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Abstract—We show that there is equality in Shannon’s Entropy
Power Inequality (EPI) if and only if the random variables
involved are Gaussian, assuming nothing beyond the existence
of differential entropies. This is done by justifying de Bruijn’s
identity without a second moment assumption. Part of the proof
also relies on a re-examination of an example of Bobkov and
Chistyakov (2015), which shows that there exists a random
variable X with finite differential entropy Ah(X), such that
h(X +Y) = oo for any independent random variable Y with
finite entropy. We prove that either X has this property, or
h(X +Y) is finite for any independent Y that does not have this
property. Using this, we prove the continuity of t — h(X ++/tZ)
at ¢ = 0, where Z ~ N(0,1) is independent of X, under
minimal assumptions. We then establish two stability results:
A qualitative stability result for Shannon’s EPI in terms of
weak convergence under very mild moment conditions, and a
quantitative stability result in Tao’s discrete analogue of the EPI
under log-concavity. The proof for the first stability result is based
on a compactness argument, while the proof of the second uses
the Cheeger inequality and leverages concentration properties of
discrete log-concave distributions.

All of our results are stated without their proofs; these can be
found in the full version of the paper at [19].

I. SHANNON’S ENTROPY POWER INEQUALITY

One of the equivalent formulations of Shannon’s celebrated
entropy power inequality (EPI) states that, for any pair of
independent random variables X,Y in R and any A € (0,1),

MVAX + V1 =AY) > M(X) + (1= NA(Y) (D)

where h(X) denotes the (differential) entropy of a random
variable X having density f,

h(X) = h(f) = - / /() log f (z)dz, @

with the convention that we set h(X) = —oo whenever the
integral in (2) does not exist, including in the case when X
does not have a density with respect to Lebesgue measure
on R. In particular, when we say that the differential entropy
h(X) of some random variable X is finite, we mean that the
integral exists and —oo < h(X) < oo, while “h(X) < co"
also includes the cases when the integral does not exist and
when it does exist and equals —oo. [Logarithms are natural
logarithms throughout.]

The first proof of the EPI, after it was stated in Shannon’s
paper [42], was given by Stam [43] in 1959 and made use of
de Bruijn’s identity,

ih(x +VtZ) = %I(X +VtZ), t>0. 3)

dt
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Here, Z is a standard Gaussian independent of X, and I(X)
denotes the Fisher information of X, where
2

!
1(x) = / (f'(x))
r f(2)
whenever X has an absolutely continuous density f; other-
wise, we set I(X) = oo, c.f. [8].

Stam’s proof was revisited by Blachman [7] and it was also
presented in the review of Dembo, Cover and Thomas [14].
Using de Bruijn’s identity (3), the EPI is derived as a conse-
quence of the convolution inequality for Fisher information,
also known as Stam’s inequality [7], [43]:

IX+Y) ' >1(X)" L+ 1(Y),

dz, “)

where X, Y are arbitrary independent random variables. The
proof of de Bruijn’s identity (3) requires justification of ex-
change of differentiation and expectation. As has been pointed
out before [30], [41], this was only done in 1984 by Barron
[6], under the assumption that X has finite variance. Around
the same time, the Bakry-Eméry theory was developed [2],
where a related representation for the time derivative of the
relative entropy D(P;||Q) between the time-t distribution P;
of a diffusion and its invariant measure () was obtained. A
proof of the EPI using de Burijn’s identity also appeared in a
slightly more general form in Carlen and Soffer [10], where a
qualitative stability result is obtained as well. We will discuss
this in more detail in the following section. More recently,
another proof of the EPI in the same spirit, using a closely
related derivative identity for the mutual information, was
given by Verdd and Guo [46], again assuming finite variance.

One of the main contributions of the present work is
the justification of de Bruijn’s identity (3) under minimal
assumptions and in particular under no moment conditions,
see Theorem 4.

Another part of Stam’s proof which also uses the finite
variance assumption, is the continuity of ¢ + h(X +/tZ) at
t = 0. We will show in Theorem 3 that this can be justified
without moment conditions but, as we will see, this continuity
fails without mild additional assumptions.

