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Abstract—We consider the problem of optimal universal loss-
less data compression subject to a constraint on the excess-
rate probability. In the non-universal setting, in the regime
where the excess-rate probability is required to be below a
fixed ¢ > 0, the best asymptotic rate that can be achieved by
one-to-one codes on memoryless sources is given by the source
entropy. More accurate approximations relying on the central
limit theorem provide sharper characterizations of the optimal
rate at finite blocklengths. But when the constraint ¢ on the
excess-rate probability is small, recent work showed that these
approximations fail to be informative and can be quite inaccurate.
In the small-excess-rate-probability regime, the best achievable
asymptotic rate is given by the inverse of the error-exponent
function, and an accurate approximation at finite blocklengths
was obtained based on the central limit theorem and large
deviations techniques. In this work, we show that, in this small-
excess-rate-probability regime, the same performance as when
the source distribution is known can be obtained universally over
the class of all memoryless sources on a fixed alphabet of size
m, at a cost of no more than (™52)logn bits, where n denotes
the blocklength. The main new technical tool in the derivation
of this result is a fine combinatorial estimate on the number of
strings with empirical entropy below a given threshold, which
may be of independent interest.

I. INTRODUCTION
A. Variable-rate data compression

We consider the problem of compressing data generated
by a memoryless source X = {X, ; n > 1}, consist-
ing of independent and identically distributed (i.i.d.) random
variables X,,, with values in a finite alphabet A, and with
common distribution described by a probability mass function
(p.m.f) P: P(X,, = z) = P(x), x € A. A variable-rate code,
or fixed-to-variable compressor, for strings of length n from
A is an injective function f, : A" — {0,1}*, where {0,1}*
denotes the set of all finite-length binary strings:

{0,1}* = {,0,1,00,01, 10, 11,000,001, ...}

Writing £(s) for the length of a string s € {0,1}*, the
compressor f, maps strings 2" = (z1,...,2,) € A" into
binary strings f,,(z™) of length ¢(f,(x™)) bits. We call such
compressors one-to-one codes.

The best achievable performance among all fixed-to-variable
compressors is quantified as follows. For a blocklength n > 1
and rate R > 0, the best achievable excess-rate probability
€ (R, P) for a source X with distribution P is:

(B, P) = min P(£(f,(X™) = nR),

where X" denotes the block of random variables
(X1,...,X,). This minimum is achieved by an optimal
compressor f, independent of the rate R [17].
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Similarly, for a blocklength n» > 1 and excess-rate proba-
bility € > 0, the best achievable rate R} (¢, P), is:

R} (e,P):=inf {R>0: Ir}inIP’(K(fn(X")) >nR) <e}.

B. The Shannon regime

Suppose that the source distribution P is known, and that
the excess-rate probability ¢ > 0 is fixed. In this case,
the evaluation of the first-order asymptotic behaviour of the
optimal rate R’ (e, P) essentially goes back to Shannon:

nR} (e, P) = nH(P) + o(n) bits,

where H(P) = — > P(x)log P(x) denotes the entropy, and,
throughout the paper, ‘log’ denotes log,, the logarithm taken
to base 2. The first-order asymptotic expansion (1) was later
refined [17], [27], to the following: As n — oo,

asn — oo, (1)

1
nR: (e, P) = nH(P)+\/ﬁU(P)Q_1(e)—§ logn+0O(1) bits,
2
where 0?(P) = Varp(—log P(X)) is the minimal coding
variance [14], [15] or source dispersion [17], and Q(z) =
1 — ®(x), x € R, denotes the standard normal tail function.
See [17] for a detailed account of the history of these results.

