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Abstract—We review information-theoretic approaches to
obtaining simple probabilistic representations for sequences
of exchangeable random variables. Specifically, we examine
information-theoretic proofs of finite versions of de Finetti’s
celebrated representation theorem. Such results state, in a quan-
titative manner, that the joint distribution of the first &£ of
n > k exchangeable random variables is close to a mixture
of product distributions. Closeness is measured in terms of
the relative entropy and explicit bounds are typically provided.
First we review a recent information-theoretic proof a finite de
Finetti theorem for binary random variables, and then we give
a different, new proof for the case of arbitrary finite alphabets.
This second proof is nicely motivated by the Gibbs conditioning
principle in connection with statistical mechanics, and it follows
along an appealing sequence of steps. The technical estimates
required for these steps are obtained via the method of types.

A full version of this paper is available online as [23].

Index Terms—Exchangeability, de Finetti theorem, mixture,
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I. INTRODUCTION

A. Exchangeability

Let Xi,Xs,...,X, be a sequence of random vari-
ables with values in the same finite alphabet A. The se-
quence is said to be exchangeable, if X1, X5,..., X, and
Xr(1)s Xr(2)s- - +» Xr(n) have the same distribution for ev-
ery permutation w on {1,2,...,n}. An infinite sequence
of random variables {X;} is said to be exchangeable, if
X1, Xo,..., X, are exchangeable for every n > 1. A classical
result derived by de Finetti [16], [17] in the 1930s states that
an infinite sequence of random variables with values in A is
exchangeable if and only if it is a mixture of independent
and identically distributed (i.i.d.) sequences, that is, if and
only if there is a probability measure zi on the simplex P
of probability distributions on A, such that, for any £ > 1 and
any o¥ = (21, 29,...,21) € A¥,

P(X{ = z}) = My p(af) := /P Q" (=) di(Q). (1)

L.G. was supported in part by EPSRC grant number RG94782.

LK. was supported in part by the Hellenic Foundation for Research and
Innovation (H.FR.I.) under the “First Call for H.ER.I. Research Projects to
support Faculty members and Researchers and the procurement of high-cost
research equipment grant, project number 1034.”

Ioannis Kontoyiannis
Statistical Laboratory
University of Cambridge
Cambridge, UK
yiannis@maths.cam.ac.uk

Since its original appearance, de Finetti’s representation
theorem (1) has found many important extensions and gen-
eralisations. For example, it has been extended to random
variables with values in compact Hausdorff spaces by Hewitt
and Savage [24], a result that was later further generalised
by Diaconis and Freedman [20]. And in a different direction,
Diaconis and Freedman [19] also obtained a natural analogue
of (1) to the case of Markov chain mixtures.

De Finetti’s theorem plays an important role in the founda-
tions of subjective probability and Bayesian statistics, see, e.g.,
the discussions in [7], [18]. But arguments about its practical
relevance are limited by the fact that, as is well known [20],
the representation (1) fails in general if it is only assumed
that a finite collection of random variables (X7, Xo,..., X,,)
is exchangeable for some fixed n.

Nevertheless, it has been shown — first by Diaconis [18]
and then by several others — that the distribution of the initial
segment of a finite exchangeable sequence is close to a mixture
of i.i.d. distributions. At the heart of Diaconis’ [18] proof
for binary random variables, lies the geometric interpretation
of the set of exchangeable measures as a convex subset of
the probability simplex and the representation of a point as a
convex combination of extreme points. Here we describe two
approaches to proving finite de Finetti-style representations
based on information-theoretic ideas and techniques.

B. Related work and new results

Several alternative proofs of de Finetti’s theorem have
appeared in the literature. Recently, an elementary proof for
the binary case was given in 2019 by Kirsch [28], another
proof of a more analytic nature was developed in 2020 by
Alam [1], and interesting connections with category theory
were drawn in 2021 in [21].

Providing information-theoretic proofs of core results in
probability theory has been a fruitful and active research area
that has produced a wide and multifaceted collection or results.
The long list of works that follow this development includes,
to name only a few, information-theoretic proofs of Markov
chain convergence [27], [32], of the central limit theorem [2],
[4], and of Poisson and compound Poisson approximation [3],
[26], [29]. And in connection with a different aspect of
exchangeability, mutual information and its properties were
employed by O’Connell [31] to give a very elegant, elementary
proof the Hewitt-Savage zero-one law.



