
A COMBINATORIAL IDENTITY

by

Oscar Randal-Williams

Abstract. — We record a combinatorial identity which arises in the the study of
relations in the cohomology of the moduli space of Riemann surfaces.
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Theorem 0.1. — If 2 ≤ R−N ≤ N+1
3 then −2N is a root of the polynomial pR,N (y).

We have not been able to find a combinatorial proof, nor interpretation, of this
theorem.

Proof. — By the Wick form relation of Pandharipande and the author (see [4, p. 5]
or [5, §2.7]), for r ≥ 2 the cohomology class

pr+g−1,g−1(2− 2g) · κr ∈ H2r(Mg;Q)

is decomposable in terms of lower κi. However, by Boldsen’s [1] or the author’s [6]
improvement of Harer’s stability theorem, there are no relations among κi in degrees
∗ ≤ b2g3 c. In particular, pr+g−1,g−1(2− 2g) must be zero if 3r ≤ g. The result follows
by the substitution N = g − 1 and R = r + g − 1.

Computer calculations suggest the following conjecture.

Conjecture 0.2. — If R−N > N+1
3 then pR,N (−2N) > 0.
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A proof of this conjecture would—with the relations of Pandharipande and the
author [4, 5]—lead to a new proof of the theorems of Morita [3] and Ionel [2] that
the classes κ1, . . . , κb g3 c

generate the tautological ring of Mg.
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