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Abstract—We prove a discrete analogue of the generalised
entropy power inequality for log-concave random variables on
the integers. As a special case, we show that a conjecture of
Tao (2010) holds true for log-concave random variables on the
integers:

n+1

1
H(Xi++ Xng1) 2 H(Xi 4+ Xa) + 5 log (== ) —o(1),

where the o(1)-term vanishes as H(X;) — oo. Explicit, finite
bounds for the error term are provided, which are exponential
in H(X1).
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I. INTRODUCTION

A. Generalised Entropy Power Inequalities for Continuous
Random Variables

Let X,Y be two independent random variables with densi-
ties in R. We denote by h(X) the differential entropy of X,
that is h(X) = — [, f(x)log f(x)dx, where f is the density
of X and similarly for Y. Throughout this paper ‘log’ denotes
the natural logarithm.

As it is well known within information theory, the celebrated
Entropy Power Inequality (EPI) goes back to Shannon [1] and
was first proven in full generality by Stam [2]. For real-valued
random variables, it asserts that

N(X+Y)>N(X)+ N(Y), (1)
where N (X) is the entropy power of X: N(X) = 52 e2MX),

2me
If X1, X5 are identically distributed, (1) can be rewritten as

1
h(X1 + Xo) > h(X1) + 3 log 2. 2

The EPI was generalised by Artstein et al. [3]: If {X;}"}
are i.i.d. then

n+1 n
1 1
h<7 XZ-) > h(— X) 3)
This is the monotonic increase of entropy along the central
limit theorem [4].

Simpler, information-theoretic proofs appeared later in [5],
[6]. In particular, the following generalisation was proven in
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[6]: If X4,...,X,, are independent continuous random vari-
ables and C is an arbitrary collection of subsets of {1,...,n},
then
1
2h( X1+ 4+Xn) > = 2h(Xes X5) 4
e >-D e : €

SecC

where r is the maximum number of sets in C in which any
one index appears. Our main result (Theorem 1) is a discrete
analogue of (4) for identically distributed, discrete log-concave
random variables.

B. Discrete Analogues

There has been interest in formulating discrete analogues of
the EPI from various perspectives [7]-[10]. It is not hard to
see that the exact statement (2) can not hold for all discrete
random variables by considering deterministic (or even close
to deterministic) random variables.

Sumset theory for entropy. Suppose G is an additive
(abelian) group and X is a random variable supported on a
discrete (finite or countable) subset A of G with probability
mass function (p.m.f.) p on G. We denote by H(X) the (dis-
crete) entropy of X, that is H(X) = —>___, p(z)logp(x).
Perhaps most notably, Tao [11] proved that if G is torsion-free
and X takes finitely many values then

H(X\ 4 Xo) > HX) + 5 log2 —of1), )

where X3, X, are independent copies of X and the o(1)-
term vanishes as the entropy of X tends to infinity. That
work explores the connection between additive combinatorics
and entropy, which was identified by Tao and Vu in the
unpublished notes [12] and by Ruzsa [13]. Partly, the intuition
stems from the fact that random variables in G may be asso-
ciated with subsets A of G: By the asymptotic equipartition
property [14], there is a set A,, (the typical set) such that if
Xi,...,X, are ii.d. copies of X, then X7 is approximately
uniformly distributed on A,, and |A,,| = ¢"#(X)+e(1)  Given
an inequality involving cardinalities of sumsets, it is natural
to guess that a counterpart statement holds true for random
variables if the logarithm of the cardinality is replaced by the
entropy.

Exploring this connection, Tao [11] proved an inverse
theorem for entropy, which characterises random variables for
which the addition of an independent copy does not increase



the entropy by much. This is the entropic analogue of the
inverse Freiman theorem [15] from additive combinatorics,
which characterises sets for which the sumset is not much
bigger than the set itself. The discrete EPI (5) is a consequence
of the inverse theorem for entropy.

Furthermore, it was conjectured in [11] that for any n > 2
and € > 0

H(Xi+ -+ Xnp1) 2 H(X 4+ -+Xn)+%log (”: 1)—6,

(6)
provided that H(X) is large enough depending on n and e,
where {X;}7*"! are i.i.d. copies of X.

As a special case of our main result (Corollary 1) we show
that conjecture (6) holds true for log-concave random variables
on the integers with an exact lower bound on H(X7) in terms
of n and e.

Equation (6) may be seen as a discrete analogue of (3). A
discrete entropic central limit theorem was recently established
in [16]. A discussion relating the above conjecture to the
convergence of discrete entropy to its maximum in analogy
with (3) may be found there.