The interested reader may also consult Barron’s reviews
of information-theoretic proofs and connections with statistics
and learning [5], [6], Csiszar’s review of information-theoretic
methods in probability [12], and Johnson’s text [25].

In Section II we review a finite de Finetti-type theorem
that was recently established using information-theoretic meth-
ods [22]. In the case of binary random variables, Theorem 2.1
states that, if X7, Xo,..., X, are exchangeable, then there is
a probability measure p on [0, 1] such that the distribution of
the first k of the X; is close to the mixture of the product
Bern(p) distributions under p. Closeness is measured in terms
of relative entropy and an explicit bound (2) is provided in
terms of n and k. The main idea in its proof is to measure
the dependence of the random variables under an appropriate
conditioning using mutual information.

Next, in Section III we give an analogous relative entropy
bound in for random variables X, taking values in any
finite alphabet. The proof of this second result is completely
different from that in [23]; it uses estimates provided by the
method of types and by an argument based on a variation of
the proof of the conditional limit theorem.

C. The method of types and large deviations

The celebrated method of types is a collection of com-
binatorial estimates for probabilities associated with discrete
1.i.d. random variables and memoryless channels. Based in part
on preliminary ideas of Wolfowitz [35], the method of types
was fully developed in 1981 by Csiszar and Korner [15]. As
described in Csiszar’s review [13], the method of types has
been employed very widely and with great success in nu-
merous information-theoretic problems arising from different
communication-theoretic scenarios.

Based in part on the method of types, Csiszar was able to
establish a series of important results in large deviations. In
1975 [10] he identified the exponent in Sanov’s theorem [33]
as an extremum of relative entropies, and in 1984 [11] he
proved a general, strong version of Sanov’s theorem, by a
combination of the method of types, discretisation arguments,
and a general Pythagorean inequality for the relative entropy
established by Topsge [34]. He also gave a simpler proof
along the same lines in his 2006 paper [14]. Moreover,
in [11] Csiszér established a version of the Gibbs conditioning
principle, also know as the conditional limit theorem, using the
same tools.

The method of types and the Gibbs conditioning principle
both play an important role in the proof of our finite de Finetti
theorem in Section III.

II. A FIRST FINITE DE FINETTI THEOREM

For each p € [0,1], let @, denote the Bernoulli probability
mass function with parameter p, Q,(1) = 1 — Q,(0) = p,
and write D(P|Q) = >, .4 P(x)log[P(z)/Q(x)] for the
relative entropy (or Kullback-Leibler divergence) between two
probability mass functions P, () on the same discrete set A;
throughout, ‘log’ denotes the natural logarithm to base e.

Theorem 2.1: Let n > 2. If the binary random variables
(X1, Xo,...,X,) are exchangeable, then there is a probability
measure 4 on [0, 1], such that, for every 1 < k < n, the
relative entropy between the probability mass function Py
of (X1,Xs,...,X)) and the mixture My , = fQ’;du(p)
satisfies:
5k%logn

D(P|[ M) < =2

2

By Pinsker’s inequality [9], [30], | P — Q|* < 2D(P||Q),
the theorem also implies that,

logn \1/2
3
) 3)

where ||P — Q| := >, |P(x) — Q(x)| denotes the ¢; distance
between P and Q. This bound is suboptimal in that, as shown
by Diaconis and Freedman [20], the correct rate with respect
to the ¢; distance in (3) is O(k/n). On the other hand, (2)
gives an explicit bound for the stronger notion of relative
entropy ‘distance.’” Of course, rather than to obtain optimal
rates, our primary motivation in this note is to illustrate how
elementary information-theoretic ideas can be used to provide
an alternative proof strategy for de Finetti’s theorem.

Before sketching the main ideas of the proof of Theorem 2.1
from [22], we first need to introduce some notation. Let n > 2
be fixed. For any 1 < i < j < n, write Xi] for the block of
random variables X = (X;, X;11,...,X;). Denote by N; ;
the number of 1s in XZ so that N; ; = i:v X}, and for
every 0 < ¢ <n write A, for the event {N; ,, = (}.