C. The error exponents regime

When the excess-rate probability is not fixed but is instead
required to decay to zero exponentially fast, the best rate
that can be achieved turns out to be higher than the entropy.
Specifically, for 6 > 0 in an appropriate range, as n — oo,

nR: (27" P) = nH(P,+) + o(n) bits, 3)

for an a* € (0, 1) depending on ¢, where, for each a € (0, 1),
P, denotes the tilted distribution,
P(x)*
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The first-order asymptotic relation (3) is simply the “rate

version” of the well-known error-exponents result that was

established in the early works [9], [13] and in the present

form by Blahut [4]. The rate, H(P,~) can be expressed as the
inverse of the error-exponent function,

Ap(R) := D(P'||P),

Poz(x): x € A.

inf

P':H(P)>R
as

H(P,) = AR (8) =

sup  H(P'),

P':D(P'||P)<s

where D(P’||P) is the relative entropy between P’ and P.



Recently, a nonasymptotic refinement of the evaluation of
the fundamental compression limit 1}, in the small excess-rate
probability regime was obtained. It was shown in [31] that, as
n — 0o,

nR: (27", P) = nH(Py-) — logn 4+ O(1) bits.

o
2(1 — a*)
“4)

Following [31], we call the expression

Ru(€, P) = H(Py~) logn bits/symbol, (5)

1

2n(1 — a*)
the best pragmatic rate that can be achieved at blocklength n
with excess-rate probability no greater than e = 29,

Despite their technical nature, the approximations to R
provided by all these different approaches are of as much
practical relevance as they are of mathematical interest. In par-
ticular, each one is useful in different regimes of blocklength
and excess-rate probability requirements. For example, the
Strassen-style approximation suggested by (2) is only relevant
for moderate values of e. If € is small, then the second term
dominates and the approximation is no longer valid or useful.

In that case, the operational utility of (4) can be described
as follows. Given the blocklength n and a small target excess-
rate probability e, we can compute 6 = (1/n)log(1/e) and
solve for the corresponding o*. Then the best achievable rate
with these parameters is approximately R, (¢, P) bits/symbol.
A detailed, explicit example demonstrating the superiority of
this approximation for a certain range of parameter values is
given in [31].

D. Universal compression at pragmatic rates

In this paper, we examine the best rate that can be univer-
sally achieved, by a single one-to-one compressor applied to
any memoryless source X on a finite alphabet A of size m.

In the Shannon regime, Kosut and Sankar [19] showed that
the same optimal performance as for known sources [17], [27]
could be achieved universally by one-to-one codes, at a cost
of approximately

-2
(mT) logn bits, (6)
over all memoryless sources X on a given alphabet A of size
m = |A| > 2. In Theorem 14 in Section IV, we state an

analogous result in the error exponents regime. Namely, we
describe a specific sequence of one-to-one compressors { ¢} }
that simultaneously achieve excess-rate probability no greater
than 27" on any memoryless source with full support on A,
at a rate no greater than:

H(Por) + (m;Q 21 i a*))loin +O<%>

bits per symbol. (7)

Compared to R, (¢, P) in (5), this includes a universality
penalty of (:32)logn bits, identical to the corresponding
term in the optimal universal rate obtained in the Shannon

regime, c.f. (6).

Interestingly, the code used to prove Theorem 14 is some-
what simpler than the compressors employed in [19]. The idea
is to simply order all strings 2™ € A™ in order of increasing
empirical entropy, and take ¢} (™) to be the binary description
of the index of =™ in this ordering.

On the other hand, in the present setting the analysis
of their performance requires a very accurate combinatorial
estimate on the number of strings with low empirical entropy.
Specifically, in Theorem 8 of Section III we show that the

number of z™ € A™ such that H(P,») < H(Q) is:
O (n"7 2MH(Q)

see Section III for precise definitions. The proof of this
estimate is the most technical part of this paper, and the result
itself may be of independent interest.

Although we do not provide a matching converse to the
achievability statement in Theorem 14, we conjecture that the
rate obtained there, given in (7), is optimal.

At first glance, it may be surprising that the cost of univer-
sality, both in the Shannon regime and in the error exponents
regime, is (%) logn bits, instead of the more familiar
(mT_l) logn bits seen in the classical universal compression
literature on compression redundancy. This discrepancy comes
from the fact that, unlike, e.g., in Shtarkov’s [26] or Rissa-
nen’s [24] well-known results, we consider one-to-one codes
instead of prefix-free codes. In the case of a known source, a
result of [17] shows that this makes a difference of at most one
bit. But in the case of universal compression, the difference
between optimal prefix-free and optimal one-to-one codes has
been found to be of the order of log n bits, both in the Shannon
excess-rate regime [19], and in terms of redundancy rates [3].

