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Abstract

In this paper we continue the investigation of the spectral theory and exponential
asymptotics of primarily discrete-time Markov processes, following Kontoyiannis and Meyn
[32]. We introduce a new family of nonlinear Lyapunov drift criteria, which characterize
distinct subclasses of geometrically ergodic Markov processes in terms of simple inequalities
for the nonlinear generator. We concentrate primarily on the class of multiplicatively reqular
Markov processes, which are characterized via simple conditions similar to (but weaker
than) those of Donsker-Varadhan. For any such process ® = {®(¢)} with transition kernel
P on a general state space X, the following are obtained.

Spectral Theory: For a large class of (possibly unbounded) functionals F' : X — C,
the kernel Is(x,dy) = @) P(z,dy) has a discrete spectrum in an appropriately
defined Banach space. It follows that there exists a “maximal” solution (), f) to the
multiplicative Poisson equation, defined as the eigenvalue problem P f = \f. The
functional A(F) = log()) is convex, smooth, and its convex dual A* is convex, with
compact sublevel sets.

Multiplicative Mean Ergodic Theorem: Consider the partial sums {S;} of the process with
respect to any one of the functionals F'(®(t)) considered above. The normalized mean
E.[exp(S;)] (and not the logarithm of the mean) converges to f(x) exponentially fast,

where f is the above solution of the multiplicative Poisson equation.

Multiplicative regularity: The Lyapunov drift criterion under which our results are derived
is equivalent to the existence of regeneration times with finite exponential moments
for the partial sums {S;}, with respect to any functional F' in the above class.

Large Deviations: The sequence of empirical measures of {®(¢)} satisfies a large deviations
principle in the “r"o-topology,” a topology finer that the usual 7-topology, generated
by the above class of functionals ' on X which is strictly larger than L, (X). The rate
function of this LDP is A*, and it is shown to coincide with the Donsker-Varadhan
rate function in terms of relative entropy.

*I.K. was supported in part by a Sloan Foundation Research Fellowship and by NSF grant #0073378-CCR.
tS.M. was spported in part by NSF grant ECS 99-72957.



Ezact Large Deviations Asymptotics: The above partial sums {S;} are shown to satisfy an
exact large deviations expansion, analogous to that obtained by Bahadur and Ranga
Rao for independent random variables.
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1 Introduction and Main Results

Let ® = {®(t) : t € T} be a Markov processes taking values in a Polish state space X, equipped
with its associated Borel o-field B. The time index T may be discrete, T = Z, or continuous
T = R, but we specialize to the discrete-parameter case after Section 1.1.

The distribution of ® is determined by its initial state ®(0) = x € X, and the transition
semigroup { P! : t € T}, where in discrete time all kernels P! are powers of the 1-step transition
kernel P. Throughout the paper we assume that ® is ¥-irreducible and aperiodic. This means
that there is a o-finite measure 1 on (X, B) such that, for any A € B satisfying ¥)(A) > 0 and
any initial condition x,

P'(x,A) >0, for all ¢ sufficiently large.

Moreover, we assume that v is mawzimal in the sense that any other such 1)’ is absolutely
continuous with respect to v (written ¢’ < 1)).

For a vy-irreducible Markov process it is known that ergodicity is equivalent to the existence
of a solution to the Lyapunov drift criterion (V3) below [34, 17]. Let V : X — (0, 00] be an
extended-real valued function, with V' (zg) < oo for at least one xg € X, and write A for the
(extended) generator of the semigroup {P* : ¢t € T}. This is equal to A = (P — I) in discrete
time (where I = I(x,dy) denotes the identity kernel ¢, (dy)), and in continuous-time we think
of A as a generalization of the classical differential generator A = %Pt\tzo.

Recall that a function s: X — R and a probability measure v on (X, B) are called small
if for some measure m on Z with finite mean we have

> Pl(a, A)m(t) > s(z)v(4), wzeX, A€B.

>0

A set C is called small if s = el¢ is a small function for some € > 0. Also recall that an
arbitrary kernel P = P(x,dy) acts linearly on functions f : X — C and measures v on (X, B),
via

ﬁf() = /Xﬁ(vd?/)f(y) and Vﬁ() = /Xv(da:)ﬁ(ﬂs, -), respectively. (1)

We say that the Lyapunov drift condition (V3) holds with respect to the Lyapunov function
V' [34], if:

For a function W: X — [1,00), a small set C' C X, and constants § > 0, b < oo,

AV < —6W + bl on Sy :={z : V(z) < co}. (V3)

Condition (V3) implies that the set Sy is absorbing (and hence full), so that V(z) < oo a.e.
[¢]; see [34, Proposition 4.2.3].

