REMARKS ON GLUING PUNCTURED LOGARITHMIC MAPS
MARK GROSS

ABSTRACT. We consider some well-behaved cases of the gluing formalism for punc-
tured log stable maps of [ACGSI], [ACGS2]. This gives a gluing formula for log
Gromov-Witten invariants in a diverse set of cases; in particular, the gluing formu-
lae of [LROT, [Li02, [KLR] become an easy special case. The last section gives an
application of this gluing formalism to canonical wall structures for K3 surfaces as
constructed in [GS§].

NOTE: This is a complete draft dating from March 6th, 2023, and is not the final
version.
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1. INTRODUCTION

One of the key motivations for developing logarithmic Gromov-Witten [AC] [Chl [GS4]
was to generalize the gluing formulae of Li-Ruan [LROI] and Jun Li [Li02] to more
general degenerations. The original gluing formulae consider flat families 7 : X — B,
where B is a non-singular curve with a special point by € B, 7 is a normal crossing
morphism with 7|15 o}y smooth and 7 '(by) =: X, a union of two irreducible
divisors Y7, Y5 meeting transerversally. The above-mentioned gluing formulae then
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relate the Gromov-Witten invariants of the general fibre of © to relative Gromov-
Witten invariants of the pairs (Y, D), (Y2, D), where D = Y] NY,. In principal, one
would like to allow the fibre Xj to have many irreducible components and deeper strata,
where more than two irreducible components meet.

Logarithmic Gromov-Witten theory defines the notion of a logarithmic stable map
to such targets X — B; more generally, this morphism just needs to be toroidal rather
than normal crossings, i.e., log smooth. However, completely satisfactory generaliza-
tions of the gluing formulae have remained elusive. The work of Abramovich, Chen,
Gross and Siebert [ACGSI, [ACGS2] sets up a framework for thinking about gluing
formulae. This requires, in particular, developing punctured stable maps, further gen-
eralizing logarithmic stable maps. The essential reason for this is, if given a log smooth
curve, the restriction of the log structure to an irreducible component need not yield
a log smooth curve. In particular, this requires allowing somewhat more general do-
mains. As a side benefit, this generalization introduces the notion of negative contact
order. In turn, this gives a richer set of invariants which have proved invaluable for
mirror symmetry constructions, see e.g., [GST, [GSS].

The basic setup for a gluing problem for log or punctured maps with target X — B
is given by the data of a decorated tropical type, reviewed in §2 This is data 7 =
(G,o,u,A). Here, G is a dual intersection graph for a domain curve, with vertices
V(G) corresponding to (unions of) irreducible components, edges E(G) corresponding
to nodes and legs L(G) corresponding to marked or punctured points. The map o :
V(G)U E(G)U L(G) — ¥(X) records which stratum of X (strata of X being indexed
by cones in the tropicalization ¥(X) of X) the corresponding curve feature maps into.
The data u records the contact orders associated to edges and legs, and the data A
associates a curve class in X to each vertex of G. Together, this data determines a
moduli space .Z (X/B, T) of punctured log maps marked by 7, as defined in [ACGS2].
This moduli space is a proper Deligne-Mumford stack over B, assuming X is projective
over B, and carries a virtual fundamental class [.Z (X/B, T)]""".

The question of gluing is then as follows. Suppose given a decorated tropical type
T as above, and a subset of edges E C E(G). By splitting G at the edges of E, we
obtain connected graphs Gi,...,G,. Here, each edge E € E with endpoints vy, vy is
replaced by two legs with endpoints vy, v9 respectively. By restricting o, u and A to
G, we obtain types 71,...,T,. Further, there is a canonical splitting map

M(X/B,T) — ﬁ///(X/B,TZ-).

=1

This splitting map is defined by normalizing the domain curves at the nodes corre-
sponding to edges of E. The key question is then: can we relate [.Z(X/B,7)]""" in
terms of [[\_,[.# (X/B,T;)]""*?

There have been a number of approaches to this question. First, Kim, Lho and
Ruddat [KLR] proved the Li-Ruan and Jun Li degeneration formula in the context of
logarithmic Gromov-Witten theory. Yixian Wu, in [Wul], gave a very general gluing
formula, under the hypothesis that all gluing strata are toric. This has already proven
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to be very useful in [GS§|, but doesn’t give a proof of the Li-Ruan/Jun Li formula
(unless the divisor D is in fact a point).

A very different approach has been pursued by Dhruv Ranganathan, using expanded
degenerations, in [Ra]. There, the theoretical difficulties of gluing are removed by allow-
ing target expansions in such a way that the gluing always happens along codimension
one strata. However, this can result in an explosion in combinatorial complexity of
the problem. It is not clear whether such an explosion can be avoided in any general
approach to the gluing problem.

The basic problem is that the description of the glued moduli space .#(X/B,T)
in terms of the moduli spaces .#(X/B,T;) involves a fibre product in the category
of fs log schemes; this is roughly encapsulated in one of the main gluing theorems of
[ACGS2], quoted here in Theorem [2.51 One of the basic difficulties in log geometry is
that the underlying scheme of an fs fibre product can be quite far from the underlying
scheme of the ordinary fibre product.

Here, we consider a case of gluing in which, at the virtual level, the ordinary fibre
product and fs fibre product are not wildly divergent. Understanding fs fibre products
even of log points is non-trivial, and in §3| we give some general results about such
fibre products helpful for our situation. There, we give criteria for non-emptiness of
an fs fibre product of log points, as well as a computation for the number of connected
components of this fs fibre product.

Happily, these criteria for non-emptiness have a simple tropical interpretation. In
§4], we consider gluing a single curve. In other words, we consider a type 7 as described
above, a set of splitting edges E, and the types 71,..., T, obtained from splitting at
the edges of E. We consider log points W; and punctured log maps f; : CY/W; — X
of type 75, 1 <i <r. If £ € E is an edge with vertices vi,va, v; € V(Gy,), j = 1,2,
let p,, E € Cioj be the punctured point corresponding to the leg of Gi;; indexed by the
flag v; € E. Assume that we have for each F the equality fi, (v, z) = fi,(Pu,r). Then
the maps f; may be glued schematically. The question is then: how many logarithmic
gluings of the f;’s are there?

The existence of a logarithmic gluing is a difficult question, but the number of
such gluings, assuming there is at least one, is an easy question given the four-point
lemmas of In particular, in Definition [4.2] we define a map of lattices, the tropical
gluing map ¥, which depends only on the tropical data of 7, E, and define the tropical
multiplicity p(7T,E) as the order of the torsion part of coker W. This lattice map gives
the obstruction to gluing tropical maps of types 74, ..., 7, to obtain a tropical map of
type 7. In addition, let f : C°/WW — X be the universal gluing of the punctured maps
fi- Then the first result, Theorem [4.4] is:

Theorem 1.1. If W is non-empty, then it has u(T,E) connected components.

We remark that this is not complete information about W, as it may have some non-
reduced structure. However, when gluing questions are set up properly, this becomes
unimportant, as is seen in [Wul or §5

We say the gluing situation is tropically transverse if coker ¥ is in fact finite. In this
case, we have Theorem again from the four-point lemmas of
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Theorem 1.2. If the gluing situation is tropically transverse, then W is non-empty.

These results can be viewed as a generalization of the more hands-on constructions
of log stable maps beginning with work of Nishinou-Siebert [NS], Argiiz [Ar], Cheung—
Fantini-Park—Ulirsch [CEFPU]|, and [ACGSI] §4.2]. In fact, versions of tropical gluing
maps already appeared in [NS].

In §5] we now apply these observations to gluing moduli spaces, with an aim to
describe [Z (X /B, T)]""" in terms of [[;_,[.# (X/B, 7;)]"™. We define an intermediate
moduli space .#Z°®(X, 7). A point in this moduli space is represented by a point in
II;_, #(X/B,T;) corresponding to a collection of punctured maps f; : Cf /W; — X,
such that the f; glue schematically. This moduli stack can be defined via a Cartesian
diagram in the category of ordinary stacks, see Theorem for details. The results of
then apply to give us some information about the natural map ¢’ : #(X/B,T) —
MM (X/B, ). Unfortunately, in general it is difficult to extract useful results from
this. However, tropical transversality of the gluing situation, along with a flatness
hypothesis which can also be tested tropically, implies virtual surjectivity of this map,
with degree given by the tropical multiplicity, so that

LA (KB 7)™ = (e B (X B 7))

On the other hand, if the gluing strata are sufficiently nice (e.g., smooth) and certain
other conditions hold, then [.#Z5"(X/B, T)]'™ can be calculated as an ordinary Gysin
pull-back of [[}_,[.#(X/B,7;)]""™. See Remark [5.2| for details.

In §5.2] we specialize to the degeneration situation considered in [ACGSI]. Here, B
is a curve or spectrum of a DVR over k, with divisorial log structure coming from a
closed point by € B. Let Xj be the fibre over by. In [ACGSI], we showed that virtual
irreducible components of .# (Xy/by) were indexed by rigid tropical curves. We recast
the earlier discussion in the gluing situation provided by a rigid tropical curve.

While these results are not yet the dreamed-of general gluing formula, they in fact
appear to be strong enough to be useful in many circumstances. In particular, in §7]
we give a very short proof of the Li-Ruan/Jun Li degeneration formula. This is not
new even in the logarithmic setup: [KLR] first obtained this result. However, it is
pleasant to see that the more general setup proves this special case without pain. The
reason this works easily is that the gluing situation is always tropically transverse in
this case.

Along the way, in §6] we first prove a more generally useful comparison result between
punctured and log invariants for irreducible components of degenerations. Explicitly,
given X — B as in the degeneration situation, often one needs to look at moduli
spaces of punctured maps into strata of Xy. In general, this may involve additional
information, but if the stratum is an irreducible component ¥ C X, life becomes
simpler. In particular, Y carries two possible log structures, one induced from X, and
one the divisorial log structure coming from the union of substrata of Y. We write this
latter log structure as Y. We then obtain in Theorem an isomorphism of underlying
stacks . (Y /by, T) = 9MM(Y, T), where the type T is derived from the type 7. Happily,
the latter type does not involve punctures, and hence gives a more familiar moduli
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space. We note these stacks are not isomorphic as log stacks, but they do carry the
same virtual fundamental class.

The final section is an extended application of the gluing techniques given in this pa-
per. We study the genus zero punctured Gromov-Witten theory of maximally unipotent
degenerations of K3 surfaces, giving an inductive description of the so-called canoni-
cal wall structure of [GS8]. This, along with a number of other results proved using
our gluing technology, will be of use in [?], which explores mirror symmetry for K3
surfaces and uses the mirror construction of [GS8] to build geoetrically meaningful
compactifications of the moduli space of K3 surfaces.

One of the key reasons our approach to gluing is applicable in this case is that the
degenerate varieties being considered only have at worst triple points. It was originally
observed by Brett Parker in [Pa] that this was a particularly amenable situation for
gluing.

Conventions: All logarithmic schemes and stacks are defined over an algebraically
closed field k of characteristic 0. We follow the convention that if X is a log scheme or
stack, then X is the underlying scheme or stack. We almost always write M x for the
sheaf of monoids on X and ayx : Mx — Ox for the structure map. If P is a monoid,
we write PY := Hom(P,N) and P* = Hom(P,Z).

Acknowledgements: Some of the material here, in an earlier form, was originally
written with the intention of appearing in [ACGS2]. So it has had a lot of influence
from my co-authors of that project, Dan Abramovich, Qile Chen and Bernd Siebert.
In addition, the last section was greatly influenced by discussions with my coauthors
on [GHKS], i.e., Paul Hacking, Sean Keel, and Bernd Siebert. This paper has also ben-
efited from discussions with Evgeny Goncharov, Sam Johnston, Dhruv Ranganathan,
and Yu Wang. It was supported by the ERC Advance Grant MSAG.

2. PRELIMINARIES

2.1. Tropical maps and moduli of punctured curves. We will work with a relative
target space X — B, a proper log smooth morphism. We further assume that the log
structure on X is Zariski, and that X satisfies assumptions required to guarantee
finite type moduli spaces of punctured curves. At the moment, [ACGS2| requires that
M?? ®z Q be generated by global sections, so what follows will be written with this
assumption. However, see [J22] for finiteness results without this condition. Typically
B itself is taken to be an affine scheme and B is either log smooth over Speck or a log
point Spec(Qp — B).

We briefly review notation from [ACGSI, [ACGS2| for tropical maps to ¥(X) and
punctured log maps to X as developed in [ACGSI], §2.5] and [ACGS2, §2.2].

In what follows, Cones denotes the category of rational polyhedral cones with in-
tegral structure, i.e., objects are rational polyhedral cones w C N, ®z R for N, the
lattice of integral tangent vectors to w. Morphisms are maps of cones induced by maps
of the corresponding lattices. We write wy = w N N, for the set of integral points of w.

A generalized cone complex is a topological space with a presentation as the colimit of
an arbitrary diagram in the category Cones with all morphisms being face morphisms.
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If 3 is such a generalized cone complex, we write o € 3. if ¢ is a cone in the presentation
and |X| for the underlying topological space. A morphism of generalized cone complexes
is a continuous map f : |X| — |¥'| such that for each o € 3, the induced map o — |¥/|
factors through a cone map o — o’ € .

There is a functor [U] from fine saturated log schemes to generalized cone complexes,
written as X +— X(X). There is a one-to-one correspondence between elements in the
presentation ¥(X) and logarithmic strata of X. If Mx denotes the log structure on
X with ghost sheaf My, and 7 is a geometric generic point of a log stratum, then
the corresponding cone is Hom(Mx ;z, Rsg). If 0 € 3(X), we write X, C X for the
corresponding (closed) stratum.

We consider graphs G, with sets of vertices V(G), edges F(G) and legs L(G). In
what follows, we will frequently confuse G with its topological realisation |G|. Legs
will correspond to marked or punctured points of punctured curves, and are rays in the
marked case and compact line segments in the punctured case. We view a compact leg
as having only one vertex. An abstract tropical curve over w € Cones is data (G, g, ()
where g : V(G) — Nis a genus function and ¢ : E(G) — Hom(wz, N) \ {0} determines
edge lengths.

Associated to the data (G,¢) is a generalized cone complex I'(G,{) along with a
morphism of cone complexes I'(G, ¢) — w with fibre over s € Int(w) being a tropical
curve, i.e., a metric graph, with underlying graph G and affine edge length of £ € E(G)
being ¢(E)(s) € Rsg. Associated to each vertex v € V(G) of G is a copy w, of w in
I'(G, ¢). Associated to each edge or leg E € E(G) U L(G) is a cone wg € I'(G, {) with
wrp € w X R5p and the map to w given by projection onto the first coordinate. This
projection fibres wg in compact intervals or rays over w (rays only in the case of a leg
representing a marked point).

A family of tropical maps to ¥(X) over w € Cones is a morphism of cone complexes

h:T(G,6) — S(X).

If s € Int(w), we may view G as the fibre of I'(G, ¢) — w over s as a metric graph, and
write

hs : G — X(X)
for the corresponding tropical map with domain G. The type of such a family consists
of the data 7 := (G, g, o, u) where

o V(G)UE(G)UL(G) = 2(X)

associates to x € V(G) U E(G) U L(G) the minimal cone of ¥(X) containing h(w,).
Further, u associates to each (oriented) edge or leg E € E(G)UL(G) the corresponding
contact order u(E) € Ngy(p), the image of the tangent vector (0,1) € N, = N, ® Z
under the map h.

As we shall only consider tropicalizations of pre-stable punctured curves (see [ACGS2
Def. 2.5], following [ACGS2l Prop. 2.21] we may assume that for L € L(G) with adja-
cent vertex v € V(@) giving wy,w, C I'(G, ¢), we have

(2.1) hwr) = (h(w,) + Requ(L) N (L) € Nogiy .

In other words, the images of legs extend as far as possible inside their cones.
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A decorated type is data T = (G, g,0,u,A) where A : V(G) — Hy(X) associates a
curve class to each vertex of G. The total curve class of Ais A=73" v A(U)H

We also have a notion of a contraction morphism of types ¢ : 7 — 7/, see [ACGSI],
Def. 2.24]. This is a contraction of edges on the underlying graphs, and the additional
data satisfies some relations as follows. If z € V(G) U E(G) U L(G), then o' (¢(x)) C
o(x) (if z is an edge, it may be contracted to a vertex by ¢). Further, if £ € E(G) U
L(G) then u(E) = u'(¢(E)) under the inclusion Ny (4()) € No(r), provided that E is
not an edge contracted by ¢.

We say a type 7 is realizable if there exists a family of tropical maps to 2(X) of
type 7. We also say 7 = (7, A) is realizable if 7 is realizable. In this paper, we will
only deal with realizable types. As a consequence, we will not need the more general
notion of global type discussed in [ACGS2, §3]. However, in the case that there are
no punctures, but only marked points, we will use the notion of a class of logarithmic
map [3, consisting of data of a genus g, a curve class A, and contact orders u; € Int(o;)
with o; € ¥(X) for 1 < i <k for k marked points. This may be viewed as a decorated
type (G, g, o,u, A) where the underlying graph G has only one vertex v and no edges,
g(v) =g, o(v) ={0}, o(L;) = 0;, u(L;) = u;, and A(v) = A.

If a type 7 is realizable, then there is a universal family of tropical maps of type 7,
parameterized by an object of Cones. Hopefully without confusion, we will generally
write this cone as 7. Hence we have a cone complex I'(G, ¢) equipped with a map to 7
and a map of cone complexes h = h, : I'(G, ) — X(X). Generally we write h rather
than h, when unambiguous. Note that for each x € E(G) U L(G) U V(G), we thus
obtain 7, € I'(G, ¢) the corresponding cone.

We write Ax for the Artin fan of X, see [ACMW], as well as [ACGSI, §2.2] for a
summary. With X — B log smooth with X Zariski, we obtain a morphism of Artin
fans Ax — Ap and define

X = .AX X Ap B.

We refer to [ACGS2, Defs. 2.10, 2.13, 2.14] for the notion of a family 7 : C° — W
of punctured curves and pre-stable or stable punctured log maps f : C°/W — X or
f:C°/W — X defined over B.

