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Entropy and Volume

The entropy power of a random vector X € R" is

N(X) = ?16 exp(% h(X))

» Effective variance
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Entropy and Volume

The entropy power of a random vector X € R" is

1
N(X) = —— (2/7 x)
(X) = 5 exp(2 h(X)
» Effective variance

Entropy Power Inequality (EPI)
For independent X, Y

NX+Y) > N(X) + N(Y)

with “=" iff X, Y Gaussian with proportional covariances
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Entropy and Volume

The entropy power of a random vector X € R" is

1
N(X) = —— (2/7 x)
(X) = 5 exp(2 h(X)
» Effective variance

Entropy Power Inequality (EPI)
For independent X, Y

NX+Y) > N(X) + N(Y)
with “=" iff X, Y Gaussian with proportional covariances

HVI=AX+VAY) > (1—A)h(X)+ Ah(Y)

=" iff X, Y Gaussian with equal covariances
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Entropy and Volume

Brunn-Minkowski inequality
If A, B C R" measurable, then

Vol'/"(A+ B) > Vol'/"(A) + Vol*/"(B)

A+ B:={a+b:ac A be B} (Minkowski sum)
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Brunn-Minkowski inequality
If A, B C R" measurable, then

Vol'/"(A+ B) > Vol'/"(A) + Vol*/"(B)

A+ B:={a+b:ac A be B} (Minkowski sum)

& Vol/"(AA+ (1 - A\)B) > AVol/"(A) + (1 — A) Vol*/"(B)
» Effective radius

Correspondence:
Vol'/n N
sets A, B independent RVs
Minkowski sum Sum of RVs
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Entropy and Volume

Brunn-Minkowski inequality
If A, B C R" measurable, then

Vol'/"(A+ B) > Vol'/"(A) + Vol*/"(B)

A+ B:={a+b:ac A be B} (Minkowski sum)

& Vol/"(AA+ (1 - A\)B) > AVol/"(A) + (1 — A) Vol*/"(B)
» Effective radius

Correspondence:
Vol'/n N
sets A, B independent RVs
Minkowski sum Sum of RVs

Review in [Dembo, Cover, Thomas '91]
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Entropy and Volume

Intuition: Typical set has volume ~ e"(*X1) (Note the missing 2-power!)
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Entropy and Volume

Intuition: Typical set has volume ~ e"(*X1) (Note the missing 2-power!)
Moreover

Theorem (Sharp form of Young)
If%+1:%+% with 1 < p,q,r < oo, then

Ifxgllr < Cogr

fllp llgllq

where Cp o, corresponds to Gaussian functions (extremizers)
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Entropy and Volume

Intuition: Typical set has volume ~ e"(*X1) (Note the missing 2-power!)
Moreover

Theorem (Sharp form of Young)
If%+1:%+% with 1 < p,q,r < oo, then

Ifxgllr < Cogr

fllp llgllq

where Cp o, corresponds to Gaussian functions (extremizers)

» Common proof through Rényi entropies

24 June 2025
Fradelizi, G. , Rapaport (ISIT 2025) Dimensional Improvement of EPI 4/14



Linear refinements of Brunn-Minkowski

[ :=Vol (), | [n-1 := VoI (-) in R"~1
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Linear refinements of Brunn-Minkowski

|| :=Vol(-), | - |n_1 := VoI (-) in R™1
Bonnesen's Inequality

A+ B _a 8
>n—1 - |P9LA|,1_]_ ’PgLB|n_1

_1 _1
<|P0LA|Z—11 + [Py Bl 4

where PHLA is the orthogonal projection of A onto the hyperplane with
normal vector 6
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Linear refinements of Brunn-Minkowski

|| :=Vol(-), | - |n_1 := VoI (-) in R™1
Bonnesen's Inequality

A+ B

AvBL A B
>n |P9LA‘,1_]_ ’POL B|n_1

_1 _1
<\P0LA|Z—11 + [Py Bl 4

where PHLA is the orthogonal projection of A onto the hyperplane with
normal vector 6

= If the sets have same volume along some projection,
’PGLA‘nfl = ‘POLB’nfl' then

(1= XA+ AB| > (1 - \)|A| + A|B|
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Linear refinements of Brunn-Minkowski

|-|:==Vol(:), | - |n—1 := Vol (-) in R™1
Bonnesen's Inequality

A+ B

AvBL A B
)n |P91_A‘n71 ’P@J_B|n,]_

_1 _1
(\PQLAm-a 1P B

where P(,LA is the orthogonal projection of A onto the hyperplane with
normal vector 6

= If the sets have same volume along some projection,
|P9LA|n_1 = ‘PQLB| then

n—1'
1 1/n
(1= DA+ 2B > (1= 2|4 + /B
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Refinements of EPI

Notation: Xl”_1 =(X1,...,Xp1) € R

Theorem
X,Y € R" independent

N(X +Y)" N(X)" N(Y)"
N Xn—l Yn—l n—1 2 n—1\p—1 + n—1\p—1
n—l( 1 TN ) Nn—l(Xl ) Nn—l(yl )
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Refinements of EPI

Notation: Xl”_1 =(X1,...,Xp1) € R
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Npot(XPH Y7710 7 Ny (X7 Ny (Y1)t
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Refinements of EPI

Notation: Xl”_1 =(X1,...,Xp1) € R

Theorem
X,Y € R" independent

N(X + Y)" o N N(Y)"
Npot(XPH Y7710 7 Ny (X7 Ny (Y1)t

> N, (XPE 4+ Y1) instead of (N1 (X{) + N(Y{ )"t
» Equivalently 2t Yal X)) > Q2h(XGIXTTY) 4 g2h(Yal YY)

