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The Entropy Power Inequality

Let X1, X5 be independent continuous RVs
Entropy Power Inequality (EPI):

Q2h(XitX2) 5 g2h(X1) | g2h(X2)

with equality iff X; are Gaussians

» Goes back to Shannon (1948)

» Fundamental consequences in communications
o Gaussian is the worst noise for additive channels with power constraint

» Wide literature
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The Entropy Power Inequality and the CLT

For i.i.d. )
h(X, + X2) = h(X4) + 3 log 2
or X +X
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>
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The Entropy Power Inequality and the CLT

For i.i.d. )
h(X1 4+ X2) > h(X1) + 5 log 2
or Xi 4+ X
1 2
>
h( 7 ) > h(X1)
First step of monotonicity in the entropic CLT [Barron '86]:
X 1
h(z\j%) — h(Z) = 5 log (2reVar(Xy)) = CLT

[Artstein, Ball, Barthe, Naor '04]:
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The Entropy Power Inequality and the CLT

For i.i.d. )
h(X1 4+ X2) > h(X1) + 5 log 2
or Xi 4+ X
1 2
>
h( 7 ) > h(X1)
First step of monotonicity in the entropic CLT [Barron '86]:
TX 1
h(z\jlﬁ) 1 h(Z) = 3 log (2meVar(X1)) = CLT

[Artstein, Ball, Barthe, Naor '04]:
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The Entropy Power Inequality

[Madiman, Barron '07]: If C is an arbitrary collection of subsets of
{1,...,n}
2h0at+x) 5 L 3 (s X)
r SeC
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The Entropy Power Inequality

[Madiman, Barron '07]: If C is an arbitrary collection of subsets of

{1,...,n}

B 3 eh(Tjes X)
r
SeC

where r is the maximum number of sets in C in which any one index
appears
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Discrete Random Variables

Continuous EPI:

1
h(X1 +X2) 2 h(X1) + 7 log 2
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Discrete Random Variables

Continuous EPI:

1
h(X1 +X2) 2 h(X1) + 7 log 2

Unlike the differential entropy, for discrete Xi, Xo

H(Xi + Xo) = H(Xl +X2)

V2

BUT H(Xy 4+ X2) > H(X1) + 4 log 2 fails in general
However,

1
H(X1 + X2) > H(X1) + 5 log2 — o(1) [Tao, '10]
where o(1) — 0 as H(X1) — oo
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Discrete Random Variables

Conjecture [Tao, '10]
For any n > 1

HX1+ ...+ Xp1) > HX + ...+ X5)

+%Iog(n+1) —o(1)

as H(X1) — o
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Discrete Random Variables

Conjecture [Tao, '10]
For any n > 1

HX1+ ...+ Xp1) > HX + ...+ X5)
1
T2~ o()

+1 (
— |0,
5 log

as H(X1) — o

Q: Even for n =1 how fast can o(1) — 07
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Motivation

Lampros Gavalakis Discrete EPI 9/22



e Additive Combinatorics : If |[A+ A| is close to |A|, characterise A
(Inverse Freiman Theorem)
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e Additive Combinatorics : If |[A+ A| is close to |A|, characterise A
(Inverse Freiman Theorem)

@ Polar Coding over Z: [Haghighatshoar, Abbe, Telatar '12,'14]
H(X1 + X2) > H(X1) + g(H(X1))

where g strictly increasing, limy_ o0 g(x) = @ < % log 2 and
g(x)=0if and only if x =0

@ Probability: discrete entropic CLT [G., Kontoyiannis '21]

H(Z;XJ-—;mgn—>m2):>o<§;x,

Zm)%O$CH

> “Approximate” monotonicity
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Log-Concave Random Variables on Z

Definition
A random variable X with PMF p on Z is called log-concave if

p(k)? > p(k —1)p(k +1) for every k € Z
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Log-Concave Random Variables on Z

Definition
A random variable X with PMF p on Z is called log-concave if

p(k)?> > p(k —1)p(k +1) for every k € Z

= Quite well behaved E.g.
@ All moments finite
@ Connected support
@ Closed under convolution

But includes many important distributions, e.g. Bernoulli, Binomial,
Poisson, Geometric, Uniform,...
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Log-Concave Random Variables on Z: EPI

