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Abstract

Let A: A — AY be a polarization on an abelian variety over a field k. If k is not algebraically closed,
there might not exist an ample line bundle on A defined over k that represents A. To remedy this, Poonen
and Stoll have asked the following question: does there exist a line bundle on an A-torsor that represents
A?

We give a criterion for the existence of such a torsor and line bundle which only depends on the kernel
of \. Using this criterion, we show that the answer to the question is yes when the polarization has
odd or small even degree. On the other hand, we show that for every g > 7, there exists a polarized
g-dimensional abelian variety for which the answer to the question is no.

1 Introduction

1.1 Context

Let A be an abelian variety over a field k. If L is a line bundle on A, define the homomorphism
¢r: A=A, a—tILRL,

where t,: A — A denotes translation by a and A = Pic denotes the dual abelian variety. By definition, a
polarization on A is a homomorphism A\: A — AV such that, over an algebraic closure k of k, A\ = ¢, for
some ample line bundle L on Az. It is natural to ask: is this base change to k necessary? In other words, can
we choose L to be defined over k7?7 The following example shows that this is not always possible:

Example. Let C/k be a (smooth, projective, geometrically connected) curve of genus g with Jacobian variety
J = Pic%, a g-dimensional abelian variety. The locus of effective line bundles defines a divisor © C Pic%_l,
the theta divisor. If x € Pic%_l(k), then the translate of OPicg;l(@) by x defines a line bundle L, on Jg.

The morphism ¢r,,: Jp — J]%’ is independent of the choice of x, hence descends to a morphism \: J — JV;
this is the canonical principal polarization on a Jacobian. The association x +— L, induces a bijection between
Pics ' (k) and the set {[L] € Pic(J): ¢ = \}. In particular, the latter set is empty if Pict '(k) = @. If
g = 2, there are many curves C' over Q with Picgcfl((@) = &; see [PS99, Theorem 25].

In this example, the polarization on J is still constructed by a line bundle that is defined over k, namely the
one induced by the theta divisor on the J-torsor Pic%ﬁl. In general, given an A-torsor X and a line bundle
L on X, the definition of ¢r: A — AV still makes sense since the translation-by-a map t,: X — X is well



defined and since there is a canonical identification Pick = PicY, see Section for details. The following
basic question is therefore very natural, and has been explicitly raised by Poonen and Stoll [PS99, §4, p. 1120]
around 25 years ago.

Question 1. If \: A — AV is a polarization on an abelian variety, does there always exist an A-torsor X
and a line bundle L on X such that A = ¢ ?

This question also relates to the works of Alexeev and Olsson on compactifying moduli spaces of polarized
abelian varieties [Ale02] [OIs0§]: in these works the moduli space of pairs (A, \) is replaced by a moduli
space of triples (A, X, L), and it is natural to wonder whether the association (A, X, L) — (A, ¢1,) admits an
inverse.

It is known that the answer to Question [I]is yes in all of the following cases:

e (A, )\) is the Jacobian of a curve C' with its natural principal polarization; take X = Pic%_1 and
L = Ox(0©). More generally, (A, \) is a Prym variety; see [PS99, §4, p. 1120].

e k is a local field; then there even exists a line bundle L on A with A = ¢, by [PS99, §4, Lemma 1].

e \ = 2y for some polarization y; in that case the pullback L = (1, u)*P of the Poincaré bundle P on
A x AV satisfies ¢, = A by [MFK94] Proposition 6.10].

e At least one of the conditions of [PR11l, Proposition 3.12] is satisfied (for example, k is finite); in that
case there even exists a symmetric L on A representing .

The definition of ¢, even makes sense if we only assume the isomorphism class of L to be Galois-invariant,
i.e., if L defines an element of Picx (k) = Pic(Xpgeer )G EIF) where k%P is a separable closure of k. We can
therefore ask the (a priori) weaker variant of Question

Question 2. If \: A — AV is a polarization on an abelian variety over k, does there always exist an A-torsor

X and an element [L] € Pic(Xpeep )1 E"IR) sych that X\ = ¢p, ?

The purpose of this paper is to show that even though Questions [If and [2] often have a positive answer, they
have a negative answer in general.

1.2 Results

Theorem A. Let \: A — AV be a polarization whose degree is odd and invertible in k. Then there exists an
A-torsor X and a line bundle L on X with ¢, = \.

To state a more general theorem, recall that if A\: A — AV is a polarization whose degree is invertible in k,
there exists a unique sequence of positive integers d, ..., dy, each one dividing the next, with g = dim(A)
and such that the kernel A[A] of \ satisfies

AN(K) ~ (Z)dZ)* x -+ x (Z]d, 7).

The tuple D = (di,...,dy) is called the type of (A, A). For each i, let 2™ be the largest power of 2 dividing
d; and write Dy = (271,...,2"9).

Theorem B. Let \: A — AV be a polarization whose degree is invertible in k. Suppose that Dy = (1,...,1),
(1,...,1,2), (1,...,1,2,2) or (1,...,1,2,2,2). In the last case, additionally suppose that k has characteristic
zero. Then there exists an A-torsor X and a line bundle L on X with ¢p, = .



Using Theorem |B| and previous results, we show that the answer to Question [I]is always yes when dim A < 2,
see Proposition However, this pattern does not persist: the next theorem shows that there exist polarized
abelian varieties of every dimension at least 7 for which the answer to Questions [I] and [2] is no.

Theorem C. Consider a sequence of the form

>3 times >4 times
—N—
D=1,...,1,2,...,2).

Then there exists a field of characteristic zero k and a polarized abelian variety (A, X) of type D over k with
the property that there does not exist an A-torsor X and an element [L] € Picx (k) such that A = ¢r. In
other words, the answer to Question@ (and hence to Question is no for (A, \).

The counterexample of Theorem |C| is generic, in the following sense. For a type D = (di,...,d,), let
Ay p — Spec(C) be the moduli stack of g-dimensional abelian varieties with a polarization of type D. If
p > 3 is a prime not dividing dg, let Ay p[p] = Ay p be the cover given by adding full level-p structure, a
smooth quasi-projective scheme. Denote the generic fiber of the universal abelian scheme over Ay p[p] by A;
this is an abelian variety over the function field k = C(Ay p[p]) equipped with a polarization A of type D.
We prove that if D is of the form of Theorem [C| then the answer to Question [2]is no for (4, ). We don’t
know if such examples exists over arithmetically interesting fields such as Q or number fields. We also don’t
know whether the answer to Question [1]is always yes when dim A € {3,4,5,6}; this would involve analyzing
types D where some d; is divisible by 4. See Section for a survey of known results towards Question
and its variants.

1.3 Methods

Assume that the degree of A\: A — AV is invertible in k and let D = (dy,...,dy) be the type of (A, A). Then
the kernel A[)] is a finite étale group scheme (in other words, a Galois module) of order (d; - - - dy)?* equipped
with an alternating nondegenerate pairing ey : A[A] x A[\] = G,,,, the Weil pairing. The key first step is to
prove that the answer to Question [l only depends on the isomorphism class of the pair (A[)\],ey), as we now
explain.

Define a theta group for (A[A], ex) to be a central extension of algebraic k-groups
1-Gp—G— AN —1

such that for all Z,¢ € G lifting x,y € A[A], the commutator [Z,§] € G, equals ey (z,y). If k is algebraically
closed, there is a unique isomorphism class of theta groups for (A[A],ey). In general, both the existence and
uniqueness of theta groups can fail. The primordial example of a theta group is due to Mumford [Mum66]: if
L is a line bundle on A with ¢; = A, then

G(L) ={(a,9): a € A[N, p: L = t:L}

is a theta group for (A[A],ey). We call a theta group G for (A[)],e)) linear if it admits an algebraic
representation of dimension d; - - - dy on which G,,, acts via scalar multiplication. The formula (a, ) - s =
t* . (o(s)) defines an action of G(L) on H°(A, L) (which has dimension d; - - - d, by Riemann-Roch), showing
that Mumford theta groups G(L) are linear. In this notation, we can state:

Theorem ©. Let \: A — AV be a polarization whose degree is invertible in k. Then the following statements
are equivalent:

1. There exists an A-torsor X and a line bundle L on X such that A = ¢,.



2. There exists a linear theta group for (A[M],ex).
The following statements are also equivalent:

1. There exists an A-torsor X and an element [L] € Picx (k) = Pic(Xpeer ) S E ) such that A = ér.
2. There exists a theta group for (A[N], en).

The implications (1) = (2) are straightforward and follow from generalizing the definition of G(L) to line
bundles on A-torsors. The reverse implications are more significant. Once the situation is appropriately
categorified, they follow from the fact that a fully faithful morphism between two gerbes is an isomorphism.
Theorem [B] can be upgraded to an equivalence of categories and works over an arbitrary base scheme; see
Theorems and We also prove a version of Theorem [@] for symmetric line bundles on “symmetric
torsors”; see Theorem and Corollary 3.32]

To prove Theorem [A] it suffices to prove by Theorem [O] that if the degree of A is odd then there exists a
linear theta group for (A[A],ey). In this case, we can construct such a group “by hand”. Since the degree is
odd the alternating pairing e, admits a square root, i.e., there exists an alternating pairing b on A[)] such
that b2 = e. Endowing G = G,,, x M with the multiplication (X, z) - (\,y) = (ANb(x,y),z + y) defines a
theta group for (A[)], ey), and a result of Polishchuk [Pol02] shows that G is linear. Again, Theorem [A| works
over an arbitrary base. If we insist that the pair (X, L) representing A is symmetric in a certain sense, then
this pair is essentially unique; see Corollary [4:4]

The proof of Theorem [B] relies on the following surprising consequence of Theorem if there exists a
different polarized abelian variety (B, p) and an isomorphism (A[X],ex) ~ (B[u],e,), then the answer to
Question [1)is the same for (A, A) and (B, p)! To see this in action, consider the simplest nontrivial case where
(A, ) is of type D = (1,...,1,2), so that A[\|(k) ~ (Z/2Z)?. The Galois action on A[)] is encoded by a
representation pa x: Galp — Spy(F2) = GL2(F2), where Gal, = Gal(k®°P|k). But every such representation
is isomorphic to the 2-torsion representation of an elliptic curve: there exists an elliptic curve E/k and an
isomorphism of Galois modules A[A] ~ F[2] intertwining the Weil pairings on both sides. Since the answer to
Question (1] is clearly yes for E with the polarization [2]: E — FE, the same is true for (A, A). In the cases
where D = (1,...,1,2,2) or (1,...,1,2,2,2), we similarly show that there exists a curve C'/k with Jacobian
J and an isomorphism (A[A],ex) =~ (J[2],e2). In the first case, we use genus-2 hyperelliptic curves and the
exceptional isomorphism Sp,(F2) ~ Sg. In the second case, we use plane quartic curves with a flex point and
the isomorphism Spg(F2) ~ W(E7)", where W (E7)" is the index-2 subgroup of the Weyl group of E;. As a
by-product of our argument, we answer a question of Chidambaram [Chi24, Question 1.2] affirmatively.

To explain the proof of Theorem [C] we relate our problem to Galois cohomology. For simplicity, assume that
k is of characteristic zero and contains a primitive n-th root of unity (, for all n > 1. Define the abelian

group Mp = (Z/d\Z)? x -+ x (Z/d4Z)? and let ep: Mp x Mp — k> be the direct sums of the standard
alternating pairings e; on (Z/d;Z)? defined by e;(v, w) = gft(v ) Then (A[M], en) is a twist of the split pair
(Mp,ep), in the sense that there exists an isomorphism A[\](k) ~ Mp intertwining ey with ep. A choice
of such an isomorphism determines a continuous homomorphism pa : Galy — Sp(Mp), where we write

Sp(MD) = Aut(MD, CD).

We can also explicitly construct a “split” theta group Gp for the split pair (Mp,ep); see Section Let
Aut(Gp) be the group of automorphisms Gp that induce the identity on G,,. This determines an exact
sequence of finite groups

1 — Mp — Aut(Gp) — Sp(Mp) — 1, (1.1)

where Mp is identified with the set of inner automorphisms of Gp. Since theta groups for (A[A],ey) are
twists of Gp, Theorem |©| has the following concrete consequence (Lemma [5.2)): the answer to Question [2]is
yes if and only if



pax: Galy — Sp(Mp) lifts to a homomorphism §4 : Galy — Aut(Gp) under (1.1J).

Lifting problems (sometimes called embedding problems) for Galois representations such as this one are well
studied, see for example [ILF97]. Let cp € H2(Sp(Mp), Mp) be the element in group cohomology classifying
the extension . If di...dg4 is odd, then canonically splits and hence cp = 0; this explains the
bare hands construction of a theta group for (A[A],ey) in the proof of Theorem [Al On the other hand, if A
has even degree then is typically not split. For example, if D = (1,...,1,2,...,2), where 2 occurs m
times, then cp # 0 if m > 3. Even so, the proof of Theorem [B| shows that if m = 3 then every continuous
representation p: Gal, — Sp(Mp) lifts to a representation p: Galp — Aut(Gp)! Serre has studied this
curious phenomenon and has dubbed it negligible cohomology [Ser02, Chapter III, Appendix 2]. Generally
speaking, if K is a field, G is a finite group and M a G-module, a group cohomology class ¢ € H (G, M) is
said to be negligible over K if for every field extension L/K and continuous homomorphism f: Galy, — G,
f*(c) =0 in HY(Galy, M). In this terminology, every Galois representation Gal, — Sp(Mp) lifts to Aut(Gp)
if and only if cp € H*(Sp(Mp), Mp) is negligible over Q(uoo) = Upn>1Q(¢n)-

In a remarkable recent advance, Merkurjev and Scavia have determined the subgroup of negligible classes of
H?(G, M) over fields containing sufficiently many roots of unity [MS25]. As an application of their result, they
show that there exist 3-dimensional Galois representations mod p that do not lift mod p? for every odd prime
p. Applying their computation to our setting, we show that cp is not negligible if D = (1,...,1,2,...,2) and
2 occurs at least 4 times. This implies that there exists a field k£ and Galois representation p: Galy — Sp(Mp)
that does not lift to Aut(Gp). However, this does not quite show Theorem [C| yet, since we don’t know
whether the non-liftable representation p: Galy — Sp(Mp) is of the form p4 ) for some polarized abelian
variety (A, A) of type D.

To overcome this wrinkle, we use an even more recent result of Totaro who generalized the Merkurjev—Scavia
computation to the setting of étale cohomology and twisted Chow groups [Tot25]. Let A, p[p] — Spec(C)
denote the moduli space of g-dimensional polarized abelian varieties of type D with symplectic level-p
structure for some prime p not dividing d,. Then we define a class ¢p € H?(A, p[p], Mp), which (ignoring
the level-p structure) can be thought of as the universal obstruction to lifting the representations p4 x to
Aut(Gp). Using Totaro’s results and calculations with Picard groups of covers of Ay p[p], we show that, if D
is of the form of Theorem [C] then ép is nonzero when restricted to the generic point of A, p[p]. This implies
that the answer to Question [2]is no for the generic polarized abelian variety over the function field of Ay pp],
proving Theorem [C] To calculate these Picard groups, we use Borel’s determination of the stable cohomology
of arithmetic groups [Bor74] and we explicitly calculate abelianizations of certain arithmetic subgroups of

Sp2g (Q)

1.4 Organization

In the preliminary Section [2| we fix our notation and collect some facts from algebraic geometry and abelian
schemes over general bases. In Section [3] we systematically analyze theta groups and prove Theorem [6] and
its analogue for symmetric line bundles. In Section [d} we prove Theorems [A] and [B] We also collect all known
results towards Question [I] and its variants and discuss logical implications between these variants in Section
[4.4] In the final Section [5] we discuss moduli spaces of abelian varieties and group cohomology of certain
subgroups of twisted symplectic groups SpQDg(Z), proving Theorem

Readers who are only interested in the proof of Theorem |C| (which only uses the easy direction of Theorem
can jump straight to Section [5| after reading Sections and
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2 Preliminaries

We start by setting up notation and recalling facts about torsors, Picard functors, abelian schemes, polariza-
tions, stacks and gerbes. These are mostly standard and can be skipped on a first reading.

2.1 Schemes and sheaves

If X — S is a morphism of schemes and T — S a morphism we write X7 for the base change X xg T,
viewed as a T-scheme. If T'= Spec A is an affine scheme we also write X4 for Xr. Write X (T) for the set of
sections of X7 — T. Again we write X (A4) when T' = Spec A. We will often use the Yoneda embedding of the
category of S-schemes into the category of sheaves on the (big) étale or fppf site on S. Under this embedding,
finite étale morphisms X — S correspond to finite étale locally constant sheaves [Stal8, Tag 03RV]. If .% is a
sheaf of abelian groups on the fppf site on S, write H'(S,.%) for its associated fppf cohomology groups. If
this sheaf arises as the fppf sheaffication of an étale sheaf ¢, then H*(.S,.%) coincides with étale cohomology
of ¢ |Stal8, Tag 0DDU], which we also denote by H'(S,%).

If k is a field, let kP C k be a choice of separable and algebraic closure and let Gal, = Gal(k*P/k) be
its absolute Galois group. We will often use the equivalence of categories X — X (k°P) between finite
étale schemes over k (called finite k-sets) and finite sets with a continuous Galg-action. Given a finite étale
k-scheme X, denote the cardinality of X (k%P) by #X. Similar remarks apply to the equivalence between
finite étale group schemes over k (finite k-groups) and finite groups with a continuous Galg-action.