Given a punctured log map with domain C° — W and W = Spec(Q) — k) for x an
algebraically closed field and target X or X', we obtain by functoriality of tropicaliza-
tions a family of tropical maps

(2.2) 2(C) = T(G, £) — (X))

| |

(W) =w = Q¢ —= 3(B)

parameterized by W. The type of the punctured map is then the type 7 = (G, g, o, u)
of this family of tropical maps. We recall that the punctured map f : C°/W — X is
basic if (2.2)) is the universal family of tropical maps of type 7.

I'We recall that Hy(X) represents some choice of group of curve classes. It could be integral
homology of X, or the group of curve classes modulo algebraic or numerical equivalence, but other
choices are also possible. See e.g., [ACGSI1], §2.3.8] for a discussion.
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Given a type 7 = (G, g, o, u), [ACGS2], Def. 3.7] defines the notion of a marking or
weak marking of a punctured map by TEI Roughly, a weak marking of a punctured map
f:C°/W — X involves the following information. (1) A marking of the underlying
domain curve C by G. In other words, we have a pre-stable curve C for each v € V(G)
of genus g(v), a marked point p;, € C, for each leg L € L(G) adjacent to v, and marked
points qg 1,42 in C, ,C,, for each edge F connecting v; to ve. Further, C' is obtained
as a marked curve by identifying pairs qg 1, gg 2 for all E € E(G). (2) For each subcurve
or punctured or nodal section Z of C, indexed by an element z € V(G)U L(G)UE(G),
the morphism f| factors through the closed stratum X,y of X. (3) For any geometric
point w — W giving a curve of type 75 = (G, 8z, 0w, Ug), the contraction morphism
G — G induced by the marking of the domain yields a contraction morphism of types
To — T

A marking of a punctured map f : C°/W — X is a weak marking satisfying an
additional requirement that a certain natural monoid ideal on My, defines an idealized
log structure on W. See [ACGS2, Def. 3.7] for full details.

In either case, if further 7 = (7, A) is a decoration of 7, then f : C°/W — X is
(weakly) 7-marked if in addition to being (weakly) 7-marked, for each v € V(G), the
curve class associated the the stable map f restricted to the subcurve indexed by v is
A(v). a

In particular, this gives rise to the following moduli spaces:

(1) A (X, T) (vesp. A'(X, 7)) the moduli space of (weakly) 7-marked stable punc-
tured maps.

(2) M(X,7) (resp. M'(X, 7)) the moduli space of (weakly) T-marked punctured
maps to X.

(3) M(X,T) (resp. M (X, 7)) the moduli space of (weakly) T-marked punctured
maps to X. Note here that while curve classes in X are meaningless, the
decoration A on 7 affects the notion of isomorphism in the categories M(X, T)
or M'(X, T), and there is an étale morphism IM(X, 7) — M(X, 7).

In general, we are always working over B, but when we need to be more precise,
we write 4 (X/B, 7). We say type 7 is realisable over B if (X /B, T) has a geo-
metric point corresponding to a map of type 7, see [ACGS2, Def. 3.26]. By [ACGS2,
Prop. 3.27], this is equivalent to a combinatorial condition requiring 7 to be realisble
by a family of tropical maps defined over ¥(B) with an additional condition which is
easily checked.

By [ACGS2, Thm. 3.10], all of the above moduli spaces are algebraic stacks and

A (X, T) and A4’ (X, T) are Deligne-Mumford. Further, there are natural morphisms
23 e MX,T) = MX,T)
(2:3) e M(X,T) = M(X,T)

given by composing a punctured log map C° — X with the canonical map X — X.
[ACGS2, §4] then gives a perfect relative obstruction theory for e.

2The cited reference applies to global types, but by [ACGS2] Lem. 3.5], giving a realizable global
type is the same as giving a realizable type. Since all our types are realizable here, we ignore the
notion of global type.
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In general, it appears that the 7-marked moduli spaces are more important than
the weakly 7-marked moduli spaces. In particular, [ACGS2, Prop. 3.31] shows that
M(X,7) is a closed substack of M'(X,7) defined by a nilpotent ideal. Further, in
the cases of greatest interest for this paper (7 realisable, B log smooth over Speck or
B = Speck!, the standard log point), 9U(X, 7) is in fact reduced and pure-dimensional,
see [ACGS2], Prop. 3.28]. In fact, while (X, 7) may be quite poorly behaved globally,
it has a simple local structure coming from the fact that it is idealized log smooth
over B, see [ACGS2, Thm. 3.24, Rem. 3.25]. The main point for including the weakly
marked moduli spaces is that they naturally occur in the gluing formalism.

If there is a contraction morphism between decorated global types ¢ : 7 — 7/, we
obtain a forgetful map .# (X, T) — .# (X, 7). This gives rise to a stratified description
of these moduli spaces, see [ACGS2, Rem. 3.29].

If 7 = (G,0,u,A) denotes a choice of decorated type, and I C E(G) U L(G) is a
collection of edges and legs, then we write

M (X, 1) = MO (X, 7) 1= M, 7) X pr X

Here X' denotes the product of |I| copies of X over S, and similarly X”; the morphism
M(X,7) — X! is given by evaluation at the nodes and punctured points indexed by
elements of I, and X! — X7 is induced by the canonical smooth map X — X. The
map ¢ then factors as

(2.4) (X, T) ——= MY (X, T) —= M(X, 7).

The second morphism is smooth, while €V also possesses a relative obstruction theory
compatible with the morphism ¢ of (2.3), see [ACGS2, §4.2].

We end by reviewing a basic result which encodes a generalisation of the tropical
balancing condition.

Proposition 2.1. Suppose given a punctured map f : C°/W — X with W a log point.
Let 7 = (G, o,u) be the corresponding tropical type. If v € V(G), let C, C C be the
corresponding irreducible component, and let Fy, ..., E, be the edges and legs adjacent
to v, oriented away from v. Let s € F(X,M%?), and let L, be the corresponding
line bundle, i.e., the line bundle associated to the torsor given by the inverse image
of s under the quotient map Mx — Mx. For an integral tangent vector v of o =
Hom(My ., Rso) € B(X), we write (v,s) for the evaluation of v, as an element of
Hom(ﬂx,x,Z), on the germ of s at x. Then

deg(f*L)le, = =Y (u(E),s).
i=1
Proof. This is [ACGS2, Prop. 2.27], applied after splitting the punctured map at all
nodes contained in C, via [ACGS2, Prop. 5.2] and restricting the punctured map to
the component indexed by v. [

In the case that X is non-singular and the log structure on X comes from a simple
normal crossings divisor D = Dy 4 --- 4+ D, such that all intersections of irreducible
components of D are connected, then this has a particularly nice interpretation as
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saying that the contact orders determine intersection numbers of the curve class with
the divisors D;. More precisely, in this case we may view X(X) as in [GS7, Ex. 1.4]
as follows. Let Divp(X) = @,ZD; be the group of divisors supported on D, and
write Divp(X)* = Hom(Divp(X),Z) = @, ZD; for the dual lattice and Divp(X)i =
Divp(X)* @z R. Then

mmz{immm

el

I C{1,...,s} an index set with (,.,; D; # @} :

Thus a contact order v may be written as ) . a; D}, with a; € Z, with a; denoting the
order of tangency with D;. We then have the immediate corollary

Corollary 2.2. Let X, D as above, and f,7,E,...,E, as in Proposition write
U(Ez) = Zj CLijD;-(. Then

deg(f"Ox(Dj))le, = D ai;

2.2. The gluing formalism. We may now describe the key gluing formalism of
[ACGS2]. We begin with the standard gluing situation.

Notation 2.3 (The standard gluing situation). We fix a target X — B, a proper log
smooth morphism. We further assume that the log structure on X is Zariski, and that
X satisfies assumptions required to guarantee finite type moduli spaces of punctured
curves. Further we assume that B is either log smooth over Speck or B = Speck!,
the standard log point. Fix a realisable type 7 = (G,g,0,u) of tropical map to
Y(X)/X(B). We select a set of splitting edges E C E(G), and let Gy,...,G, be the
connected components of the graph obtained by splitting G' at the edges of E, i.e.,
replacing each edge F € E with endpoints vy, v, with two legs with endpoints vy, vy
respectively. We write these two legs as flags (F,v1) and (E, v9). We then let 7, ..., 7,
be the induced set of decorated types with underlying graphs Gy,...,G,.. Let L C
Ui—; L(G;) be the subset of all legs obtained from splitting edges, and L; = LN L(G;).
For v € V(G), let i(v) € {1,...,r} denote the connected component G; containing v.

For each E € E denote by 9, (X, 7) the image of the nodal section sg : ' (X, 7) —
¢°(X, ) with the restriction of the log structure on the universal domain €°(X, 7).
Denote further by 9V (X, 7) the fs fiber product

(2.5) M (X, 7) = My, (X, 7) Xy Ko,y Mg, (X, 7),

where Fi,...,E, € E(G) are the edges in E. With this enlarged log structure, the
pull-back €°(X, 1) — M'(X, 7) of the universal domain has sections §g, £ € E, in the
category of log stacks. Moreover, evy lifts to a logarithmic evaluation morphism

(2.6) eve : M (X, 1) — [Tpep X

with E-component equal to f o §p for f : &’O(X ,T) — X the universal punctured
morphism.

Similarly, for each of the types 7; = (G, 8;, 04, u;) obtained by splitting and L €
L(G;), denote by O’ (X, 7;) the image of the punctured section s : M'(X,7;) —
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°(X, 1) defined by L, again endowed with the pull-back of the log structure on
(X, 10). With Ly,..., L, the legs of L;, define the stack

S t

ﬂﬁl(.)(, Ti) = ( /Ll (Xa Ti) Xffm/(X,n) e Xsf):n'(;\f,n) gﬁ/LS (Xv Ti))sa )

where sat denotes saturation. This stack differs from 9V (X, ;) by adding the pull-back
of the log structure of each puncture, so that the pull-back €°(X,7;) — M X, 7;) of
the universal curve now has punctured sections in the category of log stacks. We define
the evaluation morphism

(2.7) evy, : szl %,(Xv’ri) — HEEEX X X,

by taking as E-component the evaluation at the corresponding two sections sg,,, Sgv,,
where v, vy are the endpoints of E. Note that this involves a choice of ordering of the
endpoints of F, i.e., a choice of orientation of E.

It is worth noting the following (see [ACGS2, Prop. 5.5]).

Proposition 2.4. The canonical map ﬁ’(X,T) — M(X, 1) induces an isomorphism
of underlying stacks, while the canonical maps M (X, 1;) — M (X, 7;) induces an iso-
morphism on reductions.

There are evaluation space versions of this. We set
ﬁlev(‘){7 Ti) _ mt/cv(Li)(_)c'7 7.2,) X o (X ) %,(X, Tz‘)

and
%/e\](/v, T) = mlev(E)(X, Ti) Xfm’(X,Ti) ﬁ’(é’(, Ti)-

There is a natural splitting map

(2.8) dom : M (X, 7) = [[ 2V (X, m)

i=1
as defined in [ACGS2, Prop. 5.4], taking a 7-marked map and splitting it at the nodes
marked by the edges in E. This lifts to

(2.9) dop : M E (X 7) — T[ o™ (x, 7).

i=1
and is shown to be a finite morphism in [ACGS2, Cor. 5.13]. Passing to the ev-spaces
is key here: the morphism in (2.8) is rarely finite or even proper. This also gives an
upgrading of the evaluation morphisms:

evg M@ (X, 7) = H X,
E€E

(2.10) .
evy, :Him'ev(]‘i)(é\f,ﬂ) — H X x X.

=1 EcE

We review the key gluing results of [ACGS2]. We first describe the glued moduli
space as an fs fibre product:
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Theorem 2.5. Suppose given a gluing situation as in Notation|2.5. Then the commu-
tative diagram

ﬁ/ev(L) (X, 7.) ﬂ) H;’:1 ﬁ/ev(Li) (.)C', Ti)

evE L evy,

[pee X [[pep X x X

with A the product of diagonal embeddings and the other arrows defined in and
(2.10), is cartesian in the category of fs log stacks. We remind the reader that all
products in this square are taken over B.

An analogous statement holds for T replaced by a decorated global type T = (1, A),

A

or replacing ﬁ’eV(X,T), ﬁ’ev()(,n) with the analogous moduli spaces of stable maps
to X/B, #'(X,T), H'(X,Ti).

We remark that in this theorem, the fact that all fibre products are over B can
make the actual calculation of fibre products more difficult than they need to be.
But it is often enough to work over Speck, as the following proposition (see [ACGS2,
Prop. 5.11]) shows:

Proposition 2.6. Let B be an affine log scheme equipped with a global chart P — Mp
inducing an isomorphism P = T'(B, Mp). Let T be a type of tropical map for X/ B, with
underlying graph connected. Then there are isomorphisms M(X, 7) = M(X / Speck, T)
and A (X,7) = M (X/ Speck, 7) ]

Finally, to make contact with stable punctured maps to X, we have [ACGS2,
Prop. 5.15]:

Theorem 2.7. In the situation of Theorem [2.5] there is a cartesian diagram
5

'//<X7 T) H;:l ‘%(Xv Ti)
(211) Ee"l lél_h e;”
MO (X, 7) — [, M (2, )

with horizontal arrows the canonical splitting maps (see [ACGS2, Prop. 5.4], and the
vertical arrows the canonical strict morphisms of (12.4)).
Analogous statements hold for decorated and for weakly marked versions of the moduli

stacks, see [ACGS2], Def. 3.8].

The evaluation spaces M (X, 7) etc. play a crucial role here. First, if instead one
used the spaces M(X, 7), there would be no way to obtain a Cartesian diagram, as
the splitting map on the level of punctured maps to Artin fans has no way to impose
a matching condition at the schematic level. Using the evaluation spaces allows ¢V to
impose both schematic and logarithmic matching conditions.

Second, the splitting map at the level of the spaces of punctured maps to Artin fans
is very poorly behaved, being neither representable nor proper. However, 6°V, as this
theorem states, is in fact finite and representable. Hence we may use it to push-forward

3We recall our convention that .# (X, 1) = .#(X/B,T).



REMARKS ON GLUING PUNCTURED LOGARITHMIC MAPS 13

Chow classes, and in particular, as [ACGS2, Thm. 5.17] points out, the compatibility
of obstruction theories then allows a calculation

Ou([ A (X, T)™) = €6 [ (X, 7)]

of the virtual fundamental class of .Z (X, 7).

Thus the main task is finding a useful expression for 6$¥[9M*V (X, 7). While the
Artin stacks of the type 9®(X, 7) may seem very forbidding, in a certain sense they
are very well-behaved: they are idealized log smooth over B, see [ACGS2, Thm. 3.24].
This means that there are local descriptions of these stacks as unions of strata of toric
varieties. Further, these local descriptions can be determined very explicitly from the
tropical description of the types 7 and 7;.

This effective description of these moduli spaces has led Yixian Wu [Wu], in the
case that all gluing strata are toric, to give an effective formula for the Chow class
0[N (X, 7)] as a weighted sum of strata of [[,_, MY (X, 7;). This formula has already
proved to be very useful, see e.g., [GS§].

Here we wish to develop a gluing formalism in a complementary direction, which,
although very far from general, is also useful.

3. FOUR-POINT LEMMAS: FIBRE PRODUCTS OF LOG POINTS

The key point is to understand the gluing fibre diagram of Theorem by studying
fibre products of log points. We carry this study out in this section; unfortunately, this
is rather dry. An fs fibre product of log points can be quite subtle. Even determining
whether such a fibre product is non-empty is difficult, as a “four-point lemma” does
not hold widely in log geometry, see [Og) III Prop. 2.2.3] for some results. Here we will
generally be interested in the number of connected components of a fibre product for
application to specific gluing situations.

We start with a small lemma:

Lemma 3.1. Let W := Spec(Q — k) be a log point with QQ a sharp fine monoid. Then
W3t s a disjoint union of possibly non-reduced points, and the number of connected
components of W3 is | (Q%P)tors| -

Proof. By construction of the saturation, [Ogj, III Prop. 2.1.5],
wsat = W X Spec k[Q] SPeC K[Q™],

where Q%' is the saturation of @) inside Q®P. Note that the morphism W — Spec x[Q]
identifies W with the closed point of Spec k[@)] corresponding to the maximal monomial
ideal m = (29| q € Q ~ {0}).

The monomial ideal I C k[@Q**] generated by the image of m then satisfies VI =
m = (27]q € Q% ~ (@*)*). Indeed, for any element ¢ € Q% ~ (@), there
exists a positive integer n such that ng € (). Further, nqg # 0 since otherwise ¢ is
torsion in Q%' and hence invertible. Thus z"? is a generator of m, so z"? € I. This
shows that m’ € v/I. The converse holds as I € m’ and m’ is a radical ideal, as
R[] /m = K[(Q%P)4ors] is reduced.

Thus we see that (W) 4 = Spec k[Q%]/m’ = Spec £[(Q%P)iors). However, the latter
consists of |(Q8P)iors| points. [ )
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Lemma 3.2. Let Wi, W5, X be fs log schemes with morphisms W1, Wy — X. Then
there is a canonical isomorphism

(Wl,red ng(red W2,red)red = (Wl ng( WZ)red-

Proof. Considering the strict closed immersion (Wi),.a — Wi, we obtain via base
change a strict closed immersion (W7);eq ><§§ Wy — W4 XES( Ws. Repeating with W,
we obtain a strict closed immersion (W))wea X5 (Wo)rea — Wi x5 Wy, Since the
morphisms (W;),ea — X factor through X4, the former log scheme is isomorphic to
(Wl)red ng(red (W2)red~

Thus we obtain a strict closed immersion (W yeq xgs(red Wared)red = (Wi X5 W) req,
which we must now prove is an isomorphism, which we do by showing this map induces
a bijection on geometric points. Indeed, the set of geometric points of Wy x& W, and
(W1 x5 Wy)eq are the same, and a strict geometric point point Spec(Q — k) —
Wy x% Wy clearly induces a strict closed point Spec(Q — &) — (W1)red xgzed (W2)red-
This shows the claim. [

Lemma 3.3. Let Wy, W5, X be finite length connected fs log schemes over Spec k with
k an algebraically closed field. Write the ghost sheaf monoids as Q1,2 and P respec-
tively. Suppose given morphisms f; - W; — X inducing 0; = ff P — Q;. Set

0= (67, ~05): PP > QF © QF
Then

(1) If the fs fibre product Wy x% Wy is non-empty, it has | coker(6)ors| connected
components.