One way to see why there is indeed a difference in universal
coding with one-to-one versus with prefix-free codes, is to
consider binary memoryless sources. As described in [17],
the optimal one-to-one code of any such source simply orders
all strings of length n in decreasing probability, and assigns
binary descriptions of increasing lengths to their indices lex-
icographically. But for binary Bern(p) sources there are only
two optimal orderings, depending on whether p is greater or
smaller than 1/2. Therefore, a universal one-to-one code only
needs one extra bit to differentiate between these two cases.

On the other hand, the optimal prefix-free universal code
needs to describe the maximum likelihood estimate of p based
on z", to ﬁ accuracy, which takes approximately %logn
bits; see, for example, the discussions in [1], [11], [16]. So
there is an O(logn) universality penalty for prefix-free codes,
whereas there is only an O(1) universality penalty for one-to-
one codes.

We do not consider the problem of prefix-free universal
codes in the error exponents regime in this work, but we
conjecture that, compared to the optimal rate in (4), they incur
a penalty of, at best, % logn bits; cf. [19].

?

E. Prior related work

Extensive discussions of different aspects of the fundamen-
tal limits of lossless data compression can be found in Csiszir



and Korner’s classic text, [6], Han’s book on information
spectrum methods [12], and Tan’s monograph [28]. Universal
lossless data compression also has a rich history. The texts [5],
[81, [11], [25] and the papers [2], [24] provide comprehensive
overviews.

All of our results are stated without their proofs; these
can be found in the full version of the paper at [30].

II. PRELIMINARIES AND AUXILIARY RESULTS

Throughout, X = {X,,} denotes a memoryless source with
distribution P that has full support on a finite alphabet A. For
a € (0,1), the tilted distribution P, is given by

®)
where the normalising constant Z,, is

Zo =) Px)~.

z€A

The standard normal cumulative distribution function is de-
noted by ®, ‘log’ denotes the logarithm taken to base 2, and
the relative entropy between two p.m.f.s P, () on the same
finite alphabet A is D(P||Q) = > . 4 P(x)log[P(x)/Q(x)].

A. Normal approximation, compression and hypothesis testing

Here we collect some classical normal approximation in-
equalities and some simple lemmas on moments and deriva-
tives of entropies and relative entropies, all of which are
employed in the proof of our main universal compression
result in Theorem 14.

First, we recall the classical Berry-Esséen bound [18], [22]
for sums of i.i.d. random variables.

Theorem 1 (Berry-Esséen bound). Let Zy,Zs,...,7Z, be
i.i.d. random variables with mean p = E(Z1), variance
0% = Var(Zy), and p = E(|Z1 — u|?) < oo. Then:

Vil N o) C o
(2CE =)

forallx e R, n > 1.

= 203\/n’

The following is a simple corollary of Theorem 1, cf. [20],
[21], [23].

Lemma 2. Let Z1, 75, ..

]E{ exp ( - z”; Zi>]l{zy=1 Zizz}}

< ( 1 n p) 1 .
——+ = )| ——=e¢
“\V2r o?/oyn

., Zyn be as in Theorem 1. Then:

forallx e R, n>1.

B. Moments and derivatives identities

We close this section with some simple technical lemmas.
Let X have p.m.f. P on the alphabet A, where P has full
support on A, and recall the definition of the tilted distribution
P, in (8), for @ € (0,1). The proofs of the next five lemmas
follow by direct computation; see for example, [7] and [20],
[21].