The result (5) is asymptotic and no explicit lower bound
on H(X) was given in [11]. Besides the theoretical interest
of this result, there has been interest in establishing a finite
bound. The motivation comes, among others, from compressed
sensing [7]. In the latter work, the following entopy power
inequality over the integers was proved: For any random
variable X taking values in Z,

H(X1 + Xo) > H(Xy) +g(H(X)), (7N

where, again, X;, X, are independent copies of X and
g : Ry — R, is a strictly increasing function such that
lim, 0 (%) = gz and g(z) = 0 if and only if z = 0.
The polar coding techniques [17], [18] were extended to
arithmetic over Z rather than arithmetic over F,. To this
end, an appropriate martingale was constructed, whose values
represent certain conditional entropies. The convergence of
that martingale to zero implies what is called an absorption
phenomenon, analogously to the polarisation phenomenon of
[17], [18]. The fact that g(x) = 0 if and only if z = 0 was
then used to prove convergence to (. Although the function
g was explicitly given and sharp estimates for its behaviour
were provided, the constant g < 5 log2 is not optimal.

In the latter application, it is the regime H(X; + X5) —
H(X1) = 0, or, as it is shown, equivalently H(X) ~ 0 that
is important. However, the suboptimality of the limit in the
H(X;) — oo regime, naturally raises the question of how
much the quantitative bounds can be improved, while obtain-
ing the ‘right’ constant, even under additional assumptions.

The focus of the present work is in the large entropy regime:
For n = 1, our main result merely shows that if H(X;+X5)—
H(X,) is close to zero, then H(X7) is less than an absolute
constant, whereas (7) already implies that in this case H(X)
is close to 0 as well. Neverthelss, for H(X;) — oo, our proofs
yield explicit rates for the o(1)-terms, which are exponential
in H(X1).

The class of discrete log-concave distributions has been
considered recently by Bobkov et al. [19] in connection with
the EPI. In particular, discrete analogues of (1) up to a mul-
tiplicative constant were proved for this class and generalised
for all Rényi entropy powers. Furthermore, sharp upper and
lower bounds on the maximum probability of discrete log-
concave random variables in terms of their variance were
provided, which we are going to use in the proofs (see Lemma
1 below).

We should mention that log-concavity is a strong assump-
tion: It implies connected support set, meaning that p(k) =0
implies p(k — 1) = 0 or p(k +1) = 0, so we can not
have ‘gaps’. In addition, log-concave random variables have
moments of all orders, e.g. [20]. On the other hand, log-
concave distributions form a natural class to consider for
applications, as many important distributions are log-concave,
e.g. the Bernoulli, Poisson, geometric, negative binomial,
uniform and others.

Finally, let us mention that another discrete EPI for the
special family of uniform distributions on Z was proved in
[10]. Interestingly, the limiting constant is % if we restrict to
uniform random variables on the integers.

C. Main results and proof ideas
Our main result is:

Theorem 1. Let n > 1 and suppose Xi,...,X, are iid.
log-concave random variables on the integers with common
variance o*. Let C be an arbitrary collection of subsets of
{1,...,n} and r be the maximum number of sets in C in
which any one index appears. Then,

ZHX 4+ X0) }ZezH(szsxj)fou)’

r
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where the o(1)-term vanishes as o — oo depending on n.

Remark 1. In fact, we prove a stronger result, Theorem 2
below. A finite bound for the o(1)-term may also be computed

Sfrom (13), which is of order O(% log(?”aﬁ)).

An important step in the proof of (5) in [11] is reduction
to the continuous setting by approximation of the continuous
density with a discrete p.m.f.; we briefly outline these key
points from that proof below as we are going to take a similar
approach.

The first step in the proof method of [11, Theorem 1.9] is
to assume that H(X; + X5) < H(X;) + 3 log2 — €. Then,
because of [11, Theorem 1.8], proving the result for random
variables X that can be expressed as a sum Z + U, where Z
is a random variable with entropy O(1) and U is a uniform
on a large arithmetic progression, say P, suffices to get a
contradiction. Such random variables satisfy, for every z,

gc)<£
~ P

for some absolute constant C'. Using tools from sumset theory,
it is shown that it suffices to consider random variables that

P(X = ©)



take values in a finite subset of the integers. For such random
variables that satisfy (9), the smoothness property

lpx,+x, — Pxy 4 xo41llTv — 0 (10)

as H(X) — oo is established, where px, 1 x,,Px,+x,+1 are
the p.m.f.s of X; + X5 and X; + X3 + 1 respectively and
|| - ||Irv is the total variation distance defined in (16) below.
Using this, it is shown that

h(X1+X2+U1+U2):H(X1 +X2)+O(1), (11)

as H(X) — oo, where Up,Us are independent continuous
uniforms on (0,1). The EPI for continuous random variables
is then invoked.