The main step of the proof is the estimate in Lemma 2.2
below, which gives a bound on the degree of dependence
between X; and XfH, conditional on A,. This bound is
expressed in terms of the mutual information. Let (X,Y)
be two discrete random variables with joint probability mass
function (p.m.f.) Pxy and marginal p.m.f.s Py and Py,
respectively. We write H(X) = H(Px) for the entropy of
X, H(Y|X) for the conditional entropy of Y given X, and
I(X;Y)=H(Y)— H(Y|X) for the mutual information. For
any event A, we write I(X;Y|A) for the mutual information
between X and Y when all relevant p.m.f.s are conditioned
on A.

Lemma 2.2: Forall 1 <k <n,all 1 <:i<k—1, and any
0<i<n:

P = Ml < V10K (

5klogn

1065 Xb 1 Ap) < 225

: “4)

The proof of Lemma 2.2 is quite technical, involving a
combinatorial estimate of the probability that X; = 1 under an
appropriate conditioning and a Taylor expansion of the binary
entropy function, in order to show that the entropy in the
definition of the mutual information is close to the conditional
one; see [22].

Theorem 2.1 follows rather quickly from Lemma 2.2. By
the bound in (4),
k—1

ST I(X XE A <

i=1

5k%logn
n—k



Also, by definition of the mutual information, using the
obvious notation H(X|A) for the entropy of the conditional
p.m.f. of X given A,

k—1 k—1
S 106 Xl = Y| HOGLAY + H(X 1140
i=1

i=1

- H(xtA)|

k
= [Z H(Xi|Ay)

= D(PX{“IAZHPXHA@ Koo X PXk\Az)’

— H(X7|Aq)

where we write Py, for the conditional p.m.f. of X 'ij given
Ay. Since Py, |4, = Q¢/n» We have,

5k2logn

n—k
Finally, writing y for the distribution of £/n = (1/n) > | X;
on {0,1/n,2/n...,1}, averaging both sides with respect to ¢
and using the joint convexity of relative entropy yields the
claimed result.

D (P a,||Qipm) <

Remarks.

1) The mixing measure p = u,, in the theorem is com-
pletely characterised in the proof as the distribution of
(1/n) >°" , X, and it is the same for all k.

2) If {X,, ; n > 1} is an infinite exchangeable sequence,
then it is also stationary, so, by the ergodic theorem
(1/n) Y"1, X, converges a.s. to some X, and the w,
converge weakly to the law, say u, of X. For fixed k,
since Qllj is a bounded and continuous function of p €
[0, 1], we have for any o € {0, 1}*,

mmwb/mwmmémmm
:/%MM@%

and by Theorem 2.1, || P, — My, ,.,,
Therefore, we can conclude that,

P, = /Q’;du(p),

— O(\/Tlogn) /).

for each & > 1, and thus recover de Finetti’s classical
representation theorem.

III. A NEW FINITE DE FINETTI THEOREM

Suppose X7 = (Xi,...,X,), for some fixed n, are
exchangeable, discrete random variables, with values in a finite
alphabet A of m = | A| elements. Let Px;t denote the (random)
type of X7', and let the measure ;4 = p,, denote the law of PX?
on the probability simplex P. Using the same notation as in
Theorem 2.1, we now establish the following new information-
theoretic finite de Finetti theorem:

Theorem 3.1 (Finite de Finetti theorem): For any 1 < k <
(n/100)'/3, we have,

D(Py|[My,u) < €(n, k)

" 2m*
— 25 + ke—ﬂ(% n 1) logn, (5)

with @ = app = [\2/—'%(“&? + 1)]1/2 and § = 8, =
alog(m”/a).
Remarks.

1) It can be seen from (5) that, if k stays bounded as n —
00, then:

e(n,k):O(gn}k):O(( k )1/2 n

% log E) — 0.