(2) | coker(0)ors| = | coker(6")tors|-

Proof. (1) By Lemma [3.2] we may assume W; and X are (reduced) log points. Accord-
ing to the construction of the fs fibre product in [Ogj, ITI, §2.1], we proceed in a couple
of steps. Let W, W™ and W' denote the fibre product W; x x Ws in the category of
log schemes, fine log schemes, and fs log schemes. Then W™ is the integralization of
W and W' is the saturation of Wt

First, W agrees with the fibre product W, x x W, = Spec k. Integralization involves
passing to a closed subscheme of Spec k. Thus either W™ = Specx or is the empty
scheme. We rule out the latter as we have assumed that the fs fibre product is non-
empty. In this case, W™ = Spec(Q — k), where

Q=Qi®p" Qs

and ®f"® denotes push-out in the category of fine monoids. This is constructed (see
[Ogl, I, Prop. 1.3.4] and its proof) as the fine submonoid of

coker § = QF° @ per Q57 = QFP

generated by the images of ()1 and (5.

As W is the saturation of Wt (1) now follows from Lemma

(2) is easy homological algebra: 0 — kerf — P& — Q5 & Q5 — coker(d) — 0
is a free resolution of coker(f), and Ext'(coker(#),Z) is isomorphic to the torsion part
of coker(f). However, this Ext group is calculated as the middle cohomology of the
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complex Q7 ® Q5 — P* — ker(6)*, and as the kernel of P* — ker(f)* is a saturated
sublattice of P*, the torsion part of coker(#*) agrees with Ext'(coker(6),Z). [ )

The following is a somewhat technically complicated criterion for non-emptiness for
Wy x% W,, which is tailored for our gluing needs.

Lemma 3.4. Let W;, X be as in Lemma and suppose also given log points W/, X'
over Spec k similarly with maps f] : W] — X'. Write Q}, P' for the corresponding
monoids, 0, : P — Q. for the induced maps. Suppose further given a commutative

diagram
(3.1) W, x <,
" l gL lm
W/ X/ /
— 7 2

Suppose that:

(1) Wy x%, W3 is non-empty.

(2) The projections QY X pv Q3 — QY have image intersecting the interior of QY .

(3) The maps ¢’ : P — P and g_]f 1 Qi — Q; are all injective, and the map induced
by 0,

(3.2) P/ ((P')%) = QF /g1 ((QD)*) @ Q5 /35((Q5)%)
15 injective.
Then Wy x& Wy is non-empty.

Proof. Given the hypotheses, we will construct a morphism Spec k" — Wy x& W, from
the standard log point. Recall that giving a morphism of log points g : Spec(Q —
k) — Spec(P — k) is equivalent to giving ¢’ : P x kX — @ x k¥ written as

g (p.t) = (7°(p), xg(p) - 1)

for 3 : P — @ a local homomorphism and Xg : P — k™ an arbitrary homomorphism.
Note also that 8 : P — () being a local homomorphism can be characterized dually by
the statement that 6*(QV) intersects the interior of PV.

First, let Q = (Q; ®% Q,)/tors. Note that @ would be the stalk of the ghost sheaf
of any point of Wy x& W, if this log scheme were non-empty. Then QY = QY xpv QY
([ACGSI], Proposition 6.3.5]), with a similar expression for (Q')".

Choose an element ¢ € Int(QY). Then necessarily the image ¢; of ¢ in Q) lies
in Int(Q)) by condition (2). Further, ¢; and ¢y have the same image in PY. Let
¢, = (32)%(q;). Necessarily ¢} € Int((Q})) as g’ : Q) — Q; is a local homomorphism.
Further, ¢; and ¢, have the same image in (P’)" because of commutativity of (3.1).
This gives an element ¢’ := (¢, ¢5) of (@) = (Q})" x(pryv (Q4)Y. In particular ¢ lies
in the interior of (Q')".
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Hence we obtain a commutative diagram

Q ——+N

P

Q/
with ¢, ¢’ local homomorphisms. Note that )’ is the stalk of the ghost sheaf at any point
of W{ x%, Wj. By condition (1) this latter log scheme is non-empty, and so there is a
morphism Spec k' — W] x&, W5 which induces the map ¢ : Q" — N on stalks of ghost
sheaves. Indeed, it is sufficient to construct a morphism Spec k! — Spec(Q' — k),
which is equivalent to giving a local homomorphism ¢ — N and a homomorphism
Q" — r*. We take the local homorphism @' — N to be given by ¢'.

The chosen morphism can also be viewed as arising in a commutative diagram

(3.3) Spec kT —— W}
Wi X'

At the level of ghost sheaves, this diagram is given by

/
N2 @,

CA] ]9’2

Q5P

and the morphisms Specx! — W/ are then determined by additional data of maps

2

Yl Q) — k*. Commutativity of (3.3 then comes down to the equality

(3:4) (W1001)  xg = (¥5005) - xp
in Hom(P’, k™).

We now wish to construct an analogous commutative diagram

(3.5) Spec kit —— W,

L

Wi X

given at the level of ghost sheaves by the commutative diagram

N<q_2Q2

Jo

Q<=,—7r

As all homomorphisms in this diagram are local, it is enough to construct analogously
Y; © Q; — Kk such that

(3.6) (Pr1o61) - xp = (Pa0b2) - Xy,



REMARKS ON GLUING PUNCTURED LOGARITHMIC MAPS 17
By commutativity of (3.1]), we have

(37) Xg * (Xfi o gb) = Xfl (ng‘ © 0;)
in Hom(P', k*).

Using the assumed injectivity of g/ of condition (3), we choose a lift 1; : Q% — k*
of x, ') - g/((Q)&P) — k*. As & is algebraically closed, this can always be done even
if g2((Q})#P) is not saturated in Q$°. Then for p € P’, we have, with the third line by
the definition of v; and ,

(i 0 0:) - x£,) (@ () = ©i(0:(5
kA
= [Yi(0i(p)) - xg,(
= [iBi(p)) - Xz ()] - xg(p) 7"

By (3.4), this is independent of 4.

Now consider

[(wl o 91) : Xfl] : [(w2 o 92) ’ sz]il € HOHI(ng, '%X)v

and note this homomorphism is the identity on g’((P’)#?) by the previous paragraph.
Thus it induces an element of Hom(P8/g’((P')gP), k*). As k is algebraically closed,

X

k* is a divisible group and hence by the injectivity of (3.2)), we obtain a surjective map

Hom(QF"/31((Q1)*), ) x Hom(Q5"/g5((Q4)™), 5*) — Hom(P® /g’ ((P')**), ™).

Thus we may find ¢; € Hom(Q® /g°((Q})%), x*) such that if we replace 1; with ;- ¢,
(3.6) holds. P

4. GLUING ONE CURVE

We give a first application of the material of the previous subsection. We consider
our standard gluing situation as in Notation [2.3]

Now assume given basic punctured maps f; : CY/W; — X of type 7; for 1 <i <,
with the W; = Spec(Q; — k) being logarithmic points, @); the basic monoid associated
to f;, and k algebraically closed. Suppose further that whenever E € E with vertices
v1, V2, With corresponding punctured points pg ., € Cj,), we have

(41) fi('ul)(pE,vl) = fi(vg)(pE,vg)a

i.e., the maps f; will glue schematically. We may then ask how many gluings exist
at the logarithmic level. More precisely, we would like to understand the scheme W
defined as follows:

Definition 4.1. The gluing f : C°/W — X of the punctured maps f; is defined by

W .=.4"X,71) Xz ' (X ,73) HVV“

i=1

and f: C°/W — X the pull-back of the universal map over .Z’(X,T) to W.
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In this situation, we introduce the following notation. For any punctured point pg,
of C7 indexed by a flag v € E € E, let Pg, be the stalk of My at fitw)(PEW). By
, we have Pg,, = Pg,, if v1, v, are the vertices of E, and write both as Pg. For
any irreducible component of C; with generic point 1 corresponding to a vertex v of
G;, write P, for the stalk of the ghost sheaf at f;(n).

For each i, we have a family of tropical maps h; : ['(G;, £;) — 3(X) defined over 7;.
If w, € T'(Gy, £;) is the cone corresponding to a vertex v € V(G;), then we obtain by
restriction a map

(4.2) evy t wy, — 2(X)
mapping into the cone P)p € X(X). Explicitly this is defined as the transpose of
Vi
Pv e Qia

where here (; is identified with Mg, 5. Hence at the level of groups we also obtain a
map
ev, : QFf = P;.

Definition 4.2. With the notation as above, choose an orientation on each edge E €
E(G) so that E has vertices vg, v}; and is oriented from vg to vl;,. We define the tropical

gluing map
v:Jorx [[z— I[P
i=1 ECE ECE
by
qj((Qla cee 7%")7 (EE')EEE) = (erE (Ql(UE)) + €Eu<E) - eVUjE <qz(v§3)))EeE
We define the tropical multiplicity of the gluing situation to be

p= (7, E) :=|(coker U)o

Remark 4.3. The map V is called the tropical gluing map for the following reason.
Suppose given s = ((qi), (EE)EeE(G)) € ker ¥ such that ¢; € Q) for each v and ¢ > 0
for each E. Then we may construct a tropical map hs : G — 3(X) as follows. First,
for each i, let G be the subgraph of G; obtained by removing legs of the form (E,v)
for E € E. Then G is naturally identified with a subgraph of G, and we may define
hsla: to agree with (h;)g,|c;. On the other hand, if we give each E' € E the length (g,
then s € ker ¥ guarantees we can extend hg across all edges F € E.

Thus it is reasonable to think of ker U as the integral tangent space to the family of
glued tropical curves.

Theorem 4.4. Suppose we are in the above situation. If the gluing W is non-empty,
then W has (7, E) connected components.

Proof. By Theorem [2.5, we have an fs Cartesian diagram

(4.3) W [T, W:

e

[lger X N [Ipce X x X
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Here

Wi = Wi X.///’(X,n) ,ZZT(X, Ti)
and

W =W Xu"(X,T) ,%AT(X, ’7').
A priori all fibre products are over B, but by the assumption , the composition of
fi with the structure map X — B are all constant with the same image, so we may
replace B by a suitable affine neighbourhood of this image and apply Proposition |2.6]
Thus we may replace B with Speck in the above discussion and thus assume that all
products in are defined over Speck.

By Proposition , the underlying schemes of W and W agree. Thus we need to
calculate the number of connected components of W, Further, by , for any edge
E € E with endpoints vy, v9, the evaluation maps fWJi(v) — X, fﬂz(v/) — X both factor
through the strict closed point fiw,)(PEw) = fiw)(PEw,). Thus we may replace, for
each edge I/ € E, the target X with the corresponding log point, and hence obtain an
fs Cartesian diagram

(4.4) W 1, W,

l evy,

HEeE Spec(Pr — k) — HEeE Spec(Pg — k)?

Further, by Lemma ﬁ, we may replace W by its reduction without changing the
number of connected components of W, Again by Proposition , the reduction of
the underlying scheme of W; agrees with the underlying scheme of W; (being a point).
Thus now W is a fibre product of log points.

Note that for L; = (E,v) € L;, Wi Xow(x,7) E)ﬁ’Lj (X, T;) has ghost sheaf QiLj C
Q; ® Z, with an equality on the level of groups, and with the induced evaluation map
fiopp,: Wi — X yielding a map at the tropical level of

((fiopa))" (@) = Py
taking the value on (s,7) € (QF)Y C QY @ Z given by
evy(s) +ru(Ly).
Further, from the fibre product description ({2.5) we see that
My cQe P z
(Ew)eL(Gi)
again with an equality on groups.

Of course A induces a map P — Pj x Pj given by the diagonal. Putting this
together, the homorphism 6% of Lemma then takes the form

(4.5) ef:Hngf[Q;fx IIz- ][ P
E =1

veEeE vEEEE

given by

0" ((np)per@c): (si)i<i<r, (LEw)veper) = (eVu(Siw)) + Ce u(E,v) — Np)vepen-
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If W is non-empty, then by Lemma the number of its connected components is the
order of the torsion part of coker 6*. We next compare this with the order of the torsion
part of coker W.

We have a diagram
(4.6)

* o * * v *
HEGEZ X HEeE Pp —— HEeE Pg % Hz QF X HveEeEZ - Hz QF X l_IEeEZ

! / !

[gee P [leer i [gee P
coker ¢ coker ¥

1R

Here 7 is the surjective map given by

7((lg) ek, (nE)EcE) = ((pu(E,vE) — ng)pep-

Here we use the chosen vertices vg, v} of Definition . Further, o, 8 are injections
defined by

a((lg)pek, (ng)peg) = ((nE)EeE, (0)1<i<r, ((=1)%elg)epen),

5((”E>E6E) = ((nE)veEeE> .

while v and ¢ are surjections defined by

Y((n5)pe, (si)i<i<r (Cp)verer) = ((si)1<i<r, (p.os + (B0 ) BeR).
5((nE,v)v€EEE) = (nEﬂJE - nEv”}«;)EeE'

Finally, ¥ is the tropical gluing map of Definition One checks that the diagram
is commutative with the top two rows exact, and hence the snake lemma implies that
coker 6! = coker W, giving the result. 'y

Example 4.5. It is very important to note that the gluing parameter space W need
not be reduced, something which is quite different from gluing ordinary stable maps.
This arises via saturation in the fs fibre product. For example, consider a target space
X with ¥(X) = R, and a gluing situation where 7 is a graph with two vertices,
vy and v, and two edges, E; and FEj, each connecting v; with vy. We split at the
two edges, getting types 71, 7o. We assume u(Ey,v1) = —u(F,v2) = (—wq,w;) and
u(FEs,v1) = —u(Fs,v9) = (—ws, wy) with ged(wy, wy) = 1 and wy; < wy. Finally, we
assume o (v;) = Rsg x 0 and o(vs) = 0 X Rxy.

A slightly tedious calculation shows that W = Speck[t]/(t“*) in this case. Morally,
one can think of this as follows. If the glued curve smooths, there are smoothing
parameters uq,us for the two nodes, in the sense that the local structure at each

Y1 is then forced

node is of the form zy = wu; or zy = uy. The relation uy? = u;
by the logarithmic geometry of the situation. Saturation normalizes this curve, and
the inverse image of the point with ideal (u;,us) under this normalization is the non-
reduced gluing.
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Remark 4.6. Suppose instead we are given a gluing situation of maps to X equipped
with evaluation maps at the punctured points, i.e., the maps are determined by mor-
phisms W; — V(L) (X ;) rather than W; — .#Z'(X,T;), still with W, = Speck.
In other words, we are given pre-stable punctured maps f, : C5/W, — X along with
compatible morphisms W, — X for each punctured point pg,. We assume further, as
before, that the images of pg ., Pr v, under these maps to X agree for each edge F.
Then similarly, the number of connected components of the glued space W is u(r, E).
Indeed, the gluing is controlled by precisely the same Cartesian diagram as in the
situation of Theorem [4.4

Note that Theorem says nothing about whether W is non-empty. Here is one
often useful criterion:

Definition 4.7. We say a gluing situation is tropically transverse if the map ¥ of
Definition [£.2] has finite cokernel.

Theorem 4.8. In the situation of Theorem[{.4, W is non-empty if the gluing situation
is tropically transverse.

Proof. We apply the non-emptiness criterion of Lemma to the product of . In
that lemma, we take W/ = X’ = Speck so that the first condition of the lemma is
trivially satisfied, and the third condition is equivalent to the injectivity of the map 6
whose transpose 6" is given in ([£.5). However, 6" having a finite cokernel implies 6 is
injective, and implies coker 0§ = coker ¥, and hence tropical transversality implies

the third condition. Finally, 7 realizable implies the second condition. [

5. GLUING MODULI SPACES

5.1. The general situation. We continue with a standard gluing situation for X/B,
as in Notation 2.3

Theorem 5.1. There is a diagram

/

M (X/B,T) MM X/ B, T)

eev l gsch L Lé
)

mev(L) (X/B, 7_) . mtsch,ev(L) (X/B, 7_) v ngl mev(
HEeE XG(E) A HveEEE XU’(E)

with all squares Cartesian in all categories, defining the moduli spaces M X/B,T)
and ML) (X /B, 7). Further, ¢ is a finite morphism.

r
o
~
i
3

Proof. We define the morphism [[_, MVE)(X /B, 7)) = [[,cper X, (p) as follows.
For flag v € E' € E, consider the composition

[[one®(x/B, ;) — M T (X /B, 7)) = M(X /B, ) xppe [[X = X

i=1
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where the first arrow is projection and the second is further projection onto the factor
X indexed by the leg (E,v) € L;. Necessarily, this morphism factors through X by
the definition of a 7;-marked curve, see [ACGS2], Def. 3.7,(1)]. This gives a morphism

V(g Himev(Li)(X/Ba 7i) = Xo(m)s
=1

and we define

&= H N (Ew)-

veEEE

The morphism A is the product of diagonals. It is then clear that the Cartesian
diagram of Theorem factors as stated, as 9MMYW)(X' /B, 1) captures those curves
which glue schematically. Further, ¢ is a finite and representable morphism as 1 =
A’ o ¢ is finite and representable by Theorem [2.7] [

Remark 5.2. As stated, this is not a significant improvement over Theorem [2.7} it
merely separates the gluing into two steps, the first step being schematic gluing and
the second step taking into account only the gluing at the logarithmic level.

For the first step, we are in luck if (1) A is lci, so that the Gysin pull-back A' exists,
and (2) ev is flat, so that A' and (A’)' induce the same map

Al = (AN A, (H //(X/B,TD) — A, (M*"(X/B,T)).

