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De Finetti's Representation Theorem

X1, Xo, ..., X, random variables in A
Notation: X{ = (X1,...,Xn)

Exchangeability: X1, Xa, ..., Xy and Xz(1), Xz(2)s - - - s Xr(n) have the same
distribution for every permutation 7 on {1,2,..., n}.

{Xi} is exchangeable, if X1, Xa,..., X, are exchangeable for every n > 1
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

POXE = xK) = My, (k) / QX(x)du(Q)

for some measure 1 on the simplex P
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{X;} is exchangeable if and only if it is a mixture of i.i.ds:

POXE = xK) = My, (k) / QX(x)du(Q)

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

P(X{ = x{) = Mku(xl /Q ()dpu(@

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:

P(X; =1,X =0)=P(X, =0,X = 1) = 1/2
P(X;=0,X=0)=PX, =1,X=1)=

Berta, G., Kontoyiannis Information-Theoretic de Finetti




De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

P(X{ = x{) = Mku(xl /Q ()dpu(@

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:

P(X; =1,X =0)=P(X, =0,X = 1) = 1/2
P(X;=0,X=0)=PX, =1,X=1)=

However, lek is close to M,
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Diaconis and Freedman TV bounds

[Diaconis, Freedman '80]:
°

2|A k
1P — M iy < ALK

k(k —1)

P, — M <
1Pk — My, [ Tv < T
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Diaconis and Freedman TV bounds

[Diaconis, Freedman '80]:
°

2|A k
1P — M iy < ALK

k(k —1)

P, — M <
1Pk — My, [ Tv < T

» Condition on the type = u, = law of the empirical measure
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Information-Theoretic Approaches: Previous proofs

Closeness will be measured in terms of relative entropy

P(x)

D(P||Q) = ZP(X Iog )

Xx€EA
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Information-Theoretic Approaches: Previous proofs

Closeness will be measured in terms of relative entropy

P(x)
Q(x)

D(P||Q) = ZP(X Iog

Xx€EA

» Stronger by Pinsker's inequality

N[

1P~ Qllv < (2D(PIIQ)) "
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Information-Theoretic Approaches

e [G., Kontoyiannis, 2021] Binary RVs

< 5k?log n

D(PkHMkv/»Ln) = n—k
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Information-Theoretic Approaches

e [G., Kontoyiannis, 2021] Binary RVs

< 5k?log n

D(PkHMkv/»Ln) = n—k

e [G., Kontoyiannis, 2022] RVs on finite alphabets

D(Py||Mk ,) = O ((\%)1/2 log Z>

> Diaconis & Freedman: O(%) for the total variation distance
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Information-Theoretic Approaches: New Approach

Theorem (Exchangeability and information)

Suppose X]' is an exchangeable with values in a standard Borel space

(A, A).

For every 1 < k < n—1 there exists a probability measure ;1 = piy , on the
space of probability measures on (A, A) s.t.

k
1 i
D(PXfHMk,u) < [y ;/(Xl HXE),
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Information-Theoretic Approaches: New Approach

Theorem (Exchangeability and information)

Suppose X]' is an exchangeable with values in a standard Borel space

(A, A).

For every 1 < k < n—1 there exists a probability measure ;1 = piy , on the
space of probability measures on (A, A) s.t.

k
1 i
D(PXfHMk,u) < [y ;/(Xl HXE),

» For A discrete (finite or countably infinite)

I(X{5Y) = HXY) = HIXE|Y) < H(X() < kH(X1) < klog |A|
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Explicit de Finetti-style theorems

Therefore
Corollary

If X' exchangeable, discrete, then for every 1 < k < n—1 there is
M = fkn S-T.

k(k —1)
2(n—k+1)
k(k —1)
~2(n—k+1)

D (Pt || M) < H(X0)

log |A|
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Explicit de Finetti-style theorems

Therefore
Corollary

If X' exchangeable, discrete, then for every 1 < k < n—1 there is
M = fkn S-T.

D(lek|{Mk7u) =

@ more general

@ stronger
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Explicit de Finetti-style theorems

Corollary (Classical de Finetti theorem for compact spaces)

Suppose { X} is exchangeable with values in a compact metrisable space
G equipped with its Borel o-algebra. If for every k we have

I(XEY X)) = o(n)  as n — oo,

then there is u s.t.
'Dxlk = Mk,ﬂ
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Explicit de Finetti-style theorems
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Explicit de Finetti-style theorems

Corollary (Classical de Finetti theorem for compact spaces)

Suppose { X} is exchangeable with values in a compact metrisable space
G equipped with its Borel o-algebra. If for every k we have

I(XEY X)) = o(n)  as n — oo,

then there is u s.t.
'Dxlk = Mk,ﬂ

@ Applies to finite-alphabet
o Condition might fail
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Proof Sketch

n n
D IXTEXIXT ) = > 1T Xl X
m=k m=k

(X{H X0),
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Proof Sketch

1 k n . 1 k n .
T XX ) = g D O Xl X))

i=1m=k i=1m=k
1 k

— i—1. yn

—m§ JXTHXR)
i=1
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Proof Sketch

n k Kk
1 I—l m 1 ,_1 n
mz > I 'Xi‘Xk—f—l):n_k_l_:l;/(Xl . X[

m=k i=1
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Proof Sketch

n

k k
1 I—l m 1 ,_1 n
mz >0 'Xi‘Xk—f—l):n_k_l_li_ll(Xl X[

m=k i=1
= 3dm" e {k,k+1,...,n} such that

k

i—1. vy m* i~1. yn
;’()ﬁ vX:’XkH)Sn_kJrl;’(Xl Xk
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Proof sketch

But now with s, = law of (random) PX{\X;"*l('|XIT;1)
+

D(Px M) = D( [ P, ()| [ P, (1))

< [ D(Pagiagy, I[Pl g (i)

k
/D<lek|ka:1(-|x[("£1)H H Px,\xg‘l("xzin;ﬁ) d pus
i=1

k
H * 1 .
i—=1.y . |ym i—1.yn
1 L ?Zl I(XL X))

I
.M»

1
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On the optimal rate

Sharp de Finetti upper bound in [Johnson, G., Kontoyiannis '24] via
sampling bounds:

Theorem

If X' exchangeable on a finite alphabet A, there is u = p, s.t.

k(k —1)
(n—1)(n—k+1)

1
D(Pxt M) < 5(141 = 1)
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Open questions

@ de Finetti's theorem is often used in machine learning!
» Applications?

@ Quantum Information Theory

@ Extensions
» Weighted exchangeability, Aldous—Hoover,...
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Thank you!
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