As in [34, 32], a central role in our development will be played by weighted Lo, spaces: For
any function W: X — (0, o], define the Banach space of complex-valued functions,

LY .= {g: X — C s.t. sgp 5}2! < oo}, (2)



with associated norm ||g|lw := sup, |g(z)|/W (z). We write BT for the set of functions s :
X — [0, 00] satisfying ¢(s) := [ s(z) ¢ (dz) > 0, and, with a slight abuse of notation, we write
A€ Bt if A€ Band (A) > 0 (i.e., the indicator function I is in B*). Also, we let M}”
denote the Banach space of signed and possibly complex-valued measures p on (X, B) satisfying
liallw = sup ey 1 (F) < oo.

The following consequences of (V3) may be found in [34, Theorem 14.0.1].

Theorem 1.1 (Ergodicity) Suppose that ® is a -irreducible and aperiodic discrete-time
chain, and that condition (V3) is satisfied. Then the following properties hold:

1. (W-ergodicity) The process is positive recurrent with a unique invariant probability
measure 1 € MYV and for all z € Sy,

sup ’Pt(x,F) —W(F)) — 0, t — o0,
FeL¥
1 T-1
T F(®(t)) — =(F) ::/F(y)ﬂ(dy), T — o0, as. [P,] FelLV,
=0

where P, denotes the conditional distribution of ® given ®(0) = x.

2. (W-regularity) For any A € B there exists c = ¢(A) < oo such that

TaA—1

EJE:MKM&”g&*V@)+Q xeX
t=0

where E, is the expectation with respect to P, and the hitting times T4 are defined as,

Ta:=1inf{t > 1 : ®(t) € A}, A€ B. (3)

3. (Fundamental Kernel) There exists a linear operator Z: LY — LY+' the fundamental
kernel, such that
AZF = —F +n(F), FeclL¥.

That is, the function F:= ZF solves the Poisson equation, AF = —F + w(F).

1.1 Multiplicative Ergodic Theory

The ergodic theory outlined in Theorem 1.1 is based upon consideration of the semigroup of
linear operators { P!} acting on the Banach space Lz. In particular, the ergodic behavior of
the corresponding Markov process can be determined via the generator A of this semigroup.
In this paper we show that the foundations of the multiplicative ergodic theory and of the large
deviations behavior of ® can be developed in analogy to the linear theory, by shifting attention
from the semigroup of linear operators { P'} to the family of nonlinear, convex operators {W'}
defined, for appropriate G, by

WG () = 10g(Ex[eG(q)(t))]>, xreX, teT.



Formally, we would like to define the ‘generator’ H associated with {W'} by letting H =
(W —I) in discrete time and ‘H = %Wth:o in continuous time. Observing that W!G =
log(Pte%), in discrete time we have

HG = (W — I)G = log(Pe®) — G = log(e 9 Pet),

and in continuous time we can similarly calculate,

1 1

HG = lim - [Wt — I]G = lim - log(e_GPteG) S .
t—0 ¢t t—0 ¢t

whenever all the above limits exist. Rather than assume differentiability, we use these expres-

sions as motivation for the following rigorous definition of the nonlinear generator,

HE) log(e~¢ Pe%) discrete time (T = Z4); n
e~GAef continuous time (T =R, ),

when e is in the domain of the extended generator. In continuous time, this is Fleming’s

nonlinear generator; see [22] for a starting point, and [20, 21| for recent surveys.

In this paper our main focus will be on the following ‘multiplicative’ analog of (V3), where
the role of the generator is now played by the nonlinear generator H. We say that the Lyapunov
drift criterion (DV3) holds with respect to the Lyapunov function V : X — (0, o], if:

For a function W: X — [1,00), a small set C' C X, and constants 6 > 0, b < oo,

H(V) < —6W +blo,  on Sy. (DV3)

[This condition was introduced in [32], under the name (mV3).] Under either condition (V3)
or (DV3), we let {Cy (r)} denote the sublevel sets of W:

Cwi(r)={y: W(y) <r}, r € R. (5)

The main assumption in many of our results below will be that ® satisfies (DV3), and also
that the transition kernels satisfy a mild continuity condition: We require that they possess a
density with respect to some reference measure, uniformly over all initial conditions x in the
sublevel set Cyy (r) of W. These assumptions are formalized in condition (DV3+) below.

(i) The Markov process ® is v-irreducible, aperiodic, and it satisfies
condition (DV3) with some Lyapunov function V : X — [1, 00);

(ii) There exists Ty > 0 such that, for each r < ||W||s, there is a measure 3, (DV3+)

with 8,(e") < oo and P.{®(Tp) € A, g, () > Tot < Br(A) for all
x € Cw(r), AeB.