In any event, each MM (X /B, 7;) is pure-dimensional by [ACGS2, Prop. 3.28], so
each .4 (X/B,T;) carries a virtual fundamental class. Further, the pull-back of the
relative obstruction theory for £ (the product over i of the relative obstruction theories
for .4 (X/B,T;) — ML) (X /B, 7;)) yields a relative obstruction theory for egq,. If ev
is flat, then 90V (X' /B, 1) is also pure-dimensional, yielding a virtual fundamental
class [A*M(X/B, )" and if A is Ici, we have

(5.1) LN X/ B, )" = A (H[,//(X/B,Ti)]vm> .
i

Note that A is lci if and only if the strata X, ) are non-singular. However, a deepest
stratum of X is always non-singular, as is a stratum of dimension one more than a
deepest stratum of X. If instead the log structure on X arises from an snc divisor, all
strata are non-singular.

On the other hand, flatness of ev is only automatic when the strata X, (g) are always
deepest strata. Otherwise, more care needs to be taken. Again, when the gluing strata

are non-singular, there is a tropical characterization of flatness.

Theorem 5.3. Let 7 = (G,g,0,u) be a realizable type of punctured map over B,
L C L(G) a subset of legs, and let

ev: M(X/B,7) — Hia(m

LeL
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be the schematic evaulation map at the punctured points indexed by L. Suppose the
strata X 5y for L € L are non-singular. Then ev is flat if and only if, for every real-
izable type 7' = (G', g, o', W) with a contraction morphism ¢ : 7" — T, the inequality

dim 7" > dim T + Z(dim o'(L) —dimo(L))

LeL

holds.

Proof. Since MV E)(X /B, 1) is equi-dimensional (see [ACGS2, Prop. 3.28]), if ev is
flat then all stack-theoretic fibres ev™!(Z) of ev are equi-dimensional with dimension
independent of the choice of a geometric point # — [, X o(1)- Conversely, it follows
from [ACGS2, Thm. 3.24] that MM(X /B, 1) is idealized log smooth over Speck (as
M(G, g) x B appearing in that theorem is idealized log smooth over Speck). However,
from the specific description of the idealized structure on IMM(X/B,7) in [ACGS2,
Prop. 3.23], it follows from [ACGS2, Prop. B.4] that (X /B, 7) smooth locally is a
stratum of a toric variety, and hence in particular smooth locally is toric, hence Cohen-
Macaulay. Thus, by [Ma89, Thm. 23.1], if the fibres of ev are all equi-dimensional of
dimension dim 9(X' /B, 7)—dim [ [ ¢y, X (1), then ev is flat. Thus the question reduces
to calculating the fibre dimension.

Note that because we assumed 7 was realisable over B, (X' /B, T) contains a dense

open stratum consisting of punctured maps to X of type 7. Further, we have by
[ACGS2, Prop. 3.28] that

dim9M(X/B,7) = 3|g| — 3+ |L(G)| — dim 7 + ép

where

0 B = Speck
(53 =
1 B = Speck!

and [g| = b1(G) + Zvev(c) g(v).
Let 7 be a geometric point of the open stratum of [], . X,y Note this open
stratum is isomorphic, as an algebraic stack, to is BG" where

N = —dim H&U(L) = Z(dima’(L) —0B),

LeL LeL

and the dimension of the fibre of ev over z is then

(5.2) dim9M(X/B,7)+ N =3|g|—3+|L(G)|—dim7+05+ >  (dimo(L)—dp).

Leo(L)

Thus we need to show all fibres, when non-empty, have this dimension. So now choose
some other geometric point ¥ = (T1) — [[peg Xo(r), and suppose zp lies in the
stratum of X" indexed by a cone o;. Let 7/ be a type of punctured map which appears
in ev™!(7), so that there is a contraction map ¢ : 7/ — 7. Note that o = o’'(L) for
L € L. Then the dimension of the stratum of the fibre over x with of punctured maps
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with this type is similarly calculated as
3lg'| =3+ |L(G")| —dim 7' + 6 + Z (dimoy, — dp)
Leo(L)

=3lg| =3+ |L(G)| — dim7 + 65+ Y _ (dimo'(L) — dp).

Leo(L)

(5.3)

Now since fibre dimension is upper semi-continuous, it is sufficient to show that the
quantity of (5.2) is greater than or equal to the quantity of (.3). But this is the
inequality of the theorem. 'y

Remark 5.4. The criterion of Theorem [5.3| may seem imposing to check as it in theory
involves an arbitrary number of type 7/. But we may always replace (X' /B, 7) with an
open subset obtained by deleting those strata with type 7’ (equipped with a contraction
7" — 7) such that there does not exist a punctured map in .# (X/B, ) of type 7" such
that the induced contraction map 7”7 — 7 factors through 7/ — 7. Thus for any
application, it is sufficient to restrict attention to tropical types which are contractions
of types which actually occur.

The next step is to understand ¢. In general, we don’t yet know how to say much
about it, save for the next theorem, which gives us the degree of ¢ onto its image. When
the image is a proper closed substack, this tells us there are logarithmic obstructions
to gluing, and it is still not understood how to deal with these obstructions in general.
However, in the tropically transverse case, ¢ is surjective.

Theorem 5.5. The degree of ¢ onto its image is the tropical multiplicity (7, E) defined
in Definition[{.9 If the gluing situation is tropically transverse and ev is flat, then ¢
is dominant.

Proof. We note that as 7 is realisable, V™) (X' / B, 7) has a non-empty dense open stra-
tum U, whose geometric points are precisely those geometric points corresponding to a
punctured map whose tropicalization is a family of tropical maps of type 7. Similarly,
eVl (X /B, 7;) has a non-empty dense stratum U;, with each geometric point in this
stratum corresponding to a punctured map whose tropicalization is a family of curves
of type 7;. Certainly then A'og(U) C [], U;. Further, (¢oA)"(T]; U;) = U as the type
of punctured map obtained by gluing together punctured maps of type 7; is necessarily
7. It is thus sufficient to determine the degree of ¢|y onto its image in (A")"Y([], U;).
To this end, pick a strict geometric point W’ — 9hevLi) (X /B, 1) in the image of
¢|ly. Because A’ is strict, we can decompose W’ = [[, W, as a product over B, with
W; — Mm@ (X /B, 7;) strict geometric points. Thus we may view this as a situation
of . In particular, the corresponding gluing is W’ X, ovev () (x/B,7,) ey (x /B, 7).
By Lemma and [ACGS2| Prop. 3.31], the reduction of this gluing agrees with the
reduction of

W/ XHz mev(Li)(Xﬂ_i) meV(LZ)<X7 T) = W/ Xmsch,ev(L)(X/Bﬂ-) mev(L) (X/B, T)

By Remark this fibre product has p(7, E) connected components. Since this num-
ber is independent of the choice of geometric point in the image of ¢|y and MY (X' /B, 1)
is reduced, it follows this fibre must be always reduced. This shows the degree.
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If ev is flat, then so is ev’, and hence every irreducible component of M*V(L)(X /B, 1)
dominates [[pcp Xy The domination of ¢ then similarly follows from Theorem

o

5.2. Gluing from rigid tropical curves. One of the standard situations for gluing is
the degeneration situation studied in [ACGSI]. Here, one considers a base B a smooth
curve or spectrum of a DVR, with log structure the divisorial log structure induced by
a closed point by € B. As usual, we assume X — B is projective and log smooth. We
denote by X the fibre over by, and we view by with its induced log structure, i.e., by is
a standard log point.

In this case, the morphism X — B tropicalizes to a morphism § : X(X) — 3(B) =
Rso. This gives rise to a polyhedral cell complex A(X) = §~!(1). Given a class 3
of log curve for X/B, we have the logarithmic decomposition formula, see [ACGSI],
Thm. 1.2]:

[t (Xo/bo, )™ =Y ﬁ%[mxo/bo,rnm.
)

=(1,A

Here 7 runs over isomorphism classes of decorated rigid tropical types. These are
realisable tropical types 7 such that the moduli space of tropical maps of type T
is one-dimensional, with a unique member of this one-dimensional family factoring
through A(X), hence the term rigid. The quantity m, € N is the smallest integer
such that scaling A(X) by m, leads to a tropical map with integral vertices and edge
lengths; put another way,

m, = | coker(N; — Nxp) = Z)|.

We now explore how Theorem may be applied in this situation. Unfortunately,
the morphisms ¢, ¢’ of Theorem need not be surjective, but here we determine the
length of the inverse image of a point in the image of ¢.

We first introduce the following notation. For each o € ¥(X), the morphism 9 :
Y(X) — ¥(B) induces homomorphisms 6, : N, — Z, and we define N, to be the
kernel of this homomorphism. Provided §|, surjects onto ¥(B) = R, this kernel can

be identified with the space of integral tangent vectors of the corresponding polyhedron
in A(X).

Definition 5.6. Let 7 be a type of rigid tropical curve in A(X). Define

|
S,
=
Q
®
S,
N
1
S,
=
S
S

to be the homomorphism
((n0)veviay (le)Ber@)) = (v + (pu(E) — n”};)EEE(G)

where for each £ € E(G), we orient E from a vertex vg to a vertex v to determine
the sign of u(£), which necessarily lies in Nc,( g). We define the tropical multiplicity of
T to be

p(T) := | (coker W)os|.
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Theorem 5.7. Let X — B be as above. Fix a rigid tropical type T = (G, o,u), and
let {T,|v € V(G)} be the decorated tropical types obtained by splitting T at all edges.
This gives a standard gluing situation, and hence a diagram as in Theorem [5.1. With
notation as in that theorem, ¢ is degree u(7)/m. onto its image.

Proof. By Theorem [5.5 it is sufficient to compare the multiplicity |coker(V)ios| as
defined in Deﬁnition and the multiplicity | coker(¥);,s|. Note that as each split
type 7, consists of a single vertex with a number of adjacent edges, the only moduli of
tropical maps of type 7, is given by the location of v in o (v). Thus one sees that the
basic monoid associated to the type 7, is

(54) Qv: o(v)-
Thus @ = Pj,) = No( and Pj = Ny () in Definition . The map V¥ of that

v
definition now becomes

U No(w) ® @ 7 — @ Neo(E),
veV(G) EcE(G) E€E(G)

and the degree of ¢ onto its image is |(coker ¥)ops].
We now have a commutative diagram of exact sequences

*

Here the two maps labelled d, are induced by 4, : Ny — Z and 6, : No(g) — Z for
each vertex v and edge E. The map WV is as defined in Definition . The map 0 is
defined by

a((”v)vev(G)) = (nvE - n”/*E)EEE(G)'

In particular, 0 : [[, Z — [[; Z is the complex calculating the simplicial cohomology of
G, and thus ker @ = H°(G,Z) = 7Z, as G is assumed connected. Note ker 9 is generated
by (1)pev(c).- Also cokerd = H'(G,Z) = Z"@. Thus the snake lemma gives a long
exact sequence

0 —ker ¥ — ker U — H°(G,Z) — coker W — coker ¥ — H*(G,Z) — 0.

Note that ker ¥ and ker U can be interpreted as the space of integral tangent vec-
tors to the moduli space of maps of type 7 in A(X) and 3(X) respectively. By the
assumption of rigidity of 7, we thus have ker W = 0 and ker ¥ = Z. Further, the map
Z > ker ¥ — H°(G,Z) = Z is multiplication by m, by definition of the latter number.
This gives an exact sequence

0 — Z/m.Z — coker U — coker ¥ — H'(G,7Z) — 0.

Since H'(G,Z) is torsion-free and Z/m,Z is torsion, we easily obtain a short exact
sequence
0 — Z/m,Z — (coker W) — (coker ¥)ors — 0.
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This shows that the multiplicity u(7, E) defined in Definition 4.2 agrees with u(7)/m.,
and the result follows. '

Again, we get better behaviour in the tropically transverse case, where now we have
a slightly weaker definition for tropical transversality.

Definition 5.8. Let 7 be the combinatorial type of a rigid tropical curve in A(X).
We say that 7 is tropically transverse if the image of the map ¥ of Definition has
finite index.

Theorem 5.9. In the situation of Theorem suppose that the rigid decorated type
T is tropically transverse, ev is flat, and the central fibre X, is reduced. Then ¢ is
a finite dominant morphism of degree ju(r)/m,. Further, suppose that each X, is
non-singular (so that A is an lci morphism and the Gysin map A" exists). Then

LA (Koo, ) = DA T ot (X

m
T veV(G)

Proof. The statement concerning the degree of ¢ follows from Theorem provided
that we know ¢ is dominant. To show this, we follow the argument of Theorem
and modify the argument of Theorem [£.4] In particular, we may assume given a
strict geometric point W’/ — 95NeV(X, /by, 7), with an induced decomposition with
W' = 1[,W, and W,, — IV (X, /by, 7,) strict geometric points with image in the
dense open strata of the latter moduli spaces. We need to show that the gluing
W' X gpsehev (x5 /0,7) MY (Xo/bo, 7) is non-empty for general choice of strict morphism
W' — e (X /by, 7) from a log point. To show this non-emptiness, we return to
the setup and notation of the proof of Theorems [£.4] and use the non-emptiness crite-
rion of Lemma [3.4] applied to the commutative diagram obtained from the fact that
all spaces involved are defined over by{]

(5.5) HEeE(G> Xog)y — [lvepenc) Xor) = loeviey Wo
HEeE(G) bo HveEeE(G) bp ~—— HUGV(G) bo

Now []z bo X1, e bo [ L, bo is easily seen to be non-empty: indeed, there is a morphism
from by to this fibre product induced by the diagonal morphisms by — [[zbo and
bo — [, bo. (In fact, the induced morphism is an isomorphism, so the fibre product is
by, but we don’t need this.) This gives condition (1) of the hypotheses of Lemma |3.4]

Condition (2) follows from realizability the tropical type 7. Indeed, at the level of
dual of monoids, the fibre product involving the top row of gives a Cartesian

4We note here we work with fibre products over Speck rather than B = by, as we did in Theorem
[4:4] Here we apply Proposition [2.6] to see that we may just as well work with the moduli spaces over
Speck.
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diagram of monoids

HUEV(G) QT\J/
3(ev) L

QV\/

HEeE(G) P;/(E) m HveEeE(G) PCY(E)

Here @U is the stalk of the ghost sheaf of WU, with CNQU CQ,d @veEeE(G) Z.. Recall

(5.4) that Q, = Py(,). We need to show that the image of Q" in [1e P)g or I, QY
intersects the interior of that monoid.
First we describe X(A) and X(ev). Indeed, X(A) is just the diagonal, while

2<€V) ((nv>v€V(G)7 (KU,E)UEEEE(G)) = (nv + gv,Euv<E))v6EEE(G)

where u,(F) is the contact order of the leg (v, E) of G,. Thus the above fibre product

diagram allows us to view @V as a submonoid of || @) @X consisting of those tuples

(US)

((Tlv)vev(g), (€U7E)U€E€E(G)) such that, for every edge F € E(G) with vertices vy, vy, we
have

(56) Ny + &,hEuv1 (E) = Ny + Ev%Euw (E)

We may then interpret a point s € CNQV as giving the data of:

(1) The choice of a tropical map hs : G — X(X) of type 7. This tropical map is
determined by h,(v) = n, € P}, and the condition then guarantees that
the edge F is still mapped to an edge in o (F) with tangent vector u(FE).

(2) For each edge F € E(G), a choice of decomposition of the length of E as a
sum £y, g + £y, p. This is given by (5.6): since u,,(E) = —u,,(E), (5.6) can be
rewritten as 1y, — Ny, = (boy. 8 + oy 5) Uy, (E), and thus lg =0, g + ly, 5.

However, since 7 is a type of rigid curve, there is a unique tropical curve hy : I' — (X))
of type 7, up to scaling. By scaling this curve sufficiently so it is integrally defined and
all edge lengths are at least 2, we may also choose non-trivial integral decompositions
of the edge lengths. This yields an interior point of @V, which necessarily maps to the
interior of [], QY and to an interior point of [ & Lo)- This shows condition (2) of
Lemma [3.4]

Abusing notation, we denote by ¢ the generator of the ghost sheaf N of by, and also
denote by 4 its image in any of the monoids P, (g) under the structure map Xy — by.
Note this is largely compatible with our previous use of the notation § : ¥(X) — X(B).
To verify condition (3) of the lemma, using the above description of the monoids
involved in the fibre product, we need to show injectivity of

@ P2, |75 — @ P2, 75| x EB P2 78 x @ 7
)

veEE€EE(G) E€E(G) veV(Q) veEEEE(G

Because of the hypothesis that the central fibre X is reduced, all groups Pfl() ) /7.6 are
torsion-free, and hence injectivity is equivalent to the transpose map having finite cok-
ernel. However, we have a variant of diagram (4.6)) given by replacing each Ny (g), No(v)
with NU( E),Na(w which shows that the cokernel of the transpose of the above map
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is finite if and only if the cokernel of ¥ is finite, which is the tropically transverse
condition.

For the last statement, the extra condition implies A is lci, hence A' makes sense.
By flatness of ev, the Gysin pull-backs A' and (A’)" agree. The result then follows from
Theorem and properties of virtual pull-backs [Mal2, Thm. 4.1]. [

6. PUNCTURED VERSUS RELATIVE

In a gluing situation arising from a degeneration situation X — B as reviewed in
§5.2] one has the moduli spaces .# (X, T,), classifying punctured maps marked by 7.
In particular, such maps will factor through a stratum Xg(,), with its induced log
structure. On the other hand, X,(,) comes with a divisorial log structure induced by
0X5) € Xg(v), the union of lower dimensional strata of X contained in Xg (). We
write this different log scheme as ya(v). It is then natural to compare .Z (X, T,) with
a moduli space of stable log maps to Ya(v). In general, this still a non-trivial question,
and is likely related to double ramification cycles. Here, however, we deal with a special
case where X, is an irreducible component of X, .