Theorem
Let n > 1 and suppose Xi,...,X, are i.i.d. log-concave random variables
on the integers. If C is an arbitrary collection of subsets of {1,...,n} and

r is the maximum number of sets in C in which any one index appears

1
2H(Xy++Xp) 5 * Z 2H(Y ;es Xj)—o(1)
e . e je

SeC
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Log-Concave Random Variables on Z: EPI

Theorem
Let n > 1 and suppose Xi,...,X, are i.i.d. log-concave random variables
on the integers. If C is an arbitrary collection of subsets of {1,...,n} and

r is the maximum number of sets in C in which any one index appears

1
2H(Xy++Xp) 5 * Z 2H(Y ;es Xj)—o(1)
e . e je

SeC

The error term is On(H(Xl)e—H(X1)>
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Log-Concave Random Variables on Z: EPI

Corollary

Let n>1 and € > 0. Suppose X, ..., X, are i.i.d. log-concave random

variables on the integers. Then if H(X1) is sufficiently large depending on
n and ¢,

1 +1
H(X1+---+Xn+1)2H(X1+"‘+X")+§|°g(nn )_6'

In fact it suffices to take H(X1) > Iog% + log Iog% +n+27
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Log-Concave Random Variables on Z: EPI

It suffices to prove

Theorem (Entropy-Differential Entropy Approximation)

Let n > 1 and suppose Xi,...,X, are i.i.d. log-concave random variables
on the integers. Let Uy,..., U, be continuous i.i.d. uniforms on (0,1).
Then

h(Xi+- -+ Xo+ Ut + -+ Up) = H(X1 + -+ + X;) + o(1),

as H(X1) — oo, with explicit bounds on the o(1)-term
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Log-Concave Random Variables on Z: EPI

It suffices to prove

Theorem (Entropy-Differential Entropy Approximation)

Let n > 1 and suppose Xi,...,X, are i.i.d. log-concave random variables
on the integers. Let Uy,..., U, be continuous i.i.d. uniforms on (0,1).
Then

h(Xi+- -+ Xo+ Ut + -+ Up) = H(X1 + -+ + X;) + o(1),

as H(X1) — oo, with explicit bounds on the o(1)-term

+ Use continuous EPI
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Proof Sketch of Entropy ~ Differential Entropy

» H(X1) = 0o = o := Var(X;) = o
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Proof Sketch of Entropy ~ Differential Entropy
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Proof Sketch of Entropy ~ Differential Entropy

» H(X1) = 0o =0 :=Var(Xy) > 00  WLOG zero mean
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OG0 X+ Ut Un) = [ Bl o)
R

- 3 / F(fs () dx
[k,k+1)

ke(—5n02,5n02)

+ Z / F(fSnJrU(n)(X))dX
Koz k1)

Lampros Gavalakis Discrete EPI 15 /22



Proof Sketch of Entropy ~ Differential Entropy

» H(X1) = 0o =0 :=Var(Xy) > 00  WLOG zero mean
Let F(x) =xlogl, x>0, 5, =37, X, UM =37 U

OG0 X+ Ut Un) = [ Bl o)
R

- 3 / F(fs () dx
[k,k+1)

ke(—5n02,5n02)
+ Z / F(fSnJrU(n)(X))dX
K[omag2 k1)

> ‘“entropy tails" — 0, since ps, (k) < 6% eventually ( ~ 1 — o279

Lampros Gavalakis Discrete EPI 15 /22



Proof Sketch of Entropy ~ Differential Entropy

» H(X1) = 0o =0 :=Var(Xy) > 00  WLOG zero mean
Let F(x) =xlogl, x>0, 5, =37, X, UM =37 U

OG0 X+ Ut Un) = [ Bl o)
R

- 3 / F(fs () dx
[k,k+1)

ke(—5n02,5n02)

+ Z / F(fSnJrU(n)(X))dX
Koz k1)

> ‘“entropy tails" — 0, since ps, (k) < 6% eventually ( ~ 1 — o279
» First term: F(fs , ym(x)) = F(ps,(k)) since for x € [k, k + 1),
fs,,+u(n)(x) = ps,(k) + g(k), where Zk’eZ ]g(k’)] —0
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Proof Sketch by Picture
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Proof Sk by Picture
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Proof Sk by Picture
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Proof Sketch by Picture
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Future/Current Work

@ Drop identically distributed assumption (easy)

@ Extend to lattice random variables

@ Extend to log-concave on Z9 (ongoing with M.Fradelizi and
M.Rapaport)

o Stability

@ Applications!
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