7

Condition (DV3+) captures the essential ingredients of the large deviations conditions
imposed by Donsker and Varadhan in their pioneering work [14, 15, 16], and is in fact somewhat



weaker than those conditions. In Section 2 an extensive discussion of this assumption is
given, its relation to several well-known conditions in the literature is described in detail.
In particular, part (ii) of condition (DV3+) [to which we will often refer as the “density
assumption” in (DV3+)] is generally the weaker of the two assumptions.

In most of our results we assume that the function W in (DV3) is unbounded, ||W ||~ :=
sup, |W(x)| = co. When this is the case, we let Wy : X — [1,00) be a fixed function in LY,
whose growth at infinity is strictly slower than W in the sense that

[Wo(x)

lim sup
T—=00 zeX

Below we collect, from various parts of the paper, the “multiplicative” ergodic results we
derive from (DV3+), in analogy to the “linear” ergodic-theoretic results stated in Theorem 1.1.

Theorem 1.2 (Multiplicative Ergodicity) Suppose that the discrete-time chain ® satisfies
condition (DV3+) with W unbounded, and let Wo € LY be as in (6). Then the following
properties hold:

1. (W-multiplicative ergodicity) The process is positive recurrent with a unique invariant
probability measure w satisfying, for some n > 0,

m(e") < 00 and w(e™) < 0.

For any real-valued F € LYo, there exist ' € LY, A(F) € C, and constants by > 0,
By < o0, such that

E, [exp(

forallT > 1, x € X.

T-1 i}
[F(@(t)] - A(F)]) | — "
0

—e < eV (@) +Bo—boT , (7)

t=

2. (W-multiplicative regularity) For any A € BT there exist constants n = n(A) > 0 and
¢ =c(A) < oo, such that

TA—1

log(Ex [exp(n Z W(@(t)))}) <V(z)+c, x e X

t=0

3. (Multiplicative Fundamental ‘Kernel’) There exists a nonlinear operator G: LYo — LY
the multiplicative fundamental kernel, such that the function F in (1.) can be expressed
as F' = G(F) for real-valued F € LY°, and F solves the multiplicative Poisson equation,

oo 7

H(E) = —F + A(F). (8)

PROOF. Assumption (DV3) combined with Theorem 2.2 implies that ® is geometrically
ergodic (equivalently, Vp-uniformly ergodic) for some Lyapunov function Vy: X — [1,00),
hence the process is also positive recurrent. Moreover, vy, := emV ¢ ng for some 0 < 1y < 1.
By the geometric ergodic theorem of [34] it follows that 7(vy,) < co.

7



Under (DV3), the stochastic process m = {m(¢)} defined below is a super-martingale with
respect to Fy = o{®(s) : 0 < s <t}, t >0,

t—1

m(t) = exp(V(@(t)) + 5 W ((s)) b]IC(<I>(s))]), t>0. 9)

s=0

From the super-martingale property and Jensen’s inequality we obtain the bound,

E. [exp (mV (®(8)) — mob + tz_‘inOaW@(s)))} <uplz), zEX
s=0

which gives the desired bound in (1.), where 1 := d7n9. The multiplicative ergodic limit (7)
follows from Theorem 3.1 (iii). The existence of an inverse G to H is given in Proposition 3.6,
which establishes the bound F' € LY stated in (1.), as well as result (3.).

Theorem 2.5 shows that (DV3) actually characterizes W-multiplicative regularity, and
provides the bound in (2.). O

As in [32], central to our development is the observation that the multiplicative Poisson
equation (8) can be written as an eigenvalue problem. In discrete-time with A = A(F), (8)
becomes (e P)ef” = elel’, or, writing f = ef, f = e and A = e, we obtain the eigenvalue
equation,

Pff =\, for the kernel Py(x,dy) := f(x)P(x,dy).

The assumptions of Theorem 1.2 are most easily illustrated in continuous time. Consider
the following diffusion model on R, sometimes referred to as the Smoluchowski equation. For
a given potential v : R — R, this is defined by the stochastic differential equation

dX(t) = —ugy(X(t)) dt + odW (t), (10)

where u, := Ly, and W = {W(t) : t > 0} is a standard Brownian motion. On C2, the
extended generator A of X = {X(¢) : t > 0} coincides with the differential generator given by,

d? d

_ 1.2
When o > 0 this is an elliptic diffusion, so that the semigroup { P!} has a family of smooth,
positive densities P!(x,dy) = p(z,y;t)dy, =,y € R [33]. Hence the Markov process X is
1-irreducible, with 1 equal to Lebesgue measure on R.
A special case is the one-dimensional Ornstein-Uhlenbeck process,

dX(t) = —0X (1) dt + odW (¢) (12)

where the corresponding potential function is u(z) = %(5;1:2, z € R.