To set this up, let 0 € X(X) be a non-zero cone, corresponding to a stratum X,,
and assume X, C X, . If dimo = 1, then X, is an irreducible component of Xj,. As
above, we have the log scheme X, and there is a canonical morphism of log schemes

¢:XU—>YU

induced by the natural inclusion Mx C My, = M x|x,- Indeed, smooth locally at
a geometric point 7 € X, X is given as Speck[P] for P = M ;, and the monoid P
has a codimension dimo face F' C P such that X, is smooth locally Speck[F]| and
F = MYU@‘ The log structure on X, at z is given by a neat chart P — Ox,_, and
the log structure on X, is given by restricting this chart to F. Hence we obtain the
inclusion of log structures.

Note the inclusion of faces F' C P dualizes to a generization Py — Fy = (P +
Ro)/Ro. Thus yields a description of the induced map of cone complexes

() B(X,) = B(X,)
at the level of cones of ¥(X,). In particular, a type 7 = (G, g, o, u) for tropical map

to ¥(X,) induces a type T = (G, g, 0,u) for tropical map to ¥(X,). Indeed, G will
coincide with GG, except for some legs of G which correspond to punctured points, i.e.,
are line segments, will be replaced by rays, corresponding to marked points. Of course
g = g. For v € V(G), we may take a(v) to be the minimal cone of ¥(X,) containing
Y(¢)(o(v)). For an edge E of G, we define u(E) = (V). (u(E)).

We remark that the strict inclusion X, < X induces a map 3(X,) — X(X). Even
though X is assumed to be Zariski, this need not be an inclusion of cone complexes.
For example, if X; is a union of two P!’s meeting at two points and X, is one of these
PV’s, we have 3(X) a union of two quadrants glued along their boundary, but %(X,)
consists of two quadrants glued together along one boundary ray. However, the map
1X(X,)| = |X(X)| will always be injective in a neighbourhood of o.

Now suppose given a type 7 of punctured maps to X/B, with underlying graph
G having precisely one vertex v and adjacent legs Lq,...,L,. Suppose further that
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o(v) = 0. Then 7 may also be viewed as a type of punctured map to X, /B, and thus
we also obtain a type 7 of punctured map to X,. However, in fact all contact orders
are positive. Indeed, because o (v) = o, any L; must have contact order u(L;) lying in
the tangent wedge of o (L;) along the face o of o(L;). Hence the image of u(L;) in the
tangent space to (o(L;) + Ro)/Ro in fact lies in this cone. Therefore we may view the
type T as a type of logarithmic map to X,.

In addition, in this situation, we have a commutative diagram

(6.1) M(X)B,T) —— M(X,,T)
M(X/B,T) M(X,,7)

where X, is defined in the same way as X,. While the vertical arrows are the standard
ones, the horizontal ones are as follows. By the definition of a 7-marked curve, we
have #(X/B,T) = #(X,/B,T), i.e., any T-marked curve factors through X,, by
[ACGS2, Def. 3.7,(1)]. Given a stable punctured map f : C°/W — X, we have
Yo f:C°/W — X,. In general, this is neither a pre-stable nor basic log map, but we
may pre-stabilize by [ACGS2] Prop. 2.4] and replace with a basic log map by [ACGS2,
Prop. 2.40]E| This gives the upper horizontal arrow, and a similar discussion gives the
lower horizontal arrow.

Theorem 6.1. Let X — B, T, 0 be as in the above discussion, and supporse further
that dimo = 1. Then the horizontal arrows of the diagram are isomorphisms at
the level of underlying stacks (but not at the level of logarithmic stacks). Furthermore
these isomorphisms induce an isomorphism of obstruction theories.

Proof. We work with the top horizontal arrow of , as the Artin fan case is identical.
We need to construct the inverse map. Explicitly, given a basic 7-marked stable log
map f : C/W — X,, we need to construct a stable punctured 7-marked map f :
C/W — X,. The maps f, f will be the same on schemes, but we need to modify the
log structures on W, C.

To this end, let @, be the stalk of the ghost sheaf at a geometric point w € W, so

that 75 = QZJ,R parametrizes a universal family of tropical maps h : I'(Gg, ) — S(X,),
inducing for each s € 7 a tropical map hy : Gg — Y(X,).

For r € Rsq, write A, := §~!(r), where § : 3(X,) — X(B) is the tropicalization of
X, — B. Of course A; agrees with the underlying topological space of A(X,). Now
note that we may restrict the map ¥(v)) to A, to obtain an inclusion of topological
spaces A, — |X(X,)|. Indeed, it is sufficient to check that for each w € X(X,), X(¢)
induces an inclusion on w, := w N § !(r). But this follows immediately from the fact
that X(v)|, is given by localizing along the ray ¢ C w and ¢|, surjects onto X(B). We
thus view A, in this way as a subspace of ¥(X,).

One also easily sees that the spaces A, exhaust |X(X,)|, i.e., for y € [2(X,)]|, there

exists an rg > 0 such that y € A, for all r > ry.

5Note that once we pre-stabilize, all punctured points become marked as all contact orders in u are
positive. Hence we could just as well apply the earlier [GS4, Prop. 1.24].
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Let G’ be the subgraph of Gy obtained by deleting all legs of G. We define a
function a : 7z — R>¢ by

a(s) i= inf{r € Rsg | hs(G%) C A}
The set on the right-hand side is non-empty, and hence this makes sense.
Claim. « is an upper convex piecewise linear function on 7; with rational slopes.

Proof. Suppose w € Y(X,), necessarily containing o. Let F' ..., F? C w be the
codimension one faces of w not containing o with §|p: surjective. Let G = §~(0) Nw.
Necessarily G does not contain 0. We then have the Minkowski decomposition

w, = Conv{F}, ..., F’ 0,} + G

where Conv denotes convex hull.
Let ngi € wY be a rational generator of the dual one-dimensional face to F*. Since
o ¢ F', npi is positive on o\ {0}. So we can normalize np: so that ny:|, agrees with
|, by rescaling by a rational number. Thus § — ng: vanishes on ¢ and hence descends
to a linear function on @ = (w + Ro)/Ro. Further, § — ny: takes the value r on F'.
We now show that

(6.2) YW)(wy) ={m e w| (0 —ngi,m) <r,1<i<p}

To see the forward inclusion, we may write an element w of w, as

p

Zaifi + apt15+ g

i=1

with f; € !, s € 0,, S04 a; =1, a; > 0, and g € G. Then

bS]

(0 —npi)(w) = Z = (npi,g) <71
i=1

Conversely, if m lies in the right-hand side of , choose a lift m’ of m to w. Write
o1 = {s}, and set m"” = m/ + s(r — 6(m’)). Then m” is another lift of m to w®, but
may not lie in w. However, §(m”) = r, and we would like to show m” € w. First,
(0 —npi,m") = (0 — npi,m) < r, so (npi,m”y > dm")—r =0. f HC wisa
codimension one face of w containing o, and ny is a generator of the dual ray, then
(ng,m"”) = (ng,m’) > 0. Finally, if G is a codimension one face of w, then J is a
generator of the dual ray, 6(m”) = r > 0. Thus we see that m” is positive on all
generators of rays of w", and hence lies in w, hence in w,. So m lies in 3 (¢)(w;).

Now for each vertex v € V(Gg), we have the evaluation map ev, : 7 — o(v)
at v given by ([£.2). Note that hy(G%) C A, if and only if hy(v) € L(¥)(a(v),) for
all v € V(Gy), where o(v) is the cone of ¥(X,) mapping to &(v) under ¥(¢). In
particular, for a given v, hy(v) € X(¢)(a(v),) if and only if (§ — ny g, ev,(s)) < r
for n, s, running over the set of normal vectors to codimension one faces of o (v) not
containing o or contained in §~!(0) as above. Thus « is given as

a(s) = sup{(d — ny,r, evy(s))},
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with the supremum running over all v € V(Gy) and normal vectors n, f,, i.e., a agrees
with the supremum of the linear functionals ev}(d — n, ). This makes o piecewise
linear and (upper) convex. [ )

We may now define
To :=1{(s,7) € Ta X Rso |17 > a(s)}.

This is a rational polyhedral cone by the claim. From construction, 7; parameterizes
lifts of the tropical maps hy to 3(X,). Indeed, if (s,7) € 74, hs maps G’ into A,, which
we now view as a subset of |2(X,)|. We may then extend this map as far as possible
along each leg L; to define a domain graph Gy, which coincides with G except that
the legs may be replaced with line segments. We then get hg, : Gz — 3(X,). In
particular, a leg L; turns into a punctured leg, i.e., a line segment, if only a portion of
hs(L;) is contained in A,.

Note here we may now view 74 as type of tropical map to X(X,), with o defined in
the obvious way from & and u(FE) a tangent vector of o(E); mapping under ¥(v). to
u(E). In particular, we obtain a universal family of tropical maps of type 74,

(6.3) hg : T(G,0) — 3(X,).
We then have the corresponding basic monoid
Qo =7y N(NZ B ZL).
Note that
Qs €S N; ©N

since (0,1) € 7. The monoid Q5 will be the basic monoid for the point w for punctured
log maps to X,. Note the projection 75 — 75 dualizes to an inclusion @, < Qg which
identifies Q, with the facet {(¢,0) € Qz} of Qg.

It is easy to check that if w’ is a generization of w, the above construction of @z
is compatible with generization maps, i.e., the generization map Q, — Q. induces a
generization map gy — @z . Indeed, dually, we have an inclusion of faces 7, C 7,,
and o @ T, = Ryq restricts to the corresponding map for 7,,. Hence we obtain an
inclusion of faces 75 C 75. From this, we see that the monoids () for various w define
a fine subsheaf My, of My @ N containing My @ N.

Let WT =W X by, so that M+ = ﬂw @ N, and set

M . gp
My = My g, M.

We may then define a structure morphism ay : My — Oy by taking oy = oy on
My @ 0 C My and ayy taking the value 0 on My, ~\ (Myr @ 0). Thus we obtain an
fs log scheme W.

We have morphisms W — W' — W by construction, and the log smooth curve
C — W pulls back to give Ct — Wt and C — W. Note further f : C — X, induces a
morphism fT: CT — X, x by defined over by. We wish to define a punctured structure
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C° on C yielding a commutative diagram

co—1 . x.

L

OT ﬁyo— X bg
ft

As MEP. = MGy, so that Mg = MZ, and MY = Mi? by’ f” and Wb agree at

the level of groups, and it is sufficient to construct a pre-stable punctured log structure
C° on C so that

(6.4) 7Y (My,) € Mee.

Note that the saturation of Mce over w € W, as well as the map Wb LTI My, —
Mscaf , are completely determined locally near w by the data of the tropical family of
maps hg of . Thus we only need to consider the punctured points.

So let p € Cy be a marked point corresponding to a leg L of Gy (or the corresponding
leg of G3). We have the monoids Pg 1 (resp. Py (1)) which are the stalks of My (resp.
Myx,) at the generic point of the strata of X, (resp. X,) corresponding to (L) (resp.
o(L)). Then ?(—,( 1) is a codimension one face of P,(r), and we have a commutative
diagram with horizontal arrows induced by f, fT and the family of tropical maps
parameterized by 74:

Ll

o) BN ——= Mpi, = (Qy ®N) @ N

|

MC‘O,p g Qﬁ) S Z

Po(r)

Here the inclusion PU( 1)®N — P, (1) identifies Py (r) with a submonoid of ng L)@N with
the facet P 1) of Py(r) identified w1th P 1)®0. To obtain a pre-stable puncturing, we
take the stalk of the ghost sheaf of Mo at p to be the submonoid of Q)5 P Z generated
by Qs © N and the image of Py () under Wb. We just need to make sure that this
defines a puncturing by showing that if (1, ms) € Mce \ M is in the image of Pyr)
and m, is a lift of m; to a local section of My, then ay (m;) = 0.

Let ¢ : F&(L) ®N — Q4 @ N be the composition of Wb with the projection to
Qo ®N. By construction, ¢y, preserves the second component, i.e., ¢ (p,7) = (¢, r) for
some ¢. Also by construction, ¢ coincides with the similarly defined map on groups
ng y = MCO coming from fb and % (Py 1)\ Py ) C Qu~ Q. Suppose (mq,ms)
is 1n the image of Py(z) and my < 0. Then m; = ©%(ny) for some ny € PJ(L) As
u(L) is p081t1ve on P (L), p being a marked point on C, we see n; € P (L) Ps &(L)s
and hence ¢5°(7;) € Qu \ Q5. Hence, by definition of the structure map ayy, we have
aw(my) = 0, as desired.
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It is easy to check that the morphisms constructed between .# (X, /B, T) and 4 (X ,,T)

are inverse to each other, and hence isomorphisms. Further, one easily checks the
induced obstruction theories are the same, as the construction of these obstruction
theories does not depend on the log structure. [

7. THE CLASSICAL DEGENERATION FORMULA

The classical degeneration situation, originally considered by Li and Ruan in [LRO1]
and developed in the algebro-geometric context by Jun Li in [Li02] is a special case of
the degeneration situation of the previous section. We have already discussed this case
in the context of the decomposition formula in [ACGSI] §6.1]. We consider X — B
a simple normal crossings degeneration with Xy = Y; U Y5 a reduced union of two
irreducible components, with Y; N'Y, = D a smooth divisor in both Y; and Y. In
this case X(X) = (Rs()? with map 3(X) — X(B) given by (z,y) — x + y, so that
A(X) is a unit interval. We showed in [ACGSI] Prop. 6.1.1] that if f : ' — A(X) is
a rigid tropical map, then all vertices of I' map to endpoints of A(X) and all edges of
[" surject onto A(X). In this case, giving a rigid tropical map with target A(X) is the
same information as an admissible triple of [Li02].

Using the setup of §5, we immdiately obtain the logarithmic stable map version of
the main result of [Li02], as proved in [KLR]:

Theorem 7.1. In the situation described above, let T be a decorated type of rigid
tropical map in A(X). There is a diagram of (non-logarithmic) stacks

o -~ -
M (Xo /by, T) —— ///SCh(Xo/bo, T) —— HUEV(G) M (X o(v), Tov)

| |

Heero) L ——5 = [lepere 2

with the square Cartesian and defining the space M ( Xy /by, T). Further, ¢' is finite
and

Sl (Xo/bo, 7)™ =m | ] wE) | A ] A4 (Kew, 7)™ |,

ECE(Q) veV (@)
where w(E) is the index (degree of divisibility) of u(E).

Proof. Using Theorem [6.1] the given diagram is a part of the diagram of Theorem [5.1]
The result will follow from Theorem 5.9} Thus we first verify the tropical transversality
condition, and calculate (7).

Note that Na(v) = 0, while each NU(E) can be identified with Z = Z(1,—1) C Z? for
any vertex v, edge FE. Thus the morphism ¥ of Definition takes the form

U 7 — @ 7
EcE(G) E€E(G)

given by U (({g)pep) = ((pu(E)). In particular, the image has finite index, and
this index is [[, w(E).
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By Theorem it is thus sufficient to show that ev is flat. However, this follows
immediately from Theorem [5.3] as o/(L) = o(L) always in this situation. [ )

8. APPLICATIONS TO WALL STRUCTURES FOR TYPE III DEGENERATIONS OF K3
SURFACES

In this section, we will work with a specific kind of degeneration g : X — S. Here,
we will use S for the base log scheme rather than B as is done in the previous sections
and in [ACGS2|, as B will notationally play a different role. We make the following
assumptions:

Assumptions 8.1. (1) S is a one-dimensional non-singular scheme with closed
point 0 € S inducing the divisorial log structure on S.

(2) X — S is a simple normal crossings degeneration of K3 surfaces.

(3) The fibre over 0, Xy, is the only singular fibre, necessarily a simple normal
crossings divisor, and the log structure on X 1is the divisorial log structure in-
duced by Xg.

(4) With D := (Xo)rea the reduction, we have Kx;s + D = 0.

(5) Any intersection of irreducible components of D is connected.

(6) D has a zero-dimensional stratum.

Here we will give a useful inductive description for the so-called canonical wall struc-
ture defined in [GS8]. We make use of an observation of Ranganathan in [Ral §6.5.2],
following Parker [Pal, that gluing remains fairly easy in the case the normal crossings
divisor D has at worst triple points and the domain curve is genus 0. Rather than give
the general description of this aproach in our language, we just carry out the procedure
in our particular application.

8.1. Review of wall types and balancing. We begin by recalling certain concepts
from [GS§|. By the assumptions on X — S made above, all irreducible components
of D are good in the sense of [GSS8, §1.1]. Further, Assumptions 1.1 and 1.2 of [GSS§]
hold. Thus, in the notation of that paper, we may take B = |%(X)| and & the set of
cones of ¥(X), so that (B, &) is a pseudo-manifold as explained in [GSS8, Prop. 1.3].

We set
A = U o,

ceXN(X)
codim o0 >2

and By := B~ A. Then [GSS, §1.3] gives the structure of integral affine manifold to
By. Further, by [GSS8, Prop. 1.15], the tropicalization of ¢ induces a map guop : B —
3(S) = Rxg which is an affine submersion. We set B’ = g;.o.(1), and

P = {0 N gay(1) |0 € 2},

a polyhedral decomposition of B’. In the notation of the previous sections, &2’ is the
set of polyhedra in A(X), but we wish to avoid this notation now to avoid conflict with
A as the discriminant locus. Here we also set

A= B NA, B} = B '\ A.
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We use the convention that for 0 € & and ¢/ = o N B’ € &', we write either X,
or X, for the stratum of X corresponding to ¢. Under this convention, irreducible
components of D correspond to vertices of &', and a vertex v has integral coordinates if
and only if the corresponding irreducible component X, of Xy appears with multiplicity
1in Xj. Thus the cells of &2’ are not in general lattice polytopes. In case X is reduced,
then [GSS8, Prop. 1.16] applies, but we do not wish to make this restriction. In any
event, B’ is still an affine manifold with singularities.

