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Abstract—We study the entropy and Fisher information of
mixtures of centered Gaussian random variables (with respect
to the variance). First, we prove that if X;, X, are independent
scalar Gaussian mixtures, then the entropy of v/tX; 4+ /1 — tX>
is concave in ¢ € [0, 1], thus confirming a conjecture of Ball,
Nayar and Tkocz (2016) for this class of random variables. In
fact, we prove a generalisation of this statement, which also
strengthens a result of Eskenazis, Nayar and Tkocz (2018).
Secondly, we establish rates of convergence for the Fisher infor-
mation matrix of the sum of weighted i.i.d. Gaussian mixtures in
the operator norm along the central limit theorem under mild
moment assumptions. These are obtained by showing that the
Fisher information matrix is operator convex as a matrix-valued
function acting on densities of mixtures in R?, extending a result
of Bobkov (2022).
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I. INTRODUCTION
A. Entropy

Let X be a continuous random vector in R? with density
f:R? = R,. The (differential) entropy of X is

hX)=— Rdf(x)logf(w) de=E[—log f(X)], (D

where log always denotes the natural logarithm. The classical
entropy power inequality (EPI) of Shannon and Stam [1], [2]
(see also [3]) implies that for every independent continuous
random vectors X7, Xs in R%, we have, for every t € [0,1],

(VX1 + V1 —tXs) > th(X1) + (1 — t)h(X2). ()

In general, the entropy power inequality cannot be reversed
(see, e.g., the construction of [4, Proposition 4]). However,
reverse entropy power inequalities have been considered under
different assumptions on the random vectors, such as log-
concavity [5]-[8].
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It follows directly from (2) that if X;, X5 are i.i.d. random
vectors, then the entropy function ¢ — h(v/tX; + /1 — tX5)
is minimised at ¢ = 0 and ¢ = 1. In the spirit of reversing the
entropy power inequality, Ball, Nayar and Tkocz [7] raised the
question of maximising this function. In particular, they gave
an example of a random variable X; for which the maximum
is not attained at t = % but conjectured that for i.i.d. log-
concave random variables this function must be concave in ¢ €
[0,1], in which case it is in particular maximised at ¢ = . It
is worth noting that the conjectured concavity would also be a
strengthening of the entropy power inequality for i.i.d. random
variables, as (2) amounts to the concavity condition for the
points 0, ¢, 1. So far, no special case of the conjecture of [7]
seems to be known.

In this work, we consider (centered) Gaussian mixtures,
i.e. random variables of the form X = Y Z, where Y is an
almost surely positive random variable and Z is a standard
Gaussian random variable, independent of Y. The resulting
random variable can be seen as a centered Gaussian with
random variance Y2 and has density of the form

1 o2
= _ 2Y2
fx(x) E[ W@ ],
In particular, as observed in [9], (3) combined with Bernstein’s
theorem readily implies that a symmetric random variable X is
a Gaussian mixture if and only if z — fx (/) is completely
monotonic on (0,00). Therefore, distributions with density
proportional to e~!#I” symmetric p-stable random variables,
where p € (0,2], and the Cauchy distribution are Gaussian
mixtures. Costa [10] considered symmetric stable laws to
prove a strengthened version of the EPI that fails in general.
Our first result proves the concavity of entropy conjectured
in [7] for Gaussian mixtures.
Theorem 1: Let X7, X5 be independent Gaussian mixtures.
Then the function

t—s h(x/in + ng) 4)

z €R. 3)

is concave on the interval [0, 1].



Theorem 1 will be a straightforward consequence of a more
general result for the Rényi entropy of a weighted sum of n
Gaussian mixtures. Let A™~! be the standard simplex in R",

AL = {(7?17...,71'”) eI M+ 4w, = 1}. (5)

The Rényi entropy of order « # 1 of a random vector X with
density f is given by
1

—

ha(X) = —log ([ f°(a) da), ©
Rd
and hi(X) is simply the Shannon entropy h(X). We will
prove the following general concavity.
Theorem 2: Let X1, ..., X, be independent Gaussian mix-
tures. Then, the function

A"V s (a2, ak) — ha(iaiXi) 7
i=1

is concave on A"~! for every o > 1.