2.2 Torsors

Let G be a fppf group scheme or group sheaf on the fppf site over a scheme S. We write H!(S, G) for the set
of isomorphism classes of (left) sheaf torsors under G over S. If S = Spec R we write H' (R, G) for the same
object. If G is commutative, H' (S, G) coincides with fppf cohomology with coefficients in G, so there is no
conflict of notation [Stal8, Tag|03AG]. If G is smooth, then every torsor is trivialized étale locally, and if
further S is the spectrum of a field k, then H!(k, G) coincides with (possibly non-abelian) Galois cohomology
H!(Galy, G(k*°P)) defined using cocycles [Ser02, Chapter III].

Every G-torsor is represented by an algebraic space, but not necessarily by a scheme, even if G — S is an
abelian scheme [Ray70], Section XIII 3.2, page 200]. However, if either G — S is affine, or G — S is separated
of finite presentation and S is locally noetherian and dim S < 1, then every G-torsor is representable by a
scheme, see [Pool7, Theorem 6.5.10].


https://stacks.math.columbia.edu/tag/03RV
https://stacks.math.columbia.edu/tag/0DDU
https://stacks.math.columbia.edu/tag/03AG

2.3 Picard schemes

If X is a scheme, we denote the Picard group of isomorphism classes of line bundles (equivalently, invertible
sheaves) on X by Pic(X). Let X — S be a smooth proper morphism of schemes with geometrically connected
fibers. The Picard functor Picx,g (or simply Picx whenever S is clear from the context) is the étale
sheaffication on the category of S-schemes of the presheaf T' — Pic(Xr)/ Pic(T), see [BLRI0, Section 8.1].
(This presheaf is already a sheaf in the Zariski topology. Moreover, the sheaffication step is unnecessary
when X — S has a section.) The Picard functor is represented by an algebraic space over S by results of
Raynaud [BLR90, Section 8.3|, and we denote this algebraic space again by Picx /g or Picx. If X — S'is
projective or if S is the spectrum of a field, then Picy is represented by a scheme [BLRI0, Section 8.2]. Let
Picg( /s C Picy/s (or simply Picg() be the subsheaf consisting of those elements whose restriction to every
closed point s: Spec(k) — S lies in the identity component of the group scheme Picy, /. This is an open
subfunctor of Picx [BLRI0, Section 8.4, p.233]|, so is representable whenever Picy is.

There exists an exact sequence [BLRI0, Section 8.1, Proposition 4]
1 = Pic(S) = Pic(X) — Picy,s(S) 2 H2(S,G,,) — HA(X, G,y,) (2.1)

and ob measures the obstruction for a class ¢ € Picx,s(S5) to be represented by a line bundle on X. Given
a line bundle L on X, we denote the image of its isomorphism class under the map Pic(X) — Picx(S) by
[L] € Picx(S).

Suppose that X — S admits a section e: S — X. Then the obstruction map ob: Picx (S) — H2(S,G,,) of
vanishes. Moreover Picx is isomorphic to the functor sending an S-scheme T' to isomorphism classes
rigidified line bundles on X7, i.e., the data of a line bundle L on X1 together with an isomorphism between
e*L and the trivial line bundle on T'. If S = Spec(k) where k is a field, then Picx (k) = Pic(Xyser)“2 and
the inclusion Pic(X) C Picy/,(k) is an equality when X (k) # &, but not in general.

Define the Néron-Severi group sheaf as the sheaf quotient NSx = NSy /¢ = Picy,g/ Picg( /s and define

the Néron—Severi group as its group of S-points NSy /,g(S5). The exact sequence of sheaves 1 — Picg( —
Picx -+ NSx — 1 induces an exact sequence

1 — Pic%(S) — Picx(S) — NSx(S) — H'(S, Pic% ). (2.2)

2.4 Polarizations on abelian varieties

For general references concerning abelian schemes, see [MFK94l, Chapter 6] and [FC90, Chapter 1, Section 1],
or [ACM24, Section 1] for a nice summary. Let A — S be an abelian scheme, i.e., a smooth proper group
scheme with geometrically connected fibers. Then AY = Pic% /s is representable by an abelian scheme over
S (see [FC90, Theorem 1.9]) and is called the dual abelian scheme of A. If L is a line bundle on A, then
[L] € AY(S) if and only if for every geometric point s = Spec(k) — S and every x € A,(k), L is isomorphic
to t L, where t,: A; — A, denotes translation by x; see [OIs08] Section 2.1].

Let X — S be a (left) A-torsor. If T — S is a surjective étale morphism and a: X7 — Arp is a trivialization,
then « induces isomorphisms (Pick)r = (Pic%)r and (NSx)7 = (NS4)7. Since translation by a point
ty: A — A induces the identity on Pic% and NS4, these isomorphisms do not depend on the choice of
trivialization. Therefore, they descend to canonical isomorphisms Picg{ o~ Pic?q and NSx ~ NS 4; we will
make these identifications without further mention (see also [Ale02] Theorem 3.0.3]). We thus obtain the
fundamental exact sequence

1— AY - Picxy - NS4 — 1. (2.3)



Every line bundle L on A induces a morphism ¢7: A — AV that on T-points is given by a +— [t:L ® L™1],
where t,: Ay — Ar denotes translation by a € A(T). By the theorem of the square, ¢, is a homomorphism.
It only depends on the image of L in NS 4,5(S). It is symmetric, in the sense that ¢} = ¢, using the double
duality A = AVV. More generally, if X is an A-torsor and L is a line bundle on X, the same formula defines a
homomorphism ¢7,: A — AY, using the identification Pick = A" (see also [Ale02, Lemma 3.0.1]). Even more
generally, if £ € Picx(S5) then by descent there exists a unique morphism ¢,: A — AY such that (¢¢)7 = ¢,
whenever T'— S is surjective étale and L is a line bundle on X7 with [L] = ¢ under (2.1).

By definition ([FC90, Definition 1.6] or [MFK94, Chapter 6, Section 2|), a homomorphism of abelian S-schemes
A A — AV is called a polarization if there exists a surjective étale morphism 7' — S such that Ay = ¢, for
some relatively ample line bundle L on Ap — T. If L and L’ are line bundles on A, then ¢ = ¢ if and only
if L and L’ have the same image in NS 4,5(S5). Therefore the assignment L — ¢, induces a bijection between
the set of elements of NS 4,¢(S) that are étale locally the image of an ample line bundle on A and the set
of polarizations on A. Consequently, we may and often do identify a polarization A with the corresponding
element of NS 4,5(S5). If X is an A-torsor and ¢ € Picx(S) satisfies ¢, = A, then we say that £ represents .
Given any class A € NS ,,5(95), write Picz for the preimage of A under the projection Pic4 — NS4, and

similarly define Picﬁ‘( for any A-torsor X using (2.3). The class Picﬁ‘( is a torsor under Pic} = Pic% = AV.
By definition, the class of Picy in H'(S, Pic% ) equals the image of A € NSx(S) under the connecting map

of .

Given a polarization A on an abelian scheme A over a field k, the order of the kernel A[A] (as a group
scheme) is called the degree of A\, denoted by deg(A). If deg(\) is invertible in k, there further exist unique
positive integers dy | da | -+ | dy with g = dim A such that A[N(k5P) ~ (Z/d1Z)? x --- x (Z/dyZ)?; we call
D = (dy,...,dy) the type of A. If (A, \) is a polarized abelian scheme over a general scheme S, then the
function which associates to a point s € S the degree of (A, \); is locally constant; if this degree is invertible
for every s, we say the degree of (A, \) is invertible on S. If the degree of (A, \) is invertible on S, then the
type of (A, A)s is also locally constant. In this paper, we will only consider polarizations whose degree is
invertible on the base scheme.

2.5 Stacks and gerbes

We will make use of basic properties of stacks and gerbes; we briefly recall these notions here. Let C be a site,
for example the (big) étale or fppf site of a scheme S. Given an object U of C, let C/U be the site whose
underlying category is the slice category over U and whose coverings are restrictions of coverings in C. Given
a category fibered in groupoids 2" — C and two objects x,y of 2 (U), let Isom(z,y) denote the presheaf on
C/U with the property that Isom(z,y)(T") = Hom g-(p)(f*z, f*y) for all objects f: T'— U in C/U. Similarly
write Aut(x) = Isom(z, x).

Recall from [Vis05), Section 4] or [Stal8l Tag 02ZH] that a stack is a category fibered in groupoids 2" — C
such that for every object U of C, the presheaf Isom(z,y) is a sheaf for all objects z,y € 2 (U) and such
that the pullback functor 2 (U) — 2 ({U; — U}) to the groupoid 2 ({U; — U}) of descent data in the
sense of [Vis05, Section 4.1.2] is an equivalence of categories for every covering {U; — U}.

As an example, let 4 be a sheaf of groups on C. The classifying stack for &, denoted B¥, is the stack on C
such that for each U of C, the objects of the groupoid (BZ)(U) are ¥-torsors on C/U, and morphisms given
by isomorphisms of ¥;-torsors. This is indeed a stack by [Stal8l Tag 04TQ)].

A stack 2" on C is a gerbe [Stal8l Tag|06NY] if it satisfies the following two properties: for every object U of
C, there exists a cover {U; — U} such that the groupoid 2" (U;) is non-empty for all i; for every object U of
C and objects z,y in 2" (U), there exists a covering {U; — U} such that x|y, ~ y|y, for all i. For example,


https://stacks.math.columbia.edu/tag/02ZH
https://stacks.math.columbia.edu/tag/04TQ
https://stacks.math.columbia.edu/tag/06NY

classifying stacks of sheaves of groups are gerbes.

We will encounter a few gerbes in this paper in Section [3] We will often use the following formal but very
useful lemma:

Lemma 2.1. Let F: 2" — % be a morphism between gerbes such that for every object U of C and x of
2 (U), the induced map Aut g () = Auty ) (F(z)) is an isomorphism. Then F is an isomorphism. In
particular, Fy is an equivalence of groupoids for all U.

Proof. This must be well known; we give a quick proof. It suffices to prove that F' is fully faithful and
essentially surjective. To prove F' is fully faithful, we need to show that for every U of C and z,y of 2 (U),
the map of sheaves Isom(z,y) — Isom(F(z), F(y)) is an isomorphism. Since this can be checked locally and
since 2 is a gerbe, we may assume x = ¥, in which case it follows from our assumptions. We now prove that
for every U and y in Z(U), y lies in the essential image of Fy;. Since objects in 2~ exists locally and since all
objects in ¢ are locally isomorphic, there exists a covering {U; — U}, objects x; in 2 (U;) and isomorphisms
Fy,(z;) ~ y|u,. Since Fy is fully faithful for each V, there exists a unique descent datum D = ({x;}, {ai;})
with respect to {U; — U} that maps to the descent datum of y under F. Since 2" is a stack, there exists an
object z in 2 (U) corresponding to this descent datum, and this object satisfies Fyy(z) ~ y. O

Gerbes are twisted versions of classifying stacks, in the following sense.

Lemma 2.2. Let 2 be a gerbe, suppose that S is a terminal object of C and suppose that there exists an
object x in Z'(S). Then the assignment y — Isom(y, z) induces an isomorphism 2 ~ BAut(zx).

Proof. Since 2" is a gerbe, z and y are locally isomorphic, so Isom(y,z) with its natural left action
is a torsor under Aut(z). Moreover if y,y" are objects of 2°(7T), then the map Isom g (1)(y,y") —
Isom gy 1y (Isom(y, v),Isom(y’, z)) is a bijection. Now apply Lemma

Whenever we are in the situation of Lemma [2.2] we say the gerbe is neutral.

When all automorphism groups are commutative, we can say more. Suppose that 2 is a gerbe such that for
every object U of C and object x of 2" (U), the group sheaf Aut(z) on the slice category C/U is commutative.
Then by [Stal8l Tag 06NY] there exists a sheaf of commutative groups ¢ on C such that ¢|y ~ Aut(x) for
every object x of Z°(U) and every U of C. In that case, we say the gerbe 2" is banded by 4.

Lemma 2.3. Let C be the big etale or fppf site of a scheme S and let 4 be a sheaf of commutative groups on
C. Then there exists a canonical bijection Z +— [Z'], compatible with base change on S, between the set of
isomorphism classes of gerbes banded by 9 and H2(S,9), sending a neutral gerbe to the trivial class.

Proof. See [GirTl, Théoréme 1V.3.4.2]. O

3 Polarizations and theta groups

We start by discussing formal properties of commutative finite étale group schemes with a nondegenerate
alternating pairing such as (A[)], ey), which we call symplectic modules. We then discuss abstract theta
groups, Mumford theta groups and linear theta groups. Theorem [O] follows from combining Corollaries [3.20]
and [3:25] We end by proving an analogue of Theorem [O] for symmetric line bundles on symmetric torsors.
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3.1 Symplectic modules

Let S be a scheme.

Definition 3.1. A symplectic module over S is a pair (M,e), where M — S is a commutative finite étale
group scheme and e: M x M — G, is a nondegenerate alternating pairing. (Nondegenerate here means that
e induces an isomorphism M — MV := Hom(M,G,,).)

If (M, e) is a symplectic module and " — S a morphism, the base change (M, e)r = (Mr,er) is a symplectic
module over 7. An isomorphism of symplectic modules (M, e) =+ (M, €’) is simply an isomorphism of S-group
group schemes M — M’ intertwining e and €’; denote the set of such isomorphisms by Isom((M,e), (M’ e’)).
We recall the classification of symplectic modules over a separably closed field.

Definition 3.2. Let g > 1 be an integer. A type of length g is a sequence of positive integers D = (dy, ... ,dg)
such that d; divides d;11 foralli=1,...,9—1. Let #D =d; ---d,.

Given a type D, we define the standard symplectic module (Mp,ep) of type D over Z[1/#D] as follows.
Consider the constant group scheme Kp = Z/dZx - - -xZ/d,Z and let K}, = Hom(Kp,Gy,) = pta, X+ - - X fiq,
be its Cartier dual. Let Mp = Kp x K}, and define the pairing ep via ep((z,x), (2, X)) = x'(z)x(z') L.
Since ep is isotropic on Kp and K, and puts these two groups in perfect duality, this pairing is nondegenerate.
If #D is invertible on S, we obtain by base change the standard symplectic module of type D over S which
we again denote by (Mp,ep).

Lemma 3.3. Let (M, e) be a symplectic module over S and assume S connected. Then there exists a unique
type D = (d1,...,dg) with the property that di > 2, #D invertible on S and such that (M,e)r ~ (Mp,ep)
for some surjective étale T — S.

Proof. There exists a surjective étale morphism 7" — S such that My is constant, corresponding to a finite
abelian group A. Since MY ~ M is also étale, the order of A is invertible on S. After a further base change
we may assume My is constant and corresponds to Hom(A4,Q/Z). Then e corresponds to a nondegenerate
bilinear alternating form A x A — Q/Z. In this case, it is folklore and elementary that there exists a
Lagrangian decomposition A ~ L x L’ that puts L’ and L in duality; see for example [PSV10, Corollary 5.7].
The lemma follows by taking D to be the sequence of elementary divisors of L. O

We say a symplectic module (M, e) has type D if for every geometric point §: Spec(k) — S with k a separably
closed field, the pullback (M, e)s is isomorphic to (Mp,ep) over k. In that case, an argument similar to the
proof of Lemma [3.3| shows that (M, e)r ~ (Mp,ep) for some étale surjective base change T — S.

Definition 3.4. Let (M,e) and (M',¢') be symplectic modules over S. Let Isom((M,e), (M’ ¢’)) be the
étale sheaf on S with Isom((M,e),(M',e))(T) = Isom((M,e)r,(M',e')r) for all morphisms T — S.
We write Sp(M) = Isom((M,e),(M,e)) if the pairing e is clear from the context. Similarly we write
Sp(M) = Isom((M,e), (M,e)).

Since Isom((M,e), (M’,¢e")) is finite and locally constant by Lemma it is represented by a finite étale
scheme over S. Hence Sp(M) — S is a finite étale group scheme too. Given a symplectic module (M,e)/S
of type D, Isom((M,e), (Mp,ep)) receives a left action of Sp(Mp).

Lemma 3.5. The assignment (M, e) — Isom((M,e),(Mp,ep)) induces a bijection between isomorphism
classes of the following objects:

o Symplectic modules over S of type D;

10



e Sp(Mp)-torsors over S.

Proof. This follows from étale descent (sometimes called the twisting principle) and Lemma (More
formally, the category of symplectic modules of type D is a stack in the étale topology on S and is a gerbe by

Lemma Now apply Lemma ) O

Example 3.6. If D = (2,2,...,2) has length n, then Sp(Mp) is the constant group scheme Sp,,, (F2). If
S is the spectrum of a field k, then isomorphism classes symplectic modules of type D are in bijection with
H!(k, Sp,,, (F2)), which is itself in bijection with conjugacy classes of continuous representations Galy —

Sp2n (FQ) :

3.2 Abstract theta groups

Let S be a scheme and M — S a finite étale commutative group scheme. Let 1 - G,, =G - M — 1 be a
central extension of group schemes. If T'— S is a morphism and z,y € M(T) lift to elements Z,y € G(T),
then the commutator [#, 7] = 2§77~ * lies in the subgroup G,,(T) and is independent of the choice of lift of
x and y. By descent, it follows that the assignment (z,y) — [Z, §] defines a morphism M x M — G,,. This
morphism is easily checked to be bilinear and alternating; it is called the commutator pairing associated to
the central extension.