A different classical proof of the EPI is due to Lieb [34]
(see also [14]), using the sharp form of Young’s inequality,
which yields a family of inequalities for Rényi entropies.
However, this proof requires integrability of some power of
the densities, i.e., ffo‘ < oo for some o« > 1, in order to



obtain the EPI for differential entropy in the limit as av — 1.
One can remove this condition to obtain the EPI for any pair
of random variables using a truncation argument as in Bobkov
and Chistyakov [9]. But because of this truncation, this method
of proof does not settle the equality case without the above
integrability assumption.

A number of other proofs of the EPI have appeared in the
literature, under a variety of different assumptions. A simple
proof, which also generalizes to give entropy monotonicity
along the central limit theorem (CLT), is due to Madiman
and Barron [35], under the finite variance assumption. Several
different proofs were proposed by Rioul [38]-[41]. In par-
ticular, the equality case is settled in [41], assuming (among
other conditions) that the densities of X and Y are everywhere
positive and continuous.

Szarek and Voiculescu [44] gave a nice, geometric and
intuitive proof using the Brunn-Minkowski inequality and a
rearrangement inequality by Brascamp, Lieb and Luttinger.
Due to the limiting nature of this argument, the equality
case is not settled there either. Anantharam, Jog and Nair
[1] obtained a proof that unifies the EPI and the Brascamp-
Lieb inequality using a doubling trick, assuming finite second
moments. Courtade [12] also provided a simple proof for the
monotonicity of entropy along the CLT using the maximal
correlation, assuming finite variances and smooth densities.
Finally, a recent, remarkable proof using the Follmer process
is due to Lehec [32], which assumes finite second moments. A
similar idea was used by Eldan and Mikulincer [16] to obtain
stability under log-concavity. We will revisit this topic in the
following section.

Since the proofs in the literature only settle the equality case
of the EPI in restricted cases (assuming either finite second
moments or under regularity assumptions on the densities of
X and Y), it is natural to ask: Assuming only finiteness of
h(X) and h(Y'), does equality in the EPI (1) hold if and only
if X and Y are Gaussian? We answer this question in the
affirmative, using our general version of de Bruijn’s identity,
a result which may also be of independent interest.

Before stating this in Theorem 5, we note that, as Bobkov
and Chistyakov [9] point out, one needs to be careful even
when formulating the EPI (1): there exist random variables
X,Y such that the integrals in the definitions of h(X) and
h(Y) exist, while h(X +Y") does not. Under the convention
that h(X) = —oo when the integral does not exist, (1) holds
true for any pair of independent random variables X, Y.

Furthermore, Bobkov and Chistyakov showed that the fol-
lowing “discontinuity” phenomenon may occur [9, Proposition
V.8]:

Proposition 1 ([9]). There exists a random variable X such
that —co < h(X) < oo, while h(X +Y) = oo for every
independent random variable Y with h(Y') > —oc.

This example shows that ¢ — h(X 4 v/tZ), where Z is a
standard Gaussian independent of X, need not be continuous
at t = 0. Establishing continuity at ¢ = 0 is a key step in

Stam’s proof of the EPI, and it fails when no conditions other
than the existence of h(X),h(Y) are imposed. For the same
reason, de Bruijn’s identity (3) may also fail, as its right-hand
side is finite.

Our first main contribution, Theorem 2 below, shows that
the family of counterexamples provided by Bobkov and
Chistyakov above is the “only" pathological case. For con-
venience, we first define the class of random variables having
the property of the counterexample of Proposition 1:

Cpc :={X : h(X) is finite and L(X +Y) = o0
for any independent Y with h(Y") > —oo}.

Theorem 2. Let X be a random variable in R whose
differential entropy exists and is finite. There are only two
possibilities:
1) Either X € Cpg, or
2) (X 4+Y) < oo for any independent random variable
Y ¢ Cpc.

In addition, we show that X ¢ Cpc is enough to justify the
continuity of entropy under Gaussian perturbation:

Theorem 3 (Entropy continuity under Gaussian perturbation).
Let X be a random variable in R with finite differential
entropy, for which there exists an independent random variable
Y with finite differential entropy such that h(X +Y) < co.
Then, if Z ~ N(0,1) is independent of X,

lim h(X + ViZ) = h(X).

The proofs exploit a submodularity-for-sums inequality for
entropy [31] and use a truncation argument, together with
some uniform estimates on the mutual information, and a few
careful applications of dominated convergence.