Proposition 1.3 The Smoluchowski equation satisfies (DV3+) with V =1+uoc"2 and W =
1 +u2, provided the potential function u: R — Ry is C? and satisfies:

(a) lxl‘linoou(x) = 005



= o0, lim inf(uy(z))? > 0.
] =00 |taq (7)) \w|~oo( @)

PROOF. Let V =1+ uo~2. We then have,
H(V):=e VAV = e_V{—u$ (eva_gux) + %02 (ev[uma_2 + 0_4u§]>}

It is thus clear that the desired drift conditions hold. The proof is complete since P!(z,dy)
possesses a continuous density p(z,y;t) for each ¢t > 0: We may take Ty = 1, and for each r
we take 3, equal to a constant times Lebesgue measure on Cyy (7). (]

Proposition 1.3 does not admit an exact generalization to discrete-time models. However,
the discrete-time one-dimensional Ornstein-Uhlenbeck process,

X(t+1)—X(t)=—=0X{t)+W(t+1), t>0, X(0)€eR, (13)

does satisfy the conclusions of the proposition, again with V = 1+ ¢yz? for some €y > 0, when
0 > 0 and W is an i.i.d. Gaussian process with positive variance.

Notation. Often in the transition from ergodic results to their multiplicative counterparts we
have to take exponentials of the corresponding quantities. In order to make this correspondence
transparent we have tried throughout the paper to follow, as consistently as possible, the
convention that the exponential version of a quantity is written as the corresponding lower

case letter. For example, above we already had f = e, f = e/ and X = €.

1.2 Large Deviations

From now on we restrict attention to the discrete-time case.

Part 1 of Theorem 1.2 extends the multiplicative mean ergodic theorem of [32] to the larger
class of (possibly unbounded) functionals F' € L%°. In this section we assume that (DV3+)
holds with an unbounded function W, and we let a function Wy € LY be chosen as in (6).

For n > 1, let L,, denote the empirical measures induced by ® on (X, B),

n—1
1
Lni==)Y pp n>1, (14)
n
=0

and write (-,-) for the usual inner product; for p a measure and G a function, (u, G) =
w(G) := [ G(y) u(dy), whenever the integral exists. Then, from Theorem 3.1 it follows that
for any real-valued F € LY and any a € R we have the following version of the multiplicative
mean ergodic theorem,

exp(—nA(aF)) E. [exp (an(Ln, F})} — fa(a:) , n— oo, r€X, (15)

where f, := e9(aF) ig the eigenfunction constructed in part 3 of Theorem 1.2, corresponding to
the function afF'.



In Section 5, strong large deviations results for the sequence of empirical measures {L, }
are derived from the multiplicative mean ergodic theorem in (15), using standard techniques
[9, 7, 12]. First we show that, for any initial condition z € X, the sequence {L,,} satisfies a large
deviations principle (LDP) in the space M;j of all probability measures on (X,5) equipped
with the 70 -topology, that is, the topology generated by the system of neighborhoods

Np(e,e):={ve M : |[y(F)—c| <e}, forreal-valued F € LYY, c€ R, e > 0. (16)

Moreover, the rate function I(v) that governs this LDP is the same as the Donsker-Varadhan
rate function, and can be characterized in terms of relative entropy,

I(v) :=inf H(v ® P|lv ® P),

where the infimum is over all transition kernels P for which v is an invariant measure, v ® P
denotes the bivariate measure [v ® P](dz,dy) := v(dx)P(x, dy) on (X x X, Bx B), and H(-||-)
denotes the relative entropy,

[ dplog % whenfl—’: exists

dv’

H(ully) = { (17)

0, otherwise.

[Throughout the paper we follow the usual convention that the infimum of the empty set is
+00.] As we discuss in Section 2.6 and Section 5, the density assumption in (DV3+) (ii) is
weaker than the continuity assumptions of Donsker and Varadhan, but it cannot be removed
entirely.