When n = 2 and a = 1, Theorem 2 reduces exactly to
Theorem 1.

In [9, Theorem 8], it was shown that if Xq,...,X,, are
i.i.d., then the function (7) is Schur concave, namely that if
(a1,...,ay) and (by,...,b,) are two unit vectors in R™, then
(a?,...,a2) <m (b3,...,b2) implies

ha (; 0iX;) 2 ha (; biXi ), ®)

for any v > 1, where =<,, is the majorisation ordering of
vectors (see [9]). As the unit vector with all coordinates equal
to % is majorised by any other vector in A" ™!, (8) implies that
the function (7) achieves its maximum on the main diagonal
for Gaussian mixtures.

As any permutationally invariant concave function is Schur
concave (see [11, p. 97]), (8) follows from Theorem 2. On the
other hand, the function z; - - - x,, is permutationally invariant
and Schur concave on R} (see [11, p. 115]) but it is evidently
not concave on the hyperplane x1 +---+x, = 1 when n > 3.
Therefore, Theorem 2 is a strict refinement of [9, Theorem 8].

We note in passing that, while the conclusion of Theorem
1 has been conjectured in [7] to hold for every i.i.d. log-
concave random variables X7, X5, the conclusion of Theorem
2 cannot hold for this class of variables. In [12], Madiman,
Nayar and Tkocz constructed a symmetric log-concave random
variable X for which the Schur concavity (8) does not hold
for i.i.d. copies of X and thus, as a consequence of [11, p. 97],
the concavity of Theorem 2 must also fail.

B. Fisher Information

Let X be a continuous random vector in R? with smooth
density f : R? — R . The Fisher information of X is
[V f(x)]?

I(X) = /R e )

Fisher information and entropy are connected by the clas-
sical de Bruijn identity (see, e.g., [2]), due to which most

results for Fisher information are formally stronger than their
entropic counterparts. In particular, the important inequal-
ity I(VIX1 + V1 —tX2)"" 2 15y + 1ixy» t € [0,1], of
Blachman and Stam [2], [13], which holds for all independent
random vectors X1, X, in R?, implies the EPI (2). In the spirit
of the question of Ball, Nayar and Tkocz [7] and of the result
of [9], we raise the following problem.

Question 3: Let X1, ..., X, be i.i.d. Gaussian mixtures. For
which unit vectors (ay, .. ., a,) in R™ is the Fisher information
of Y7 | a; X, minimised?

While Question 3 still remains elusive, we shall now explain
how to obtain some useful bounds for the Fisher information of
mixtures. In order to state our results in the greatest possible
generality, we consider random vectors which are mixtures
of centered multivariate Gaussians. Recall that the Fisher
information matrix of a random vector X in R? is given by

[ as@a)
9005 = [ i)

where f : R? — R, is the smooth density of X, so that
I(X) =trd(X).

Let F; C L;(R%) be the space of smooth probability densi-
ties on R%. By abuse of notation, we will also write I(f) and
J(f) to denote the Fisher information and Fisher information
matrix respectively of a random vector with smooth density
f on R? In his recent treatise on estimates for the Fisher
information, Bobkov made crucial use of the convexity of the
Fisher information functional 7(X) as a function of the density
of the random variable X, see [14, Proposition 15.2]. For our
purposes we shall need the following matricial extension.

Proposition 4: Fix d € N. If 7 is a Borel probability measure
on Fy, then

dz, (10)

g(/g gdﬂ(g)) = | 9(g) dn(g), (11)

Fa
provided that f% 19(9)|lop d7(g) < oo. Here and throughout,
= denotes the positive semi-definite ordering of matrices and
| Allop = max|z),—1 [[Az]|2 is the operator norm of a square
matrix A.