We recall from [GSS8, Lem. 2.1]:

Lemma 8.2. Let f : C°/W — X be a stable punctured map to X, with W = Spec(Q) —
k) a geometric log point. For s € Int(Qy), let hs : G — B be the corresponding tropical
map. If v € V(G) satisfies hs(v) € By, then hg satisfies the balancing condition at v.
More precisely, if £y, ..., E, are the legs and edges adjacent to v, oriented away from v,
then the contact orders u(k;) may be interpreted as elements of Ay (v, the stalk of the
local system A of integral tangent vectors hs(v). In this group, the balancing condition

i=1
is satisfied.

As a consequence, we say a realizable tropical type 7 of tropical map to 3(X)/%(S)
is balanced if, for any s € Int(7), the corresponding tropical map hs : G — B satisfies
the balancing condition of this lemma.

We then define:

Definition 8.3. A wall type is a type 7 = (G, o,u) of tropical map to X(X) defined
over 3(S) such that:
(1) G is a genus zero graph with L(G) = {Low} and u, := u(Loyt) # 0.
(2) 7 is realizable and balanced.
(3) Let h : I'(G,£) — X(X) be the corresponding universal family of tropical
maps, and 7o, € ['(G, ) the cone corresponding to Loy Then dim7 = 1 and
dim h(Tou) = 2.
A decorated wall type is a decorated type 7 = (7, A) with 7 a wall type and

A:V(G) = ] HaAX)

ceX(X)

is a refined decoration, i.e., A(v) € Hy(Xq(y)) for v e V(G).

Remarks 8.4. (1) The notion of refined decoration, in which curve classes lie in the
group of curve classes of the relevant stratum rather than of X, gives more control over
moduli spaces. In particular, the moduli space .#(X/S,T) for T carrying a refined
decoration is simply a union of connected components of the moduli space where the
decoration is obtained by pushing forward all curve classes A(v) to Hao(X).

(2) We note that, other than the issue of refined decorations, this definition is slightly
simpler than the one given in [GS8|, Def. 3.6] in that (1) we have specialized to the case
that dim X = 3 and all irreducible components of D are good; (2) B does not have a
boundary in our case; and (3) here we insist that the type be defined over ¥(.S), but by
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[GSS8|, Prop. 3.7], this is implied by [GS8| Def. 3.6]. As a consequence, the two notions
of wall type coincide in this particular case.

(3) We note that because of our restriction to dim X = 3, given a wall type 7, there
is a unique tropical map h. : G — B of type 7 factoring through B’. We will write
this as b, : G — B’, or b’ when clear from context. Such a tropical map is rigid.

It is shown in [GS8|, Const. 3.13] that if 7 is a decorated wall type, then .#Z (X /k, T) =
A (X /S, T), and this stack is proper over Speck and carries a zero-dimensional virtual
fundamental class. As a consequence, from now on we will work over Speck rather
than S, writing .Z (X, ), 9M(X, 7) for the relevant moduli spaces.

We then define
o degla (X,

| Aut(7)]

We also define the number £, as follows. The map h : I'(G,¢) — 3(X) induces a
homomorphism

h,: N

Tout

— Ng(Lout).

We then define
kr = | coker(hy)tors|-

Example 8.5. Let v € &’ be a vertex with corresponding irreducible component X,.
Let D, C X, be the union of lower-dimensional strata of D contained in X,. Suppose
X, contains a rational curve E with self-intersection —1. Suppose further that F meets
D, transversally at one point. This point is contained in a one-dimensional stratum X,
for p € &’ an edge. Necessarily, v is one endpoint of p. Let v' be the other endpoint
of p, and p, i/ be the multiplicities of the irreducible components X, X,, in the fibre
Xo. Let k be such that u|ky'.

Consider a type 7 where G has one vertex w, one leg L, and no edges. We take o (w)
to be the ray of & corresponding to v and o (L) to be the cone of & corresponding
to p. Before specifying u(L), we decorate 7 by taking A(w) = k[E] € Hy(X,). Then
A(w)- X,y = k. Since £ C X,UX,s and E- X, = 0, necessarily A(w)-(uX,+p' X,) = 0.
From this we conclude that A(w) - X, = —ku'/u, which is an integer by assumption.
Thus there is a unique choice of u(L) compatible with these intersections, by Corollary

In this case, we may apply Theorem [6.1]to see that .# (X/S,T) = .#(X,,T) in the
notation of . Here X, will be the log scheme structure on X, induced by the divisor
D, C X,. Note that any stable log map of curve class k£ is a multiple cover of E.
Via the comparison of logarithmic and relative invariants of [AMW], we may use the
calculation of [GPS|, Prop. 5.2] to obtain that deg[.# (X/S, T)]""" = (—1)k+1/k2.

On the other hand, a simple calculation shows that k, = k.

Our goal here is to give an inductive method for computing k,W,, the quantity
which plays a key role in the construction of the canonical wall structure of [GSS].
The methods here are particular to relative dimension two, and the structure of these
invariants in higher dimensions is more subtle.
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8.2. An invariant of Looijenga pairs. Recall a Looijenga pair is a pair (X, D)
where X is a non-singular projective rational surface and D is a reduced nodal anti-
canonical divisor with at least one node. In what follows, assume that D has at least
three irreducible components. In this case, D will be a cycle of rational curves, and we
write D = Dy + --- 4+ D,,. We are again in the situation of [GSS8], and may again take
B =3¥(X) and £ the set of cones of X(X). Then By := B~ {0} carries the structure
of an integral affine manifold, see [GSS8, §1.3] again, but the original construction was
given in [GHK| §1.2]. Then Lemma [8.2 still holds in this case.

Example 8.6. Suppose we are in the situation of Assumptions [8.1 with v € 2’ a
vertex and X, the corresponding irreducible component of D. With D, the union of
lower-dimensional strata of D contained in X, it follows from the assumption that
Kx/s + D = 0 and adjunction that Kx, + D, = 0. Note that D, is nodal, and then it
is easy to see, e.g., by the classification of surfaces, that (X, D,) is a Looijenga pair.

Fix a class § of logarithmic map of genus 0 to a Looijenga pair (X, D), with ¢ + 1
marked points, and contact orders uy, ..., Uy, Uout. Here, we assume that u, = wyv;, ,
Uout = WoutVout, Where v;, is a primitive generator of a ray p;, of & corresponding to
the irreducible component D;, of D, and wy, is a positive integer, and similarly for woy;
and V. We do not assume the irreducible components D;, are distinct.

We then have a schematic evaluation map

(8.2) ev:.#(X,8) = [[ D
k=1
given by evaluating at the marked points with contact orders uy, ..., u,. It follows from

a standard virtual dimension calculation via Riemann-Roch that the virtual dimension

of # (X, ) is q. We define Ng by the identity

(8.3) ev, [ (X, B)]"™ NﬁH i)

We recall that subdivisions of (B, &) correspond to log étale birational morphisms
()?,15) — (X, D), see e.g., [GHK| Lem. 1.6] for this case. As the contact orders in
B for X are integral points of B, they also determine a set of contact orders for X.
This set of contact orders along with a curve class Ae i, ()? ) determines a class 3 of
logarithmic map to X. We have:

Lemma 8.7. Let m: X — X be a log étale birational morphism with X non- singular.
If #(X,p) is non-empty, then there exists a unique curve class A € Hy(X) with
mA = A such that ,///(X B) is non-empty. Further, with this choice of curve class,
NB — NB.
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Proof. We recall from [AW], Eq. (1)] that there is a Cartesian diagram (in all categories)
with strict vertical arrows

M — X) e M(X)
(where the moduli spaces have no restriction on type). Further, [AW| Prop. 5.2.1]
shows that 2t(7) is of pure degree 1, while [HW] Lem. 4.2] shows that () is proper.
Taken together, this implies 9%(7) is surjective, and hence the union of connected
components of .# ()? ) lying over .Z (X, ) is non-empty. Given a class 3 of such a
stable log map lying over .# (X, f3), the contact orders of 3 are determined by the
contact orders of 3, and hence the only unknown is the curve class A€ Hg()? ), which
necessarily satisfies A=A by construction of the map .# (7). On the other hand,
for any irreducible component ﬁp of 15, the intersection number ﬁp - Ads completely
determined by the contact orders of 3, by Corollary . Since the intersection matrix
of the set of exceptional curves of 7 is negative definite, and any two choices of lifts
of A differ by a linear combination of exceptional curves, it follows that Ais uniquely
determined.
Identifying D; with D, using 7, we now have a commutative diagram

M (X, D)

M (X, B) —5= k=1 Diy

By [AW] Thm. 1.1.1], . (7). [.# (X, )" = [ (X, B)]'™. The result follows. &

Alternatively, we may define Ng as follows. Choose points z € D;,, 1 < k < ¢, and
write x := (21, ...,%,). Define

(8.4) M(X, B,x) =M (X, B) X1, D;, X-

Proposition 8.8. .Z (X, 3,x) carries a virtual fundamental class of virtual dimension
zero, and deg[# (X, B,%)]""™ = Nj.

Proof. Let D7 C D; be the open subset obtained by deleting the two double points of
D contained in D;. We then have a diagram:

/!

J

%(X,ﬂ,X) —>%(X76)O —>%(X,ﬁ)

/

MY (X, B,x) ——= MY (X, B)° —— MV(X, B)

J
evy evot jev

q o q
X k=1 D5, [Tiz1 Diy

J
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Here the evaluation space 9V (X, 3) is given by evaluation at the marked points with
contact orders uy, ..., uq, and all other stacks are defined by the requirement that all
squares are cartesian in the category of ordinary stacks. The relative obstruction theory
for € then pulls back to give relative obstruction theories for €° and ey.

By compatibility of flat pullback with proper pushfoward, and compatibility of vir-
tual pullback with flat pullback, we have

Ns [ D3] =57 (NB H[%J) = j"(evoe).l# (X, p)"™

= (ev® 0 ) (") [ (X, B)]"™
— (e_v° O{;‘o)*[%(X, B)O]Virt-

Further, ev® is flat, being a base-change of an evaluation map M(X, 5)° — [1,[D5, /G2,].
Hence, the Gysin maps ¢ and (/)" agree, and by compatibility of Gysin maps with vir-
tual pullback, we have

dega (X, 3, %)]"™ = deg(evy 0 )[4 (X, B, %)™ = deg(ev, 0 ex).t' [ (X, B)7]™
= deg i (ev® 0 ), [4(X, B)°]""t
= N,

as desired. Py

While we will only need the following result in |[GHKS], its method of proof will be
used in §8.4]

Lemma 8.9. Let (X, D), § be as above. Suppose given a stable log map f: C — X in
M (X, B) lying in ev (zy,...,x,) where none of the x; are double points of D. Then
f(C)YN D is a finite set.

Proof. Denote by p1, ..., g, Pous € C the marked points with contact orders uy, . . ., ug, Uout
respectively, so that f(pg) = xx. However, we do not know the value of f(pout)-

Let f be of tropical type 7 = (G,o,u), and fix s € Int(7), yielding a tropical
map hy : G — B. We write the legs of G corresponding to the marked points as
Ly,...,Ly, Loy Of course G may have many vertices, but hy is balanced at those
vertices which don’t map to the origin of B. Also, as by assumption the marked points
D1, -.,Pq of C'do not map to a double point of D, the image under hy of each leg Ly
of G lies in a ray of &2. Now note that if f(C)N D is not finite, then f(C') necessarily
contains a double point of D, and then the image of h, must intersect the interior of
a two-dimensional cone of &. Thus it is now enough to show that the image of h; is
contained in the one-skeleton of Z.

Suppose this is not the case. First suppose there is a v € V(G) such that hs(v) €
Int(o) for a two-dimensional cone o € &. As such a vertex corresponds to a contracted
irreducible component of C', by stability, there must be at least three edges or legs
adjacent to v. Further, the only possible leg adjacent to v is Ly,. However, necessarily
hs(Low) is parallel to the ray o (Loy) of &2, and in particular, is not contained in
the ray R>ohs(v). Then it follows easily from the balancing condition that one of the
two possibilities occur: (1) There are at least two edges or legs Ey, Ey adjcaent to v
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with hs(E;) not contained in the ray Rsohs(v), with hs(E;) mapping into one side of
this ray and hs(F>) mapping into the other. (2) No leg is adjacent to v and all edges
E; adjacent to v satisfy hs(E;) € Rsohs(v). In the latter case, again by balancing,
there must be another vertex v" with hs(v') € Roghs(v) with hs(v) lying between 0 and
hs(v"). Repeating this argument, eventually we will come to a vertex where case (1)
holds.

Thus we may assume case (1) holds at the vertex v. Choose one of these two edges
which is not a leg, say E;. It has another vertex v’. Note that h(v') is not the origin in
B, so the balancing condition holds for A at v'. Thus, again there must be another edge
or leg adjacent to v' which maps to the other side of the ray Rs¢hs(v’). Continuing
in this fashion, there are three possibilities: (1) We arrive at Loy, in which case we
made the wrong initial choice of edge E;. Choose the other edge instead. (2) We get
an infinite sequence of edges, of course impossible. (3) We obtain a loop, in which case
the genus of C' is positive. But C' is assumed to be genus zero. Thus we arrive at a
contradiction.

If there are no vertices of G mapping into the interior of a two-dimensional cone,
but there is an edge E of G with hg(FE) intersecting the interior of a two-dimensional
cone, then the endpoints of £ must map to different rays of &?. We can then repeat
the same argument as above, starting at either endpoint of E.

So in either case we obtain a contradiction, showing the result. ®

We observe that in the case (X, D) is a toric pair, the invariant Ng has already
been encountered in [GPS]. In [GPS] §3], a number N2°!(w) is defined. Here, we start
with a toric surface X with fan ¥ in a two-dimensional vector space Ng; of course,
the tropicalization of the toric pair (X, D) is (Ng,2). Let my,...,m, be primitive

generators of distinct rays py,...,p, in 3. Write m = (my,...,m,). Further, write
w = (Wy,...,W,) with w; = (w;1, ..., w;,). Suppose we may write
WoutMout = — Z Wiy
,J
with mey a primitive generator of a ray poy of . Let Dy, ..., D,, Dy be the toric

divisors of X corresponding to p1,..., pn, Pout- Lhen it is standard (see e.g., [GHK]
Lem. 1.13]) that this data determines a unique curve class A such that for each prime
toric divisor D, we have

Z]- Wi D = Dz and D 75 Dout;

(8.5) A. D= ) Wou T 2wy D= Di= Dou;
Wont D = D,y and D # D; for any i;
0 otherwise.

Thus the above data determines a class of log curve § with underlying curve class A and
marked points with set of contact orders {w;;m;; |1 <i <n,1 < j <n;} U{WoutMout }-

Lemma 8.10. In the above situation, Ng = NEY(w).

Proof. This follows from the description of Ng from Proposition , the definition
of Ni*{(w) of [GPS, (4.7)] and [GPS, Thm. 4.4], as well as the comparison between
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logarithmic and relative moduli spaces of [AMW]. In more modern language, one
proceeds as follows. By adapting the argument of |[GPS|, Prop. 4.3] to stable log maps,
one shows that in fact for general choice of x = (2j)1<i<n1<j<n,, the moduli space
A (X, B,x) is particularly simple. It consists of a finite number of reduced points,
each corresponding to a log map from an irreducible domain curve C' with f~1(D)
consisting only of the marked points on C. The number N2°(w) is defined precisely
to be the count of such maps. ®

We give one further result required for [GHKS]. Suppose given an inclusion N C N of
rank two lattices and a fan ¥ in N determining a toric surface X. This also determines
a fan X for N with corresponding toric surface X. The inclusion N C N determines
a covering p : X — X of degree pu = [N N]. Suppose “given a class 3 of log
curve with underlying curve class A for the toric pair (X D) with contact orders
Uty . ooy Uy, Uout € N contained in rays of f], with @; = w;; for U; primitive. Suppose
Tous + »_; U; = 0, and A is the unique curve class determined by this data as in (8.5]).
Then via the inclusion N C N, the contact orders u;, oy may be viewed as contact
orders u; for the toric pair (X, D). (Note that under the inclusion N C N, we have
@; = u;.) This determines similarly a class 3 of log curve for the pair (X, D). Write
u; = w;v; as bofore, with v; primitive in N. Of course, w;|w;.

Lemma 8.11. In the above situation,

HN,B _ H ,U’U)Z

w;
=1

Proof. One first notes via elementary toric geometry that p; = p[, : D; — D, is the
lattice index [Kf /U;Z . N/v;Z|, which is fiw; /w;. Further, in a neighbourhood of a point
of ﬁi, the map p has ramification of degree w;/w; along D;.

Composing stable log maps with p gives a map ¢ : ,///()?,5’) — M (X, (). Note
that since the targets are toric pairs, and the log tangent bundle of a toric variety is
trivial, these moduli spaces are unobstructed. Hence their virtual fundamental class
and fundamental class coincide. Further, the degree of the map ¢ is p. Indeed, choose
a general closed point in (X, [3), corresponding to a stable log map f : C — X.
Because it is general, then as in the proof of Lemma [8.10] C is an irreducible curve
with f~1(D) consisting only of the marked points of C. Then C’" := C xx X isa (in
general) non-normal curve. In a local coordinate ¢ near the marked point p; with contact
order u; and local coordinates near f(p;), X — X takes the form (z,y) — (z%/% y)
(with D; given by 2 = 0) and f is given by ¢ — (£¥ip(t), () , where o(t) is invertible
and 1)(t) is arbitrary. Then the local equation for C’ in A? with coordinates w, ¢ is

2B (1) = 0.
Note that étale locally we may find a function @(¢) with with @*#/® = ¢, so that the
left-hand side of the above equation factors as H;”:{w (x— % @(t)), with ¢ a primitive
root of unity. Thus, after normalizing C’ to obtain a curve 5 we see that C' — C is

an étale map, necessarily of degree pu. Since C' = P, C' must split into p connected
components, each isomorphic to P'. In addition, the composition C — O’ — X of the
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normalization with the projection to X then induces a stable map on each irreducible
component. From the equations above, one sees that each such stable map is tangency
order @; with D; and hence gives an element of the fibre of q. Conversely, by the
universal property of the fibre product, any map in the fibre of ¢ must arise in this
way. Thus the degree of ¢ is u.