Lemma 3. Define the tilted second and third moments as:

O’%_’a = Varp, <loge PO‘((;(()) ),
Pro = Ep.|log, %(())(()) - Ep, (o, %(())(())) )3’

03 o = Varp, (log, P(X)),
p3.a = Ep,|log, P(X) — Ep, (log, P(X))[*.
Then, for all a € (0,1):
og)a =(1- oz)2032),a,
pra = (1—)’p3q-

Lemma 4. For all o € (0,1) we have the following expres-
sions for the derivatives of D(Py||P) and 03 ,:

DB _ (0~ 1)03 4 (1080,
& D(Pa || P) do3 ,
ez (loge)o3 , + (loge)(a — 1) do
dJ% o 3
2~ Ep, |(log, P(X) — Ep, log, P(X)]) |.

Lemma 5. D(P,||P) is a continuous, strictly decreasing
function of «, for a € (0,1).

Lemma 6. For all a € (0,1) we have the following expres-
sions for the derivatives of H(P,):

dH(P,)

T = 7(10g€)0&0’§7a,

d*H(P,) ) o3 ,,
W = —(loge) UB,Oz —+ aw} .

Lemma 7. For all a € (0,1), and any pair of p.m.f.s P, Q
such that P has full support on A, we have:

a[D(Q|[P) — D(P.|[P)]
— D(Q|[Pa) + (1 - a)[H(Q) — H(P.)].

III. THE NUMBER OF LOW-ENTROPY TYPES

In this section we state a fine combinatorial estimate on the
number of stings whose empirical entropy is below a given
threshold. This is important in the proof of the universality
result we state in Section IV, and it may also be of independent
interest.

Let A be a fixed finite alphabet of size |A| = m > 2.
We write P for the space of p.m.f.s P on A and denote by
P, C P the subset of all n-types on A; recall that P € P is
an n-type if, for each a € A, P(a) is of the form k/n for an



integer 0 < k < n. For a string =™ € A", we write I:’zn for
the type of x™, i.e., for the empirical p.m.f. it induces on A:

. 1 n
Pyn(a) = - Z]I{m:a}, ac A
1=1

Clearly, P,~ is always an n-type.

The first main result of this paper, stated next, gives an
accurate estimate of the number of strings " whose types
P, have entropy no greater than a given threshold. Recall
that the notation a,, = O(b,,) for two nonnegative sequences
a, and b, means that there are finite nonzero constants c, ¢’
such that cb,, < a,, < c'b,, for all n.

Theorem 8 (Low-entropy types). Let QQ be a non-uniform
p.m.f. of full support on A, and for each n > 1 consider the
set

B, ={a" € A" : H(P,») < HQ)}. 9)
Then the cardinality |B,,| of By, satisfies:
B = ©(n* 2@, (10)

where the implied constants depend on Q and m.

Theorem 8 follows immediately from the lower bound in
Theorem 11 combined with the upper bound in Theorem 13,
established in Section III-B. These results also provide ad-
ditional information on how the implied constants in (10)
depend on the problem parameters. In fact, the upper bound in
Theorem 13 is shown to hold uniformly in a neighbourhood

of Q.
A. Preliminaries

For an n-type P € P,,, we write
T(P) = {a" € A" : Pyn = P}

for the type class of P, and we denote the support of any
P € P as supp(P).

The following useful notation will be used throughout this
section. For two expressions a and b that may depend on n,
@, and possibly on other parameters, we write a 2o b to
indicate that there exists a constant K = K (@) that depends
on @ such that a > K(Q) - b. Similarly, ¢ ~ b means
a < band b < a. When no subscripts are given in =, <
and ~, the implied constants are absolute. The big-O and
small-o notation is used as usual, and again we use subscripts
to denote the dependence of the implied constants on the
problem parameters. For example, for a positive function g,
f(n) = Og(g(n)) means that there exists K = K (@) such
that |f(n)| < K(Q)g(n) for all n large enough.

The derivations of Theorems 11 and 13 involve geometric
considerations regarding certain subsets of P. We will use the
following terminology. A convex body is a convex, open, non-
empty, and bounded subset of R9.