Definition 3.7. Let (M, e) be a symplectic module over S. A theta group for (M, e) is a central extension
of group schemes

1-G,—>G—>M—1 (3.1)

whose commutator pairing equals e.

The data of a theta group includes not just the group scheme G but also the central extension structure; we
will usually suppress this additional data in the notation. If G is a theta group for (M,e) and T'— S is a
morphism, then Gy is a theta group for (M,e)r.

Let G and G’ be theta groups for the symplectic modules (M, e) and (M’ €’) respectively. Define Isom(G,G’)
to be the set of isomorphisms of group schemes «: G — G’ such that o|g,,: G,y = G,, is the identity.
If such an « exists, we say G and G’ are isomorphic. Define Isom(G,G’) to be étale sheaf on S with
Isom(G, G')(T) = Isom(Gr, G) for every morphism T — S. There exists a morphism

Isom(G,G") — Isom((M,e), (M’ ")) (3.2)
)

sending a: G — G’ to the induced isomorphism when quotienting out G,,,. Given § € Isom((M,e), (M’,€')), let
Isom(G,G’; 8) C Isom(G, G’) be the fiber of above (3, and similarly let Isom (G, G'; 8) = Isom(G, G’; 5)(S).
If (M,e) = (M',€'), we call elements of Isom(G,G’;Ids) framed isomorphisms and we say G and G’ are
framed isomorphic if Isom(G,G;1dy) # @. If G = G', write Aut(G) = Isom(G,G) and Aut(G;Id) =
Isom(G, G;Idys) and their S-points by Aut(G) and Aut(G;Id).

We first classify theta groups over separably closed fields. Given a type D such that #D is invertible on .S,
we define the standard theta group of type D over S, following [Mum66l, page 294]. In the notation of
let Gp = G, x Mp = G,,, x Kp x K}, and define the group law via

Az, x) - (N2 x) = ONX (@), z + 2, x + X'). (3.3)

(We write the group law on G, multiplicatively and on Kp, K}, additively.) A calculation then shows that,
with the obvious inclusion from G,, and projection to Mp, Gp is a theta group for (Mp,ep).
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Lemma 3.8. Let (M, e) be a symplectic module over S and let G,G' be theta groups for (M,e). Then there
exists an étale surjective T — S such that Gr and G are framed isomorphic, in other words such that

Isom(G,G;1d)(T) # @.

Proof. The usual proof when S is the spectrum of an algebraically closed field generalizes to an arbitrary
base scheme S. Indeed, since the statement is local on S we may assume by a standard argument that S' is
connected. (We explain the standard argument once: we may assume S = Spec(A) is affine, so there exists a
finitely generated Z-algebra Ay C A such that G,G’ and (M, e) are defined over Sy = Spec(Ap), so we may
replace S by Sy and assume S is Noetherian, in which case the connected components of S are open.) By
Lemma we may assume after étale base change that (M,e) = (Mp,ep) and G’ = Gp for some type D.
After a further base change, there exist homomorphisms Kp — G, K} — G that split the homomorphisms
Glkp, — Kp and G| Ky, — K}, respectively. Using these splittings, we can write down an explicit framed
isomorphism between G and Gp, as in [Mum66), Corollary of Theorem 1]. O

Lemma 3.9. Let G be a theta group for a symplectic module (M, e) over S.
1. The forgetful map Aut(G) — Sp(M) is surjective.

2. Given a morphism T — S and m € M(T), let a,, be the isomorphism G — Gr defined by T — e(m, x)Z,
where x € M(T) is the image of . Then the assignment m +— «,, induces an isomorphism of group
schemes M ~ Aut(G;1d).

Proof. We may assume S is connected. Furthermore we may assume by Lemmas [3.3] and [3.8] that M = Mp
and G = Gp for some type D. Part 1 then follows from [OIs08, Lemma 6.3.7]. (Sketch of proof: it suffices to
prove that for every S-scheme T, every o € Sp(M)(T) lifts locally to Aut(G). This follows from the fact
that o*Gr is a theta group for (M, e)r, so must be étale locally isomorphic to Gr.) Part 2 follows from a
direct computation whose proof is identical to the case where S is the spectrum of a field [BL04, Lemma
6.6.6]. The exactness of follows from Part 1 and using the isomorphism M ~ Aut(G;Id) of Part 2. [

Consequently, by using the isomorphism a: M = Aut(G;Id) we obtain the exact sequence of finite étale
group schemes

1— M — Aut(G) —» Sp(M) — 1. (3.4)
This sequence will play a fundamental role in this paper, because of Lemma [3.11]

Corollary 3.10. Let S be a scheme and D a type with #D invertible on S. Then the assignment G —
Isom(G,Gp) induces a bijection between:

e Isomorphism classes of theta groups for (M,e) over S, where (M, e) is a symplectic module of type D
over S;

e Aut(Gp)-torsors over S.

Suppose that there exists a theta group G for the symplectic module (M,e) over S. Then the assignment
G — Isom(G’, G;1dys) induces a bijection between:

o Framed isomorphism classes of theta groups for (M,e) over S;

e Aut(G;Id)-torsors over S.

Proof. This follows from Lemmas and and étale descent, more precisely Lemma (Noting that
theta groups are always affine over .S, so every descent datum is effective by [Pool7, Theorem 4.3.5].) O
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Let (M, e) be a finite symplectic module over S of type D. Its isomorphism class corresponds to an element
ey € HY(S,Sp(Mp)) using Lemma

Lemma 3.11. There exists a theta group for (M,e) over S if and only if the class cas lifts along the map
H(S, Aut(Gp)) — HY(S,Sp(Mp)).

Proof. This follows from Lemma Corollary and the fact that if G is a theta group for (M’, '), then the
pushout of the Aut(Gp)-torsor Isom(G’, Gp) along Aut(Gp) — Sp(Mp) is isomorphic to Isom(M’, Mp). O

Let (M, e) be a symplectic module over S. Consider the fibered category ThetaGrp,, ) where for an
S-scheme 7', the groupoid ThetaGrp,, .)(T') has objects theta groups for (M, e)r, and morphisms given
by framed isomorphisms between theta groups. Then ThetaGrp( M.y 18 a stack in the étale topology on
S. By Lemma [3.8] it is in fact a gerbe, and by Part 2 of Lemma this gerbe is banded by the group
scheme M. By Lemma this gerbe defines a class [ThetaGrp ;)] € H2(S, M), and this class vanishes if
and only if there exists a theta group for (M, e). It is possible to use the formalism of gerbes to show that
[ThetaGrp( M,e)] is the image of cp; under a connecting homomorphism associated to the exact sequence (|3.4))
for the pair (Mp,Gp), but we will not need this.

It will sometimes be useful to refine theta groups to finite étale group schemes (this is somewhat implicit in
[MBS5), Chapitre I, Proposition 5.7]). Let (M, e) be a symplectic module of type D = (d1,...,dy). Given an
integer n > 1 and a group scheme G — S, let G[n| denote the kernel of the multiplication-by-n morphism
[n]: G — G.

Lemma 3.12. Let n = d, if dg is odd and n = 2d, if dg is even. If G is a theta group for (M,e), then
Gln] is a finite étale closed subgroup scheme of G fitting in a central extension 1 — pu, — Gn] = M — 1.
Moreover, the assignment G — G[n| induces an equivalence between the following groupoids:

e Theta groups for (M,e) over S, with morphisms given by isomorphisms of theta groups;

e Central extensions of the form 1 — p, - H — M — 1 whose commutator pairing equals e, with
morphisms given by isomorphisms of group schemes H — H' that restrict to the identity on .

Proof. For every k > 1, G[k] is a closed subscheme of G. The identity (zy)* = zFy*[z,y]F*+TD/2 =
e(z,y)kF+D/ 2k yk for 2y € G and the fact that M is killed by dg shows that G[n] is closed under multiplication
and inversion, so is indeed a closed subgroup scheme of G. Since d, is invertible on S, n is also invertible on
S and so G[n] is finite étale. To prove the equivalence of groupoids, we describe an inverse and leave the
remaining verifications to the reader. If H is a central u,-extension of M whose commutator pairing equals
e, define G as the (sheaf) quotient of G, x H by {(A\,A71): X € u,}. Then G is representable by a group
scheme which is a theta group for (M, e), and H +— G is the desired inverse. O

3.3 Mumford theta groups

Let A — S be a g-dimensional abelian scheme and let A\: A — AY be a polarization whose degree is invertible
on S. Then the kernel A[}] is a finite étale S-group scheme. Since A is self-dual, A[A] is Cartier dual to itself.
This self-duality is witnessed by a nondegenerate alternating pairing ey : A[A] x A[A\] = G,,, called the Weil
pairing. Therefore the pair (A[A], ey) is a symplectic module over S, in the sense of Section We say (A, \)
is of type D if D has length g and (A[)\], ey) is of type D.

Let X — S be an A-torsor and let L be a line bundle on X such that ¢ = A, see §2.4] for the notation.
If a € A(S), let t,: X — X be the translation-by-a morphism. Following Mumford [Mum66, p. 289], let
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G(L) — S be the group scheme such that for every S-scheme T,

G(L)(T) = {(a,¢) | a € A[N(T), ¢ is an isomorphism of line bundles Ly — t* Ly }.
The group operation is given by (a, ¢) - (b, %) = (a+b,tjp o)), where tf¢p o) is the composite L 2, tiL e,
ty(taL) = t; L. By [Mum67, §6, Proposition 1] (who assumes X = A but whose proof continues to hold

for general X)), G(L) is representable by a group scheme and the forgetful map (a, ) — a defines a central
extension

1— G, —G(L) = AN — 1.
Proposition 3.13. G(L) is a theta group for (A[A],ex).

Proof. Tt suffices to prove that the commutator pairing of G(L) is e). To prove this, we may assume S is the
spectrum of an algebraically closed field and X = A, in which case it is well known, see for example [Mum91,
p. 44-46] or [Pol03] Section 12.2]. O

Let M be another line bundle on X with ¢y = A. Let v: L — M be an isomorphism. Then the assignment
(a,) — (a,ti(v)py™ ") induces an isomorphism F.: G(L) — G(M) of group schemes that restricts to the
identity on G, and induces the identity on A[A]. In the notation of Section F, is a framed isomorphism.
Any other isomorphism +': L — M differs from ~ by a nonzero scalar, hence F,, = F,,. We conclude that if
L and M are isomorphic line bundles on X with ¢, = ¢ = A, then there is a canonical framed isomorphism
between G(L) and G(M). Similarly, if M is a line bundle on S and p: X — S is the structure map, the
assignment (a, ¢) — (a, o ®p* Idys) induces an isomorphism G(L) = G(L® p*M). We use these observations
to extend the scope of the construction of G(L), as follows.

Let £ be an element of Picy,g(S) with ¢, = A (see . Let f: S’ — S be an étale surjective morphism
such that f*¢ = [L] for some line bundle L on Xg, using the sequence (2.1)). Let py,p2: S’ x5S — S’ denote
the two projections. Since pf f*¢ = p3 f*£, there exists a line bundle M on S" xg S’ and an isomorphism
v: piL = p3L ® p* M. By the previous paragraph, this induces a framed isomorphism F: piG(L) = p3G(L)
of theta groups that is independent of the choice of v and M. Therefore F' defines a descent datum. Since
theta groups are affine over S, every such descent datum is effective. Therefore, there exists a theta group G
for (A[A],ey) over S, unique up to unique framed isomorphism, whose base change along f corresponds to
G(L) equipped with the descent datum F. We denote such a group by G(¢). Up to unique isomorphism, G(¢)
is independent of the choice of cover f.

In conclusion, we have just shown that if there exists an A-torsor X — S and an element ¢ € Pic (S), then
there exists a theta group G(¢) for (A[A],e)). In the next section, we show that the converse holds (Theorem
3.18)).

3.4 A theta group criterion for representing a polarization

Let A — S be an abelian scheme, let A\: A — AY be a polarization whose degree is invertible on S and let X
be an A-torsor. Given a € A(S5), recall that we denote the translation-by-a maps A — A and X — X by ¢,.
Given z € X(S), write t,: A — X for the unique A-equivariant map sending the zero section to x.

The scheme Pici, of line bundles representing A is a torsor under AY = Pic% by tensoring with degree-zero
line bundles. Pulling back the AY-action on Pic along A\: A — A defines an A-action on Pic’y. This action
is explicitly given by a - [L] = Ma) ® [L] = ¢r(a) @ [L] = t:[L].

Given an element ¢ € Pic (S), the assignment z — t*¢ defines a morphism t;: X — Pic’y. This morphism is
equivariant with respect to the A-action on the source and target, since ¥y (t,(x)) = b (ol = tatil = 151 ().

14



Lemma 3.14. In the above notation, the assignment £ — 1y induces a bijection
PicX (S) ELEN { A-equivariant morphisms X — Pic)}. (3.5)

If f: Y — X is a morphism of A-torsors and £ € Picﬁ‘((S), then yp =g o f.

Proof. Since both sides of satisfy étale descent, to prove bijectivity we may assume (after applying
an étale base change) that X — S has a section. Let x be such a section. Then giving an A-equivariant
morphism X — Pic)) is the same as giving its value at = € X(S). But ¢,(x) = t:¢ and t*: Picy — Pic} is
an isomorphism. So is a bijection when X — S has a section, hence a bijection in general. The final
sentence is a computation: 1y¢(y) =ty f*€ = (foty)*L =t} =10 f. O

Remark 3.15. We can construct an explicit inverse to (3.5)), as follows. Let ¥: X — Pici“ be A-equivariant.
Let S — S be an étale surjective morphism such that there exists an element x € X(S') . Let £ = (t;1)*(x).
Then ¢ is independent of the choice of x, descends to an element of Picﬁ‘((S) and satisfies 1y = .

Corollary 3.16. In the above notation, Picy (S) # @ if and only if [X] maps to [Pic}] under the map
HY(M\): HI(S, 4) — HI(S, AY).

Proof. By definition of pushout, [X] maps to [Pic’y] under H()) if and only if there exists an A-equivariant
morphism X — Picf}l. Conclude by Lemma O

Let PolTor 4 ) be the category fibered in groupoids such that for every S-scheme T, the groupoid
PolTor4,5)(T) is defined as follows: objects are pairs (X,£) where X — T is a torsor under Ay — T
and ¢ € Picx (T); morphisms (X, ¢) — (X', ) are isomorphisms of torsors f: X — X’ such that f*(¢') = £.
This is a stack in the étale topology over S. Since every A-torsor is étale locally trivial and since the
translation action of A on Picz is transitive, PolTor(4, ) is a gerbe.

On the other hand, consider the quotient stack [A\Picﬁ]. By definition, if 7" is an S-scheme then the groupoid
[A\Pic}|(T) is defined as follows: objects are pairs (X, ), where X — T is a torsor under Ay — T and
¥: X — Pic) an A-equivariant morphism; morphisms (X, ) — (X’,¢’) are isomorphisms of A-torsors
f: X — X’ such that ¢/ o f = 1. Lemma [3.14] immediately implies:

Lemma 3.17. The assignment (X, £) — (X,vy) defines an isomorphism of stacks PolTor(4 yy — [A\Pic}].

We will now compare these gerbes to the gerbe ThetaGrp( A[M,ey) Introduced in §3.21 Recall that for an
S-scheme T', ThetaGrp ay).e,)(T) is the groupoid of theta groups for (A[A], ex)r with morphisms given by
framed isomorphisms. Note that the assignment (X, ¢) — G(¢) of Section can be upgraded to a functor
©: PolTor(4 ) — ThetaGrp [y .,). by sending a morphism f: (X,£) — (X', ¢') to (f)7L: G — G,
where f*: G(¢') — G(f*¢') = G(¢) is the unique framed isomorphism of theta groups with the property
that, after some étale surjective base change T' — S over which ¢, = [M] for line bundle M on X',
(/*)r: G(M) = G((fr)* M) is given by (2,0) = (2, (f1)" ).

The next theorem is one of the main technical results of this paper, so we restate our assumptions.

Theorem 3.18. Let A — S be an abelian scheme and let \: A — AV be a polarization whose degree
is invertible on S. Then the functor ©: PolTor 4 x)y — ThetaGrp4py.,) sending (X,0) to G(£) is an
isomorphism of gerbes. Consequently, there are isomorphisms

[A\Pic}] ~ PolTor(4 ) ~ ThetaGrp 4y, (3.6)

e,\)

and (X, £) — G(£) induces an equivalence between the following groupoids:
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1. Pairs (X, (), where X is an A-torsor and { € Picy,s(S) is an element with ¢o = X, with morphisms
(X,0) = (X', 0 given by isomorphisms of torsors f: X — X' such that f*¢' = ¢;

2. Theta groups for (A[N],ex) over S, with morphisms given by framed isomorphisms.

Proof. Since the source and target of © are gerbes, it suffices to show by Lemma that ©,: Aut(z) —
Aut(6(z)) is an isomorphism for every S-scheme T" and object = of PolTor(4 »)(T'). Since this can be checked
étale locally, we may assume that T = S, that @ = (A, [L]) for some line bundle L on A with ¢7, = A, and that
A[M] is a constant group scheme. We now explicitly describe the map © 4 (1)) : Aut((4,[L])) — Aut(G(L);1d)
and show that it is an isomorphism.

