation preserving di�eomorphisms ofWд = ]

дSn × Sn admits a splitting

π0 Di�+(Wд) � Ẽд × coker(J )2n+1
into the (�nite) cokernel coker(J )2n+1 of the stable J -homomorphism in dimension 2n + 1
and the central extension

0 −→ Z/|bP2n+2 | −→ Ẽд −→ Spq2д(Z) −→ 0,

obtained from (6) by taking quotients by the subgroup |bP2n+2 | · Z ≤ Z generated by
the order of Kervaire–Milnor’s �nite cyclic group bP2n+2 of homotopy (2n + 1)-spheres
bounding a parallelisable manifold [KM63]. Since the �nite residual of Eд is Z by the
discussion above, that of Ẽд is Z/|bP2n+2 |, which is nontrivial, since under our assumption
that n ≡ 5 (mod 8), the group bP2n+2 is known not to vanish (see Section 7 loc. cit.).
This implies that Ẽд is not residually �nite, and hence neither is π0 Di�+(Wд) nor its
non-orientation preserving variant π0 Di�(Wд).
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