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De Finetti's Representation Theorem

X1, X2, ..., X, random variables in A
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De Finetti's Representation Theorem

X1, X2, ..., X, random variables in A

Exchangeability: X1, X2, ..., Xs and Xr(1), Xz(2), - - - » Xn(n) have the same
distribution for every permutation 7 on {1,2,..., n}.
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De Finetti's Representation Theorem

X1, X2, ..., X, random variables in A

Exchangeability: X1, X2, ..., Xs and Xr(1), Xz(2), - - - » Xn(n) have the same
distribution for every permutation 7 on {1,2,..., n}.

{Xi} is exchangeable, if X1, Xa,..., X, are exchangeable for every n > 1
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

POXE = xK) = My, (k) / QX(x)du(Q)

for some measure 1 on the simplex P
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

POXE = xK) = My, (k) / QX(x)du(Q)

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

P(X{ = x{) = Mku(xl /Q ()dpu(@

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:

P(X; =1,X =0)=P(X, =0,X = 1) = 1/2
P(X;=0,X=0)=PX, =1,X=1)=
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De Finetti's Representation Theorem

Theorem (de Finetti, 1930s)

{X;} is exchangeable if and only if it is a mixture of i.i.ds:

P(X{ = x{) = Mku(xl /Q ()dpu(@

for some measure 1 on the simplex P

Fails if a finite collection of random variables (X1, Xz, ..., X,) is
exchangeable for some fixed n [Diaconis & Freedman, '80]:

P(X; =1,X =0)=P(X, =0,X = 1) = 1/2
P(X;=0,X=0)=PX, =1,X=1)=

However, lek is close to M,
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Information-Theoretic Approach: First Proof

Closeness will be measured in terms of relative entropy

D(P||Q) = Z P(x) Iog (x)

xEA )
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Information-Theoretic Approach: First Proof

Closeness will be measured in terms of relative entropy

D(P||Q) = Z P(x) Iog (x)

xEA )

Theorem

If the binary random variables (X1, X2, ..., Xp) are exchangeable, then
there is a probability measure p on [0, 1], such that, for 1 < k < n,

5k?logn

D(Pxg M) < > =8
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Information-Theoretic Approach: First Proof

Closeness will be measured in terms of relative entropy

D(P||Q) = Z P(x) Iog (x)

xEA )

Theorem

If the binary random variables (X1, X2, ..., Xp) are exchangeable, then
there is a probability measure p on [0, 1], such that, for 1 < k < n,

5k?logn

D(Pxg M) < > =8

» By Pinsker's inequality

logn\1/2
P = Micsll < VIOK( 227 )

[Diaconis & Freedman, '80]: O(k/n) for the total variation distance
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Information-Theoretic Approach: Proof ideas

e Condition on the type
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Information-Theoretic Approach: Proof ideas

e Condition on the type

Lemma
Foralll1<k<n,all1<i<k—1,andany0<¢<n:

< 5k log n
(X g =) < 2
j=1
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Information-Theoretic Approach: Proof ideas

e Condition on the type

Lemma
Foralll1<k<n,all1<i<k—1,andany0<¢<n:

n
5klogn
vk
/(x,-,x,.H‘ZXJ- —0) < —
j=1
k—1 k
ST XEIA) = | Y H(XilA) | — H(XE|AL)
i=1 i=1

- D(PX{‘\AZHPXHAZ Ko X PXk|Ae)7
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Information-Theoretic Approach: Proof ideas

e Condition on the type

Lemma
Foralll1<k<n,all1<i<k—1,andany0<¢<n:

n
5klogn
vk
/(x,-,x,.H‘ZXJ- —0) < —
j=1
k—1 k
ST XEIA) = | Y H(XilA) | — H(XE|AL)
i=1 i=1

- D(PX{‘\AZHPXHAZ Ko X PXk|Ae)7

@ Joint convexity of relative entropy
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Information-Theoretic Approach: Second Proof

Notation: stf(a) =15, i x,—a) (empirical distribution of X")

n
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Information-Theoretic Approach: Second Proof

Notation: stln(a) =15, i x,—a) (empirical distribution of X")

Theorem (Gibbs' conditioning principle)

Let X{" IID with distribution Q, having full support on A. Suppose E is a
closed and convex set of probability distributions on A, which has
nonempty interior, and does not contain Q. If Q"(P, € E) # 0 eventually,
then

E(Po(a) Pn € E) = P(X, = alP, € £) = P*(2)
where P* € E uniquely achieves D(P*||Q) = infpce D(P||Q)
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem

® Let {Y,} IID uniformly distributed on A. By exchangeability
P(Xt = af|Px; = Qn) = P(Y{ = af[Py; = Qn)

for any n-type Q,
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem

® Let {Y,} IID uniformly distributed on A. By exchangeability
P(Xt = af|Px; = Qn) = P(Y{ = af[Py; = Qn)

for any n-type Q,
» Step 2
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem

® Let {Y,} IID uniformly distributed on A. By exchangeability
P(X{ = af|Pxy = Qn) = P(Y{ = af| Py, = Qn)

for any n-type Q,
» Step 2: Fix {Q,} along which ISX{’ — some Q .
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem

® Let {Y,} IID uniformly distributed on A. By exchangeability
P(X{ = af|Pxy = Qn) = P(Y{ = af| Py, = Qn)

for any n-type Q,
» Step 2: Fix {Q,} along which ISX{’ — some @ . By symmetry

P(X1 = a|Pxp = Qo) = E(Hm:a}

1 n
=E(; Y Lva)
i=1

Pyy = Qn)

Pyp = Qu) = Qu(a)
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 1:
® {X,} exchangeable = stationary
= Px» — P (random on A) a.s. by the ergodic theorem

® Let {Y,} IID uniformly distributed on A. By exchangeability
P(X{ = af|Pxy = Qn) = P(Y{ = af| Py, = Qn)

for any n-type Q,
» Step 2: Fix {Q,} along which ISX{’ — some @ . By symmetry

P(X1 = a|Pxp = Qo) = E(Hm:a}

1 n
=E(; Y Lva)
i=1

Pyy = Qn)

Pyp = Qu) = Qu(a)

= lim P(Xy = a|Px; = Qn) = Q(a)
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 3: Generalise to blocks (of size 2 for simplicity)
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 3: Generalise to blocks (of size 2 for simplicity)
Fix one of the almost all realisations Q, — some Q
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 3: Generalise to blocks (of size 2 for simplicity)
Fix one of the almost all realisations Q, — some @
Define Z, = (Yan—1, Y2n) IID uniform on A x A.
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 3: Generalise to blocks (of size 2 for simplicity)
Fix one of the almost all realisations Q, — some @
Define Z, = (Yan—1, Y2n) IID uniform on A x A.

P((X1,X2) = (a1, az)lﬁ’xfe = Qu)
=Pz = (31,32)"5214 € E(Qu)),

where

E(Q):{WonAxA:M:Q}.
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Information-Theoretic Approach: Second Proof (Heuristic)

» Step 3: Generalise to blocks (of size 2 for simplicity)
Fix one of the almost all realisations Q, — some @
Define Z, = (Yan—1, Y2n) IID uniform on A x A.

P((X1,X2) = (a1, az)lﬁ’xfe = Qu)

=Pz = (31,32)"5214 € E(Qu)),
where We o W
St Q},

E(Q):{WonAxA; .

W) = @ x Q uniquely achieves minycg(qy D(W|U),
where U = uniform on A x A
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Information-Theoretic Approach: Second Proof (Heuristic)

Apply the Gibbs' conditioning principle**
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Information-Theoretic Approach: Second Proof (Heuristic)

Apply the Gibbs' conditioning principle**
= lim ]P’(Zl = (31,82)‘/524 € E(QZZ))
{—00 1
= |im W[(al,ag)
{—00
= lim Qx(a1)Q2e(22)
{—00

= Q(a1)Q(a2),
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Information-Theoretic Approach: Second Proof (Heuristic)

Apply the Gibbs' conditioning principle**
= lim ]P’(Zl = (31,82)‘/524 € E(QZZ))
{—00 1
= |im W[(al,ag)
{—00
= lim Qx(a1)Q2e(22)
{—00
= Q(a1)Q(a2),

and thus

P((X1, X2) = (31,82)‘:5)(12@ = Q) — Q(a1)Q(a2)
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Information-Theoretic Approach: Second Proof (Heuristic)

Apply the Gibbs' conditioning principle**
= lim B(2) = (a1, a2)| P2 € E(Qu))
= |lim W[(al,ag)
{—00
= lim Qa(a1)Q2e(a2)
{—00
= Q(a1)Q(a2),
and thus
P((X1, X2) = (31,32)"5)(122 = Q) — Q(a1)Q(a2)
Similarly, for any k > 1,

lim P(X{ = af|Pyre = Que) = Q%(a¥)
l—00 1
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» Step 4
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» Step 4
Bounded converge theorem

SBOXE = af) = E (PO = afl ) = [ @4(ab)dn(@)
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» Step 4
Bounded converge theorem

SBOXE = af) = E (PO = afl ) = [ @4(ab)dn(@)

which is de Finetti's theorem!
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» Step 4
Bounded converge theorem

SBOXE = af) = E (PO = afl ) = [ @4(ab)dn(@)

which is de Finetti's theorem!

“* But E(Q) has empty interior!
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Nevertheless,

Theorem (Second finite de Finetti theorem)

If X{' are exchangeable, for any 1 < k < (n/100)/3,

o 2JAlx
D(Pxtl|Miu) < 20k + ke 84 (2 4+1) 7 logn

with o e = [ 26 (126 4 1)1 and 8, = ok log(|Al¥ /an k)
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» Applications (Machine Learning, Quantum Information Theory, etc.)
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Further Work

» Applications (Machine Learning, Quantum Information Theory, etc.)

> Extensions to more general spaces
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Further Work

» Applications (Machine Learning, Quantum Information Theory, etc.)
> Extensions to more general spaces
» Third proof ?
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®»
W

Thank you!
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