Our proofs lack any additive combinatorial arguments as
we already work with random variables, whose support set is
an arithmetic progression over the integers (although it may
have infinite cardinality). An important technical step in our
case is to show that any log-concave random variable X on
the integers satisfies

lpx — px+1llrv — 0

as H(X) — oo. Using this we show the following generali-
sation of (11):

Theorem 2. Let n > 1 and suppose Xi,...,X, are ii.d.
log-concave random variables on the integers with common
variance o®. Let Uy, ..., U, be continuous i.i.d. uniforms on
(0,1). Then

MXi+- +X,+Ui+---+U,) = HX 1+ -+ X,)+0(1),

(12)
where the o(1)-term vanishes as o> — oo depending on n. In
fact, this term can be bounded absolutely by

, , on+2 log no?
2n+66—(ﬁa)1/5(\/ﬁo)3+ 1Og(2n+20\/ﬁ)+ g -
ovn 8no 13)
(

provided that o > max{2"*2/\/n, 3" /\/n}.

Our main tools are first, to approximate the density of the
log-concave sum convolved with the sum of n continuous
uniforms with the discrete p.m.f. (Lemma 2) and second, to
show a type of concentration for the “information density”,
—log p(Sy), using Lemma 3. It is a standard argument to
show that log-concave p.m.f.s have exponential tails, since
the sum of the probabilities is convergent. Lemma 3 is a slight
improvement in that it provides a bound for the ratio depending
on the variance.

By an application of the generalised EPI for continuous
random variables (4), we obtain our main result.

In particular, choosing C in Theorem 1 to be the collection
of all subsets of cardinality n — 1, we show that the conjecture
(6) is true for log-concave random variables on the integers,
with an explicit dependence between H (X)) and e, which can
be computed from (13):

Corollary 1. Let n > 1 and € > 0. Suppose X1,...,X,, are
i.i.d. log-concave random variables on the integers. Then if
H(X4) is sufficiently large depending on n and e,

1 n+1
H(X1+--~+Xn+1)ZH(X1+~--+Xn)+§log( )-e.

(14)
In fact, for (14) to hold it suffices to take H(X1) > log% +
log log % +mn +27.

Note that H(X) — oo implies 0> — oc. For the class
of log-concave random variables these two statements are
actually equivalent, e.g. by Lemma 1 and Proposition 3.

The proofs of Theorems 1, 2 and Corollary 1 are given
in Section III. Before that, in Section II below, we state
some preliminary facts about discrete, log-concave random
variables. The proofs of those, as well as of the three Lemmas
in the beginning of Section III, are omitted and may be found
in the full version of this paper.

For n = 1, the lower bound for H(X;) given by Corollary
1 for the case of log-concave random variables on the integers
is a significant improvement on the lower bound that can be
obtained from the proof given in [11] for discrlete random

variables in a torsion free group, which is Q(%l ‘ )

Finally, let us note that the method of adding a continuous
uniform to an integer-valued random variable has also been
recently used in [21] and can be traced back to Massey [22].
Here we generalise this method by adding n independent
uniforms in order to exploit the “sum of i.i.d.” structure and ap-
proximate the continuous density with the discrete one, when
the variance is large. The log-concavity assumption seems to
be essential for this approximation. In other words, although
the conclusion of Theorem 2 holds true for all integer-valued
random variables when n = 1, it seems to be quite strong
for n > 2. Although we suspect that the assumption of log-
concavity may be relaxed, we do not expect it to hold in much
greater generality; we believe that some structural conditions
on the random variables should be necessary.

II. NOTATION AND PRELIMINARIES

For a random variable X with p.m.f. p on the integers denote

q:= Zmin{p(k),p(k +1)}.

keZ

15)

The parameter ¢ defined above plays an important role in a
technique known as Bernoulli part decomposition, which has
been used in [23]-[25] to prove local limit theorems. It was
also used in [16] to prove the discrete entropic CLT mentioned
in the Introduction.

Here we use 1 — ¢ as a measure of smoothness of a p.m.f.
on the integers. In what follows we will also write g(p) to
emphasise the dependence on the p.m.f..

For two p.m.f.s on the integers p; and p,, we use the
notation

Ipr = p2lls ==Y [pa(k) — pa(k)]

keZ



for the /;-distance between p; and ps and

1
lp1 — pal|Tv == §Hp1 —p2|h (16)

for the total variation distance.