We propose the following definition of Gaussian mixtures
in arbitrary dimension.

Definition 5: A random vector X in R? is a (centered)
Gaussian mixture if X has the same distribution as Y Z, where
Y is a random symmetric d X d matrix which is almost surely
positive definite and Z is a standard Gaussian random vector
in RY, independent of Y.

It follows readily from the definition that any linear image
of a Gaussian mixture is itself a Gaussian mixture (of perhaps
lower dimension). As in the scalar case, a Gaussian mixture
X in R? has density of the form

1

det(v27Y)

Employing Proposition 4 for Gaussian mixtures we deduce the
following bound.

fx(z) = e—‘Yflwlz/ﬂ, zeR. (12)



Corollary 6: Fix d € N and let X be a random vector in
R? admitting a Gaussian mixture representation Y Z. Then,
we have

9(X) = E[(YY")™]. (13)

This upper bound should be contrasted with the general
lower bound

9(X) = Cov(X)™ ! =

where the first inequality is the multivariate Cramer—Rao
bound [15, Theorem 3.4.4].
§ Quantitative CLT for the Fisher information matrix of
Gaussian mixtures. Equality in the Cramér—Rao bound (14) is
attained if and only if X is Gaussian. The deficit in the scalar
version of this inequality is the relative Fisher information
I(X||Z) between X and Z and may be interpreted as a strong
measure of distance of X from Gaussianity. In particular,
in view of Gross’ logarithmic Sobolev inequality [16] and
Pinsker’s inequality [17]-[19], closeness in relative Fisher
information implies closeness in relative entropy and a fortiori
in total variation distance. Therefore, a very natural question is
under which conditions and with what rate the relative Fisher
information of a weighted sum tends to zero along the central
limit theorem, thus offering a strenthening of the entropic
central limit theorem [20]. As an application of Corollary 6,
we obtain a bound for a matrix analogue of the relative Fisher
information of Gaussian mixtures.

Theorem 7: Fix d € N, § € (0,1] and let X;,..., X, be
i.i.d. random vectors in R%, each admitting a Gaussian mixture
representation Y Z as above. Assume also that

E[YY"| " <00 and E[[(YY") [ < 0. (15)

,ay) in R™ the

EYYT) ™, (14)

Then, for every unit vector a = (aq,...
weighted sum S, = > | a; X; satisfies

[|Cov(S ) 9(S,)Cov(Sy) - IdHop
25
< C(Y)log’(d + 1)lall3;55  (16)
where C(Y) is a constant that depends only on the moments

of [YY7 .

There is a vast literature on quantitative versions of the
central limit theorem. The first to obtain efficient bounds
for the relative Fisher information of weighted sums were
Artstein, Ball, Barthe and Naor [21] (see also the work
[22] of Johnson and Barron) who obtained a O(]|a||]) upper
bound on I(S,||X), where S,, = > | a;X; for Xq,...,X,
ii.d. random variables satisfying a Poincaré inequality. In
particular, this bound reduces to the sharp rate O(%) on the
main diagonal. Following a series of works on the relative
entropy of weighted sums [23], [24], Bobkov, Chistyakov and
Gotze investigated in [25] upper bounds for the relative Fisher
information along the main diagonal under finite moment
assumptions. More specifically, their main result asserts that
if E|X1]® < oo for some s € (2,4), then

1(L Z) ) (7121“1)) :

A7)

where the n°(1) term is a power of logn, provided that the
Fisher information of the sum is finite for some n. The expo-

s—2
in [25]2that if EX{ < oo, then the relative Fisher information
decays with the optimal O(%) rate of convergence. This is a
far-reaching extension of the results of [21], [22] on the main
diagonal as the Poincaré inequality assumption in particular
implies finiteness of all moments.

