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X1, Xo independent RVs
e Entropy Power Inequality (EPI)

h(V1—tX1 +VtX2) > (1 — t)h(X1) + th(Xz2)

Eskenazis, G. GMs Entropy and Fisher information



X1, Xo independent RVs
e Entropy Power Inequality (EPI)

h(V1—tX1 +VtX2) > (1 — t)h(X1) + th(Xz2)

» Fori.i.d.
t—= h(v/1—tXi + VtXo)
minimized at
t=20,1
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X1, Xo independent RVs
e Entropy Power Inequality (EPI)

h(V1—tX1 +VtX2) > (1 — t)h(X1) + th(Xz2)

» Fori.i.d.
t—= h(v/1—tXi + VtXo)
minimized at
t=20,1

Q: Where is it maximized?
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Entropy

t= %? NOT in general
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t= %? NOT in general

Conjecture (Ball, Nayar, Tkocz, 2016)
For X1, X5 i.i.d. log-concave

t h(vV1—tXy + VtXo)

is concave
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t= %? NOT in general

Conjecture (Ball, Nayar, Tkocz, 2016)
For X1, X5 i.i.d. log-concave

t h(vV1—tXy + VtXo)

is concave

» EPI special case
» No special case known (of X7, X3)!
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Entropy: Gaussian Mixtures

Gaussian mixture (GM)
X=Y.2Z,

Z ~N(0,1), P(Y > 0) = 1 independent
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Entropy: Gaussian Mixtures

Gaussian mixture (GM)
X=Y.2Z,

Z ~N(0,1), P(Y > 0) = 1 independent

I I
X0 =F | Joevac
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Entropy: Gaussian Mixtures

Gaussian mixture (GM)
X=Y.2Z,

Z ~N(0,1), P(Y > 0) = 1 independent

1 X2
x)=E e 2v2
ex(x) [\/27#2 ]
Eg.

o gx x e X (p- stable, p € (0,2])
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Entropy: Gaussian Mixtures

Gaussian mixture (GM)
X=Y.2Z,

Z ~N(0,1), P(Y > 0) = 1 independent

gx(X)_E[ . _;:2]

Noae
Eg.
o gx o< e XI° (p- stable, p € (0,2])
e Cauchy « m = %
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Entropy: Gaussian Mixtures

a,(0
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Figure: P(Y = 1) = P(Y = 10) =05
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Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x — gx(1/x)
is completely monotonic on (0, co)
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Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x — gx(1/x)
is completely monotonic on (0, co)

Theorem
Let X1, X5 be independent GMs. Then

t = h(vV1— tX; + V1X)

is concave in t € [0, 1]
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is completely monotonic on (0, co)

Theorem
Let X1, X5 be independent GMs. Then

t = h(vV1— tX; + V1X)

is concave in t € [0, 1]

» Proof: Bernstein and Holder = — log f;(+/) is concave + variational
formula for entropy
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Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x — gx(1/x)
is completely monotonic on (0, co)

Theorem
Let X1, X5 be independent GMs. Then

t = h(vV1— tX; + V1X)

is concave in t € [0, 1]

» Proof: Bernstein and Holder = — log f;(+/) is concave + variational
formula for entropy

» In fact (a2,...,a2) — ha(27:1 a,-X,-) is concave for Y7 a2 =1
and every a > 1
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Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x — gx(1/x)
is completely monotonic on (0, co)

Theorem
Let X1, X5 be independent GMs. Then

t = h(vV1— tX; + V1X)

is concave in t € [0, 1]

» Proof: Bernstein and Holder = — log f;(+/) is concave + variational
formula for entropy

» In fact (a2,...,a2) — ha(27:1 a,-X,-) is concave for Y7 a2 =1
and every a > 1

» In [Costa '85]: strengthened EPI for stable laws
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Fisher Information

X ~ f“smooth” on RY
Fisher informtaion

_ [ IVEX)P
I(X) = /Rd o
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Fisher Information

X ~ f“smooth” on RY
Fisher informtaion

_ [ IVEX)P
I(X) = /Rd o

Fisher information matrix

I(X),'J = /Rd &f():())aé)f()()dx
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Fisher Information

X ~ f“smooth” on RY
Fisher informtaion

_ [ IVEX)P
I(X) = /Rd o

Fisher information matrix
0if (X)0;f(X)
IX)ij= | —rl——2
(X0 /R )~
Cramér-Rao (C-R):
1(X) >

Var(X) (d=1)
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Fisher Information

Proposition
Let X =Y -Z a GM, Var(X) = E[Y?]
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Fisher Information

Proposition

Let X =Y -Z a GM, Var(X) = E[Y?]
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Fisher Information

Proposition

Let X =Y -Z a GM, Var(X) = E[Y?]

Proof.

]_ X2 1 2
el ] 0k
) [ 2w Y2 ] 9 Y2\/27wY?

c-§ = (f’(x))2 < x*f(x)E [\/4\/127776_;;2}
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Fisher Information

Proposition

Let X =Y -Z a GM, Var(X) = E[Y?]

Proof.

