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CE EL ring of integers .

SOME BASICS
-

RECALL
-

tf k a field .

g
:P → Gluck)

then g
is semisimple if

f=⑦gpi
with

gi
irreducible .

given Ag :p → Ahold)
choose filtration

OE V
, ⇐ . -

- ⇐ Vr -- V

• Vi T - invariant

• Vivir , ironed.

So the se⇒lEn g
"
is

J Alling on ⑦ Vivier .

= : Vss .



TAMIBRAUER -NESBITT) k a field .

Ta Gop) - group .

fi ,fz :P
→ GLNCK)

Suppose either

(1) Characteristic polys of . g.Cr)

and gzcr) are equal Hren
of

(2) cheer k=o Csn) and Tr g. Cr)

and Tn gdr) are equal tret

Then fess - pass

-

CLAIM elf
T compact , and

-

gin → GLnC↳

Then there exists a conjugate

g
' of g taking values in Glencoe) .



reduction model of f .So define
-

f- = (gigs
-

I

where p -%GLn(kid
* Glencoe)
#

RECALL
- tf KIK

' eat of
local fields and R top ring .

g- Coal (K'
IK) → G-↳Cr)

is unrd if it factors through
GILKWIF) .

-

Combining Brauer - Nesbitt with

Chebotarev we get .



THI F a # field . S fin set
of places .

Sessa : Ge → G-Lack)

unvaurified outside S
. Suppose

C) Char poly . g, Cfrobv) and

fecrnobv) equal the#S

OREL
) Tv gicrobv) =Tr gzlfwbu) equal
fires

Then fess = gfs .
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Ok Ek ring of ints .

ITE Gr uniform
.

see

Kk res . field .

Vk : K" → Is normalised .



PICTURE
-

- K
,
pro p

↳ ¥. I e:
-ri

K
" I

-

l l f. An = E
K k

→
Fob to l E E

VK
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Define the Weil group
-

wk = VICI)

Nk → I continuous when

a has the discrete top

THE Let l #p .

Let

g : Ctr → Glances

Then there erwsts a finite
eat K'IK suet that

flik , uowpotent

Fall the eigenvalues
are l



CLAIM
- ktame = U Kw(ff)

Cor,p)=L

Proof ANT .

GallKYE) 1kW) =µn
T 1-7 r Xyz

G-all ktamykur)
H

Irian = II Gal CETTE) 1kW)
(n,p)
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Define iphone to be the

inverse image of Kp . under

this
.

Define

its
,p
.

' Ik → Intan → Ip.

EMMA Let 0 e- Gal (Rta- Ik)

be lift of tub .

then

conjugating by 0 is a well

defined action of Fob on

Itam
.

AND

CD Htc Itta
-

; of'E¢=I#k

② htt EIK
,
TE Wen

tqp ,Cotter) = #k"
"'

tgp , t)



Proof CD

Z=tCV
IF

Suppose I' another uniform

c- fit) awet⇒=VGI (pm,

at

⇒#
Ei

e- K
"

⇒
that )

¥,

= N

⇒ 070 (TF )¥=¢-fE0⇐
.)

I
= 04cm
= N
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= t#k (TI )

Ci) Follow your
nose

hee
.

-

RECALL (TRYING TO PROVE )

theorem ftp.t.net/Qe
g : Grt → Ghats

Then there erwsts a finite
eat K'IK suet that

flik , uowpotent

Proud



Claim ' Wlog g CIE) is pro -l .

Prost
RECALL
Glencoe) not pro -

l But

Ginter) -- ker(Glencoe) → Glenda))
is pro -e .

A- Eli Gi. - stable

g- : Ctr → GLo.CAT → ftp.CA-kaa)

U -- kerf open .

Set K again to
be

ka .

Then g (Ir) must live in

GL:'(AT
the



Claim g factors through
team ( pueimage of

Ie )
under Item E#Tp'

P'Fp

Pet

Galcrilttame) is inverse

limit of p-sylow subgroups

of Imetia groups

ktets killed .

Same for all Ip,
in

IIIT when plate .

t

g
: Ir
.

→ team EGL.

Let EE IEM be the

inverse image of l under

Iata- E Ze .



CLAIMS 3 fth has eigenvalues
which are er -th roots of
unity .

Prod First part of karma

6-' to = I
#R

ft (Otto) = ft Lt
#k) = gtfo)

#k

⇒ GET and ECtHr have

the same eigvailues
⇒ roots of 1 .

jct ,#I ,¥) converges
lol

in particular di th roots oft

for some r .



CLAIM There exists MZI

Such that Are Ietame

gt
dm

is unipotent .

Proof we know this for I

hence for Ed .
Is Ze

dense .

So by continuity ✓

CLAIM 5

-

We're really done.

Proof
- flew unipolent .

It → It → team
Ei

211

Ie

-
-
- - - - s em ke

Take K'CK smh that



dm I ekyk
.
Then you

land in em Ie

fl : It → Glance)
IE '

MIrena
.

So everything
in the wedge

is unipdeht '

TW
-



COROLLARY There exists a
#

UNIQUE nilpotent NEEnda)

an a finite extension felt

such that

CD gcot-expcts.MN)
for all retry .

gG7esupC ) =/
when

And N satisfies Are NKTEIF '

② flo)NgGT=#k~±Mµ

Frosh follow your
nose take

K
'
as above N toggle) .

FIE



Finally we are at the topic

DEF A well - Deligne representation

over a field -2 of char .

O is a triple Cv , g , N)

• V is fin dim 52 US .

• g : Wr. → Ghs

• ME Eneffv) nilpotent .

Seek that I

① SINE wart
discrete(⇐

79%7.
⇒ g date

② VIEWK

gCr3NgGi= #k
"""

N



WHAT'S THE POINT ?
-

Fra T as above roots of 1 .

01 lift of fob . to Gk

then define functor

was
.. :{E'Y:Y→{%w7H
: ( v , g) ↳ Cyr ,N)

where N nip . thing before .

rCr7=g escpfts.ec
-"'

a)N)

0-9 It → G-⇐ → Ctu -70

←

←§ Eye only

defined here



LEIA the functor WDS
,

is an equivalence of

categories ~
Prod_shetch

Faithfulness
the uniqueness of N .

-

Suppose f : (Yg)
→ Cuss

' )

Thea the 1. ness of N

⇒ FON = N' of .

in particular WDS
,

is

faithful .

-