Proposition 1. Suppose X has p.m.f. px on 7 and let ¢ =
S pezmin {px (k), px (k +1)}. Then

lpx —px+1llrv = (1 — q).

A consequence of Proposition 1 is that the parameter g,
defined in (15), does not decrease on convolution:

Corollary 2. Let p1,p2 be two p.m.f.s on the integers. Then

q(p1 * p2) > max {q(p1), q(p2)}-

A p.m.f. p on Z is called log-concave, if for any k € Z

p(k)? > p(k — )p(k +1). (17)

If a random variable X is distributed according to a log-
concave p.m.f. we say that X is log-concave. Throughout we
suppose that X,..., X, are i.i.d. random variables having a
log-concave p.m.f. on the integers, p, common variance o2
and denote their sum with S,,. Also, we denote

Pmax = pmax(X) = Sl;p ]P(X = ]f)
and write

Nmax = Nmax(X) := max{k € Z : p(k) = pmax}, (18)

i.e. Npax is the last k € Z for which the maximum probability
is achieved. We will make use of the following bound, which
follows immediately from [19, Theorem 1.1]:

Lemma 1. Suppose X has discrete log-concave distribution
with 02 = Var(X) > 1. Then

1 1
o S Pmax S - (19)
g

4o
Proposition 2. Let X be a log-concave random variable on
the integers with mean p € R and variance o2, and let § > 0.
Then, if o > 41/29,

p— 03t 1 < Npax < 40241 (20)

Below we show that for any integer-valued random variable,
g — 1 implies H(X) — oo. It is not hard to see that
the converse is not alway true, i.e. H(X) — oo does not
necessarily imply ¢ — 1: Consider a random variable with
a mass of % at zero and all other probabilities equal on an
increasingly large subset of Z. Nevertheless, using Lemma 1,
we show that if X is log-concave this implication is true.

Proposition 3. Suppose that the random variable X has p.m.f.
px on the integers and let ¢ = q(px) as above. Then

(i) e HX) <1 —¢.

(ii) If px is log-concave, then 1 — ¢ = Ppax < %

III. PROOFS OF THEOREMS 1, 2 AND COROLLARY 1

Let U™ := "  U;, where U; are i.i.d. continuous uni-
forms on (0,1). Let f5 7y denote the density of S,+U™.
We approximate fg ;) with the p.m.f., say pg,, of S,.
We recall that the class of discrete log-concave distributions is
closed under convolution [26] and hence the following lemma
may be applied to .S,,.

Lemma 2. Let S be a log-concave random variable on the
integers with variance o = Var(S) and, for any n > 2,
denote by fs. o the density of S + U™ on the real line.

Then for any n > 2, each k € Z and x € [k, k + 1),
fsrvem (@) = ps(k) + g(k), (21)

where

> oK)l < (2"~ ).

k'€Z

(22)

Lemma 3. Let X be a log-concave random variable on the
integers with p.m.f. p, mean zero and variance o*, and let
0 <e<1/2 If o > max {3/ (1231029} there is an

No € {Nmax; - - - » Nax +2[02]} such that, for each k > Ny,
plh+1) < (1 - Uj_€>p<k>. 23)
Similarly, there is an N, € {Nmax — 2[0%],..., Nmax}
such that, for each k < Ny,
= 1) < (1= ol

Finally, we need the following Taylor-type estimate. A
similar estimate was used in [11].

Lemma 4. Let D, M > 1 and, for x > 0, consider G(z)
F(z)—xlog M, where F(x) = —xlogx. Then, for 0 < a,b
% and any 0 < p < %, we have the estimate

IA

20 1 eD
G(b) — G(a)| < == log — + |b — a|log —. (24)
IG(b) = Gla)] < 7 g b —al e

We are now ready to give the proof of our main technical
tool, Theorem 2:

Proof of Theorem 2. Assume without loss of generality that
X has zero mean. Let Fi(z) = zlog 1,2 > 0 and note that
F(z) is non-decreasing for z < 1/e. As before denote S,, =
S Xy, U™ =30 U and let fg Ly be the density
of S, + U™ on the reals. We have

h(X1+- -+ Xy + Ui+ +Uy)
= > / F(fs, v (v))dx
[k,k+1)

ke(—5no2,5n02)

+ 0y / F(fs, +uwm (x))dz.
kT2 J IEoA+D)

(25)

First we will show that the “entropy tails", i.e. the second term
in (25), vanish as o2 grows large.