First note that a — t, induces an isomorphism A[A] ~ Aut((A,[L])), so it suffices to prove that the
map a + O(41))(ta) is an isomorphism A[A] — Aut(G(L);1d). If a € A(S), then (z,¢) — (z,t;¢)
defines an isomorphsm ®,: G(L) — G(¢XL). On the other hand, if a € A[A(S) then there exists an
isomorphism 7: L — ¢ L. We have seen in Section [3.3[ that the assignment (z,¢) — (z,t%(7)ey™!) induces
an isomorphism F,: G(L) — G(t; L) which does not depend on the choice of v. By definition, ©(4 1)) (ta)
equals @1 o F, € Aut(G(L);1d). We compute

(@, 0 Fu)((z,9)) = (z, t5(tsv) ey ) = (a,n) - (z,9) - (a,n) ™" = exl(a, z)(x, p).

Therefore the map a +— O 4 (1)) (ta) is exactly the isomorphism a: A[A] = Aut(G(L);Id) of Lemma 3.9(2).
We conclude that © is an equivalence and PolTor(4 y) ~ ThetaGrp, ANex) The first isomorphism of (3.6])
follows from Lemma [3.17} The equivalence of groupoids follows from taking S-points of ©. O

Remark 3.19. Given a theta group G for (A[N],ex) it is possible to explicitly construct a pair (X,0) in
PolTor (4,2 (S) with G(£) ~ G; we sketch the details. For an S-scheme T, let X(T') be the set of pairs (M, a),

where M € Pic)(T) and a € Isom(G(M),G;1d)(T). This is represented by a scheme X — S, and the
forgetful map X — Pic) is a torsor under Aut(G;1d) ~ A[N. We can extend this A[N-action on X to
an A-action, via the formula a - (M,a) = (t:M,a 0 ®,1). (A similar computation to the proof of Theorem
shows that this action indeed restricts to the given A[N-action.) This defines an A-equivariant map
X = Pici‘l, hence a pair (X, ) representing A by Lemma

Corollary 3.20. In the notation of Theorem[3.18, the following statements are equivalent:

o There exists an A-torsor X — S and { € Picx,s(S) with ¢p = \;
o There exists a theta group for (A[N],ex) over S.
e The class [Pic)] € H'(S, AY) lies in the image of the map H'(S, A) — H'(S, AY) induced by X.

Proof. Combine Theorem [3.18 and Corollary [3.16] O

3.5 Linear theta groups

Under the equivalence of groupoids of Theorem between theta groups and pairs (X, ¢) with £ € Picx (.5)
representing A, it is natural to ask: when we can choose ¢ to be of the form [L] for some line bundle L on X?
In other words, when is X represented by an actual line bundle on X, not just an element of Picx (S)? The
answer is given by Theorem and uses the concept of linear theta groups.

Let S be a scheme and let D = (dy,...,dy) be a type with #D invertible on S. If .Z is a quasi-coherent
sheaf on S, let Aut(.#) be the sheaf of groups on the étale site of S with Aut(.#)(T) = Aute, (f*%) for
every morphism f: T — S. For example, if # = OF" then Aut(F) = GL,, s.
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Definition 3.21. Let G be a theta group for a symplectic module (M,e) of type D over S. A representation
for G is a quasi-coherent sheaf on F endowed with a homomorphism p: G — Aut(F). We say that p (or by
abuse of notation F ) has weight 1 if the subgroup G, s of G acts on F via scalar multiplication, i.e., via
restriction of the standard Og-action on F to Gy, s < Og. We say F is a Schrodinger representation for G
if it is of weight 1 and if F is a locally free of rank #D = di ---dg. If such a representation exists, we say
that G is linear.

Example 3.22 (The motivating example). Let (A, \) be a polarized abelian scheme of type D over S and
L a line bundle on an A-torsor X with ¢;, = X. If S is the spectrum of a field k, then the space of global
sections HY(X, L), endowed with the action (a,p) - s = t* ,(¢(s)), is a weight-1 representation of G(L).
By Riemann—Roch, dimH%(X, L) = #D, so H*(X, L) is a Schrédinger representation for G(L). If S is a
general base scheme and w: A — S the structure morphism, then m,L again has the structure of a weight-1
representation. By cohomology and base change and the result for fields, it is locally free of rank #D, so m,L
1s a Schrodinger representation.

Let Gp be the standard theta group of type D for (Mp,ep) constructed in Then we can construct a
Schrédinger representation ¥p for Gp, following Mumford [Mum66l p. 297]. Recall that Mp = Kp x K},
where Kp is a contant group scheme. Let #p be the Og-module with ¥p(U) = {functions Kp — Og(U)}
for every open U C S. Then 7} is free of rank #Kp = #D. Let Gp act on ¥p via the formula

(N2, x) - Hy) = @) fly + ).

A calculation shows that this action is well defined and that ¥} is a Schrédinger representation for Gp.

If S is the spectrum of an algebraically closed field, then every theta group has a unique Schrédinger
representation; this is an algebraic version of the Stone—von Neumann theorem [Mum66l page 295, Proposition
3]. Over an arbitrary base, we have:

Proposition 3.23. Let G be a theta group for a symplectic module (M, e) over S.

1. There exists an étale surjective morphism T — S such that there exists a Schridinger representation for

Gr.

2. If G is linear and ¥ is a Schrédinger representation for G, then the assignment F — ¥ ® .F defines
an equivalence between the category of quasi-coherent sheaves on S and the category of weight-1
representations of G. (The G-action on ¥V ® F is induced by the given G-action on ¥ and the trivial
one on F.)

3. If ¥, V' are Schrodinger representations for G, then there exists an invertible sheaf & on S and an
isomorphism of G-representations V' ~ ¥ @ Z.

Proof. 1. We may assume that S is connected and (by Lemmas and that G = Gp, in which case
we may take ¥p as Schrédinger representation.

2. This is [MB85l p.113, Corollaire 2.4.3].

3. Part 2 implies that ¥’ = ¥ ® % for some quasi-coherent . on S. To show . is invertible, we may take
an étale base change of S, hence assume G = Gp for some type D. Now apply [Mum67), §6, Proposition
2].

O

Let G be a theta group for a symplectic module (M, e) over S. Let Schg be the fibered category over
S-schemes such that for an S-scheme T, the groupoid Schg(7T') has objects Schrodinger representations
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for Gr and morphisms given by Gr-equivariant isomorphisms. Descent for quasi-coherent sheaves [BLR90,
Section 6.1, Theorem 4| shows that Schg is a stack in the étale topology, and Proposition shows that
Schg is a gerbe. Moreover, that same proposition shows that if ¥ is a Schrédinger representation for G,
then Autge,(s)(?) =~ Gy,,s. Hence Schg is a gerbe banded by G, and by Lemma defines a class
[Schg] € H2(S, G,,) which vanishes if and only if G is linear.

On the other hand, let 7: A — S be an abelian scheme, let X be an A-torsor and let ¢ € Picx(S). Let
Ob(¢) be the category fibered in groupoids such that for an S-scheme T, the groupoid Ob(¢)(T) has objects
line bundles L on Xt such that [L] = ¢r, and morphisms L — L’ are given by isomorphisms of line
bundles. The exact sequence shows that Ob(/) is a gerbe, which is again banded by G,,. Hence Ob(¢)
defines a class [Ob(¢)] € H2(S,G,,), which equals the class ob(f) of £ under the connecting homomorphism

Picx (S) — H2(S,G,,) of (2.1).

Theorem 3.24. Let m: A — S be an abelian scheme, \: A — AV a polarization whose degree is invertible on
S, X an A-torsor and ¢ € Picx(S) an element with ¢, = \ and with theta group G(£). Then the assignment
L+ 7, L induces an isomorphism Ob(f) = Schggy. Consequently, there exists a line bundle L on X with
[L] = ¢ if and only if the theta group G(€) is linear.

Proof. The morphism is well defined by Example [3:22] By Lemma [2.I] we just need to verify that if L is
an object of Ob(¢)(T) for some T' — S, then Aut(L) — Aut((nr).L) is an isomorphism. This follows from
that fact that every automorphism of L is given by multiplication by an element of A € G,,(T"), and that the
induced automorphism of the locally free sheaf (7). L is again multiplication by . O

Corollary 3.25. Let A — S be an abelian scheme and X\ a polarization on A whose degree is invertible on S.
Then the following statements are equivalent:

e There exists an A-torsor X and line bundle L on X with ¢, = X;

e There exists a linear theta group for (A[N],ey).

Proof. Combine Theorems and [3:24] O
Proof of Theorem[©] Combine Corollaires [3.20] and [3:25] O

The following bound on the order of the class [Schg] € H2(S, G,,) will be useful in Section

Proposition 3.26. Let G be a theta group for a symplectic module (M, e) of type D = (dy,...,d,) over S.
Then (#D)[Schg] = 0 in H2(S,G,,), where we recall that #D = d; - - - d,,.

Proof. This is a result of Polishchuk [Pol02], Proposition 2.1]. O

We record a case where the existence problem of theta groups is trivial:

Proposition 3.27. Let k be a field of cohomological dimension < 1 in the sense of [Pool7, Definition 1.4.3].
(For example, k is finite or the function field of a curve over an algebraically closed field.) Then for every
symplectic module (M, e) over k, there exists a linear theta group for (M, e).

Proof. Below Lemma we have defined a class [ThetaGrp .| € H?(k, M) which vanishes if and only
if there exists a theta group for (M, e). By definition of cohomological dimension, H?(k, M) = 0 and so
there exists a theta group G for (M, e). Moreover, since H(k, G,,) = 0, the class [Schg] vanishes and so G is
linear. O
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3.6 Symmetric line bundles representing A\

In this section, we prove an analogue of Theorem for symmetric line bundles on symmetrized torsors
(Theorem [3.31). We start by recalling the well-known situation for symmetric line bundles on A.

Let A — S be an abelian scheme. Denote the inversion map by [—1]: A — A. Recall that a line bundle L on
A is symmetric if L ~ [~1]*L. Since [~1]* acts as inversion on Picy and as the identity on NS4, taking
[—1]*-fixed points of the exact sequence (2.3) for X = A results in the exact sequence

1— AY[2] = Pic{™ = NS4 — 1, (3.7)

see [PR1I, Section 3.2]. A line bundle L on A is symmetric if and only if its class [L] € Pica(95) lies
in Pic?™(S). Write Picy™" for the fiber of an element A\ € NS 4(S) under the projection map. This

sequence shows that PicsAym”\ is a torsor under AV[2], which has an S-point if and only if there exists a
symmetric line bundle L on A representing A. The class of Piczym’/\ maps to the class of Picg under the

map H!(S, AV[2]) — H(S, AY).

In contrast to Picﬁ, the class of Pici{’m)‘ is known to have a very concrete alternative description. Consider
the nondegenerate pairing es: A[2] x AV[2] — w2 induced by the identification AV[2] = A[2]Y, and let
e : A[2] x A[2] — us be the alternating pairing defined by €3 (z,y) = e2(z, A(y)). We say a map of S-schemes
q: A[2] = po is a quadratic refinement of ey if g(x + y)q(x)q(y) = e3(x,y) for all z,y € A[2]. The scheme of
quadratic refinments for e is a torsor under AV [2]. It is well known (see [Pol03, Section 13.1] and [PR11]
Proposition 3.6]) that this torsor is isomorphic to Pic?’m’)‘. Consequently, there exists a symmetric line
bundle on A representing A if and only if there exists a quadratic refinement q: A[2] — us of €3. This
condition is often satisfied in practice (for example, when k is finite); see [PR11), Proposition 3.12] for a list of
sufficient conditions.

We now consider the weaker question whether there exists a symmetric line bundle on a symmetric A-torsor
representing \.

Definition 3.28. Let X be an A-torsor. An inversion on X is a morphism of S-schemes 7: X — X such
that 72 = Idx and such that 7(a + x) = (—a) +z for alla € A(T), x € X(T) and S-schemes T. If such a T
exists, we say X is symmetric. A symmetrized A-torsor is a pair (X, 7), where X is an A-torsor and T is
an inversion. A morphism between symmetrized A-torsors (X, 1), (X', 7') is an isomorphism of A-torsors
X — X' intertwining 7 and 7'.

If (X, 7) is a symmetrized torsor, then X7 is a torsor under A[2], and the assignment (X, 7) — X7 induces
an equivalence of categories between the category of symmetrized torsors for A and the category of A[2]-
torsors. An A-torsor X is symmetric if and only if its class [X] € H'(S, A) lies in the image of the map
HY(S, A[2]) — H(S, A), if and only if 2[X] = 0.

Given a symmetrized torsor (X, 7) for A, let Pick C Picx denote the fixed points of 7*: Picxy — Picy.
We say a line bundle L on X is 7-symmetric if it defines an element of Pic’ (S). If (X, 7) = (A4, [—1]), then
Picy = Pic}™ and 7-symmetric line bundles are the same as symmetric line bundles. Similarly to (3.7),
taking 7*-fixed points of the exact sequence ([2.3)) results in the exact sequence

1 — AY[2] = Pick — NS4 — 1.

Let A: A — AV be a polarization whose degree is invertible on S. Write Pic}’\ for the fiber of Picy —

NSx ~ NS4 above A € NS 4(S). We will prove a criterion for the existence of an element ¢ € Pic})‘(S) for
some symmetrized A-torsor (X, 7) in terms of theta groups.

19



Let PolTor?Z;g\) be the stack such that for each S-scheme T, the groupoid PolTor?ig\)(T) has: objects

given by triples (X, 7,¢), where (X, 7) is a symmetrized torsor for A7 — T and ¢ € Pic;)‘ (T); morphisms

(X,7,£) = (X', 7',0") given by isomorphisms of symmetrized torsors f: (X,7) — (X', 7’) such that f*(¢') = ¢.
This is a stack in the étale topology over S. On the other hand, consider the quotient stack [A[2]\Picf4ym’>‘],

where A[2] acts on Pic™™* by translation of line bundles. Similarly to Lemma and using the notation
of that lemma, we have:

sym

Lemma 3.29. The assignment (X, 7,0) — (X7, x-) defines an isomorphism of stacks PolTor(A N
(A2\Picy™ .

%

Proof. This follows from taking 7-fixed points on both sides of Lemma and using the identity 1, =
[—1]* 0 4pg o 7 for all £ € Pick(S). 0

The next definition has been considered before, see for example [MS23, Remark 5.22] and [Pol02, Section 1].

Definition 3.30. Let (M, e) be a symplectic module over S and G a theta group for (M,e). An inversion
on G is an element v € Aut(G) such that . maps to —Idy under the map Aut(G) — Sp(M) of (3.4). If an
inversion on G exists, we say that G is symmetric. A symmetrized theta group for (M,e) is a pair (G,¢)
where G is a theta group for (M,e) and ¢ an inversion on G. An isomorphism (resp. framed isomorphism)
between symmetrized theta groups (G,1) — (G', 1) is an isomorphism (resp. framed isomorphism) f: G — G’
of theta groups such that for=1 o f.

If (M, e) is a symplectic module over S, let ThetaGrp?ﬁje) be the fibered category such that for any S-scheme
T, the groupoid ThetaGrp?i'\?e) (T') has objects symmetrized theta groups for (M, e)r, and morphisms given
by framed isomorphisms. '

Given a triple (X, 7,¢) in PolTor?}XflA)(S), we can upgrade the theta group G(¢) (defined in to a
symmetrized theta group, as follows. First suppose /£ is represented by a line bundle L on X that satisfies
7*L ~ L. (This can always be achieved after an étale surjective base change.) Then the assignment
(a,) = (—a,7*¢) induces an isomorphism G(L) — G(7*L). A choice of isomorphism 7*L — L induces
a framed isomorphism G(7*L) — G(L) independent of this choice (see §3.3)). Their composition is an
inversion ¢y, : G(L) — G(L) on G(L). In general, there exists a unique inversion ¢y: G(¢) — G(¢) such that
if T'— S is an étale surjective map with ¢y = [L] satisfying 7*L ~ L, then (1)r = tr. We define the
functor ©Y™: PolTor?fi‘rf])\) — ThetaGrp [y e, by sending (X, 7,¢) to (G(£), t¢), and with morphisms defined
similarly to the functor ©: PolTor(4 x) — ThetaGrp(apyj e,) of Theorem

Theorem 3.31. Let A — S be an abelian scheme and let A\: A — A be a polarization whose degree is

invertible on S. Then the functor @™ PolTor?fT)\) — SymThetaGrp 4y, sending (X, 7,£) to (G(£), )

is an isomorphism of stacks. Consequently, there are isomorphisms

ex)

[A]2]\Pic Y™ ] ~ PolTor™",, ~ SymThetaGrp 4y, (3.8)

(A,2) ex)

and (X, 7,0) — (G(€),tp) induces an equivalence between the following groupoids:
1. Triples (X, 1,¢), where (X, T) is a symmetrized A-torsor and £ € Pic(S) is an element with ¢, = A, with
isomorphisms (X, 7,0) — (X', 7', 0') given by isomorphisms of symmetrized torsors f: (X,7) = (X', 7/)

such that f*¢' = ¢;

2. Symmetrized theta groups for (A[N],ex) over S, with isomorphisms given by framed isomorphisms.
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Proof. This follows from taking “fixed points” of the isomorphism of Theorem under a certain duality
operation. More precisely, let T' be an S-scheme and (X, ) an object of PolTor(4 »)(T). Let X’ be the
A-torsor whose underlying S-scheme equals X, but where the A-action +': A x X’ — X’ is given by
a+'z = (—a) + x, where on the right hand side we use the A-action on X. Let ¢ equal £ € Pic (S), seen as
an element of Pic’, (). Define the functor ®: PolTor(4 ) — PolTor(4 ») by sending (X, /) to (X', ¢') and
leaving the morphisms unchanged. Unwinding the definition of an inversion on an A-torsor, we find that

the stack PolTor?f:lm)\) is equivalent to the stack PolTorZI’A’A) of pairs ((X,¢),7), where (X, /) is an object of
PolTor (4 5y and 7 is an isomorphism (X, ¢) = ®((X,¢)). On the other hand, given a theta group G for A[\],
let G’ be the theta group whose underlying group scheme equals G but whose projection map G’ — A[)]
equals the composite G — A[)] —1d, A[N]. Let W: ThetaGrp apyje,) — ThetaGrp apy)e,) be the functor
sending G to G’ and leaving the morphisms unchanged. Then ThetaGrpaTA] ex) is equivalent to the stack
ThetaGrpEPA[)\],e)) of pairs (G, ), where G is an object of ThetaGrp and ¢ an isomorphism G — ¥(G). Since
the functors ©® o @ and ¥ o © are isomorphic, the functor © of Theorem induces an isomorphism of stacks
PolTor(, ) = ThetaGrpEpA[/\]@). After identifying PolTor(, ,) with PolTor{’)"}) and ThetaGrpEI'A[)\]ﬂ) with
ThetaGrp?iﬁ}] ¢+ this isomorphism equals ©*™, proving that ©*%™ is an isomorphism. The first isomorphism
of (3.8]) follows from Lemma The equivalence of groupoids follows from taking S-points of @Y™, [

Corollary 3.32. Let A/S be an abelian scheme and X a polarization whose degree is invertible on S. The
following statements are equivalent:

1. There exists a symmetrized A-torsor (X, ) and a T-symmetric £ € Picx (S) with ¢¢ = .
2. There exists a symmetric theta group for (A[N],ey).
3. The class [Picy™"] € H'(S, AV[2]) lies in the image of H*(X): H'(S, A[2]) — H(S, AV[2)).
The following statements are also equivalent:
1. There exists a symmetrized A-torsor (X, 7) and a T-symmetric line bundle L on X with ¢, = .
2. There exists a linear symmetric theta group for (A[X],ey).