Our next goal is to derive de Bruijn’s identity (3) under
the weakest possible conditions. As mentioned, we see from
Proposition 1 that the existence and finiteness of h(X) is not
enough. Nevertheless, we show:

Theorem 4 (De Bruijn’s identity without finite variance). Let
X be a random variable in R with h(X) < oo, for which
there exists an independent random variable Y with finite
differential entropy such that h(X +Y) exists and is finite.
Then, if Z ~ N(0,1) is independent of X,

d 1
Zh(X + VitZ) = FI(X+ VtZ), t>0.

The key idea in the proof of Theorem 4 is to replace the
step in the proof of Barron [6] where the finite variance as-
sumption is used, with the finiteness of (X ++/f¢Z) for some
to > 0, which is a consequence of the submodularity-for-sums
inequality for entropy. A data processing argument together
with an application of dominated convergence complete the
proof.

Thus, we are able to prove the following general version
of the EPI. We require no assumptions for the EPI to hold
and we settle the equality case under the minimal assumption



that the entropies exist and are finite. Clearly, if both sides are
infinite, equality can be achieved trivially without the random
variables being Gaussian.

Theorem 5 (EPI). Let X,Y be independent random variables
on R. Then, for any \ € (0,1),

AVAX +V1I=XY) > A(X)+ (1= Mh(Y). (5)

If h(X) and h(Y') exist and are finite, there is equality if and
only if X and 'Y are Gaussian with the same (finite) variance.

To the best of our knowledge, this is the first characteriza-
tion of the equality case in the EPI under no assumption other
than existence of entropies.

As noted above, a version of de Bruijn’s identity for the
derivative of relative entropy can be established using the
Bakry-Emery theory [3, Proposition 5.2.2]. For a diffusion
{X.} on R, this is proved for every function f in the associated
Dirichlet domain D(&). The present setting corresponds to the
Ornstein-Uhlenbeck process on the real line, with f = %,
where o denotes the law of X and  is a Gaussian measure.
However, since we are not assuming finite variance for X,
it is not clear how to translate [3, Proposition 5.2.2] to the
derivative of the entropy itself. Moreover, our assumptions are
strictly weaker: here, the Dirichlet domain reduces to the set of
functions having a weak derivative in L?(v) [3, p. 126], which
excludes, for example, functions with jumps. Our result does
not require any such regularity assumptions and includes, for
example, the case where X has a piecewise constant density.

Finally, we state two simple consequences of Theorem 4.
Sometimes, in applications arising in the study of generative
models in machine learning, it is of interest to differentiate
the entropy of a diffusion with discrete initial distribution.
Corollary 6 says that de Bruijn’s identity is valid for any
discrete X with finite discrete entropy H(X). Recall that
the discrete (Shannon) entropy of a discrete random variable
X with probability mass function p on a finite or countably
infinite set A is

H(X)=H(p)=—_ pla)logp(a). 6)

acA

Corollary 6. Let X be a discrete real-valued random variable
with finite entropy H(X). Then, if Z ~ N (0,1) is independent
of X,

%h(x +ViZ) = %I(X +ViZ), t>o0.

A combination of Theorems 3 and 4 with the mean value
theorem gives de Bruijn’s identity at ¢ = 0. Recall that, by
convention, we set the Fisher information 7(X) = oo for any
random variable that does not have an absolutely continuous
density.

Corollary 7. Let X be a random variable in R with h(X) <
o0, for which there exists an independent random variable Y

with finite differential entropy such that h(X +Y) exists and
is finite. Then, if Z ~ N(0,1) is independent of X,

d 1
X+ ViZ) o = 1. 7)

II. (IN)STABILITY OF SHANNON’S EPI

The next question we address is that of stability in Shan-
non’s EPI: if the deficit in the EPI (1) is small, are the
random variables X, Y close (in some appropriate sense) to
the extremizers, i.e., to Gaussians? To make this precise, for
A€ (0,1) let

Sp1A(X,Y) = h(VAX +vV1 = AY) = Ah(X)—(1-A)A(Y).

Does
depra(X,Y) <6,

imply that
d(X,Gx),d(Y,Gy) < €(9),

for some Gaussians G x, Gy, some “distance” measure d, and
with €(d) — 0 as § — 0? Is it possible to obtain quantitative
estimates for €(0)?