The scalar version of Theorem 7 (corresponding to d = 1)
is in various ways weaker than the results of [25]. Firstly,
it applies only within the class of Gaussian mixtures and it
requires the finiteness of a negative moment of the random
variable besides a positive one. Moreover, even if these as-
sumptions are satisfied, the bound (16) yields the rate O(=5;)
1j 572 along the main diagonal if X has a finite
2426 moment. This is weaker than the sharp O(—5q7) which
follows from [25]. On the other hand, Theorem 7 applies to
general coefficients beyond the main diagonal and, in contrast
to [21], [22], does not require the finiteness of all positive
moments. More importantly though, (16) is multi-dimensional
bound with a subpolynomial dependence on the dimension d.
To the best of our knowledge, this is the first such bound for
the relative Fisher information matrix of a weighted sum and it
would be very interesting to extend it to more general classes
of random vectors and to obtain sharper rates.

The logarithmic dependence on the dimension in Theorem 7
is a consequence of a classical result of Tomczak-Jaegermann
[26] on the uniform smoothness of Schatten classes.

with ¢s = C

II. CONCAVITY OF ENTROPY

This section is devoted to the proof of Theorem 2. We shall
make use of a standard consequence of the variational formula
for entropy, which asserts that if X is a continuous random
variable with density f and g is another density function, then

h(X) = E[-log f(X)] < E[-log g(X)]. (18)

Proof of Theorem 2: We start with the Shannon entropy,
which Corresponds to o = 1. Fix two unit vectors (a1, ..., ay,)
and (by,...,b,) in R™. For ¢ E [0, 1], consider X; :=
ZZ 1 Vta? + (1 —t)b?X; and f(t) := h(X,), and denote by

:R — Ry the den51ty of X;. The statement of the theorem
is equivalent to the concavity of the function f on the interval
[0,1].

Let A, t1,t2 € [0,1] and set ¢t = A1 + (1 — A)ta. By the

variational formula for entropy, we have

M (t) + (1= N f(t2)
= AE[—log g, (Xi,)] + (1 — N)E[—log g4, (X, )]

< AE[—log g+ (X¢,)] + (1 = ME[-log g:(Xy,)] - (19)

Moreover, since X; has the same distribution as
the independent product Y;Z;, the stability of
Gaussian measure implies the equality in distribution
x, @ \/Z;;l (ta? + (1 — )b2) Y2 Z.

Therefore, X; is itself a Gaussian mixture. By the charac-
terisation of [9, Theorem 2], this is equivalent to the complete



monotonicity of the function g;(y/-). Thus, by Bernstein’s
theorem, g;(+/-) is the Laplace transform of a non-negative
Borel measure on (0,00) and therefore the function ¢; :=
—log g¢+(+/*) is concave on (0,00). Hence, by (19), we have

Af(t) + (1= A)f(t2)
< AE [@t(z (tra 4+ (1 — tl)b?)y?Zz)}

i=1

+ (1= AE [@t(i (toa? + (1 — tz)b?)YiQZZ)}

i=1

<E [gpt<§n: (A(tra2 + (1= t)p?)

i=1

(20)

LNt + (1)) 722 )|

=E {%(Z (ta? + (1 — t)bf)YfZ?)] = f(t).
i=1
This completes the proof of the concavity of Shannon entropy.
Next, let @ > 1 and consider again ¢t = Mty + (1 — \)to.
Denoting by 1, = g*~'(1/-) and applying the same reasoning,
we get

/ 6%(x) dz = / g (2)g8 N (z) dz = EgpL(X,)
R R

_E{@z;t(zn: (A(t1a§+(1—t1)bf) QD
i=1
+ (1= A)(tea2 + (1 — tg)bf))yfﬁ)] :
Now 1, = e~ (@®~D#¢ i5 log-convex and thus
[ @) e < &[0 (3 (a2 + (1 - pi)227)
i=1
(Y Gt + (1= )v22°)] -