We now consider the commutative diagram

M(X,B) ——~ (X, P)

o §

H?=1 D; H?:l D,

[1p:

(ITr:) vl (X, 3)] = Nyeg (T ) [T(0

ev.q.l#(X, 3)] = uNs [[ 1D
Since deg ([[ pi) = [[(pw;/w;), the result follows. [ )

We then have

while

8.3. Gluing via Parker and Ranganathan’s triple point method. We now re-
turn to the situation of Assumptions [8.1 To state the main result of this section, fix
a decorated wall type 7 = (G, o,u,A), and let v,y € V(G) be the vertex adjacent to
Low. Let h: T'(G,¢) — 3(X) be the universal family of tropical maps of type 7. Let
Ey,...,E, € E(G) be the edges adjacent to vy (with ¢ > 0). If we split G at the
edges Fy, ..., E,, we obtain connected components G, ..., G, and Goyy, where vgy is
the unique vertex of G, and E; becomes the unique leg of GG;, which we will denote
as L;ou- This in turn gives rise to decorated types 71, ..., T¢, Tyou-

Lemma 8.12. 7; is a decorated wall type.

Proof. Recall we write b’ : G — B’ for the unique tropical map to B’ of type 7. If
Uiout ‘= W(Ljont) = 0, then as this coincides with u(E;), h’' contracts the edge E;.
However, the length of the edge F; is a parameter in the moduli space of tropical maps
of type 7, and hence this edge length may vary freely. This contradicts the rigidity of
k. Thus Definition 8.3} (1) holds. Item (2) of that definition holds because it holds for
T.

For item (3) of Definition to show dim7; = 1, it is sufficient to show that
b := h'|g, is rigid. If it deformed as a tropical map to B’ in a way so that the image
of L; out also deforms to a line segment not passing through h'(vey), then this violates
[GS8| Lem. 2.5,(1)]. Otherwise, if b} deforms so that the image of the leg L; ou continues
to pass through h'(vey), then this deformation can be glued to produce a deformation
of I/, again a contradiction. Thus dim7; = 1 (remembering that 7; parameterizes maps
to B rather than B’) and, as u; ot 7 0, one sees that dim h;(7; out) = 2.

Thus 7; is a decorated wall type. o

Construction 8.13. Continuing with a fixed decorated wall type 7, our next goal is to
associate an enumerative invariant of the form defined in the previous subsection to the
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vertex voy, of G. Let @ := h/(voy) € B'. We will first construct: (1) a pair (B,, ix) of
integral affine surface with singularity B, and a polyhedral cone decomposition ir; (2)
a Looijenga pair ()Afx, 51) which tropicalizes to (B,, ix), (3) a class T oy of logarithmic
map to (X, Dy).

In what follows, let o/ € &’ be the minimal cell containing z, o, € & the minimal
cone of & containing . We write X, for the stratum X, of X.

Construction of a pair (B,,Y,). First, we define B, an affine manifold with
singularities along with a decomposition ¥, into not-necessarily strictly convex poly-
hedral cones. If z € B, let v, € A, be a primitive integral tangent vector to the ray
R>oz € By. Then B, is identified with A B.R.2/Ru,, with lattice structure coming from
Ap ./ Zv,. In this case, we define

(8.6) Y, :={(0c+Ruv;)/Ru, |0, Co € P}

Specifically, if dimo’ = 2, then X, just consists of one cone, namely all of B,. If
dimo! = 1, then 3, consists of two half-spaces and their common face, the image of
the tangent space to o.

If v € A, ie., xis a vertex of &', we obtain (B,,Y,) as the tropicalization of
the corresponding irreducible component X, of D. Here X, carries the divisorial log
structure coming from the divisor D, := 0X,, as in §6| Note that by the discussion in
, in this case, is still the correct description of ¥,. However, further, as in ,
B, also carries an integral affine structure with a singularity at the origin.

Refinement ix of .. Note that by construction and the assumption that 7 is a
wall-type, for any edge or leg E adjacent to voy € V(G), h(7g) is two-dimensional and
pp = (h(1g) + Ru,)/Ru, is a ray in B,.

We now let ¥, be a refinement of 3, chosen so that (1) every cone in 3, is a strictly
convex rational polyhedral cone integral affine isomorphic to the standard cone RQZO,
and (2) the rays pg,, 1 < i < ¢ and py,,, are one-dimensional cones of .. In what
follows, the precise choice of ix will be unimportant, see Lemma .

The type 7o Note that the adjacent edges to voy € V(G) determine a type
Tout = (Gout, Tout, Uout) Of tropical map to (Ex,ix), as follows. First, Goy is the
graph underlying 7, ., as previously described, with only one vertex wv,, and legs
Ey, ..., Ey Lowt. We set o out(Vout) = {0} € ix, Oout(E;) = pr, and o out(Lout) = PrLoy -
Finally, the images of u(E;) (with the edges E; oriented away from vgy) and u(Leyt)
under the quotient map given by dividing out by Ruv, yield Uyt (E;), Uout (Lout )-

The pair ()?x,ﬁm) If dimo), = 2 or 1, then we may interpret the pair (Ex,ix)
as a fan, hence defining a toric variety X, with toric boundary D,. In particular,
(B., im) is the tropicalization of the pair ()?x,ﬁm) In both these cases, there is a
morphism 7 : )?m — X,. Indeed, if dim ¢/, = 2, this is just a constant map to a point.
If dim o’, = 1, consider the quotient map B, — R given by dividing out by the tangent
space to o/. In this case R carries the fan Yp defining P!, and the quotient map
induces a map of fans ¥, — Spi, hence defining a morphism 7 : X, — P!. This P!
can be identified with X,.
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If, on the other hand, dim a;~: 0, then the refinement 3, of ¥, defines a toric
blow-up 7 : X, — X,. We take D, to be the strict transform of D,.

Decorating 7,,;. Finally, we define a curve class gout to turn 7., into a decorated
type Touw for log maps to the pair ()N(x,lN)x) Note we already have a curve class
Aout = A(Vowy) € Ho(X,). Of course, if dimo! = 2, this curve class is 0, and if
dim o/ = 1, this curve class is some multiple of the class of X.

We first introduce some additional notation. For each ray p € ENJJC, denote by lN)p
the corresponding irreducible component of D,. For each leg L € L(Goy), denote by
wy, for the index of ugy (L), i.e., oyt (L) is wy, times a primitive tangent vector. This
represents the order of tangency imposed by the contact order uqy (L) with the divisor

Da'out (L) .

Lemma 8.14. There is at most one curve class Ay € HQ()N(JC) With T Aoyt = Agut
and for p any ray in X,

(87) Aout . Dp == E wry,.
LGL(Gout)
oout(L)=p

If W # 0, then such an ﬁout erists.

Proof. If dimo!, = 2 or 1, the unique existence of a class Aout satisfying is easy.
Indeed, there is a unique tropical map of type 7,4, and by the balancing condition
at Vout, this defines a balanced tropical map to B, with all legs mapping to rays of
ix. As is standard, this defines a curve class gout € HQ()?x), see for example [GHEK]
Lem. 1.13]. Furthermore, it is characterized precisely by the intersection numbers with
the boundary divisors as in (8.7)).

If dim o/, = 2, then W*Avout = Aoy is trivial as Ay = 0, and thus the last statement
on the existence of Eout is vacuous.

If dimo!, = 1, then we need to verify that if W, # 0, then W*gout = Aout- Let Ty,
be the type of punctured map to X/S corresponding to the vertex v,y after splitting
at the edges E, ..., E,. Necessarily, if W, # 0, then the moduli space .#(X/S, Ty,..)
is non-empty. The requirement that this moduli space be non-empty then allows us to
determine Ag,, using Corollary In particular, A,y = d[X,] for some d > 0, and d
can be determined by intersecting A, with an irreducible component of D transverse
to X,. This is calculated as follows. Let 01, 0 € &’ be the two two-cells containing o”,,
with additional vertices vy, v9 respectively not contained in o). Also write 01,09 € &
for the corresponding cones in &?. Then the corresponding irreducible components X,
of D each meet X, transversally in one point.

By Corollary , we may now calculate d = X, - A(vout) as follows. Let § : Ap, — Z
be the quotient map by the tangent space to o, € &2, with sign chosen so that elements
of Ap, pointing into o; map to positive integers. Then

4= s(u(E)),
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where E runs over edges and legs adjacent to vy, with (E) = o;. On the other hand,
a simple toric argument shows that given our definition of Zout, F*gout = d[X,]| for the
same choice of d. This completes the argument in the dimo] =1 case.

Finally, consider the case dim o/, = 0. For the uniqueness statement, we argue as in
the proof of Lemma [8.7 the intersection matrix of the exceptional locus is negative
definite. In particular, any two lifts Zout of Ay differ by a linear combination of
exceptional divisors. The uniqueness of the lift with the given intersection numbers
with the boundary divisors then follows.

For the second statement, suppose W, # 0. Let 7, be as in the dimo, = 1 case,
so that if W, # 0, then the moduli space .#(X/S, Ty, ) is non-empty. By Theorem
this moduli space is isomorphic to .# (X, T..,, ), where 7, is the type of tropical
map to (Em, Y.;) constructed from 7, , as in . On the other hand, the type 7oy is
a type of tropical map to (B, 5 ») with the same underlying graph and contact orders
as Ty, It then follows as in the proof of Lemma 8.7 that there must be at a curve
class Aout with W*Aout = A, determining a type 7oy with 4 (Xx, Tout) NON-€MPLy.
However, necessarily Aot satisfies (| . by Corollary . [ )

The invariant N, ,. We have now constructed a pair ()Zx,ﬁx), a curve class
Aout € HQ(XI), and hence a class T,y of log map to X,. Thus we obtain an invariant
N, as defined in (8.3)), independent of the choice of 3, by Lemma .

Tout

The application of our gluing formalism is then:

Theorem 8.15. We have
wLout Tout Hz 1 k:Tz WTz
| Aut(Ty,...,7g)|

where the automorphism group of the denominator is the set of permutations o of
{1,...,q} such that T; is isomorphic to T, as decorated types.

(88) k’TWT =

Proof. We have a standard gluing situation obtained by splitting 7 at the edges F, ..., E,.
In general this gluing situation will not be tropically transverse. However, in this case

a relatively mild birational étale modification of X takes care of this. Flatness of the
map ev in Theorem also is an issue, but this is dealt with via Parker [Pa] and
Ranganathan’s approach |[Ral to this situation.

Step I. Refining ¥(X). Note that a refinement of the polyhedral decomposition &’
of B’ into rational convex polyhedra gives a refinement of (B, Z?), i.e., of ¥(X), and
hence a log étale modification 7 : X = X. In particular, we choose a refinement P of
" with the following properties: (1) x is a vertex of P ; (2) the integral affine manifold
with singularity (B,,Y,) coincides with (B,, ¥,) in the notation of Construction m
It is not difficult to see that this can be done as a series of toric blow-ups, and hence
X = X is projective. We omit the details.

Step II. Lifting the type 7. Having chosen the log étale modification X5 X , We
use [J22] to choose a lift of T to ©(X). In general, there may be many choices of lift of
a type, but in the rigid case, the description of lifts given in [J22| §4] reduces to a quite
simple procedure. Given the map h' : G — B’, we first take the minimal refinement
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G of the graph G (i.e., subdivide edges or legs via the addition of vertices) with the

property that for any edge or leg E of G, I (E) is contained in an element of 2. There

remains, however, some ambiguity as to the treatment of L.y, as it might have been

subdivided into a number of edges and one leg. We choose to discard all but the edge

(or leg) adjacent to voyu, so that it is now a leg, which we take to be the unique leg of

G. This provides a type 7 = (G &,1), a lifting of 7 in the terminology of [J22, §4].
Now it is shown in the proof of [J22, Cor. 9.4] that

(8.9) ke Wy =k: Y Wi,

where the sum is over all decorations 7 of 7 with W*A = A. What this means is that if
v € V(G) is contained in the interior of an edge or leg E of G, then , : Hg()?&(v)) —
Hy(Xo(p)) satisfies 7. A(v) = 0. If on the other hand v € V(G) is a vertex which is
also a vertex of G, then 7, : HQ()?&(v)) — Hy(Xp(v)) satisfies mA) = A(v).

We now note that for a given type 7 appearing in (8.9), Wz = 0 unless ;&(Uout)
coincides with the curve class ﬁout constructed from 7 in Lemma . Thus we may
assume this equality and the condition of Lemma [8.14]in the sequel.

The type T now gives rise to the invariant N;_,, and N, , = Nz, by Lemma 8.7
We also have formula for W, using the lift 7; of 7; induced by restricting the lift
7 to G;. Note here we use what [J22] calls a maximally extended lift, in that we don’t
remove any segments from the subdivided leg L; ,.;. We now observe it is sufficient to
prove after replacing 7 with 7 and 7; with 7;. Indeed, if has been proved
in this case, then the left-hand-side of can be expanded using , giving

TTL, ks Ws,
kW, = WLy N ou Z_~1 : — .
T Z: T At (T, ., T
Here 74,...,7, are the decorated types induces by 7. If instead, one sums over all
choices of decorations of the lifts 71, ..., 7,, the same choice of 7 will occur

|Aut(7y,...,7)|/| Aut(F1,..., 74|

times. Thus we obtain

kTWT = Z wLout Tout H |Aut )|

‘7-17' 7‘7-11

- e LIk

=1 7;
which gives ({8.8]) using again.
Thus, replacing X with X, we may assume that x is a vertex of &' and that every
edge or leg of G adjacent to vy, maps to an edge of & under h/'.

Step III. The gluing situation. We now are assuming 7 satisfies z = h/(voy) 18 a
vertex of &' and every edge or leg adjacent to voy; is mapped to an edge of &’ under
B'. Let T1,...,7Tq, Tu,, be as usual, and denote by 7; the decorated type obtained by
gluing 74,...,7; and 7, . Alternatively, after splitting T at the edges E;i1,..., Ey,
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T; is the decorated type corresponding to the connected component containing ve,;. In
particular, 7o = Tu,,, and 7, = 7. For each edge £, write D; := X, p).

Let ev, : A4 (X,7i) — [[}_;;, D;j be the schematic evaluation map at the punctured
points corresponding to the legs F; 11, ..., B, of T;. Define N; to be the rational number
such that

q
ev, [#(X, 7)™ = N; [ [Dj].
j=i+1

Thus (using Theorem Ny = N,,,, and N, = deg[.# (X, T)]""" = W, | Aut(7)|. We
note a simple calculation shows that the virtual dimension of .Z (X, 7T;) is ¢ — i, but
this also follows from the computations below.

We will now inductively determine N; from N;_;. We consider the gluing situation
given by 7; with set of splitting edges E = {E;}. After splitting, we obtain the types
Ti—1 and T;.

Step IV. Calculating the tropical multiplicity. We calculate u(7;, E). Let @Q; be
the basic monoid for the type 7; and él the basic monoid for the type 7;. Note that
by rigidity of the types 7, we have @) = 7Z for all 7. Similarly, the types 7; are
rigid, so QF = Z. Further, N o can be identified with QF @ Z in such a way so

that the map Q7 ® Z — Py, given by (g;,{;) = evy,(¢i) + fiu(Lioy) coincides with
hes i N,

Ti,out

— Noy(Liow)- We then obtain a commutative diagram

0 0

giving a long exact sequence

Thus we see that coker ¥, is finite, hence we are in a tropically transverse gluing
situation, and

u(7, B) = | coker U] = ky, Q1 /Q; 1.
Step V. Gluing. We have two evaluation maps
ﬂﬁev(?{, 7_7;) — XU’(EZ) and mev(.)(, %7,) — XU’(E,L)
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whose product gives the morphism ev in Theorem 5.1} Since we are only evaluating

at one leg, the criterion for flatness of Theorem holds automatically. For example,

for the leg L; oy of 7; and contraction ¢ : 7/ — 7;, we necessarily have dimo’(L) —

dimo (L) < 1. Indeed, dimo(L) = 2 and dimo’(L) < 3 as B is three-dimensional [
Thus we may apply Theorems [5.1] and [5.5] to see that

Gt (X, 7)™ = (7, B) (X, 7)™
= (i B)A (L (X, 7)) (X, 7))
On the other hand, we have a diagram

%SCh(X,%i> %(X,Ti)X%<X7%i_1)

ev” L lev’

i X HJ i1 D D; x Hj‘:i D;

A

where ev’ is the product of the evaluation map .#(X,T;) — D; at L; .. and the
evaluation map ev, ;. The bottom two vertical arrows are the obvious projections,
and the composition of the right-hand vertical arrows agrees with the morphism evo &
of Theorem [5.1} Next, by definition

eV ([ (X, 7)™ x [ (X, 75 0)]™) = (deg[ A (X, 73)]™) Ny ([P] X H[Dj]) :

where p € D; is any closed point. By compatibility of push-forward and Gysin pull-
back, we see that

eI AB(X, T = Aoy (A (X, 7)™ X [ (X, 7))

= (deg[ (X, T:)]""™)N;_y <[p] X .H [Dj]> .

Putting this all together, we conclude that

Ni = ke | Q11 / Q5" degldt (X, 7)™ Ny 1.
Hence, inductively we obtain
q
(8.10) deg (X, 7)™ = Ny = Ny, |Q3/ Q5| [ [ e degloat (X, 7))
i=1

Now note that @ can be identified with Ng(y,,,), as the vertex voy of G, can be
placed at any integral point of & (vou). Further, Ng(r,..)/No(von) can be identified with
the integral tangent vectors of the ray o ou;(Lout) in X, while wy,_, is the index of the

image oyt (Lout) Of U(Lout) 1N Ne(Low)/No(vow)- Thus wy,,, |Q5/Q5| coincides with k..