The first (positive) stability result was obtained by Carlen
and Soffer in [10], where it was shown that, among isotropic
random vectors that satisfy a uniform bound on the Fisher
information and a uniform bound on the decay of the second
moment tails, dgpr,x» — 0 implies convergence to Gaussianity
in relative entropy. In the reverse direction, Courtade, Fathi and
Pananjady [13] constructed a sequence of random variables
that satisfy dgpr,» — 0, while their relative entropy from any
Gaussian is bounded away from zero. These random variables
do not satisfy Carlen and Soffer’s uniform bound on the second
moment tails, but they have unit variance and bounded Fisher
information. A quantitative stability result for uniformly log-
concave random variables is also established in [13].

Ball, Barthe and Naor [4] proved that, if X has finite
Poincaré constant C'p(X), then

< 2CP(X) + 202

D(X) -

dgpr,1 (X, X), ®)
where dgpy 1 (X, X) refers to the case when X and Y have
the same distribution, o2 is the variance of X, and D(X)
denotes the relative entropy between X and a Gaussian with
the same mean and variance as X. This was generalized to
higher dimensions under the extra assumption that X is log-
concave by Ball and Nguyen [5]. Related bounds were also
established in [31], [36]; in particular, using the results of
Johnson and Barron [25], it was shown in [31] that, if X has
finite Poincaré constant C'p(X), then
2

pix) < T
Further discussion of the relation between dypy 1 (X, X) and
the closely related “entropic doubling constant” is given in
[21], [33].



Eldan and Mikulincer [16] used an adaptation of Lehec’s
idea [32] to generalize (8) for any A (instead of only con-
sidering A = %) and to obtain improved constants in the case
where the random variables are already close to Gaussian. This
result played a key role in the recent breakthrough resolution
of Bourgain’s slicing problem [24], [29].

Recently, a weak qualitative stability result was established
in [21], in a similar spirit as that in [10], but without the Fisher
information assumption, and in terms of weak convergence
rather than convergence in relative entropy.

Although the counterexample of [13] says that stability may
fail for strong distances such as relative entropy, it is natural
to ask whether we may still have stability in the sense of
weak convergence. The result of [21] does not completely
answer this, as the uniform integrability assumption in that
result, which is necessary in the proof due to the use of the
result of [10], is not satisfied by the counterexample of [13].

Our main stability result is only qualitative and in the
weakest possible distance, the Lévy metric d;, [15], which
metrizes weak convergence, but it only assumes finite kth
moments for some k > 1:

Theorem 8. Suppose X,Y are random variables with finite
differential entropies, —oo < h(X),h(Y) < oo, and

E|X|* E|Y|" < oo for some k > 1.
Fix A € (0,1). Then

for each € > 0 there is a § > 0 s.t.
5EPI,/\(X7 Y) <9 implies dL(X, G1)7dL(}/, Gg) < €, (10)

for some Gaussian random variables G1,Go with the same
variance.

Equivalently, suppose A € (0,1) and {(X,,Y,)} is a
sequence of pairs of random variables such that, for each
n, Xn, Yy, are independent with finite differential entropies.
If {X.} and {Y,} have uniformly bounded kth absolute
moments for some k > 1 and dgp1A(X,,Y,) — 0 as
n — oo, then the limits of any subsequence along which {X,,}
and {Y,} both converge weakly, are Gaussian with the same
variance.

Note that the conclusion of Theorem 8 does not imply
that the random variables have a weak limit if the deficit
in the EPI vanishes; in fact this may well not hold. It is
also straightforward to check that the counterexample of [13]
satisfies the assumption of our Theorem 8, since the densities
in that example all have unit variance. The proof is based
on a compactness argument. After smoothing, the moment
condition ensures convergence of differential entropies and we
obtain the result by the equality case in the EPI via Theorem 5.

III. STABILITY OF TAO’S DISCRETE EPI

Obtaining discrete analogues of the EPI is a subtle task and
it is not ever clear what is the most natural discrete version
of Shannon’s EPI. Tao [45] proved the following discrete

analogue for independent and identically distributed (i.i.d.)
discrete random variables taking values in a torsion-free group:

Theorem 9 ([45]). Let X1, X5 be i.i.d. random variables with
values in a discrete subset of a torsion-free group G. Then

1
H(X:1+ Xo)> H(X:) + 3 log2 — o(1),

as H(X,) — oo

Here H denotes the discrete (Shannon) entropy, recall (6).
This can be seen as a discrete analogue of (1) for A = %,
which by scaling, is the same as

1
h(X1 + X2) = h(X1) + 5 log2.
It is easy to see that without the o(1) term, the inequality
1
H(Xl + XQ) > H(Xl) + 5 10g2,

can fail if H(X;) is small enough.