Moreover, in order for €(n,k) to vanish, k can grow
at most logarithmically with n. This is, at least asymp-
totically, weaker than the bound given in Theorem 2.1
for the binary case m = 2. Furthermore, the proof
of (5) given below is longer and more involved that
the corresponding proof of (2). But the interest in
Theorem 3.1 lies in the fact that the proof of (5) follows
a completely different information-theoretic path, which
consists of an appealing sequence of steps making
interesting connections. So we first present a heuristic
outline, and then discuss some of the key steps in the
actual proof.

2) We have cheated slightly in the statement of the theorem,
in that the proof below is only given for the case when n
is a multiple of k. However, this is only a minor technical
inconvenience; for example, we can replace n with an
integer multiple of & which is no less than n—k, leading
to the same bound with €(n — k, k) in place of ¢(n, k).

3) De Finetti’s original theorem (1) easily follows from (5)
as in Section II.

A. A heuristic proof of de Finetti’s theorem (1).

Step 1: Since the sequence {X,,} is exchangeable it is also
stationary, therefore, by the ergodic theorem PX{L converges as
n — oo a.s. to a (random) P on A. Let i denote the law of P,
and let {Y,,} be ii.d. random variables uniformly distributed
on A. Then, by exchangeability, we clearly have for any n,
any k < n, any n-type Q,, and any o} € AF,

P(X} = a¥|Pxp = Q) = P(YF = af|Pyn = Q). (6)

Step 2: Choose and fix any one of the almost all realisations
{Qn} along which Pxy converges to some @ as n — oo.
By (6) and symmetry we have,

P(X; = alPxp = Q) = E(]I{lea}

le" - Qn)

1 n
= E(g > vi—a)
i=1

PYI" = Qn)v
so that,

P(X1 = alPxp = Q) = E(Pyp (0)| Py = Qn) = Qula),



for any a € A, and letting n — oo yields,

lim P(X; = a|Pyy = Q) = Q(a). (N
n—oQ
Step 3: Next we generalise (7) to blocks of random vari-
ables. As before, choose and fix any one of the almost all
realisations {Q,,} of the random FA’XIL such that @), — some
@ as n — oo. Define a new sequence of i.i.d. random variables
Zn = (Yop—1,Y2,), n > 1, so that each Z,, is uniformly
distributed on A x A. From (6), taking k = 2 and an arbitrary
even n = 2/,

IP)(()(17)(2) = (Cl1,6l2)’13)(12/Z = Qze)
=P(Z1 = (a1,02)| Py € E(Qa)), (8)

where E(Q) denotes the set of probability distributions 1 on
A x A with the property that the average of the two marginals
Wi and W5 of W equals @,

BQ) = {WonAx4: M:Q}.

2
If we write U for the uniform distribution on A x A, it is
easy to check that the distribution W/ that uniquely achieves
the miny c gy D(W|U) is simply Q x Q. At this point, we
would wish to apply the conditional limit theorem [8] to the
i.i.d. process {Z,,}, to obtain that,

EILISOP(Zl = (a1,a2)| Pz € E(Qar))

= W,
= elggo QQZ(al)QM(aQ)
= Q(a1)Q(az),

and combining this with (8) would yield,

P((X1,X,) = (a1,a2)|15x§£ = Q2) = Q(a1)Q(az2),

as £ — oo. The same argument can be used without difficulty
to show that for any k > 1 and any af € A,

Jim P(X = af|Pye = Qre) = Q" (a}). ©)

Step 4: Since (9) holds for almost every sequence {Q},
letting £ — oo, by the bounded converge theorem we have,

PxE = af) = B(BOXE = aflPyy)) ~ [ QHab)dn(@Q)

as required. U

The only problem with the above argument is that the
set F(Q) has an empty interior so that the conditional limit
theorem is not directly applicable. Nevertheless, in the next
section where we take a finite-n approach, we are able to
‘imitate’ the proof of the conditional limit theorem and replace
the step where the non-empty interior assumption is used with
a different argument.

B. Proof outline of Theorem 3.1

Recall the notation and terminology for types described in
the previous section. Let 1 = pu,, denote the law of ]ADX; on P,
and let {Y},} be i.i.d. random variables uniformly distributed
on A. For any k < n, any n-type Q,,, and any af € AF,

P(X{C = a’ﬂpX'l" =Qn) = P(Ylk = a]flel" = Qn)-
Foe k =1 and any a € A, by symmetry we have,
P(X1 = a|Pxp) = Pxp(a),

and taking the expectation of both sides with respect to p
shows that in fact P = My ,,.