SFrom our point of view, this is the fundamental point of Parker’s and Ranganathan’s observation
about gluing in the genus zero, triple point case: the fact that the boundary D only has triple points
means this numerical criterion for flatness always holds when gluing along one edge.
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Next note that Aut(7) = Aut(7y,...,7,) x [[, Aut(7;). Thus multiplying both
sides of (8.10) by k. and dividing by | Aut(7)| gives the desired result. [

8.4. Behaviour of Ng under blow-ups. Here we will give another sample application
of our gluing formalism. This material does not represent anything radically new;
rather, it is a modern version of an argument appearing in [GPS, §5], albeit carried
out there using older technology in a somewhat restrictive circumstance. However, the
formula given here will be essential in [GHKS].

As in §8.2) we fix a Looijenga pair (X, D). For convenience, we will assume D has
at least three nodes. Write D = Dy + - - -+ D,, the irreducible decomposition, in cyclic
order, so that D; - D,y = 1, with indices taken modulo n. This gives rise as before to
an integral affine manifold with singularities B along with its cone decomposition &.

Consider a collection of distinct boundary divisors Dj,,..., D, , which for conve-
nience we assume are pairwise disjoint. Choose, for each k, distinct points pg1, . .., Drn, €
D;, , also distinct from the nodes of D. Denote by 7 : X — X the blow-up of X at
all of these points. Denote by FEj, the exceptional curve over pg,. Let D be the strict
transform of D, so that (5( , 15) is also a Looijenga pair. This gives rise to an integral
affine manifold with singularities B along with its cone decomposition 2. Note that
7 induces a bijection between the components of D D and D, which in turn induces a
natural piecewise linear identification between (B, @) and (B, 2).

We fix a class § of logarithmic map to X of genus zero and g+ 1 marked points with
non-zero contact orders uy, ..., Ug, Uoyt € B (Z), all non-zero and contained in rays of
ZP. Asin § we assume uy, is contained in a ray p;, corresponding to the divisor D
The attached curve class is A € HQ(X ). We thus obtain the invariant Nj of (8.3 (8-3).

In this situation, set wy, := A E}y. Assume from now on that:
(811) Wiy Z 0 for all ]{7,6

We denote by Py = Pyt + - - + Py, an unordered partition of wy, into p positive
integers, for some p > 0 (with g = 0 only if wg, = 0). Write P = (Pyy) a collection
of partitions of all wy,. We write Aut(Py,) for the subgroup of permutations o of
{1,..., u} with Pigo(m) = Prem for 1 <m < p, and write Aut(P) = [],, Aut(P).

For a given P, we write §(P) for the class of logarithmic map to X defined as follows.
The curve class is A(P) = 7. A. The class has g + 1 marked points, still with contact
orders uy, . . ., g, Uy using the piecewise linear identification of (B, % and (B, Z).
It has an additional marked point for every Py, with contact order Py, ,, where
vj, is the primitive generator of the ray of & corresponding to Dj,.

We then have:

Theorem 8.16.

Nsp) (—=1)kem
8.12 N5 = ’

"y

where the sum is over all collections of partitions P.
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U1 P2
~/

P1

FiGure 1. The boundary divisor D of X and the corresponding affine
manifold B’. The vertices are all singular points of the affine structure.

Proof. Step 1. Building the degeneration. We build a log smooth degeneration X — Al
of X, following [AG, §3.1], which in turn is inspired by [GPS], as followsl We first
construct a blow-up X — X x A', blowing up the closed subscheme | J;_, D;, x {0}.
Next, we form the blow-up X — X with center the strict transform of U edpre} x AL
Thus Xt >~ X for ¢ # 0. Let D C X be the union of XO and the strict transform of
D x A'. We also write D; for the strict transform of D; x Al. Then (X, D) is a log
Calabi-Yau pair, and the composition of

7 X 5 X = X xA!

with the projection to A! gives a log smooth morphism ¢ : X — A!, with Al carrying
the divisorial log structure given by 0 € Al

We have the map %(g) : £(X) — £(A!) = Rs, with A(X) the inverse image of 1, a
polyhedral complex. On the other hand, in the notation of [GS§|, B B := |2(X)| carries
an integral affine structure with Slngularltles and we may write &5 for the collection
of cones of (X). Similarly, we write B’ := |A(X)] for the fibre of Gtrop = 2(9) : B —
R over 1, carrying an integral affine structure with singularities and the polyhedral
decomposition &% consisting of the cells of A(X). See [GSS, Prop. 1.16].

See Figure (1] for what D and B’ will look like. In particular, the central fibre is a
union

X=XU|JP
k=1

where Py, 1 < k < s, is the exceptional divisor of the first blow-up lying over D;, x {0},
and Iﬁ’k is the strict transform of P, under the second blow-up. Note that Py is a
Hirzebruch surface and IF’k — P is a blow-up at n; points. The exceptional curves of
this blowup, which we write as ey, ..., €k, , are by construction disjoint from X. We
also write fj € HQ(IF’;C) for the the class of a fibre of the ruling f”k — Dj,.

We write the vertices of e@;? as v, ..., Vs, corresponding to the irreducible compo-

nents X, ﬁl, e ,IE’S respectively. We also have rays p;, 1 < ¢ < n corresponding to

7During this proof, we waive the typographic convention that X" is the Artin fan of X.
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the one-dimensional stratum X N D if i & {ji1,...,Js}, and corresponding to the one-
dimensional stratum Pk N D if i = j. Further, we have a segment /5, connecting vy
and vy, corresponding to the stratum IP’k NnX.

The structure of B’ near the vertices v1,...,Vs has been analyzed in detail in [AG|
§3.3.1]. We note that in that reference, X was a toric variety, but the analysis away
from the vertex vy remains the same. In particular, consider the two one-cells pj, , 7, .
Then by [AG| Cor. 3.7], the tangent spaces to these two one-cells are left invariant under
affine monodromy about v,. More precisely, if x is a point near vy, then we may view
the group A;, (resp. Aﬁ;_k) of integral tangent vectors to p;, (resp. p; ) as a well-defined
sublattice of A, via parallel transport. Furthermore, under these identifications, Aﬁjk
and Aﬁ;k agree. Thus p;, Up’ may be viewed as a straight line through vy, despite the
singularity in the affine structure at vy.

Given a punctured map f : C°/W — X defined over A! with W a log point and
type 7, let t € 7 be such that the tropicalization h; : G — B factors through B'. Let
v € V(G) be a vertex with h;(v) = vg for some k£ > 0. If Ey,..., E, are the edges
or legs adjacent to v, oriented away from v, let u; be the image of u(E;) in A,/ Ag;,
well-defined under parallel transport. Then h; satisfies the weaker balancing condition

(8.13) Sy ui=0in Ay/As,

by [AG| Prop. 3.10].

As X is non-compact, we should be more precise about what group our curve classes
live in. Here we will take, for any stratum Y C X, Ho(Y) := Pic(Y)*. Note that as
X is a rational surface, when Y is a compact stratum of X, H, (Y') coincides with the
usual integral singular homology group Hy(Y,Z).

Step II. Degenerating the enumerative problem. We begin by choosing points x, €

D;, 1<k< ¢, not coinciding with any double point of D and not coinciding with

ik

any of the pomts pre- With x = (z4,...,z,), consider the moduli space ///()?, 3,x) of
(8.4). Then Nz = deg[.# (X B, x)]VI'* by Proposition . Similarly, we may consider

sections T C X which are the strict transforms of z;, x A!, and obtain
q
M(X/AY B.%) = M(X /A", H
Of course, for 0 # t € A, we have
MX,B,x) = MX/A,B,R) X t,
so as in [ACGSI Thm. 1.1}, we have

degl.# (X, 3,%)]"™ = deg[.#(X/0, 3, %0)]"™.

Here X = ((Z1)o) denotes the tuple of points with (7)o = Zx N g (0). As in [ACGSI]
Thm. 5.4], we then have a decomposition

(8.14) NB = deg[e//(fo/(], B’ io)}virt _ Z @nmjf* deg[/[(;ﬁ)/o, T, io)]vm,
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where the sum is over all rigid decorated tropical maps to B’ which can arise as a
degeneration of the class 3. Here, j, : //1(2?0/0, T,Xg) — //l(??o/(), 3,%) is the canon-
ical map forgetting the marking by 7. As in Definition |8.3] we assume the decoration
functions A are refined, i.e., have A(v) € HQ(.)E:U(@)) rather than in Hy(X).

Step II1. Classifying rigid tropical maps: first steps. Thus let h : G — B’ be a
rigid tropical map of some type 7 and decoration A contributing to the decomposition
(8.14). Let Ly, ..., L, € L(G) be the legs corresponding to the marked points mapping
to the tuple of points of Xg. Note G has one additional leg, denoted L,.. Because of
the assumption that the x; are not double points of 15, necessarily h(Ly) is contained in
the ray p;,. We may now apply the proof of Lemma[8.9]in this setting. The target affine
manifold with singularities B is slightly more complicated than the B of the proof of
the lemma, but the same argument works as the weaker balancing condition at
the vertices vy, ..., vy is still sufficient. This allows us to conclude that in any event,
whether or not h is rigid, its image lies in (J;_, p; U U;_, 7j,. However, rigidity also
then implies that vertices of G must map to vertices of oz , as otherwise the location
of these vertices may be freely moved along the edge containing their image.

We now note that it is immediate that each such rigid type 7 is tropically transverse
in the sense of Definition As in Step V of the proof of Theorem [8.15, since again
D only has triple points, we do not need to worry about the flatness hypothesis of
Theorem [5.9] and will use this gluing result in what follows without reference to these
hypotheses.

Step IV. Balancing at each vertex mapping to vy. Continue with the notation of
the previous step, and let v € V(G) be a vertex such that h(v) = vy for some k > 0.
Let E,..., E,, be the edges or legs adjacent to v mapping to p;,. Note these in fact
must necessarily be legs, as if E; were an edge, the other vertex of F; would map to the
interior of p;,. Similarly, let EY, ..., E/, be the edges or legs adjacent to v mapping
to o}, . Note these are necessarily edges with opposite endpoint mapping to vg. Let w;
(resp. w}) be the index of u(E;) (resp. u(E)), and let w = > w;, w' = > w,. We now
make a sequence of observations.

Observation A. No edge or leg of G maps to the one-dimensional cells of 3”:\7 adjacent
to vy which are not p;, or g . Indeed, as these cells are unbounded, only legs may
map to such cells. As the images of the legs L; all map to cells of the form p;, the only
possibility is that L., maps to such a cell. However, that would violate the balancing
condition (8.13)).

Observation B. Suppose f : C — A, is a punctured map defined over a log point in the
moduli space .# (2?0 /0,7,%g). Let C,, € C be the union of irreducible components of
C correponding to v in the marking by 7. Then f(C,) is of curve class A := A(v) €
Hg(@k). By Corollary , necessarily the intersection number of A with ﬁjk NP, is
w and the intersection number of A with P, N X is w'. Meanwhile, by Observation
A, the intersection number of A with the other two strata of P, must be zero. As a
consequence, A is a linear combination of fj and the ey, Since C, is connected, there
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is no choice but for A = w(f — Bkg) + w'egy for some ¢. In particular, the image f(C,)

is contained in a fibre of 7|z, . P, — D,,, reducible if w # w'.

Observation C. We will now show that the contribution to N 5 is zero unless either one
of the following hold:

(IV.1) m =0, i.e., there are no legs adjacent to v;

(IV.2) m=1 and Ei = Low; or

(IV.3) w=w'

Case (IV.3) is really balancing at v, which can now be viewed as a well-defined equality
in As, by Step L.

Assume we are not in case (IV.1) or (IV.2), so that there is at least one leg L; adjacent
to v. Assume that .# (2?0 /0,7, %) is non-empty so that there exists a punctured map
as in Observation B. By Observation B, we have f(C,) is a fibre of Pp — Dj. .
if w # w'. On the other hand, by the assumption that L; is adjacent to v, there is
a marked point of C' on C, map to (#;)o under f. However, since the points z; were
chosen to be distinct from any py,, f(C,) cannot be reducible. Hence w = w'.

reducible

Observation D. We have m’ > 0. Indeed, if m’ = 0, then since G is connected, the only
possibility is G has one vertex v, which maps to v;, and a number of legs, mapping
to p;,. By Observation B, we then have A(v) = wey, for some ¢, and then necessarily
the total curve clais of the type is also cegy. But this curve class deforms to wFEy, on

a general fibre of X — Al and then wy, = —w < 0, contradicting (8.11)).

Step V. Univalency or bivalency of each vertex mapping to v;.

Continuing with the notation of Step IV, assume that .# (X, /0, T, %) is non-empty.
We first observe that we can’t have two distinct legs L;, Ly adjacent to v. Indeed,
by Observation B above, f(C,) lies in a fibre of Iﬁ’j — Dj,. Thus the corresponding
marked points of C' contained in €', must map to the same point of 5jk ﬂﬁ’k. However,
since the x; are chosen to be distinct, this is not possible.

Now suppose that one of the following two cases hold.

(V.1) Either (a) Loy is adjacent to v and another leg L; is adjacent to v or (b) Loyt
is adjacent to v and balancing fails at v, i.e., ¢ # ¢ or (¢) m’ > 1 and balancing
fails at v.

(V.2) m' > 1.

We will show the contribution to from the type 7 is zero in these cases.

We may split T along the edges F, ..., E/ ,, giving decorated types 7, and 71, ..., Ty
with underlying graphs G,, G4, ..., G,. We note that here we use the fact the genus
of the underlying graph is zero, so that splitting at any edge produces an additional
connected component. In either Case (V.1) or (V.2), since m’ > 0 in any event by
Observation D, there is a j such that Lo, ¢ L(G;). Thus all legs in G; other than the
leg corresponding to E} correspond to marked points which are constrained to map to
some subset of the points {(Z;)o}. From [ACGS2, Prop. 3.28 and (4.17)], taking into
account the just-mentioned point-constraints, the virtual dimension of .# (fo /0,7;,%o)
is zero.
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If we are in Case (V.1), C, maps to a fixed fibre of P, — Dj, (areducible fibre in the
unbalanced case). Thus the image of the evaluation map . (Xy/0, 7, %) — PN X =
Djk
image of (Z;)o under the projection map P, — D,, in the case (a) or a point py in the
case (b) and (c). It then follows immediately in this case that A'([.Z (X0, T4, %o)] "™ x
[ (X)0,7T;,%0)]"™™) = 0, with A as in Theoremfor the gluing of 7, and 7;. Hence
by Theorem [5.9] the contribution from the type T is zero.

Next suppose we are in Case (V.2), but not Case (V.1). The only remaining possi-

at the punctured point corresponding to an edge E! is a point, being either the

bility is that m’ > 1, there is only one leg adjacent to v, and the type 7 is balanced
at v. Suppose Loy is the only leg adjacent to v In this case, the evaluation map
ev, © M(X)0, Ty, %) — D;, will be surjective. On the other hand, in this case
M (fo /0, T;,%g) is virtual dimension 0 for all ¢, and another application of Theorem
5.9 shows the contribution from the type 7 vanishes. A similar argument applies if L;
is the leg adjacent to v, this time because the evaluation map ev, has image a point
and the virtual dimension of .# (X,/0, 7;,%o) is zero for at least one 4.

In summary, if 7 does contribute non-trivially to (8.14)), either v is univalent, neces-
sarily with A (v) a positive multiple of fj, — ey, for some k, or v is bivalent and balanced,

with A(v) a positive multiple of fj.

Step VI. Calculating the non-trivial contributions from rigid tropical maps. The
only remaining possibility for a rigid tropical map contributing non-trivially to the
right-hand side of is now as follows. There is one vertex w with h(w) = wvp.
Attached to w are those legs L amongst Ly,..., Ly, Loy for which o(L) = g with
k & {j1,...,js}. For those legs L with o(L) = p;,, we instead have an edge adjacent
to w mapping surjectively to g , with opposite vertex vy bivalent and adjacent to
L, which maps surjectively to p;, . Finally, there may be an additional set of edges
adjacent to w mapping to the various g , with opposite vertex being univalent. For
each k, ¢, we will have some number my, of such univalent vertices mapping to v;, with
attached curve classes Prp(fx — €xe), - - Promy, (fx — exe), for some positive integers
Pyo, - .., Peom,,- Note these curve classes also determine the contact order for the edge
adjacent to such a univalent vertex, again by Corollary [2.2]

Recall from Step I that curve classes take values in the duals of the Picard groups
of strata. In particular, Hy(X x A') & Hy(X). If 7 is a decorated type contributing
to and A(7) is the total curve class of the decorated type 7, then under the
blow-down 7 : X — X x Al 7w, A(T) must agree with A = 7. A. Since the curve
class A(v) is contracted by 7 for any v # w, we see that A(w) = A. Further, since
A. Ere = wge, it follows by intersecting A(7) with the exceptional divisor over the strict
transform of pge x A! that Pry = Py +- - - + Piim,, is a partition of wy,. In conclusion,
the type T, associated with the vertex w may now be viewed as a class of map to X,
and is precisely the type 8(P), P = (Py).

We are now ready to compute the contribution of this type to the right-hand-
side of . First, we note that for each univalent vertex v with associated curve
class Py (fr — exe), we may apply Theorem and [GPS, Prop. 5.2] to see that
M (X0, T4, %) is virtual dimension zero with virtual fundamental class of degree
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(=1)Peem /P2, On the other hand, if v is a bivalent vertex mapping to vy with as-
sociated curve class dfy, then .# (2?0 /0, Ty, Xo) is easily seen to consist of one curve
mapping d : 1 to a non-singular fibre of P, — Dj, , totally branched over PN 5jk and
IAEY’;C N X. This map is unobstructed, and the fundamental class of the moduli space is
degree 1/d.

A simple calculation now shows that the multiplicity u(7) is J[pepq) we, where
wg is the index of the contact order u(E). If E is an edge adjacent to a bivalent
vertex with associated curve class dfy, then wg = d, while if E is an edge adjacent
to a univalent vertex with associated curve class Pyon(fr — €xe), we have wg = Pyop,.
The desired contribution to Nz from 7 in (8.14) now agrees with the summand in
corresponding to the collection of partitions P. Indeed, this follows from the
description of the virtual degrees of the moduli spaces above, the calculation of the

multiplicity 4(7), the definition of Ngp), and Theorem [
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