Proof. The equivalence between the first three statements follows from the isomorphisms of Theorem
Together with Theorem [3:24] it implies the equivalence between the last two statements. O

The following lemma will be useful in Section It uses concepts and notation of Section [3.5
Lemma 3.33. Let G be a symmetric theta group for a symplectic module (M, e) over S. Then 8[Schg] =0
in H2(S, Gy).

Proof. This follows from results of Polishchuk, specifically by combining [Pol02, Theorem 1.4 and Proposition
2.2]. O

4 Proofs of Theorems [A] and Bl

We use the formalism of the previous section to show that the answer to Question [I]is yes for many pairs
(A, \). Theorem |A] follows from Corollary and Theorem [B| follows from Corollary In Section
which might be of independent interest, we answer a question of Chidambaram affirmatively [Chi24]. Section
[4:4) surveys all variants of Question [I] and logical implications between these.
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4.1 Symplectic modules of odd order

Let S be a scheme and D = (dy,...,d,) a type such that d, is invertible on S. In Sections and we
have constructed group schemes Mp,Gp and a sequence of finite étale group schemes

1— Mp — Aut(Gp) — Sp(Mp) — 1 (4.1)

which is exact by Lemma We now introduce an automorphism of this sequence, which will show that
it splits when #D is odd. In the notation of , let ¢« € Aut(Gp) be the element defined by the formula
Nz, x) = (A, —x,—x). Then ¢ lifts —Idps,, in other words is an inversion on Gp in the notation of Section
Conjugation by ¢ defines an automorphism ®: Aut(Gp) — Aut(Gp) that restricts to —Id on Mp and
induces the identity on Sp(Mp). In other words, we obtain a commutative diagram:

1 MD Aut(gD) e Sp(MD) — 1
J— 1d l@ lld (4.2)
1 MD Aut(gD) Emd Sp(MD) — 1

Let Aut(Gp,t) be the fixed point subgroup scheme of ®: Aut(Gp) — Aut(Gp).

Lemma 4.1. Suppose that #D = dy---dy is odd. Then the restriction Aut(Gp,t) — Sp(Mp) is an
isomorphism. Consequently, the sequence (4.1|) splits.

Proof. The claim can be checked after an étale base change, so we may assume all the group schemes in
(4.1) are split and identify them with their S-points. Given an element m € Mp, let a,,, € Aut(Gp) be
the framed automorphism constructed in Lemma Let g € Sp(Mp) be an element and § € Aut(Gp)
an arbitrary lift. Then ®(§) = a,, g for some m € Mp. Since ®(a,§) = am—on(ang) for all n € Mp and
since #Mp is odd, there exists a unique n € Mp such that a,g € Aut(Gp,¢), namely n = %m. This shows
Aut(Gp,t) — Sp(Mp) is a bijection, hence an isomorphism. O

Theorem 4.2. Let (M, e) be a symplectic module of type D over a scheme S. Assume that #D is odd. Then
there exists a symmetric theta group for (M,e). If (G,t) and (G', ') are symmetrized theta groups for (M, e),
then there exists a unique framed isomorphism between (G,i) and (G','). Every symmetric theta group for
(M, e) is linear.

Proof. By Lemma the class of (M, e) in H' (S, Sp(Mp)) (using Lemma lifts to a class in H'(S, Aut(Gp, 1)),
hence to a class ¢ € HY(S, Aut(Gp)). By Lemma this implies that there exists a theta group for (M, e).
The fact that ¢ comes from a class in H*(S, Aut(Gp,¢)) means that there exists a symmetric theta group for
(M, e). This proves existence. To prove uniqueness, let (G, ), (G, ") be symmetrized theta groups for (M, e).
To prove that there exists a unique framed isomorphism between them, we may apply an étale base change
and hence by Lemma [3.8) we may assume that G = G’ and that M is constant. Then ¢/ = «,,, o ¢ for some
m € M(S), where a: M — Aut(G;1d) is the isomorphism of Lemma The formula ¢’ o, = @ 0 (—2nt)
shows that there exists a unique n € M(S) such that o, is an isomorphism (G, ) =+ (G’,¢), namely n = im.

It suffices to prove that every symmetric theta group G for (M, e) is linear. Equivalently, by the discussion in
we need to show the class ¢ = [Schg] € H%(S, G,,,) vanishes. By Proposition ¢ has odd order. On
the other hand, Lemma [3:33] shows that 8¢ = 0. We conclude that ¢ = 0 and hence that G is linear. O

Remark 4.3. It is possible to explicitly construct a symmetric theta group for (M,e): let b: M x M — G,
be an alternating pairing with b*> = e (such a b exists since #M is odd) and let G be the group G,, x M
endowed with multiplication (A,m) - (X',;n) = (ANb(m,n),m +n). A computation shows that G is a theta
group for (M,e) and t(\,m) = (X, —m) is an inversion on G, so G is symmetric. Theorem[{.d shows that G
18 linear, but we do mot know how to construct a Schridinger representation for G explicitly.
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Theorem [A] follows from the next stronger result.

Corollary 4.4. Let A — S be an abelian scheme and let \: A — AV be a polarization of type D whose degree
is odd and invertible on S. Then there exists a symmetrized A-torsor (X, 7) and a T-symmetric line bundle L
on X with ¢, = A. If (X', 7', L") is another such triple, there exists a unique isomorphism of symmetrized

torsors f: (X, 1) — (X', 7') that satisfies f*[L'] = [L] in Picx(S).

Proof. Combine Theorems [4.2] and [3:24] with the equivalence of groupoids of Theorem [3.31} O

4.2 Realizing symplectic modules as 2-torsion of Jacobians

In this section and most of the remainder of the paper, we assume the base .S is the spectrum of a field k. We
now show that, under certain assumptions on the characteristic, every symplectic module of type (2), (2,2) or
(2,2,2) over k admits a theta group. The crucial observation is to realize every such symplectic module as
the 2-torsion in a principally polarized abelian variety. More precisely, we prove:

Proposition 4.5. Let k be an infinite field of characteristic not 2 and let g € {1,2,3}. If g = 3, additionally
assume that k has characteristic zero. Let D be the type (2,---,2) of length g. Then for every symplectic
module (M,e) of type D over k, there exists a genus-g curve C with Jacobian J and an isomorphism
(M,e) ~ (J[2],e2), where ey is the Weil pairing on J[2].

Since the proof is much easier for g = 1, 2, we start by treating those cases.

Proof of Theorem[{.5 when g =1,2: First suppose g = 1. Let (M, e) be a symplectic module of type (2)
over k. The Galg-action on the three nonzero elements of M (k*P) ~ (Z/2Z)? determines (after labeling
these elements) a homomorphism Galy — S3 to the symmetric group. This homomorphism corresponds to
an étale cubic k-algebra K. There exists a monic separable polynomial f(z) € k[z] of degree 3 such that
K =~ k[z]/(f(x)). Let E/k be the elliptic curve with Weierstrass equation y?> = f(x). Since the nonzero
elements of F[2](k%¢P) are in bijection with the roots of f, there is an isomorphism of finite k-groups M ~ E[2].
Since there is a unique nondegenerate alternating pairing on an Fa-vector space of dimension 2, every such
isomorphism must intertwine e with e,.

Now consider the case g = 2, where roughly the same principles apply. Let by, ..., bs be the standard basis
of FS, let ¥: F§ — Fy be the map which sums all the coordinates and let A: Fo — F$ be the diagonal
embedding. Let N = ker(X)/image(A). The coordinate-permuting action of Sg on F§ induces an action of
Ss on N, hence defines a homomorphism p: Sg — GL(N). The standard bilinear pairing F§ x F§ — Fy (in
which the basis by, ..., bg is orthonormal) restricts to an alternating pairing on ker(X) whose radical equals
image(A), so induces an alternating bilinear pairing ey : N X N — Fy ~ {£1}. Since the original pairing on
F$ is Sg-invariant, ey is also Sg-invariant, hence p lands in Sp(N, ey) C GL(N). A computation (using that
the kernel of p must be {1}, Ag or Sg and that the orders of Sg and Sp,(F2) are equal) shows that p is an
isomorphism Sg — Sp(N, en) =~ Sp,(F2).

Now let (M,e) be a symplectic module of type (2,2) over k. View (N,en) as a symplectic module over
k*°P and fix an isomorphism (M, e)gse» — (N, en). This choice encodes the Galois action on (M,e) as a
homomorphism ¢: Gal, — Sp(NV,en). The composition p=! o ¢: Gal;, — Sg corresponds to a (marked)
Galg-set S. Let f(z) € k[z] be a monic separable polynomial of degree 6 such that there is an isomorphism
of Galg-sets between S and the roots of f. Let C/k be the projective genus-2 hyperelliptic curve with affine
equation y? = f(z), and let J be its Jacobian variety. Given a root w; of f(x), let P; = (w;,0) € C(kP) be the
associated point. By [PS97, Proposition 6.2, the assignment e; — P; induces an isomorphism N — J[2](k*P)
which by [PS97, Section 7] intertwines e with the Weil pairing es. Under this isomorphism, the Galois action
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p: Galp — Sp(N, ey) is identified with the Galois action on J[2](k*P), so it determines an isomorphism of
symplectic modules (M, e) ~ (J[2],ez) over k. O

To prove the g = 3 case of Proposition we need some preparatory results and notation. Let & C R”
be a root system of type E; and let A = Z® be the associated root lattice, which comes equipped with
a bilinear positive definite pairing (-,-): A x A — Z with the property that («,a) = 2 for every root
a € ®. Basic properties of root lattices and a construction of A may be found in [Lur0l, Section 2.2]. Let
AY = Hom(A,Z). The pairing (-,-) induces a map A — A" which is injective with cokernel isomorphic to
7./27. Let N = image(A/2A — AV /2AY) ~ FS. The pairing (A/2A) x (A/2A) — {£1}, (z,y) — (=1)&¥)
induces a perfect alternating pairing on N, denoted by ey. View (N,ey) as a symplectic module over k
where N is a constant group scheme. Let W < Aut(A, (-,-)) be the Weyl group of ®. Let W = ker(det) < W
be the index-2 subgroup of W. There is a decomposition W = W x {£1}. The W-action on A induces a
W-action on N, hence determines a homomorphism p: W — Sp(N, en) =~ Spg(F2). This map is surjective
with kernel {£1}, and the restriction of p to W1 is an isomorphism; see [Bou68|, p. 229, Exercise 4].

Assume k is of characteristic zero and let V = A ®z k. Then W acts faithfully on V. Let k[V] = Sym®* (V")
be the ring of polynomial functions on V', let k[V]"" be the subring of W-invariant polynomials, let V J W =
Spec(k[V]W) and let 7: V — V // W be the morphism induced by the inclusion k[V]" C k[V]. Let U C V
be the open subset on which G acts freely. Then U is W-stable, U/W is an open subset of V' / G, and the
restriction of 7 to U is a G-torsor U — U/W. For a tuple b = (p2, pe, ps, P10, P12, P14, P1s8) € k', let C, C P?
be the projective curve with affine equation

y? = 23y + p1ox® + z(p2y® + psy + p1a) + Pey® + P12y + Pis. (4.3)

To state the following proposition, note that since (N, eyn) ~ (Mp,ep) for D = (2,2,2), Lemma shows
that (M, e) — Isom((M,e),(N,en)) induces a bijection between symplectic modules of type (2,2,2) and
Sp(N, en)-torsors.

Proposition 4.6. There exists an isomorphism of k-algebras k[V]W =~ k[pa, pe, ps, P10, P12, P14, P18] (where
the elements p; are algebraically independent) that induces an isomorphism of varieties V | W ~ AT and that
satisfies the following properties:

1. If b = (p2,...,p18) € (U/W)(k), then Cy is a smooth projective curve of genus 3; let J, denote its
Jacobian variety.

2. If b € (U/W)(k), let Ty be the push-out of the W-torsor m=*(b) along p: W — Sp(N,en) and let
(My, ep) denote the symplectic module whose associated Sp(N, en)-torsor is isomorphic to Ty. Then
there is an isomorphism of symplectic modules (Jp[2], e2) ~ (Mp, ep) over k.

Proof. In [Lag24], a family of projective curves C' — V J W is constructed for every root lattice of type
A, D, E (beware that the notation in that paper is different to ours: what we call V' is denoted by t). In the
E7 case, the explicit description follows from [Lag24l Proposition 3.13(3)]. The smoothness of C}, when
be (U/W)(k) follows from [Lag24, Lemma 3.14]. The isomorphism of symplectic modules of Part 2 follows
from the description of the monodromy of J,[2] in [Lag24, Proposition 3.22]. O

Proof of Proposition[{.5 when g = 3. Using Proposition and its notation, it suffices to prove that every
symplectic module of type (2,2,2) over k is isomorphic to (My, ep) for some b € (U/W)(k). Equivalently, it
suffices to prove that every Sp(IV, e )-torsor over k is isomorphic to 7 for some b € (U/W)(k). Equivalently,
using the decomposition W = W1 x {£1} and the fact that p: W — Sp(N, ey) is an isomorphism when
restricted to W1, it suffices to show that every W-torsor is isomorphic to 7=1(b) for some b € (U/W)(k).
This follows from the “versal torsors trick” [GMS03, Part 1, §5.4]; for completeness, we give a proof here.
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Let T be a W-torsor. Let U' = U xW T = (U x; T)/W, where W acts via w - (u,t) = (wu,w~'t). Define
a W-action on U’ via the assignment on representatives w - [(u,t)] = [(wu,t)]. Let 7n': U’ — U’/W be the
quotient morphism. The projection U x; T'— U induces an isomorphism U’ /W ~ U/W which we use to
identify U’/W with U/W. The set of elements b € (U/W)(k) satisfying T ~ 7~1(b) as W-torsors equals
(U (k)) c (U /W)(k) = (U/W)(k). Therefore it suffices to prove that U’(k) is nonempty. But U’ is a
nonempty open subset of V/ =V xW T, which is the variety obtained by twisting the affine space V along the
cocycle determined by the image of [T] € H!(k, W) under H!(k, W) — H'(k, Aut(V)). Since the W-action
on V is linear, this map factors through H!(k, GLy ), which is trivial by Hilbert’s Theorem 90. Therefore V'
is isomorphic to V and U’ is a nonempty open subset of the affine space V’. Since k is infinite, we conclude
that U’ (k) is nonempty. O

Remark 4.7. Reformulating the g = 3 case of Proposition[{.5, we have proved that for every field k of
characteristic zero and Galois representation p: Galy — Spg(F2), there exists a genus-3 curve C/k of the
form with Jacobian J such that the Galois representation associated to J[2](k%°P) is isomorphic to p.
This answer a question of Chidambaram [Chi24, Question 1.2] affirmatively, for every field of characteristic
zero. It seems likely that a similar proof would answer the same question affirmatively for every field of
characteristic # 2, using a generalization of Proposition [[.6, but we have not pursued this.

Remark 4.8. The proof of the g = 1,2 cases of Proposition[].5 can also be written in the language of oot
lattices and correspond to the cases where ® has type As and Ay, in which case W is isomorphic to S3 and
S respectively.

Corollary 4.9. Let k be a field of characteristic not 2 and let g € {1,2,3}. Let D be the type (2,...,2) of
length g. If g = 3, additionally assume that k has characteristic zero. Let (M, e) be a symplectic module of
type D over k. Then there exists a symmetric linear theta group for (M, e).