< E[g (X)) Elg ! (X))

by Holder’s inequality. By two more applications of Holder’s
inequality, we get

1-X

o

@il do < (fuo (@) do)* (J gp(a) da) 7

and

fontontor r< (o 00) (i 00)

Combining (22) with the last two inequalities we obtain

1—X

([ o ar)® < ([ gt a)" ([ gio ar) ™

which is exactly the claimed concavity of Rényi entropy. [

Remark 8: One may wonder whether Theorem 2 can be
extended to Gaussian mixtures on R? in the sense of Definition
5. A repetition of the above argument in this setting would
require the validity of the inequality

9(VIM+ (T =NBz2) < g(VA2) g(VBz)

(23)

¥ A € (0,1), where ¢ : R? — R, is the density of a
Gaussian mixture, A and B are positive semidefinite d x d
matrices and z is a vector in R?. The validity of (23) for a
Gaussian density with arbitrary covariance is equivalent to the
operator concavity of the matrix function f(X) := VXY VX
for an arbitrary positive semidefinite matrix Y. The following
counterexample to this statement was communicated to us
by Léonard Cadilhac. As the function f takes values in the
cone of positive semidefinite matrices, operator concavity is
equivalent to operator monotonicity (see the proof of [27,
Theorem V.2.5]). Take two non-negative matrices A,Y such
that Y < A but Y2 < A2 does not hold. Then, the corre-
sponding function f(X) = VXY VX satisfies f(Y) = Y?
and f(A) = VAYVA < A? since Y < A. Therefore, we
don’t have f(Y) < f(A) and thus f is not operator monotone
or concave.

III. CONVEXITY OF FISHER INFORMATION

We start by proving the two-point convexity of J.
Proposition 9: The Fisher information matrix is operator
convex on Fy, that is, for fq, fo € Fy,

voelod],  I(O0fi+(1-0)f2) 2 09(f1)+(1-0)I(f2).
(24)
Proof: First we claim that the function R : R? x R, — R4*4,
T
given by R(z,\) = *5— is jointly operator convex. To prove
this, we need to show that for every 0 € (0,1), 2,y € R? and
A >0,

R(0z+ (1—0)y, 0A+ (1—0)p) < OR(xz, \) + (1 — 0) Ry, ).
(25)
After rearranging, this can be rewritten as

6(1—6) ()\QxxT + p2yy’ — Ayt — )\,uyxT) =0, (26)

which is true since it is equivalent to (A\z—puy)(Ax—uy)? = 0.
Since the Fisher information matrix can be written as

9(5)= [ RVI@). f@)) da.

the conclusion follows by the convexity of R and the linearity
of V and |. O

In order to derive the general Jensen inequality of Propo-
sition 4 from Proposition 9, a somewhat involved compact-
ness argument that was invoked in [25] can be used after
implementing a few modifications. We point out that these
intricacies arise since the space F; of smooth densities in R?
is infinite-dimensional.

Proof of Proposition 4: The proof is analogous to [14,
Proposition 15.2], working with the functional (J(X)x,z)
instead of I(X) = tr(9(X)) (see full version). O

27)

Proof of Corollary 6: In view of (12) and Proposition 4, we
have

9(YZ) = g(]EY [det(lme—wx z/gD

<Ey[9(YZ)] =E[(YY")"'],



since the Fisher information matrix of a Gaussian vector with
covariance matrix ¥ is X1, O

IV. CLT FOR THE FISHER INFORMATION MATRIX

In the proof of Theorem 7 we will use the following
geometric lemma instead of the triangle inequality to obtain a
vanishing bound. Its proof is based on a standard symmetri-
sation argument (see, for instance, [28, Proposition 9.11]),
combined with a classical result of Tomczak-Jaegermann [26]
(see also [29] for the exact values of the constants) that
estimates the Rademacher type constants of Schatten trace
classes and complex interpolation [30].