In the case of integer-valued random variables, finite bounds
for the o(1) term were established in [17], [18], along with
generalizations to sums of more than two random variables,
under the discrete log-concavity assumption:

Theorem 10 ([18, Theorem 2, case n = 1]). Let X1, X5 be
i.i.d. log-concave random variables in 7. There is an absolute
constant C such that,

log o

1
H(Xl +X2) 2H(X1)+§10g2—0 pu s

(11)
provided that o* := Var(X,) is large enough.

Our main result in the discrete setting provides a quantitative
stability estimate of (11):

Theorem 11. Suppose X has a log-concave distribution on
the integers, variance Var(X) = o2 and Xy, X, are iid.
copies of X. Denote by Z\“) a Gaussian with the same mean
and variance as X, discretized on 7. Assume o > 1547. Then
there are absolute constants Cy,Cy such that

D(X||2®)
log o

1
< O (H(X1 + Xz) - H(X1) - 5 log2) + G222, (12)

g

where D(-||-) denotes the relative entropy.

From the proof of Theorem 11 it can be seen that we may
take C; = 876489. An explicit value for Co may also be
extracted, but it will be at least 10'°, so we do not pursue
this here. We expect that these constants can be improved
significantly.

By a discretized Gaussian Z(*) in Theorem 11 (also referred
to as quantized Gaussian in [20]) we mean

P(Z®) = k) = / Puo2(z)dr, ke,
[k,k-+1)

where ¢, ,» denotes the Gaussian density with the same mean
u and variance o2 as X.



Theorem 11 says that if the discrete EPI (11) is close to
equality, and the if variance of X is large enough (a condition
which is, in general, weaker than the entropy being large), then
X is close in relative entropy to a Gaussian discretized on
the integers. It can also be viewed as a discrete analogue of
the continuous stability results of Ball, Barthe and Naor (8)
and of Kontoyiannis-Madiman (9).

Our strategy for proving Theorem 11 is to use (9) applied to
X +U, where U ~ U[0, 1], and to approximate the continuous
EPI deficit by the discrete one using the results of [18]. Note
that, since the density of X + U is piecewise constant, it is
not log-concave. Nevertheless, we show that it has a finite
Poincaré constant (see, e.g., [27] for definitions) bounded by
an absolute constant times the variance of X:

Proposition 12. Let X be a discrete log-concave random
variable on the integers and let U be a continuous uniform
random variable on the unit interval, independent of X.
Assume o2 := Var(X) > 4. Then

Cp(X +U) < 438244 - o2,
where Cp(-) denotes the Poincaré constant.

This bound is analogous to the continuous case, up to the
large absolute constant. In the proof we use the Cheeger

inequality [11], A

CP(V) S ISQ(Z/) )

where Is(v) denotes the isoperimetric constant of a probability
measure v. A useful identity obtained by Bobkov and Houdré
in the one-dimensional case then allows us to exploit the
concentration properties of discrete log-concave measures to
bound the isoperimetric constant.

We mention in passing that bounding the Poincaré constant
(or the inverse of the isoperimetric constant) from above in
high dimensions is related to the Kannan-Lovasz-Simonovits
conjecture [26], which states that the Poincaré constant of any
(continuous) log-concave random vector is bounded above by
an absolute constant, independent of the dimension. The best
known upper bound to date is Cy/logn due to Klartag [28].
Of course, our Proposition 12 is only in dimension 1.

Another motivation for considering estimates as in (12)
comes from the recent proof of Marton’s conjecture [22],
[23]. The equivalent entropic formulation of the polynomial
Freiman-Ruzsa (PFR) conjecture [22, Theorem 1.8] can be
seen as a stability estimate in the lower bound
1
2
when X, X5 take values in F7, in terms of a “distance"”
known as Ruzsa distance. The extremizers in this case are
uniform distributions on finite subgroups. Obtaining analogous
estimates in torsion-free groups is related to PFR over Z,
which remains open. An improvement of the best known
bounds in this case is given in the recent preprint [37], which
also discusses the potential usefulness of discrete stability
estimates in Ruzsa distance.

H(X, + Xo) — S (X))~ SH(X:) > 0
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