For general 1 < k < n with n = k¢, for any n-type Q we
have,

P(X} = a’f@xfi’ =Q) = Pz = a’f|]52f € Ex(Q))
= E(Pg(a)|Py € Ex(Q)),

where now {Z,,} is a sequence of i.i.d. random variables uni-
formly distributed on A*, and E},(Q) consists of all probability
distributions W on A* with the property that the average
of the k one-dimensional marginals of W equals (). Taking
expectations with respect to Pxfk = PXT’ ~ U= fn,

POXE = ab) = [B(Pyah)] Py € EL(@)du(Q),
and by the joint convexity of relative entropy,
D(Py| M)
= D( [B(Px|Py; € E@)inlQ)| [ @" (@)
< [ D(B(P41Py; € EL(@)]|Q")du(@)
< / E(D(P Q) [Py € (@) din(@). (10)

We will obtain an explicit bound for the relative entropy
in (10). First, we construct a joint /-type W with desirable
properties. Let P, denote the set of /-types on A*.

Lemma 3.2: For any ¢ > k > 1 and any n-type @, there is

a W € Ei(Q) NPy with:
1/2
I 14 '

(W)~ H(Q")| < ~Mlog .

max W (ak) — Q" (a})] < M =
ay

Moreover, for 2 < k < \/Z/lO,

The first part of the lemma can be proved using the second
moment method and the second is a consequence of [15,
Lemma 2.7]; see [22] for details.

Next we obtain an upper bound on the conditional expec-
tation in (10).



Lemma 3.3: Suppose n = lk, with 2 < k < \/Z/lO. For
any n-type Q we have:

E(D(Pz]1Q") | Pz € E(Q)) < e(n, ).

Proof: We follow the same steps as in the proof of the
conditional limit theorem in [8]. Recall that if we write Uy
for the uniform distribution on A*, then the W, that uniquely
achieves D* = miny¢cp, (q) D(W||Ux) is Wi = Q. We
partition E(Q) into Bas and C' = Ej(Q)— Bas, where Bos =
{W € Ex(Q) : D(W||Ug) < D*+42§}, with § = §,, 5. Then,
writing vy for the distribution of PZf,

ve(C N Ex(Q))
ve(Er(Q))
ve(C)
ve(Bas)
Next we bound the above numerator and denominator. For the
numerator, writing again P, for the set of /-types on AF,

wE) 23 Ul

ve(ClE(Q))

weCnPpPy
Y S et
weCnPy
(©) .
< |BR(Q) N Pylem (P20
(@)

0+ 1)mke—€(D*+25)

where T (W) in (a) denotes the type class of all strings of
length £ in A* with type W, (b) is a standard property [8], (c)
follows from the definition of C' and the fact that E}(Q)NP, C
Er(Q), and (d) follows from the standard observation that
|Ex(Q)NPy| < |Pe| < (€41)™". Similarly, letting W, denote
the type from Lemma 3.2,

vy(Bas) > wve(Bs)
= ) ULrw)
WeBsNPy
> Up(T(Wy))
> (f—i—l)_mke_éD(WO“U)
> (1) e D),

Combining these bounds, we obtain,
P(Py € C|Py € Ey(Q)) < (L +1)2™ e,
or,
P(D(Py|Uy) > D" + 25]152f € F(Q)
< (0+1)2m" et

Since the set Fj(Q) is closed and convex, we may apply the
Pythagorean identity for relative entropy [8] to conclude that:

P(D(Py]IQ") > 28| Py € (@) < (+ 1) e,

Thus,
E(D(Pz)1Q")| Py € Bi@))

<+ 1)2mke—é6 PEI%?;)((Q) D(P|| Q%) + 26.

The claimed bound now follows by Lemma 3.4 on taking
¢=k/n. [ |

Lemma 3.4: For any n-type (), we have:

max D(W|QF) < klogn.
x| (W]Q%) < klog

The proof of this technical lemma is omitted; see [22] for the
details.

Theorem 3.1 follows from (10) combined with Lemma 3.3.
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