For k > 5no?, we have pg, (k + 1) < ps, (k), since by
Proposition 2 applied to the log-concave random variable S,,,



Npax < no?+1 as long as y/no > 4. Thus, proceeding as in
the proof of Lemma 2, we can show that for £ > 5no? and
z e[k k+1), fs spm(x) <2"ps, (K —n+1). Hence, for

277,
g > %6, (26)
we have
0< / F(fs, v (@))da @7
k>5no? [k,k+1)
< > F(2'ps,(k—n+1)) (28)
k>5no?
1
Z 2"ps, (k—n+1)log (29)
k>bno?2 2 ps, (k —nt 1)
k—4[no?] \/>U
Z 0 1 2n€k ongk—4[no?] (30)
k:>5no'2
log 5 log 5+~
=on_20 mo™ 4 2n—=_2" 2 o™ (31)
\/HO- mgg? m§a2
log /no [ 1+1 grno"1  gino”]
< gntl
= NG [(1_9> + o1 + 15
(32)
logv/no _ c _
< on+l (v/no) 4—2e¢
<2 N e [(\/ﬁo)
+ (no? + 1) (Vo) + (\/ﬁa)Qﬂ (33)
1 .
< 2“*3‘%%(”") (Vno)*= (34)
< o= (V)P (s, (35)
Here (30) holds for
Vno > 37 (36)
with § = 1 — W =1- ﬁ, where we have

used Lemma 3 with € = 1/5 (which makes the assumption
approximately minimal). In particular, repeated application of
(23) yields ,
ps, (k—n+1) < gx=4Mmo*1pq (4Tno?]—n+1) < W.
The left tail can be bounded above by (35) in the same way,
using the second part of Lemma 3.
On the other hand, the first term in (25) is equal to

/ {F(fSn+U(") (x)) = fs, 1 (x)log naz] dx
|k|<5no? [k, k+1)

+ log naQP(Sn +U™ ¢ (—=5no?, 5n02)). (37)

Now we will apply the estimate of Lemma 4 with pu =
ﬁ,D = 2“\/EU7M = no—z’a = fsn-‘rU(")(x) and b —

ps, (k) to the integrand in (37). Thus, using Lemma 2, we
obtain that (37) is equal to

log no®P(S,, + U™ e (-5n0?, 5no?))
+ Y. Flps, (k)

ke(—5no?,5n02)

— ps, (k) log no? (38)

plus a term, which can be bounded absolutely by

21
Zgni’}f +Z gk (log (0v/n) + log(e2"o/n )) (39)
2log (ov/n) n
< S Uflog( e2"o\/n) (40)
n+2
n+2
< o log(2" ?a/n), (41)

where g(k) is given by Lemma 2 applied to the log-concave
random variable S,, and therefore ), g(k) < % Finally,
(38) is equal to

H(S,) +logno® [B(S, + U™ € (~5n0%,5n0%))

—P(S, € (—5n02,5n02))} — Y Flps,(k), @2)
|k|>5n0?

where the discrete entropy tails, i.e. the last term, can be

bounded above in a similar way as the continuous tails (see

(29)) by two times the upper bound in (35). Moreover, both

probabilities in the brackets can be bounded below crudely by

1
8no?’
since by Chebyshev’s inequality

P(S, + U™ ¢ (—5na?,5n0?))
<P(|S, + U™ —

(43)

1
~ 8no?’
> n by assumption and
15 < n. Putting all these together,

g| > 4.5n0%))

where we have used that o2

Var(U™) =

|A(Sn +U™) = H(S,)| < 2706~V ((/ng)?
gnt2 log no?
log (2" 44
+ av/n o8 V) + 8no2 “@4)
as long as o > max{2"*2/\/n,37/\/n}.
O

Proof of Theorem 1. Follows from the generalised EPI (4)
applied to X7 +Uy + --- + X,, + U,, and Theorem 2. O

Proof of Corollary 1. Let Uy, ..., U, be continuous i.i.d. uni-
forms on (0,1). Then, by the generalised entropy power
inequality for continuous random variables (3) and the scaling
property of differential entropy [14]
h(Xl+"'+Xn+1+U1+"'+Un+1)
> h(Xy o X+ Us o+ Up) + Slog (251).
Now, since [14]

H(X)) = h(Xy + U)) < %1og (2me(0 +1/12)), (45

we have, assuming o > 0.275, e7(X1) < 65. Thus, if
H(X;) > 26 then ¢ > 50° and the error-term in (13)
is at most 2”1441057"0. Hence, taking H(X;) > log2 +

log log% + n + 27, we have by Theorem 2

1 +1
H(Xu -4+ Xoi1) 2 H(Xy e X,)+ 5 log (= )~

(46)
O
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