Proof. Suppose k is finite. By Proposition there exists a linear theta group G for (M, e). Since
Idys = —1Idys, Idg is an inversion on G and so G is also symmetric. So we may assume that k is infinite.
By Proposition [I.5] there exists a smooth projective curve C of genus g over k with Jacobian J and an
isomorphism (M, e) ~ (J[2],e2). The pair (J[2],ez) arises from the polarization 2X: J — JY, where X is
the canonical principal polarization on J. Let L = (1, A)*P be the pullback of the Poincaré bundle P on
J x JY. Then L is a symmetric line bundle on A with ¢7, = 2X, by [MEK94, Proposition 6.10]. Hence G(L)
is a symmetric linear theta group for (J[2],es) ~ (M, e). O

4.3 Proof of Theorem

We now combine the results of Sections and to obtain Theorem [B] whose proof is given at the end
of this section. We first need to discuss direct sums of symplectic modules and their interaction with theta
groups.

Let (My,e1), (Ma,e2) be two symplectic modules over a field k. Then the direct sum (M, e) = (My,e1) &
(M3, e2) is the symplectic module with underlying group scheme M = M; @ M, and pairing given by
e((my, ms), (n1,n2)) = e1(my,nq)ea(ma, na). Let 1 = G, = G — M — 1 be a theta group for (M, e). Then
the restriction G; = G|as, of G to My C M is a theta group for (M, eq), similarly Go = G|, is a theta group
for (Ma, es). Every framed isomorphism restricts to framed isomorphisms on both pieces, so the association
G — (G1,G2) can be upgraded to a functor (in the notation of :

ThetaGrp as, e))a(Ms,ep) (k) = ThetaGrp yy, o) (k) X ThetaGrpyy, ) (k). (4.4)
Lemma 4.10. 1. The functor (4.4)) is an equivalence of groupoids.

2. G is symmetric if and only if G and Go are symmetric.
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3. If G1 and Go are linear then G is linear; the converse holds when #My and #M> are coprime.

Proof. For i = 1,2, let G; be a theta group for (M;,e;) and let 7;: M — M; be the projection. The pullback

m;G; is a central extension 1 = G,,, = 7;G; B—) M — 1. Let G be the Baer sum of 771G, and 73Gs; explicitly,
G is the quotient of
{(g1,92) € m1G1 x w3G2: B1(g1) = Ba2(g2)}

by the subgroup {(A\,A71): A € G,,,}. A calculation (which we omit) shows that G is a theta group for (M, e)
and provides a quasi-inverse to the functor G — (G|, G|um, ), proving Part 1. Part 2 follows from the fact
that ¢ — (1, t2) induces a bijection between the set of inversions on G and the set of pairs on inversions on
Gy and Gy. Polishchuk has shown (see [Pol03, Proposition 2.2]) that [Shg] = [Shg,] + [Shg,] in H2(k, G,,).
Since [Shg,] is killed by #M; (Proposition [3.26)), Part 3 follows. O

Given a symplectic module (M, e) and a prime p, let M(p) be the submodule of elements of p-power
order, and let e(p) be the restriction of e to M (p) x M(p). Then (M (p),e(p)) is a symplectic module and
(M,e) ~ ®,(M(p),e(p)) and so combining Theorem and Lemma shows:

Corollary 4.11. In the above notation, (M,e) admits a theta group if and only if (M(2),e(2)) does. The
same statement holds with “theta group” replaced by “linear theta group”, or by “symmetric theta group”, or by
“linear symmetric theta group”.

Combining Corollaries and [£.9] immediately shows:

Corollary 4.12. Let (M,e) be a symplectic module over k. Suppose that (M(2),e(2)) has type (1,...,1),
(1,...,1,2), (1,...,1,2,2), or (1,...,2,2,2). In the last case, additionally assume that k has characteristic
zero. Then there exists a symmetric linear theta group for (M,e).

Proof of Theorem [B. In the notation of the theorem, (A[)], ey) satisfies the assumptions of Corollary
so there exists a linear theta group for (A[)],e)). We conclude by Theorem O

4.4 A survey of known cases

For convenience of the reader and for future reference, we collect known positive results towards Question
and its variants, either proven in this paper or already present in the literature. Let A be a g-dimensional
abelian variety over a field k. Let \: A — AY be a polarization of type D = (ds,...,d,), and assume #D is
invertible in k. Consider the following properties that (A, A) could satisfy:

(1) There exists a symmetric line bundle L on A with ¢, = \.
(2) There exists a line bundle L on A with ¢, = .

(3) There exists a symmetrized A-torsor (X, 7) and a 7-symmetric line bundle L on X with ¢y = A (see

§3.6)).
(4) There exists an A-torsor X and a line bundle L on X with ¢y = A.

. . e T
(5) There exists a symmetrized A-torsor (X, 7) and element ¢ € Picy” (k).

(6) There exists an A-torsor X and element ¢ € Pic (k).
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These properties are connected by the following implications:

Theorems [ and Corollary show that the validity of Properties (3), (4), (5) and (6) only depends on
the isomorphism class of the symplectic module (A[A],ey). This is not true for Property (2), since there
exist principally polarized abelian varieties for which (2) does not hold (see the example of Jacobians in the
introduction). This is also not true for Property (1) for similar reasons, see [PR11l, p. 1317, Example 3.20].

Complementing the criteria we have given in Section [3| we state some conditions which guarantee that one of
the above properties holds. Let 2™ be the largest power of 2 dividing d; and let Dy = (27, ..., 2%9).

e Property (1) holds if and only if (A[2],€3) admits a quadratic refinement (see the beginning of §3.6)).
This is the case whenever one of the following conditions is satisfied [PRI11} Proposition 3.12]: k is R or
a finite field, or ny > 1 (in other words ds is even).

e Property (2) holds if k is a local field [PS99, §4, Lemma 1].

e Property (3) holds if Dy = (1,...,1), (1,...,1,2), (1,...,1,2,2). It also holds if k£ has characteristic
zero and Do = (1,...,1,2,2,2). (Theorem

e Property (3) holds if k£ has cohomological dimension < 1 (Proposition [3.27)).

The first bullet point shows that if (A4, \) does not satisfy (1), then Dy = (1,1,2",...,2"9).

Proposition 4.13. Suppose dim A < 2. Then Property (3) holds for (A, \).

Proof. When dim A = 1, Property (1) holds. If dim A = 2, then (1) holds except if Dy = (1, 1), in which case
(3) holds by Theorem O

Remark 4.14. We do not know whether Property (3) always holds when dim A = 3. This would involve
analyzing pairs (A, \) of type D with Ds = (1,1,2™) forn > 2.

By considering Jacobians of curves, one can show that (2) does not necessarily imply (1), that (3) does not
imply (1) and that (4) does not imply (2). We do not know of a pair (A, A) for which (6) holds but (3) does
not.

5 Proof of Theorem

In this section, we construct pairs (A, A) of type (1,...,1,2,...,2) for which the answer to Question |1|is no.
In we reformulate the existence of theta groups in terms of Galois cohomology and lifting problems. In
we show that for every type (2,...,2) of length > 4, there exists a symplectic module (M, e) over some
field k that does not admit a theta group. To find such an example of the form (A[)],ey), we recall Siegel
modular varieties in §5.35.4] In §5.5 we use a calculation of Totaro to reduce our problem to a group theory
computation. We carry out this computation in §5.6}fAl Explicitly, Theorem [C| follows from Propositions [5.18]
and
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5.1 Reformulation in terms of Galois cohomology

Let k be a field. Let D = (d1,...,dy) be a type in the sense of Definition and suppose d is invertible in
k. In Section [3| we have constructed group schemes Mp,Gp and a sequence of finite k-groups

1— Mp — Aut(gD) — Sp(MD) —1 (51)

which is exact by Lemma Since Mp is an abelian normal subgroup of Aut(Gp), the conjugation action
g-m = gmg~ ! of Aut(Gp) on Mp factors through an action of Sp(Mp). A computation shows that this
agrees with the standard action of Sp(Mp) on Mp via the defining embedding Sp(Mp) — Aut(Mp). We
have seen (Lemma that a symplectic module (M, e) of type D admits a theta group if and only if its
class [(M,e)] € H' (k,Sp(Mp)) lifts to H!(k, Aut(Gp)). We now show that when k contains sufficiently many
roots of unity, we may formulate this condition in terms of lifting Galois representations.

Let n = dg if n is odd and n = 2d, if n is even. Let Hp = Gp[n] = {& € Gp: 2™ = 1} be the subscheme
of elements of order n. Lemma [3.12] shows that Hp is a subgroup scheme fitting in a central extension
11—y, —Hp— Mp —1.

Lemma 5.1. Suppose that k contains a primitive nth root of unity. Then Mp, Sp(Mp) and Aut(Gp) are
constant group schemes.

Proof. The assumption implies Mp is constant, hence Sp(Mp) is constant too. A calculation shows that in
the notation of (3.3) we have Hp ~ u, x Mp (as schemes, not as groups). Therefore Hp is constant, hence
Aut(Hp) is constant too. By Lemma Aut(Gp) ~ Aut(Hp), so Aut(Gp) is constant. O

Suppose that k contains a primitive nth root of unity. Then (5.1) is an extension of constant group schemes,
so can be interpreted as an extension of (abstract) groups

1— Mp — Aut(Gp) — Sp(Mp) — 1. (5.2)

Since Mp is an abelian normal subgroup, this extension defines a class cp € H?(Sp(Mp), Mp) in group
cohomology, where Sp(Mp) acts on Mp via the defining representation Sp(Mp) — Aut(Mp). If (M, e) is a
symplectic module of type D over k, its class [(M,e)] € H'(k,Sp(Mp)) (under the bijection of Lemma
can be interpreted as a conjugacy class of continuous homomorphisms pys: Galp — Sp(Mp).

Lemma 5.2. Assume k contains a primite nth root of unity, where n = dy if dy is odd and n = 2d, if dg is
even. Let pyr: Galy — Sp(Mp) be a homomorphism corresponding to a symplectic module (M, e) of type D
over k. Then there exists a theta group for (M, e) if and only if par lifts to a homomorphism Galy, — Aut(Gp)
if and only if piycp = 0 in H2(k, Mp).

Proof. The first equivalence follows from Lemma [3.11] The second equivalence follows from the fact that a
lifting for pas exists if and only if the pullback of (5.2]) along pas splits if and only if p3,(cp) = 0. O

The sequence (5.2)) is not always split:

Proposition 5.3. Let D be the type (2,...,2) of length g > 3. Then the class cp € H?(Sp(Mp), Mp) of the
extension (5.2) is nonzero.

Proof. The group Hp is an almost extraspecial 2-group of order 22729 (see [BCRR18, Section 3|). By Lemma
3.12) Aut(Gp) can be identified with the subgroup of group automorphisms of Hp that induce the identity
on the center uy. The nonvanishing of c¢p is therefore the content of [Gri73, p. 407, Corollary 2]. O

Remark 5.4. In the appendiz of [Sch00], it is claimed that cp # 0 when D = (2,2), but no proof is given.
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5.2 Symplectic modules not admitting a theta group

In preparation of the proof of Theorem |[C| we show the following (a priori) weaker statement, using recent
work of Merkurjev—Scavia [MS25].

Proposition 5.5. Suppose that D = (2,...,2) has length g > 4. Then there exists a field k of characteristic
zero and a symplectic module (M, e) of type D over k such that there exists no theta group for (M,e).

This statement is weaker, since the symplectic module (M, e) not admitting a theta group might not be of
the form (A[)],ey) for some polarized abelian variety (A, A). Nevertheless, the intermediate results used to
prove Proposition [5.5] will also be used to prove Theorem [C}

Let G be a finite group, M a finite G-module and k a field. We say an element ¢ € H' (G, M) is negligible
over k if for every field extension K/k and every continuous homomorphism f: Galx — G, the pullback
f*(c) € H(Galg, M) = HY(K, M) is trivial. The subset of such elements forms a subgroup denoted by
HY(G, M )neg.r C HY(G, M). Under minor assumptions on k, Merkurjev—Scavia give an explicit description of
H?(G, M)pneg k- Given m € M, let G,,, = Stabg(m) and define the composite map

Om: B(Gony Z) — H*(G,ny M) — H(G, M), (5.3)

where the first map is induced by the G,,-module homomorphism Z — M sending 1 to m, and the second
map is corestriction along G,, C G. Given a finite group H, let e(H) be its exponent, namely the least
common multiple of the orders of its elements.

Theorem 5.6 (Merkurjev—Scavia). Suppose that k contains a primitive root of unity of order e(G)e(M).
Then H?(G, M )yeg i s generated by the images of o, where m ranges over all elements of M.

Proof. This follows from [MS25], Corollary 4.2|, after observing that if m € M and x € H?(G,,,Z), the cup
product class m Uy € H?(Gp,, M) equals the image of y under the homomorphism H?(G,,,Z) — H?(G,,, M)
induced by Z — M,1 — m. O

Let D be the type (2,...,2) of length g. We will apply Theoremto the group Sp(Mp) =~ Sp,,(F2) acting
on Mp ~ Fgg.

Lemma 5.7. Let m € Mp be nonzero, let Gy, = Stabgpar,)(m) and suppose that g > 4. Then the
abelianization of G, is trivial.

Proof. For ease of notation, denote the form ep on Mp by (-,-). Let e1,...,eq, fqg,..., f1 be an Fo-basis for
Mp. Since all nondegenerate alternating forms on Mp are conjugate, we may assume that (e;, f;) = J;; and
(eiej) = (fi, fj) = 0 for all 1 <4, j < g. Since Sp,,(IF2) acts transitively on the nonzero elements of F29, we
may also assume m = e;. Let I} = Fye; and Fy = Ff- =TFo{er,...,eq, fg,..., f2}. Then G,, preserves the
flag Fy C F5 C Mp. Let U be the subgroup of G, of those elements that induce the identity map on Fy/Fy.
Let L be the subgroup of G,, that preserves the subspaces Foeq, Fo{es, ..., eq, fg, ..., f2} and Fof;. Then
G =L x U and L >~ Spy,_,(F2). As explicit matrix subgroups of Sp,,(F2), we have

1 1 0 1
0 0 0 0
Gom z L : S v=9]
0 0 0 0
0 0 1 0
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It is well known (see for example [BCRR18, Appendix|) that Sp,,, (F2) is perfect for all n > 3. Since g > 4,
Spa,_2(IF2) is perfect and hence [L, L] = L. We calculate that [U, U] is of order 2, generated by the element
I + E, where F is the matrix with 1 in the top right corner and zeroes everywhere else. The conjugation
action of L on U induces an action on U/[U, U] ~ F5?~? and can be identified with the standard action of
Spa,_2(F2) in its defining representation. When g > 2, there are no covariants for this action. In conclusion,
we have shown that the homology groups H;(L,Z) and Ho(L, H; (U, Z)) both vanish. Using the low terms
of the Hochschild-Serre spectral sequence H, (L, H,(U,Z)) = H,,,(GmZ), it follows that G2 = H'(G,,, Z)
vanishes too. O

Proof of Proposition[5.5l We analyze the maps ¢, of (5.3) for the pair (G, M) = (Sp(Mp), Mp). If m =0,
then ¢,, = 0, since the first map H?(G,,,Z) — H?(G,,, Mp) is induced by the zero map Z — Mp. If m # 0,
then the abelianization G2 is trivial by Lemma SO

H?(Gpn, Z) ~ HY(G,n, Q/Z) = Hom(G,,, Q/Z) = Hom(G2*,Q/Z) = 0.

Let k be a field of characteristic zero containing a primitive root of unity of order e(Sp(Mp))e(Mp). Using
Theorem we conclude that H2(Sp(Mp), Mp)neg,x = {0}. On the other hand, Proposition shows
that ¢p € H2(Sp(Mp), Mp) is nonzero. We conclude that cp is not negligible. In other words, after
possibly enlarging k, there exists a homomorphism p: Galp — Sp(Mp) that does not lift to a homomorphism
Galp — Aut(Gp). Using Lemma p corresponds to a symplectic module (M,e). Since k contains a
primitive 4th root of unity, Lemma [5.2] shows that there does not exist a theta group for (M,e). O

Remark 5.8. The assumption g > 4 in Proposition 1s optimal. Indeed, if g = 3, then cp # 0 by
Proposition[5.3 However, Corollary[].9 shows that if k is of characteristic zero, then every symplectic module
of type D over every field extension of k admits a theta group. Therefore, by Lemma[5.3, if k contains a
primitive 4th root of unity, then cp is a nonzero element of H2(Sp(Mp), MD)neg k-

5.3 Paramodular groups

Let D = (di,...,dg) be a type of length g, viewed as a diagonal g x g matrix. Define the block 2g x 2g-matrix

0 D
= (% )

and let (—, —)p be the alternating form on Z29 with Gram matrix Jp. Let Ap be Z29, thought of as being
equipped with the pairing (—, —)p. Define the paramodular group

Spgg(Z) = Sp(Ap) = {g € GL(Ap): g preserves (—,—)p}.

More generally, we view Sp% as a group scheme over Z, where for a ring R we let Spgg (R) be the subgroup
of GL(Ap ® R) preserving (—, —)p.

Let Dy be the type (1,...,1) of length g. Then we simply write Spy,(R) for SpQDg" (R) and we recover the
usual symplectic group. Denote the standard basis of Z?9 by e, ..., eg, fi1,..., f;. Consider the linear map
a: Ap — Ap, sending e; to die; and f; to f;. Then « intertwines (—, —)p with (=, —)p,, hence conjugation
by « induces an isomorphism SpQDg (R) = Spa, (R) for every ring R in which d, is invertible. In particular,
we may view SpQDg (Z) as a subgroup of SpQDg (Q) ~ Sp,,(Q) commensurable with Spy,(Z).

