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Entropy

X1,X2 independent RVs

Entropy Power Inequality (EPI)

h(
√
1− tX1 +

√
tX2) ≥ (1− t)h(X1) + th(X2)

▶ For i.i.d.
t 7→ h(

√
1− tX1 +

√
tX2)

minimized at
t = 0, 1

Q: Where is it maximized?
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Entropy

t = 1
2?

NOT in general

Conjecture (Ball, Nayar, Tkocz, 2016)

For X1,X2 i.i.d. log-concave

t 7→ h(
√
1− tX1 +

√
tX2)

is concave

▶ EPI special case

▶ No special case known (of X1,X2)!
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Entropy: Gaussian Mixtures

Gaussian mixture (GM)
X = Y · Z ,

Z ∼ N (0, 1), P(Y > 0) = 1 independent

gX (x) = E
[

1√
2πY 2

e−
x2

2Y 2

]
E.g.

gX ∝ e−|x |p (p- stable, p ∈ (0, 2])

Cauchy ∝ 1
π(1+x2)

⇒ Z1
|Z2|
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Entropy: Gaussian Mixtures

Figure: P(Y = 1) = P(Y = 10) = 0.5
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Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x 7→ gX (
√
x)

is completely monotonic on (0,∞)

Theorem

Let X1,X2 be independent GMs. Then

t 7→ h(
√
1− tX1 +

√
tX2)

is concave in t ∈ [0, 1]

▶ Proof: Bernstein and Hölder ⇒ − log ft(
√
·) is concave + variational

formula for entropy

▶ In fact (a21, . . . , a
2
n) 7−→ hα

(∑n
i=1 aiXi

)
is concave for

∑n
i=1 a

2
i = 1

and every α ≥ 1

▶ In [Costa ’85]: strengthened EPI for stable laws
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√
·) is concave + variational

formula for entropy

▶ In fact (a21, . . . , a
2
n) 7−→ hα

(∑n
i=1 aiXi

)
is concave for

∑n
i=1 a

2
i = 1

and every α ≥ 1

▶ In [Costa ’85]: strengthened EPI for stable laws

Eskenazis, G. GMs Entropy and Fisher information July 12 7 / 17



Entropy: Gaussian Mixtures

(Eskenazis, Nayar, Tkocz, 2018): A symmetric RV is GM iff x 7→ gX (
√
x)

is completely monotonic on (0,∞)

Theorem

Let X1,X2 be independent GMs. Then

t 7→ h(
√
1− tX1 +

√
tX2)

is concave in t ∈ [0, 1]

▶ Proof: Bernstein and Hölder ⇒ − log ft(
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Fisher Information

X ∼ f “smooth” on Rd

Fisher informtaion

I (X ) =

∫
Rd

|∇f (X )|2

f (X )
dx

Fisher information matrix

I(X )i ,j =

∫
Rd

∂i f (X )∂j f (X )

f (X )
dx

Cramér-Rao (C-R):

I (X ) ≥ 1

Var(X )
(d = 1)
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Fisher Information

Proposition

Let X = Y · Z a GM, Var(X ) = E[Y 2]

1

E[Y 2]

C−R
≤ I (X ) ≤ E

[
1

Y 2

]

Proof.

f (x) = E
[

1√
2πY 2

e−
x2

2Y 2

]
, f ′(x) = −xE

[
1

Y 2
√
2πY 2

e−
x2

2Y 2

]

C − S ⇒
(
f ′(x)

)2 ≤ x2f (x)E
[

1

Y 4
√
2πY 2

e−
x2

2Y 2

]

I (X ) =

∫
(f ′(x))2

f (x)
dx ≤

∫
x2E

[
1

Y 4
√
2πY 2

e−
x2

2Y 2

]
dx = E

[
1

Y 2

]
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III. Fisher Information

(GM) in Rd : X = Y · Z ,
Z ∼ N (0, Id×d), Y ∈ Rd×d , symmetric, P(Y ⪰ 0) = 1

Cramér-Rao (C-R):

I(X ) ⪰
(
EYYT

)−1

Q:
I(X ) ⪯ E

(
(YYT )−1

)
?

R(x , y) = x2

y is jointly convex on R2
+ ⇒ I (X ) =

∫
Rd

|∇f (X )|2
f (X ) dx is a convex

functional of f
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Fisher Information

Proposition (Bobkov, ’22)

The Fisher information satisfies “Jensen’s” inequality: let π be a
probability measure on the space of probability densities in Rn. Then, if f
is any mixture of densities f =

∫
gπ(dg),

I (f ) ≤
∫

I (g)π(dg)

Proposition

The Fisher information matrix is convex as a matrix-valued functional and
satisfies “Jensen’s” inequality: if f is any mixture of densities
f =

∫
gπ(dg),

I(f ) ⪯
∫

I(g)π(dg)

provided that
∫
∥I(g)∥OP < ∞
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Fisher Information

Proof. R(x , λ) = xxT

λ is jointly operator convex + Bobkov’s proof with
⟨I(X )x , x⟩

⇒

I(YZ ) ⪯ EYI(ZY) = E(YYT )−1,

where ZΣ ∼ N (0,ΣΣT )
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CLT rates

(a1, . . . , an) :
∑n

i=1 a
2
i = 1, Xi = YiZi GMs

Sn =
n∑

i=1

aiXi =
n∑

i=1

aiYiZi
d
=
(∑

a2i Y
2
i

)1/2
Z

▶

I (Sn) ≤ E
[

1∑
a2i Y

2
i

]
Standardised Fisher information:

Jst(Sn) := Var(Sn)I (Sn)− 1 ≤
(
EY 2

1

)
E
[

1∑
a2i Y

2
i

]
− 1
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CLT rates

Corollary

Suppose EY 2+2δ
1 ,EY−2−2δ

1 < ∞. Then

Jst(Sn) ≤ CY1∥a∥
2δ

(1+δ)

2+2δ

E.g. ai =
1√
n
, then

∥a∥
2δ
1+δ

2+2δ =

(
n∑

i=1

1

n1+δ

) 2δ
(1+δ)(2+2δ)

=
(1
n

) δ2

(1+δ)2 → 0

For this example better rate in [Bobkov, Chistyakov, Gotze, ’14]

O(∥a∥44) in [Artstein, Ball, Barthe, Naor, ’04] for weighted sums
under much stronger moment assumptions
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O(∥a∥44) in [Artstein, Ball, Barthe, Naor, ’04] for weighted sums
under much stronger moment assumptions
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CLT rates

Corollary (General dimension)

If E∥YYT∥1+δ
OP < ∞ and E∥

(
YYT

)−1∥1+δ
OP < ∞,

∥Cov(Sn)
1
2I(Sn)Cov(Sn)

1
2 − Id∥OP ≤ C (Y) logδ(d + 1)∥a∥

2δ
1+δ

2+2δ

▶ Convergence of the Fisher information matrix

▶ First such result!
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An Open Question

▶ Is
I
(√

tX1 +
√
1− tX2

)
minimized at t = 1

2 ? More generally, is

I

(
n∑

i=1

aiXi

)

minimized at ai =
1√
n
?
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Thank you!
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