For a convex body C, we write Vol(C) and Sur(C') for its
volume and surface area, respectively. The Minkowski sum
of two subsets C1,Cy or R? is 1 + Cy = {x +y : = €

Cy,y € Cy}. Writing Bsy(e) for the closed Euclidean ball of
radius ¢ > 0 centered at the origin, the Minkowski-Steiner
formula [10] says that the surface area of a convex body can
be expressed as

Sur(C) = lim Vol(C + Bs(e)) — Vol(C’)-
€l0 €

Moreover, the volume Vol(C + Bz (¢)) is locally a polynomial
of degree d in e.

A full-rank lattice T in R is a discrete additive subgroup T
of R¢ generated by d linearly independent elements vy, . . ., vg
of R?. The lemma below is a standard result on counting lattice
points in a convex body; see [29, Lemma 3.22].

Lemma 9. Let I' C R? be a full-rank lattice generated by
{v1,...,v4}, and let B C R? be a convex body. Then for
R >0,

Vol(B)
Vol(vy A ... Avg)’

|(R-B)NT|=(R*+Or pa(R"))

where v1 A ... A vq denotes the parallelepiped with vertices
v1,...,0q, and the OF’B,d(Rdfl) term is bounded in absolute
value by KR, for some constant K that depends on T, B
and d.

The next lemma is a standard result, which can be obtained
by using the Robbins refinement of the Stirling approximation
in the multinomial coefficient; see, e.g., [6].

Lemma 10 (Size of type classes). Let P be an n-type with
full support on an alphabet of size k. Then
2nH(P) 1

|T(P)| X n(k_l)/2 P(a)

acA

where the implied constants depend only on k.

B. Upper and lower bounds

First we establish a lower bound on the cardinality |B,,| of
the set B,, in (9).

Theorem 11. Let () be a non-uniform p.m.f. with full support
on A. Then the set B, in (9) satisfies,

(o™ H(Pon) < HQ)Y| 2aum n™7 227,

for all n > N(Q,m), for an integer N(Q,m) that depends
only on @ and m.

A key element of the proof of Theorem 11 is the following
estimate.

Lemma 12. Under the assumptions of Theorem 11, we have

’{PGPnZH(P) € H(Q)—%’H(Q)H‘

2Q,m nm72 + nm73

)

Sor all n > N'(Q,m), for an integer N'(Q, m) that depends
only on @ and m.

Next we establish a matching upper bound. In fact, we prove
a stronger result, where the polynomial prefactor, the implied



constants, and the value of n beyond which the bound holds
are the same for all Q' in a neighbourhood of Q.

Theorem 13. Let Q) be a non-uniform p.m.f. of full support
on A. Suppose {Qn}n>1 is a sequence of p.m.f.s on A, such
that Q, — Q as n — oco. Then

m—3

[{z" € A" : H(Pp) < H(Qn)} | Som n™T 2nH@n),

for all n > no(Q, m), where ng(Q, m) depends only on Q
and m.

IV. UNIVERSAL COMPRESSION
The second main result in this paper is the following.

Theorem 14 (Universal achievability). Consider all memory-
less sources X on a finite alphabet A of size |A| = m > 2.
There exists a sequence of universal, one-to-one, variable-rate
compressors {¢%} such that, on any source with distribution
P with full support on A, and for any § € (0, D(U||P)), the
compressors {¢%} simultaneously achieve excess-rate proba-
bility,

P(£(¢5(X™)) > nR"(n,8,P)) <27"°  eventually, (11)
at a rate R"(n,, P) that satisfies, as n — oo,

nR"(n,d, P)
m— 2 1
2 21— a")

< nH(Po) + ( )logn +0(1), (12)
where o* is the unique o € (0,1) for which § = D(P,+||P),
the p.m.f. P, is defined in (8), and the implied constant in the
O(1) term depends on m, P and 0.

Remark. An examination of the proof of Theorem 14 shows
that the excess-rate probability bound in (11) holds for all n
greater than some My (P, §), which can be explicitly identified
in terms of P and ¢ in a similar way to how the corresponding
expressions were derived in the case of a known source
distribution in [31]. But in the present context, the exact value
of My(P,0) is less relevant, since our bound on the rate in (12)
is already an asymptotic statement.
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