Define A}, = {x € Ap @ Q: (z,y) € Zfor all y € Ap}. Then Ap C A}, has finite index and the quotient
A},/Ap is a finite abelian group. Using the standard Z-basis {e1,...,eg, f1,..., fg} of Ap, A}, has Z-basis
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d—lleh o Teg, d—llfl, ..., [fs. The Q-valued bilinear pairing (—,—)p: AY, x A}, — Q induces a bilinear
pairing bp: AY,/Ap x AY,/Ap — Q/Z.

For each n > 1, let ¢, = €*™/" € C. Recall the standard symplectic module Mp of type D from Section
which we consider here as a (constant) group scheme over C. In the notation of that section, consider the
homomorphism

B: Mp = (Z/d\Z) X - X (L]dgZ) X pa, X -+ X pg, = Ap/Ap
which maps 1 € Z/d,Z to d%ei and (g, € pq, to d%fl Then a direct computation shows that § is an
isomorphism that intertwines the pairing ep with the pairing €270

Since every element of SpQDg (Z) induces an automorphism of AY,/Ap preserving bp, we obtain a group homo-
morphism Spgg(Z) — Aut((A),/Ap,bp)). Conjugating by 3, we obtain a homomorphism redp: Sp% (Z) —
Sp(MD).

Lemma 5.9. The reduction map redp: Spgg(Z) — Sp(Mp) is surjective.
Proof. This is the main result of [Bra93]. O

Denote the kernel of this reduction map by I'(D). We then obtain an exact sequence
1 = T(D) — Spk,(Z) — Sp(Mp) — 1. (5.4)

If n > 1 is an integer, define the type nD = (ndi,...,nd,). Note that (-,-),p = n(-,-)p and Spgf(Z) =
Sp?g(Z) for all n. We call a subgroup I' C szDg(Z) a congruence subgroup if I'(nD) C T for some n > 1. For
later use, we will summarize some group-theoretic properties of finite-index subgroups of SpQDg(Z).

Proposition 5.10. If g > 2, then every finite-index subgroup of SpQDg (Z) is a congruence subgroup.

Proof. This follows from the resolution of the congruence subgroup problem for Sp,, for g > 2 [BMS67]. O

Proposition 5.11. Let g > 2 and let I" C SpQDg(Z) be a finite-index subgroup. Then the abelianization TP is
finite and H*(T', Z) is a finitely generated abelian group.

Proof. Since I is an arithmetic group, it is finitely presented [PRR23}, §4.4, Theorem 4.8]. Therefore I'* is a
finitely generated abelian group. Since Sp,, has real rank > 2, I satisfies Kazhdan’s property (T) [Zim84)
Theorem 7.1.4]. Consequently [Zim84, Theorem 7.1.7|, there are no nontrivial homomorphisms I' — R.
Therefore the finitely generated group I'* must be finite.

Since T is finitely presented, Hopf’s formula [Bro82, Chapter II, §5, Theorem 5.3| shows that Ho(T', Z) is
finitely generated. By the universal coefficient theorem and the finiteness of I'*P, we conclude that H?(T', Z)
is also finitely generated. O

Proposition 5.12 (Borel). Let g >3 and let T C SpQDg(Z) be a finite-index subgroup. Then H?(I',Q) ~ Q
and the restriction map HQ(SpQDg (Z),Q) — H%(T, Q) is an isomorphism.

Proof. This follows from results of Borel [Bor74]| with optimized stable range, see [Tsh19, Theorem 2]. (The
result in [Tsh19] is only stated for finite-index subgroups of Sp,,(Z), but the proof applies more generally to

finite-index subgroups of Spgg(Z).) O
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Combining Propositions and we obtain, for every g > 3 and finite-index subgroup I' C Sp,,(Z), an
exact sequence

1—HYT,Q/Z) — H*(I,Z) - Z — 1 (5.5)

induced by the sequence 1 — Z — Q — Q/Z — 1. Since HY(T', Q/Z) ~ Hom(I'**, Q/Z), computing H?(T', Z)
boils down to computing the abelianization of T'.

To compute such abelianizations, it will be useful to consider p-adic and adelic variants of congruence
subgroups. Let g > 2 and let I C SpQDg(Z) be a finite-index subgroup. For each n > 1, let I';, denote the image

of I under the reduction map SpQDg (z) = Sp%j(Z) — Sp(M,,p). Denote the profinite completion of T by T'.
By Proposition , the natural map I' — @n T',, (where n ranges over positive integers) is an isomorphism.
For example, if I' = Spgg(Z), then by Lemma we have ' ~ SpQDg(Z), where Z = I&nn Z/nZ. Given a

topological group G' (such as a discrete or profinite group), denote by G4 the closure of the commutator
subgroup of G and let G* = G /Gder,

Lemma 5.13. Let g > 2 and let T' C Spgg(Z) be a finite-index sugroup. Then the natural map T?> — (f)ab
s an isomorphism of finite groups.

Proof. This follows from the identity T3 ~ (I')2> and the fact that T is finite by Proposition O

Lemma 5.14. Let g > 2 be an integer and p a prime.
1. Spy, (Z)* is trivial when g > 3.
2. If g >3 or p >3, then Spy,(Zy)*" is trivial.

3. If R = Z or Zy, let Spy,(R,p) = ker(Spy,(R) — Spy,(R/pR)). If p is odd, then Spy,(Z,p)™ ~
SPag (Zp, p)™ = (Z/pL)?0" 9.

Proof. Parts 1 and 2 are classical, see for example [LSTX17, Lemma 1 and Proposition 1|. The third

—

part follows from [Satl10, Proposition 10.1 and Corollary 10.2], the fact that Spy,(Z,p) =~ Spy,(Zy,p) x

[1¢p SP2y(Ze¢) and Lemma O

5.4 Moduli of polarized abelian varieties

Let D = (d1,...,dg) be a type of length g. Let Ap — Spec(C) be the moduli stack of g-dimensional polarized
abelian varieties of type D [dJ93|, Section 1]. It is classical (see [Ols12] Theorem 2.1.11] or [MFK94, Chapter
7, Proposition 7.9 and Theorem 7.10]) that Ap is a smooth Deligne-Mumford stack whose coarse space is
a quasi-projective variety. Let Appy — Spec(C) be the moduli stack of triples (A, A, a), where (4, ) is a
polarized abelian variety of type D and « is an isomorphism of symplectic modules (A[\],e)) — (Mp,ep).
Then Arpy — Ap is a torsor under the group Sp(Mp), so is a smooth Deligne-Mumford stack too. If
dy > 3, then objects of Ap(py have no nontrivial automorphisms (see [BL04, Corollary 5.1.10]) and Ap(p is
representable by a smooth quasi-projective variety over C.

Let ' C Spgg(Z) be subgroup containing I'(nD) for some n with ndy > 3. Then the finite group I'/T'(nD)
acts on the variety Ap(,,py; we denote the corresponding quotient stack by Ar. If I is torsion-free (i.e., every
element of finite order equals the identity) then this I'/T'(n.D)-action is free, and Ar is again a smooth variety.
It carries a universal abelian scheme AV — Ar equipped with a polarization of type D.

32



Let hy = {Z € Matyy4(C): Z' = Z and Im(Z) is positive definite} be the Siegel upper-half space of genus g.
The group SpQDg (R) acts on b, via the association

s 2=z a0z +0" itg= (7 7)esh@. zen,

Let A% be the analytification of Ap. To every Z € b, we can associate a polarized abelian variety (Az, Az)
with a symplectic basis (see [BL0O4, Section 8.1]), and this association defines an isomorphism of orbifolds

A" = [T\bg].

If T is torsion-free, then A} is a connected complex manifold whose universal cover b, is contractible.
Therefore, A" is a classifying space for its fundamental group I' (equivalently, a K (I', 1) space). Consequently,
if .% is a locally constant sheaf of finite commutative groups on the étale site of Ar, then there are canonical
isomorphisms

H*(Ar, F) ~ H* (AP, 7°") ~ H*([, M#), (5.6)

where H? denotes étale, singular and group cohomology respectively, #2" denotes the analytification of 7,
and Mg denotes the I'-representation corresponding to the local system .# on A{". The first isomorphism is
the comparison isomorphism between étale and singular cohomology [SGAT3| Exposé IX, Théoréme 4.4]; the
second isomorphism is the comparison isomorphism between the singular cohomology of a classifying space
and the group cohomology of its fundamental group [Bro82) Section III.1, p. 59].

5.5 Twisted Chow groups and negligible étale cohomology

Let X be a smooth and geometrically integral separated scheme of finite type over a field k with function
field k(X). Let # be a locally constant étale sheaf of finite commutative groups which is killed by a positive
integer n that is invertible in k.

Definition 5.15. Say a class ¢ € H(X,.%) is negligible if for every field extension K/k and k-morphism
f: Spec(K) — X, f*(c) =0 in H*(Spec(K), f*F).

(Compare this definition with the one made in in the context of group cohomology; morally this definition
coincides with the group cohomology one when “X = BG”.) Write H (X, .7 )neq for the subgroup of negligible
classes. Reinterpreting and generalizing the computation of Merkurjev—Scavia in group cohomology [MS25],
Totaro [Tot25] has determined H?(X,.% ), when .# has finite monodromy. He states this (and much more)
in the language of twisted Chow groups; we extract the concrete statement that we need for our purposes.

Let G be a finite group and 7: Y — X a G-torsor with Y connected. Suppose that 7*.%# is constant and
write M for the corresponding finite abelian group with G-action. For each m € M, let G,,, = Stabg(m) and
consider the quotient Y,,, = Y/G,, and the factorization Y — Y, Iy X of 7. Define the composition

Om: Pic(Yy) @ Z/nZ — H* (Y, pn) — H2(Vy,, 75, F (1)) — HA(X, .Z (1)), (5.7)
where:

o Pic(Y,,) ® Z/nZ — H?(Y,,, j1n,) is the connecting map coming from the Kummer sequence 1 — g1, —
Gmn — G — 1,

o n — Ty F (1) = m5F Rz/nz ln is the twist of the map Z/nZ — . % of etale sheaves on Y,
corresponding to the G,,-module map Z/nZ — M sending 1 to m; and
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e H2(Y,,, 75,7 (1)) — H2(Y,.Z (1)) is the transfer (or corestriction) map associated to the finite etale
cover Tp,: Y, — X.

Theorem 5.16 (Totaro). In the above notation, ker(H?(X,.Z (1)) — H?(k(X),.Z(1))) equals the subgroup
generated by the images of p.,, where m ranges over the elements of M.

Proof. Totaro defines the twisted Chow group CH'(X,.%) and cycle map cly,#: CH'(X,.%) — H%(X,.Z(1))
whose image equals the kernel of H?(X,.% (1)) — H2(k(X),.Z (1)), see [Tot25, Lemma 8.2] On the other
hand, he shows [Tot25, Theorem 8.1] that CH'(X,.%) is generated by the images of maps 1, : Pic(Y;,) =
CH'(Y;,) —» CH (Y;,,.#) — CH'(Y, .%), as m ranges over M. Unwinding the definition of these maps shows
that C1X79 o) 1/}m = Pm- O

Corollary 5.17. In the above notation, the following are equivalent for a class c € H*(X,.Z(1)):

1. c lies in the subgroup generated by the images of w.,, where m ranges over the elements of M ;
2. c is negligible in the sense of Definition[5.15];

3. if n: Spec(k(X)) — X denotes the generic point, then n*c = 0.

Proof. The equivalence (1) < (3) is Theorem and the implication (2) = (3) follows from the definition.
It remains to show (1) = (2). To this end, it suffices to show for each m € M that the image of ¢,, lands in
H?(X,.Z(1))neg- Fix such an m, let £ € Pic(Y,,,) and let f: Spec(K) — X be a k-morphism for some field
K /k. The pullback of 7, : ¥;,, = X along f is an étale K-algebra Spec(L) — Spec(K) and comes equipped
with a morphism f,,: Spec(L) — Y,, lifting f. By compatibility between restriction and corestriction,
f*om(l) equals the image of f7 ¢ € Pic(Spec(L)) under a map Pic(Spec(L)) ® Z/nZ — H?(Spec(K), .Z(1)).
Since Pic(Spec(L)) = 0, we conclude that f*¢,,(¢) = 0, as desired. O

We now apply these considerations to our situation of interest. Let D = (d1,...,d,) be a type and let
r< Spgg (Z) be a torsion-free arithmetic subgroup. Let Ar — Spec(C) be the corresponding Siegel modular
variety constructed in Section Assume that the restriction of the reduction map redp : SpQDg(Z) — Sp(Mp)
to I is surjective. Restricting the sequence to I', we obtain the exact sequence

1= TNT(D) - T 295 Sp(Mp) — 1. (5.8)

Recall that cp € H?(Sp(Mp), Mp) denotes the class of the extension (5.2)); let ¢p,r € H?(I', Mp) denote the
pullback of ¢p along redr: I' — Sp(Mp). View Mp as a locally constant étale sheaf on Ar, trivialized along
the Sp(Mp)-cover Aprqr(py — Ar and with monodromy given by the Sp(Mp)-action on Mp. Under the
comparison isomorphisms , cp,r corresponds to a class C%,r € H?(Ar, Mp).

Fix an element m € Mp. Let I';;, C T' be the stabilizer of m; this is the preimage of Stabgp(as,)(m) under
the reduction map I' — Sp(Mp). Consider the composition

or.m: B3(Ty,, Z) — H?(T,, Mp) — H3(T, Mp), (5.9)

where the first map is induced by the I',,-module map Z — Mp sending 1 to m, and the second map is
corestriction. Denote the generic fiber of the universal abelian scheme A — Ap by A%™; it is an abelian
variety over the function field C(Ar) equipped with a polarization A of type D.

Proposition 5.18. Suppose that cp r does not lie in the subgroup generated by the images of or m, where m
ranges over the elements of Mp. Then c%’F € H?(Ar, Mp) is not negligible and the answer to Question@ 18
no for the pair (AE™",X) over C(Ar).

34



Proof. The module Mp is killed by n := d,. Since we are working over C, we may identify p,, with Z/nZ,
hence Mp(1) with Mp. Consider the Chern class map ¢;: Pic(Ar,, ) — H*(AR" ,Z) ~ H*(I'y,, Z) arising
from the exponential sequence and the comparison isomorphism (5.6). The maps defining ¢, of and
©r,m of fits into a commutative diagram:

PiC(AFm) Ed HQ(AFW,Z/HZ) —_— HQ(AFm7MD) Emd HQ(AF,MD)

b I I 3

H*(T,,,Z) —— H2(Tyn,Z/nZ) —— H%(T,,, Mp) — H2(T, Mp)

The commutativity of this diagram follows from the fact that the comparison isomorphisms (5.6) identify ¢;
with the étale cycle class map and corestriction in étale cohomology with corestriction in group cohomology.

It follows that the image of ¢, in H?(Ar, Mp) ~ H?(I', Mp) is contained in the image of ¢r ,, for every
m € Mp. The assumptions and Theorem therefore imply that cCDtI is not negligible and that its image ¢
in H?2(k, Mp) is nonzero, where k = C(Ar). By definition, c is the pullback of the class cp € H?(Sp(Mp), Mp)

gen

along the homomorphism p: Galy — Sp(Mp) corresponding to the symplectic module (Af™[A], ex) over k.
The fact that ¢ is nonzero means (by Lemma that there does not exist a theta group for (AF™[A], ex).
By Theorem [0 this implies that the answer to Question [2is no for (A%™,\). O

In the remainder of the paper, we will perform group theory computations to verify the assumptions of
Proposition [5.18] for various D and T

5.6 Polarized abelian varieties not admitting theta groups

Let n,k > 0 be integers and g =n+ k. Let D =(1,...,1,2,...,2), where 1 occurs n times and 2 occurs k
times. Fix a prime p > 3 and let I = ker(SpQDg(Z) — SpQDg(Z/pZ)). The arithmetic subgroup T is torsion-free.

The restriction of the reduction map Sp2Dg (Z) — Sp(Mp) to T is surjective, and we have an exact sequence
1—-T(pD) —-T — Sp(Mp) — 1

Proposition 5.19. Suppose that n > 3 and k > 4. Then the class cpr € HQ(F,MD) does not lie in the
subgroup generated by the images of or m of (5.9) where m ranges over the elements of Mp.

The proof of this proposition is given at the end of this subsection, after some preparations.

Proposition 5.20. Ifn >3 and k > 2, then T'(pD)** ® Z/27Z = 0.

Proof. Let T(pD)s = ker(Sps)(Zs) — Sp(Mp)) and T(pD),, = ker(Spy,(Z,) — Spa,(Z/pZ)). By Lemma
we have an isomorphism of profinite groups

T(pD) ~T(pD)2 x T(pD), x [ Spay(Ze).
L#2,p

——ab

By Lemma [5.13] it suffices to compute I'(pD) . By Lemma [5.14 SpQg(Zg)ab =1 for all £ # 2,p and

[(pD)ab ~ (Z/pZ)29°+9. Therefore it suffices to prove that I'(pD)3> = {1}. This is a tedious exercise in
group theory; we postpone the proof to the appendix (Theorem [A.1]). O

Proposition 5.21. Ifn >3 and k > 3, then cpr # 0.
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Proof. The five-term exact sequence associated to the Hochschild—Serre spectral sequence HP (Sp(Mp), HY(T'(pD), Mp)) =
HPT4(T, M) has the form

- S HY(D(pD), Mp)SPMe) s H2(Sp(Mp), Mp) L+ HX(T, Mp).