» Proof: Chain rule, conditioning reduces entropy, and conditional EPI
[Stam]
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Refinements of EPI

Bergstrom's Inequality

A, B € R™" symmetric, PSD. A;: remove i-th raw and column

det(A + B) < det(A)  det(B)
det(A; + B;) ~ det(A;)) * det(B;)

24 June 2025
Fradelizi, G. , Rapaport (ISIT 2025) Dimensional Improvement of EPI 8/14



Refinements of EPI

Bergstrom's Inequality
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Refinements of EPI

@ Our theorem implies Bergstrom by taking X, Y Gaussian.
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24 June 2025
Fradelizi, G. , Rapaport (ISIT 2025) Dimensional Improvement of EPI 9/14



Refinements of EPI

@ Our theorem implies Bergstrom by taking X, Y Gaussian.
Generalizes [Dembo, Cover, Thomas '91]
@ Implies the EPI, N(X + Y) > N(X) + N(Y), for n > 1:

Using the EPI for n— 1 and of x — x"
n < o N(X)" N(Y)"
> _
NX+Y) >0 o +(1 0)(1_9)n
> (N(X) + N(Y))"
where 0 = Ny (X))

anl(Xln_l)“l‘anl(Yln_l)
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Refinements of EPI

@ Our theorem implies Bergstrom by taking X, Y Gaussian.
Generalizes [Dembo, Cover, Thomas '91]
@ Implies the EPI, N(X + Y) > N(X) + N(Y), for n > 1:

Using the EPI for n— 1 and of x — x"
n < o N(X)" N(Y)"
> _
NX+Y) >0 o +(1 0)(1_9)n
> (N(X) + N(Y))"
where 0 = Ny (X))

anl(Xln_l)“l‘anl(Yln_l)
© Remains true, via a change of axes, for any projection A : R" — R"~1
Q If X =(Xq,...,X,) and I C {1,...,n}, write X; = {Xi}ics. For
|| = k
e%h(\/lf)\X/JrﬁY,|\/17)\X,c+ﬁY,c)

> (1 — \)ethXilXie) |\ Zh(YilYie)
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Refinements of EPI

Theorem (Improved EPI under marginal assumptions)

X,Y € R If h(X{™1) = h(Y{™1), then

&2h(VI=XX+VAY) > (1- )\)e2h(X) 1 Ae2h(Y)
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» Equality case by linear algebra. What about the general inequality?
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Refinements of EPI

Theorem (Improved EPI under marginal assumptions)
X,Y € R If h(X{™1) = h(Y{™1), then
&2h(VI=XX+VAY) > (1- )\)e2h(X) 1 Ae2h(Y)

u__n

=" iff Gaussians with the same covariance except possibly the last
element of the diagonal

» Not true in general without the assumption
» Equality case by linear algebra. What about the general inequality?
» When is the improvement significant? n large and h(X) < h(Y)
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Improved Isoperimetric Inequality for Entropy

/(X)N(X) >n (Stam)

where /(X) = fRn 2 dx is the Fisher Information
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Improved Isoperimetric Inequality for Entropy

/(X)N(X) >n (Stam)

where /(X) = fRn 2 dx is the Fisher Information

Corollary

v\ N(X)
I(X)N(X)z( N(1X) ) +(n—1)Nn_1(X1n_1)
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Improved Isoperimetric Inequality for Entropy

/(X)N(X) >n (Stam)

where /(X) = fRn 2 dx is the Fisher Information

Corollary

v\ N(X)
I(X)N(X)z( N(lx) ) +(n—1)Nn_1(X1n_1)

» By our general inequality, de Bruijn's identity and a first order Taylor
expansion
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A Fisher Information Analogue

Blachman-Stam inequality

IX+Y) 2> 1)+ 1(y)?
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A Fisher Information Analogue

Blachman-Stam inequality

IX+Y) 2> 1)+ 1(y)?

Definition (Projective Fisher Information)

2
Ip,(X) = / Wf(’j)dx,
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A Fisher Information Analogue

Blachman-Stam inequality

IX+Y) 2> 1)+ 1(y)?

Definition (Projective Fisher Information)

2
Ip,(X) = / Wf(;;)dx,

Definition (Conditional Fisher Information)

I(X|Y) = / Fr ()1 (i (1)) dy.
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A Fisher Information Analogue

o
Ip,(X) = 1(Xa| X[ ™)
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A Fisher Information Analogue

o
Ip,(X) = 1(Xa| X[ ™)

@ Since for any vector u, (u, e,)? < ||ul|?, we have,

1(Xa X 71) = lp, (X) < 1(X)

Theorem (Conditional Blachman-Stam Inequality)

I(Xn + Yol X774 VP 7> 1 I XPTH) T+ (Yo Yy

P In the spirit of Bergstrom
» Implies Blachman-Stam
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A Fisher Information Analogue

o
Ip,(X) = 1(Xa| X[ ™)

@ Since for any vector u, (u, e,)? < ||ul|?, we have,

1(Xa X 71) = lp, (X) < 1(X)

Theorem (Conditional Blachman-Stam Inequality)

I(Xn + Yol X774 VP 7> 1 I XPTH) T+ (Yo Yy

P In the spirit of Bergstrom

» Implies Blachman-Stam

» Obtained by applying the Fisher information inequality to a particular
operator
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Thank you!
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