Lemma 10: Fix n,d € N and let W1y,...,W,, be i.i.d. ran-
dom d x d matrices with E[W;] = 0. For any § € (0, 1] and
any vector b = (bl, ..., by) € R™, we have

< (2)"Flog’ (d+ DE[|IWa 5] IIbl115.

146

(28)
Equipped with this technical lemma, we can now proceed
to the main part of the proof. For missing technical details,
the reader is referred to the full version of this paper.
Sketch of the proof of Theorem 7. S,, is a Gaussian mixture
itself and it satisfies

Sp = iaiYiZi @ (ia?YiYiT> 1/227
i=1

i=1
with (14) 1mmed1ately
- EYD) T, <

(29)

Corollary 6  combined

yields the estimate [[9(S,)

E(Xi, a?YiYT)
to bound the RHS of this expression.

For ¢ = 1,...,n consider the i.i.d. centered random
matrices W; := YZ-YZ-T — EYY7T and denote the event
E. := {|| X2iL, aiWi|,,, < €} To bound the probability of
the complement of FE., notice that

n 1+6
IP’{E;}:IP’{HZ% . >al+5}
i=1

28 ,2 1+6
< (Z) roe’@+ VE[IWAE] o]

Moreover, since E[|[Wy[|140 < 2'HE| YY" |19 we get the
bound

P{ES) < (%)1+6

(IEYYT) -1 suffices

, so it
op

(30)
2426
2+25°

2426
2+426°
(3D

log” (d + DE[IYY (] [a]
Next, we write

n _ n —1
E(;a?YiY;‘F) :E[(i;a?YiY?) HEE:|

+E [(zn: a?YiY;‘F> 41@4 32)
=1

For the first term convexity considerations show that

(o avav!) T - v
i=1

Sy 6

op

where the implicit constant depends only on the moments of
[YYT|lop. The second term in (32) can be bounded using
(31) as

n -1
E [(Z; a2y, YT ) ]IE}

op

_ 1 33
< (@) oren) I e
Sy 10g1+ (d+1) [la H2+25
Thus, we obtain for every € > 0,
HE(ZainYiT) - (IEYYT)‘1
— ov
oo Dal3EE  log™ (d 4 1)]al3las
~Y €+ 81+6 + 86
25
Finally, the (almost) optimal choice ¢ = |[lal|,155 yields the

desired bound.

Remark 11: As was already mentioned in the introduction,
bounding the relative Fisher information of a random vector
automatically implies bounds for the relative entropy in view
of the Gaussian logarithmic Sobolev inequality [16]. However,
bounds for the Fisher information matrix allow one to get
better bounds for the relative entropy using more sophisticated
functional inequalities which capture the whole spectrum of
J(X). We refer to [31] for more on this kind of inequalities.

Finally, we present some examples of Gaussian mixtures
related to conditions (15).

Examples. 1. Fix p € (0,2) and consider the random variable
X, with density cpe"““p, where x € R. It was shown in [9,
Lemma 23] that X can be expressed as

@ (

X, = (2Vp)7" (34)

where Vz has density proportional to ¢~ 2 gp( ) and g, is the
density of the standard positive a-stable law. The moments of
Y, = VB ? then satisfy, Va € R,

2

a+1

EYPQ:EVQQ/anp/ =g
2
0

(t)dt,  (35)

(NS}

for some , > 0. Since positive £-stable random variables
have finite S-moments for all powers 8 € ( — c0,5), the
assumptions (15) are satisﬁed When min{24 + 2, —26 — 2} >
—p—1 or, equivalently, 6 < 2= L Therefore, Theorem 7 applies
for these variables when p € (1 2).

2. It is well-known (see, for instance [9, Lemma 23]) that for
€ (0,2), the standard symmetric p-stable random variable
X, can be written as

X,, = (QGP) (36)

where G,/ is a standard posmve % stable random variable.

In this setting, the factor G2 does not have a finite 2 + 2§
moment for any value of p, so Theorem 7 does not apply.
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