Since the T'(pD)-action on Mp is trivial, we have H!(I'(pD), Mp) = Hom(T'(pD)*", Mp), which is trivial by
Proposition [5.20] and the fact that Mp is killed by 2. Therefore the final map f is injective. By definition, f
sends ¢p to cp . Since k > 3, cp # 0 by Proposition so ¢cp,r = f(cp) is nonzero. O

Proposition 5.22. Let m € Mp be nonzero and let I'y,, C ' be the stabilizer of m. Assumen > 3 and k > 4.
Then:

1. T2b ® (Z/2Z) = 0.

2. The cokernel of the restriction map res: H?(I', Z) — H%(T,,,Z) is finite of odd order.

Proof. 1. Let G,,, C Sp(Mp) be the stabilizer of m. Since I' — Sp(Mp) is surjective, I, /T'(pD) ~ Gp,.
The five-term exact sequence in group homology associated to the spectral sequence H, (G, Hy(T'(pD),F2)) =
Hpiq(T'sm, Fa) looks like

cee = H(J(Sp(MD),Hl(F(pD),FQ)) — Hl(Fm7F2) — Hl(Gm,Fg) — 1.

By Proposition H;(T(pD),F3) = T'(pD)*» @ Fy = 0. By Lemma and the assumption k > 4,
H; (G, F2) = 0. Therefore ', ® Fo = Hy (T, F2) = 0.

2. The exact sequences (5.5 for I and T, are connected by a commutative diagram

1 —— HY(T,Q/Z) —— H*(I',Z) —— Z —— 1

| [ y

1 —— HYT,,,Q/Z) —— H2(T')p,Z) —— Z — 1

By the snake lemma, it suffices to prove that the cokernels of o and (8 are finite of odd order. For the
cokernel of a, this follows from Part 1 and the fact that H*(T,,,, Q/Z) = Hom(T'2>, Q/Z). To analyze £,
let cores: H?(T',,,Z) — H2(T',Z) the corestriction map. Then cores ores = [I" : I',,,]. Since the action of
Sp(Mp) on the nonzero elements of Mp, is transitive, [[': T',,] = [Sp(Mp) : Gyn] = #Mp — 1 =22k — 1.
Therefore 3(1) € Z must be an integer n dividing 22* — 1. In particular, n must be odd. So
coker(f3) ~ Z/nZ is finite of odd order.

O

Proof of Proposition[5.19. By Proposition cp,r # 0. Hence it suffices to show that ¢r ,,, = 0 for each
m € Mp. Let m € Mp be an element. If m = 0, then the first map in is induced by the zero map
Z — Mp, so evidently ¢r ,, = 0 in this case. So we may assume m # 0. Let res,,: H*(T',Z) — H?*(T',,, Z) be
the restriction map. We first claim that ¢r , o res,, = 0. To prove this, note that or ,, o res,, is H*(T, —)
applied to the composition of I'-module maps

Z — Z[L/Ty] — Mp, (5.10)

where Z[I'/T',,] is the permutation module on the I'-set T'/T,,, Z — Z[['/T,,] sends 1 to >_ g - T, (where g
ranges over coset representatives in I'/T,,), and Z[T'/T,,,] = Mp sends g-T';, to g-m. So the composite ((5.10))

sends 1 tom” =3, .. m'. Since m" is an Sp(Mp)-invariant element of Mp and since there are no such
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nonzero elements, we must have m” = 0 and the composite (5.10) must be zero. Therefore the composite
©m O TeS,, is also zero, as claimed.

We conclude that or , : H*(T,,, Z) — H2(T', Mp) factors through the cokernel of res,, : H*(T', Z) — H?*(T,,, Z).
Since Mp is killed by 2, the target of or ,, is killed by 2. By Proposition the cokernel of res,, has odd

order. Combining the last two sentences shows that ¢r ,,, = 0. O
Proof of Theorem[(. Combine Propositions and O

A Group theory computations

In this appendix, we finish the proof of Proposition [5.20] by computing the abelianization of an explicit 2-adic
congruence subgroup. Let n, k > 0 be integers and let ¢ = n + k. Consider the type D = (1,...,1,2,...,2),
where 1 occurs n times and 2 occurs k times. Consider the profinite groups SpQDg (Zg) and T = ker(Spgg(Zg) —

Sp(Mp)). (We deviate from our standard notation that I" is a congruence subgroup of SpQDg (Z2).)

Theorem A.1. If n >3 and k > 2, then T2b s trivial.

The proof of this theorem is given at the end of this section, after some preliminary explicit lemmas. In the
words of Mumford [Mum83|, p.202], there is nothing very difficult in any of these. In the standard basis
€1y seqy fiyeey fqg Of Ap ® Zy = 757, we have

Spay(Z2) = {7y € GLag(Z2): v'Jpy = Jp}

= {<)Z( ;;;) S GLQQ(ZQ): XtDZ and YtDW Symmetri(ﬁ,XtDW _ ZtDY _ D} '

We will break each g x g-block X,Y, Z, W into subblocks, and we will write X = (gi §;§ ), where X1 has
size n x n, X1 has size n x k, Xo; has size £ x n and X», has size n X n. Similarly we have Y;;, Z;; and W;;
for 1 < 4,5 < 2. The condition JpgJ,' = g~* € GLay(Zy) implies that DXD~', DY D', DZD~!, DW D!
have entries in Zs. This implies that all the entries of X2, Y12, Z15, Wio are in 2Z,.

We record two automorphisms of Sp3, (Zz). The first one is v — (y*) ™! = (Jp'v!Jp) ™%, and the second one
is conjugation by h = (PI é) € Spgg(Zg). Explicitly, we have

X v\ " _(D'W'D -D'Y'D W (X YN, (W —Z (A1)

Z w) ~\-D'zZ'D D7'X'D )’ zZ W TA\-Y X ) ’
Recall that Mp = A};/Ap and that the reduction map SpQDg(Zz) — Sp(Mp) ~ Spy(Fa) is surjective. In the
coordinates of Mp fixed in Section this reduction map is given by

X Y Xoo Yoo
(Z W) — <Z22 W mod 2.
The restriction of the symplectic form to the submodule Ay with basis {ey, ..., en, f1,..., fn} has Gram matrix
Jp,, where Dy = (1,...,1) has length n. Similarly, the restriction of the form to the submodule Ay spanned
by {en+t1,...,€q, futi,- .., fg} has Gram matrix Jp,, where Dy = (2,...,2) has length k. The subgroup

of elements of SpZDg(Zg) that preserve A; and As is isomorphic to Sp(A;) X Sp(Asz) = Spsy,,(Z2) X Spoi(Zs).

This defines an embedding i: Spy, (Z2) X Spyy(Z2) — SpQDg(Zg) whose image equals those matrices for
Wthh )(127)(217 Y127}/21; Zlg, 2217 W12, W21 are all Z€ro. Let Sp2k (ZQ, 2) = ker(szk(Zg) — Sp2k(F2)) The
restriction of ¢ to I' is an embedding Sps,,(Z2) X Spyy(Z2,2) < T.
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Lemma A.2. Ifn >3, Sp,,(Z2)? is trivial. If k > 2, the commutator subgroup of Spoy,(Za,2) equals

Spay(Z2,4,8) := {A = (a;;) € Spop(Z2): A=Imod 4 and a; i1k = @itk =0mod 8 for alli=1,... k}.

Proof. The first claim is a special case of Lemma The second part follows from the isomorphism

i

SPog(Z,2) = Spyy(Z2,2) x [],553 SPay(Zp), Lemmas and and [Sat10, Proposition 10.1]. O

Let L C T be the subgroup of elements with Y = Z = 0. Let
L = {X € GLg(Zg)Z X192 =0 mod 2, Xos =1 mod 2} (A2)

Then the assignment X +— ()0( D_lg(_,, D) defines an isomorphism of groups a: L’ =+ L. For a ring R and

integers a,b > 1, let Mat, »(R) be the R-module of ¢ x b-matrices.
Lemma A.3. Ifn>3 and k > 2, then L C [der

Proof. By considering block diagonal elements of Sp,,,(Z2), we see that every element of L of the form

o (()‘81 ?)) . X11 € GLy(Zy) (A.3)

lies in the image of i: Sp,,(Z2) — I'. By Lemma[A.2] and the assumption n > 3, every element in this image
lies in T'9¢" so every element of the form (A.3) lies in I'!°". Similarly, every element of the form

a ((é )(02 2)) . Xas € ker(GLy(Z2) — GLy(Z/4Z)) (A.4)

lies in I'¢*. Next, we consider strictly upper triangular elements. If X € GL,(Z3) and Y € 2Mat,, 1(Z2), we

calculate the commutator
X 0 I Y\| (I XY-Y
0 I/°\0 I/)| \oO I

in L'. We claim that the Z-span of the set {XY —Y: X € GL,(Z3),Y € 2Mat,, x(Z2)} equals 2Mat,, 1, (Z2).
To prove this, we may assume Y consists of a single column, in which case it can be explicitly checked by
taking X to be upper and lower triangular matrices (and using that n > 2). We conclude that every element
of the form o (({ %)) € L lies in L9°". By an identical argument, every element of the form o ((£9)) € L lies
in L. Now let a (( §; §;§ )) € L be a general element. Then the condition X;» = 0 mod 2 implies that

X711 is invertible modulo 2, so X1; € GL,(Z3). Therefore, left multiplying by « (( % 9)()(6—11 ?)) € Tder
and right multiplying by « ((é _Xf}lxlz )) € 9 shows that

X1 X2 I 0 d
= _ d e, A5
“ <<X21 X22)> “ ((0 Xog — X21X111X12>> e —

To prove the lemma, it therefore suffices to show that every element of L the form « (({ 9)) lies in T'9°r. We
calculate using ({A.5) that for all X € Mat,, x(Z2) and Y € Maty, ,(Z2):

(16 7) G D)= (i 775%)) =2 ((0 r-avssn)) moar™

where (---) denotes an element of Maty, (Z2). By combining this identity with the elements of the form
(A-4), it suffices to prove that the set {I —2Y' X : X € Mat, x(Z2), Y € Maty, ,(Z2)} generates a subgroup of
GL(Z3) that surjects onto ker(GLy(Z/4Z) — GL;(Z/27Z)). This is true, as can be seen by taking X and Y
to be Zo-multiples of elementary matrices. O
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Let U C T" be the subgroup of strictly upper triangular elements, i.e., those elements with X = W = I and
Z = 0. Define the Zs-module

U' = {Y € Mat, 4(Zs2): Y11, Yo symmetric, Y12 = 2Y5; and Y22 = 0 mod 2}

Then the assignment Y — (/) is an isomorphism of abelian groups 3: U’ — U. Let U C T be the
subgroup of strictly lower triangular matrices, i.e., those with X =W =1 and Y = 0.

Lemma A.4. Ifn>3 and k > 2, then U C Ider gpd yorp c [der,

Proof. Denote the submodule of symmetric matrices of Mat,, ,(Z2) by Sym,, (Z3). By considering strictly
upper triangular elements in Sp,,, (Zs) and Sp,;,(Z2) and using Lemma [A.2] we see that every element of the
form

Y] 0
5 (5 ). Yin e Sma(z), van € 88y 22) (A6)

lies in T'9°". We now calculate commutators between elements of L and U. If X € L' and Y € U’, then

[a(X), B(Y)] =

(I XYw-1t— Y) 7 (A7)

0 1

where W = D71 X~!D. We claim that every element of U is a product of elements of the form (A.6) and
(A.4)). To prove this claim, note that

_ X X Y11 Y X! 2X!¢
XYW 1 _ ( 11 12> < 11 12> (1 11 21> )

Xo1 Xpo) \Yor Yao) \5X}, Xi

To consider off-diagonal blocks, we compute that if X5 =0, Xo; =0, X9o =0, Y71 = 0 and Y35 = 0, then

0 X11Yo — Y12>

Xyw—l-v=
<Y21Xf1 - Yo 0

(A.8)

By an argument similar to the proof of Lemma the Z-span of {Y X'—Y: X € GL,(Z2), Y € Maty, ,,(Z2)}
equals Matg, ,(Z2). So every element of U’ of the form (9 §) is of the form (A.8). To consider the lower-diagonal
blOCk, we compute that if X11 = [, X12 = 0, X22 = I, }/12 = O, Y21 =0 and Y22 = 0, then

-1 _ _ * *
XYW -y = <* 2X21Y11X§1> . (A.9)

By considering elementary matrices, we find that the Z-span of the set {2XY X*: X € Maty ,(Zs), Y €

Sym,,(Zz2)} equals 2 Sym;(Zs). Combining all elements of the form (A.6), (A.8) and (A.9) proves the claim,
in (A.1)

hence proves that U C I'°*. Applying the second automorphism displayed to this containment also
proves that U°PP C Ider, O

Lemma A.5. Let H be the closure of the subgroup of I' generated by L,U and U°PP. Then H =T.

Proof. The proof is inspired by the methods of [Ros78|. Recall that we have an embedding ¢: Sp,,, (Z2) X
Spoi(Za,2) — I’ which we use to view Sps,,(Za) X Spyi(Za,2) as a subgroup of T'.

Claim 1: Sp,,(Z2) C H and Spy,(Z2,2) C H. Indeed, [BMS67, Corollary 12.5] shows that Sp,,(Z) is
generated by elements in U and U°PP, and [Mum83l p. 207, Proposition A3] shows Sp,(Z,2) is generated by
elements in U, U°PP and L. Since the inclusions Sps,,(Z) C Sps,,(Z2) and Spy;,(Z,2) C Spyy,(Za2,2) are dense,
the claim is proven.
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We will prove the lemma by induction on n. If n = 0, then T' = Spy;,(Z2, 2), so the lemma is true by Claim 1.
Therefore we may suppose n > 1. Let v € T' be an element and let u = () be the first column of +, where

v,w € Z§. We write v = (p) and w = (4} ), where vy, w; € Z% and vq, wy € ZX.

Claim 2: There exists an element 6, € Spy,, (Zs) such that 6; - (3) = (10 0)" Indeed, since Sps,, (Zs)
acts transitively on primitive vectors (in other words, elements of Z3" \ (2Z3")) it suffices to prove that
(4t ) is primitive. Examining the (g + 1)-th row of v* (using the first formula of (A.1)) shows that
v = (—wl —2w} v} 2v}) appears as a row of an element of Spi, (Zz2) C GLyy(Z2), so u’' must be
primitive. This implies that () ) is primitive, proving the claim.

Claim 3: Suppose v; = (10 - o)t. Then there exists an element d; € U°PP such that ds - v has first n
coordinates equal to v; and last k coordinates equal to zero. Indeed, let Z3; € Maty, ,,(Z2) be the matrix with

first column equal to —wy and all other columns equal to zero, and let Z = (Z(il 22051 ) Then d = (£ 9)

satisfies the conclusion of the claim.

Claim 4: There exists an element § € H such that 6 -u = (10 0)". Indeed, by Claims 1 and 2, there
exists a 07 € H such that the first n coordinates of d; - u equal 1,0,...,0. By Claim 3, there exists a §, € H
such that the first n coordinates of ds - (41 - u) equal 1,0,...,0 and the last k coordinates equal O, ...,0.
Applying Claims 1 and 2 again, there is an element d5 € Sp,,,(Z2) C H such that «' = d3 - (d201 - u) has
first n coordinates 1,0,...,0 and last g coordinates equal to 0. Let v € Z3 be the vector formed of the
first g coordinates of u’. The explicit description shows that there exists an element X € L’ such that
X-v' = (10 0)". Then the element o(X) € L satisfies a(X)-u' = (10 0)". Taking § = a(X)d3020, € H
proves the claim.

Using Claim 4, it suffices to prove that every element v € I whose first column equals (10 - 0 )t lies in H.
Let v be such an element. Recall that eq,...,eq, f1,..., fy denotes the standard basis of Ap ® Zg = Zgg. By
assumption, v - e; = e;. Therefore v also preserves the submodule (e;)* = (e1,..., ey, fa, .-, fg)- In terms
of matrices, this means that v is of the form

10 % | % %
00X [xi
0: 0 |x: 0 ’
0 Z [« W

where we have divided v into ¢ x g-blocks using the solid lines, and where each g x g-block is further divided
into blocks of size 1 x 1, 1 x (9 —1), (g —1) x 1 and (g — 1) x (g — 1) by the dashed lines. The quotient
N = (e1)*/(e1) has Zs-basis given by the images of {ez,..., €4, f2,..., fy}, and the symplectic form on
Ap ® Zs induces a symplectic form on N of type D' = (1,...,1,2,...,2), where 1 occurs n — 1 times and 2
occurs k times. The map 7 induces a map v’ € GL(N) that preserves the induced symplectic form. In the
above basis of N, 7/ = ()Zfll ‘}‘//11 ). Writing IV = ker(SpQDg/ (Z2) — Sp(Mp)), we see that v/ € TV. Let 4" € T
be the element that acts on (e, ...,eg4, f2,..., fy) via 7/ and acts trivially on (eq, f1). By the induction
hypothesis, 7/ lies in the analogue H' C I of the subgroup H C I'". Therefore v/ € H, and the matrix
(7"") 'y is of the form

This matrix is block upper triangular, so lies in the subgroup generated by L and U, which both lie in H.

This shows that (v")~1v € H, so v € H, proving the lemma. O
Proof of Theorem[A.]. Combine Lemmas A4 and O
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