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1. (a) Let p be an odd prime, and let p∗ = (−1)(p−1)/2p. Show that
Q(ζp)/Q has a unique quadratic subfield K. By considering which
primes of Q ramify in K, show that K = Q(

√
p∗).

(b) Let q 6= p be an odd prime. By considering the factorization of
qOK , prove the quadratic reciprocity law in the form(

q

p

)
=

(
p∗

q

)
.

2. Let N ≥ 1 be an integer, and let K ⊂ Q(ζN) be a subfield. Suppose
there exists M |N such that CK/Q|(M). Show that K ⊂ Q(ζM).

3. (A special case of the Kronecker–Weber Theorem.) Let p be an odd
prime, and let K/Q be a Galois extension of degree p, ramified only at
the prime p. Show, without using class field theory, that there exists
an integer N ≥ 1 such that K ⊂ Q(ζN), as follows:

(a) First consider a totally ramified, Galois extension E/Qp of de-
gree p. By computing vE(f ′(πE)) in two different ways, where
f(X) ∈ Zp[X] is the minimal polynomial of πE, show that the
lower ramification groups of G = Gal(E/Qp) are given by G1 = G,
G2 = {1}, hence CE/Qp = (p2).

(b) Now suppose given two Galois extensions K1, K2/Q of degree p,
ramified only at the prime p, such that K1 6= K2. Show that
the extension K1 ·K2/Q is abelian and totally ramified at p, with
Galois group isomorphic to (Z/pZ)2. (You may use the fact that
there is no non-trivial everywhere unramified extension of Q.)

(c) By considering the ramification groups of Gal(K1 ·K2/Q), derive
a contradiction.

(d) Deduce that the only Galois extension K/Q of degree p, ramified
only at the prime p, is the degree p subfield of Q(ζp2).

4. Let K be a number field, and let m, n be moduli of K such that m ≤ n.
Show that there is a surjective homomorphism H(n)→ H(m).

5. Decide whether there exists an abelian extension K = Q(
√

3) of degree
3, ramified only at the primes of OK above 5. (You may assume that
H(OK) is trivial and that O×K is generated by −1 and ε = 2 +

√
3.)

6. Let K be a number field.
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(a) Let u ∈ OK a non-square, p ⊂ OK a non-zero prime ideal not
containing u. Let L = K(

√
u). Show that p is unramified in OL

in either of the following situations:

i. 2 6∈ p.

ii. 2 ∈ p and u = b2 − 4c for some b, c ∈ OK .

(b) Show that the Hilbert class field ofK = Q(
√
−14) isK(

√
2
√

2− 1).

7. Let d < 0 be a square-free integer such that d ≡ 3 mod 4. Let K =
Q(
√
d), and let µ denote the number of primes dividing d.

(a) Show that H(OK)[2] ∼= (Z/2Z)µ.

(b) Deduce that there is an isomorphismH(OK)/2H(OK) ∼= (Z/2Z)µ.
Write down the corresponding subfield of the Hilbert class field of
K.

(c) Show that if H(OK) = H(OK)[2], then there is a subgroup X ⊂
(Z/4dZ)× such for a prime p - 4d, we can write p = x2 − dy2 if
and only if p mod 4d ∈ X.

(d) List the reduced forms of discriminant −420 and give necessary
and sufficient conditions for a prime p > 7 to represented by each
of them.
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