]_ X2 1 2
el ] 0k
) [ 2w Y2 ] 9 Y2\/27wY?

c-§ = (f’(x))2 < x*f(x)E [\/4\/1277?6_;;2}

00 [ o< [ ] o] =
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[1l. Fisher Information

(GM)inRY: X=Y-2Z,
Z ~ N(0,1gxq), Y € R¥*9 symmetric, P(Y = 0) =1
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[1l. Fisher Information

(GM)inRY: X=Y-2Z,
Z ~ N(0,1gxq), Y € R¥*9 symmetric, P(Y = 0) =1
Cramér-Rao (C-R):

I(X) = (BYYT) ™
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[1l. Fisher Information

(GM)inRY: X=Y-2Z,
Z ~ N(0,1gxq), Y € R¥*9 symmetric, P(Y = 0) =1
Cramér-Rao (C-R):

I(X) = (BYYT) ™

I(X) < E((YYT)™1)?
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[1l. Fisher Information

(GM)inRY: X=Y-2Z,
Z ~ N(0,1gxq), Y € R¥*9 symmetric, P(Y = 0) =1
Cramér-Rao (C-R):

I(X) = (BYYT) ™

« I(X) = E((YvTrl)?

2.
R(x,y) = X7 is jointly convex on ]REL = I(X fRd  dx is a convex

functional of f
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[1l. Fisher Information

(GM)inRY: X=Y-2Z,
Z ~ N(0,1gxq), Y € R¥*9 symmetric, P(Y = 0) =1
Cramér-Rao (C-R):

I(X) = (BYYT) ™
@ I(X) < E((YYT)1)?
R(x,y) = X72 is jointly convex on R3 = I(X) = [zq IV,f(())f)wdx is a convex
functional of f

1000
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Fisher Information

Proposition (Bobkov, '22)

The Fisher information satisfies "Jensen's” inequality: let m be a

probability measure on the space of probability densities in R". Then, if f
is any mixture of densities f = [ gm(dg),

I(f) < / I(g)(dg)
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Fisher Information

Proposition (Bobkov, '22)

The Fisher information satisfies inequality: let m be a
probability measure on the space of probability densities in R". Then, if f
is any mixture of densities f = [ gm(dg),

I(f) < / I(g)(dg)

Proposition

The Fisher information matrix is convex as a matrix-valued functional and
satisfies inequality: if f is any mixture of densities
f=[gn(dg),

1(f) < / 1(g)(dg)

provided that [ ||Z(g)|lop < oo

.
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Fisher Information

Proof. R(x,\) = % is jointly operator convex + Bobkov's proof with
(Z(X)x, x) O
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Fisher Information

Proof. R(x,\) = % is jointly operator convex + Bobkov's proof with
(Z(X)x, x) O
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Fisher Information

Proof. R(x,\) = % is jointly operator convex + Bobkov's proof with
(Z(X)x, x)

O

I(YZ) < EyI(Zy) = E(YYT) L
where Zs ~ N(0,2X7)
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(a1,...,ap): >0 a2 =1, X; = Y;Z GMs

5,, = ia;Xi = ia;Y;Z; g (Z 2,2\/,-2)1/22
i=1 i=1

I(Sn) <E [2312»/2]

Eskenazis, G. GMs Entropy and Fisher information



(a1,...,ap): >0 a2 =1, X; = Y;Z GMs

5,, = ia;Xi = ia;Y;Z; g (Z 2,2\/,-2)1/22
i=1 i=1

I(Sn) <E [2312»/2]

Standardised Fisher information:

22Y2

1 1

Jit(Sn) = Var(Sn)I(S) — 1 < (EY2)E [21] 1

Eskenazis, G. GMs Entropy and Fisher information



Corollary
Suppose EYZT2 EY; 272 < co. Then

26

Jst(Sn) < CY1 HaH21-:§6
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Corollary
Suppose EYZT2 EY; 272 < co. Then

26

Jst(Sn) < CY1 HaH21-:§6

e Eg a = % then

n 115 22+25 52
25 1 (1+6)( ) 1

— (1+5)2
a5 = | X v = ()57 =0
i=1
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Corollary
Suppose EYZT2 EY; 272 < co. Then

26
Jst(sn) < CY1 HaH21-:§6

e Eg a = % then

26 oy T 1\ 2
— (1+9)
lall35s = | 2 s = ()57 =0
i=1

For this example better rate in [Bobkov, Chistyakov, Gotze, '14]
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Corollary
Suppose EYZT2 EY; 272 < co. Then

26
Jst(sn) < CY1 HaH21-:§6

e Eg a = % then

25 nooq \@EEE g, 82
5 _ (1+6)
a3 = (2 o = ()57 =0

i=1

For this example better rate in [Bobkov, Chistyakov, Gotze, '14]

e O(|lal|3) in [Artstein, Ball, Barthe, Naor, '04] for weighted sums
under much stronger moment assumptions
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Corollary (General dimension)
FE|YYT|50 <00 and E[(YYT)}|5E < oo,

26

1Cov(S5)2Z(S5)Cov(Sn)Z — Lallop < C(Y) log?(d + 1)|a]l 3355
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Corollary (General dimension)
FE|YYT|50 <00 and E[(YYT)}|5E < oo,

26

1Cov(Sn)2Z(Sn)Cov(Sn)? — Lallop < C(Y)log®(d + 1)|a]l 355

» Convergence of the Fisher information matrix

» First such result!
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An Open Question

> Is

/ (\/Exl + \/ftxg)

minimized at t = % ? More generally, is

minimized at a; = %?
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Thank you!
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