Further, the precise convergence in (15) leads to exact large deviations expansions analo-
gous to those obtained by Bahadur and Ranga Rao [1] for independent random variables, and
to the local expansions established in [32] for geometrically ergodic chains. For real-valued,
non-lattice functionals F' € L0, in Theorem 5.3 we obtain the following: For ¢ > 7(F) and
T € X,

n—1 3
Ja@)
P{ F(®(t znc}wie”@, n — 0o, 18
{3 Fe) - (19
where a € R is chosen such that d%A(aF ) = ¢, fa(z) is the eigenfunction appearing in the
multiplicative mean ergodic theorem (15), 02 = %A(CLF ), and the exponent J(c) is given in
terms of I(v) as
J(c):=inf{I(v) : v is a probability measure on (X, B) satisfying v(F) > c} . (19)

A corresponding expansion is given for lattice functionals.

These large deviations results extend the classical Donsker-Varadhan LDP [14, 15] in several
directions: First, our conditions are weaker. Second, when (DV3+) holds with an unbounded
function W, the 7"o-topology is finer and hence stronger than either the topology of weak
convergence, or the 7-topology, with respect to which the LDP for the empirical measures
{L,} is usually established [24, 4, 13]. Third, apart from the LDP we also obtain precise large
deviations expansions as in (18) for the partial sums with respect to (possibly unbounded)
functionals F € LYo,

10



Following the Donsker-Varadhan papers, a large amount of work has been done in estab-
lishing large deviations properties of Markov chains under a variety of different assumptions;
see [12, 13] for detailed treatments. Under conditions similar to those in this paper, Ney and
Nummelin have proved “pinned” large deviations principles in [37, 38]. In a different vein,
under much weaker assumptions (essentially under irreducibility alone) de Acosta [10] and
Jain [28] have proved general large deviations lower bounds, but these are, in general, not
tight.

One of the first places where the Feller continuity assumption of Donsker and Varadhan
was relaxed is Bolthausen’s work [4]. There, a very stringent condition on the chain is imposed,
often referred to in the literature as Stroock’s uniform condition (U). In Section 2.5 we argue
that (U) is much more restrictive than the conditions we impose in this paper. In particular,
condition (U) implies Doeblin recurrence as well as the density assumption in (DV3+) (ii).

More recently, Eichelsbacher and Schmock [19] proved an LDP for the empirical measures of
Markov chains, again under the uniform condition (U). This LDP is proved in a strict subset of
M, and with respect to a topology finer than the usual T-topology and similar in spirit to the
70 topology introduced here. In addition to (U), the results of [19] require strong integrability
conditions that are a priori hard to verify: In the above notation, in [19] it is assumed that for
at least one unbounded function Wy : X — R, we have E;[exp{a|Wy(®(n))|}] < oo, uniformly
over n > 1, for all real a > 0. This assumption is closely related to our condition (DV3), and,
as we show in Section 3, (DV3) in particular provides a means for identifying a natural class
of functions Wy satisfying this bound.

2 Structural Assumptions

There is a wide range of interrelated tools that have been used to establish large deviations
properties for Markov processes and to develop parts of the corresponding multiplicative er-
godic theory. Most of these tools rely on a functional-analytic setting within which spectral
properties of the process are examined. A brief survey of these approaches is given in [32],
where the main results relied on the geometric ergodicity of the process. In this section we
show how the assumptions used in prior work may be expressed in terms of the drift criteria
introduced here and describe the operator-theoretic setting upon which all our subsequent
results will be based.

2.1 Drift Conditions

Recall that the (extended) generator A of ® is defined as follows: For a function g : X — C,
we write Ag = h if for each initial condition ®(0) = = € X the process £(t) := ZZ;IO h(®(s)) —
g(®(t)), t > 1, is a local martingale with respect to the natural filtration {F; = o(®(s), 0 <
s <t):t>1}. In discrete time, the extended generator is simply A = P — I, and its domain
contains all measurable functions on X.

The following drift conditions are considered in [34] in discrete time,

(V2) AV < =5+l
(V3) AV < =W +ble
(V4) AV < =8V + b,

11



where in each case C is small, V': X — (0, 00] is finite a.e. [¢)], and b < oo, § > 0 are constants.
We further assume that W is bounded below by unity in (V3), and that V is bounded from
below by unity in (V4). It is easy to see that (V2)-(V4) are stated in order of increasing
strength: (V4) = (V3) = (V2).

Analogous multiplicative versions of these drift criteria are defined as follows,

(DV2) HV < =5+ blc
(DV3) HV < —6W + bl
(DV4) HV < =6V +ble,

where H is the nonlinear generator defined in (4). The following implications follow easily
from the definitions:

Proposition 2.1 For each k = 2,3,4, the drift condition (DVk) implies (VEk).

PrOOF. We provide a proof only for k& = 3 since all are similar. Under (DV3), Pe" <
eV=W+blo | Jensen’s inequality gives e’V < PeV| and taking logarithms gives (V3). U

We find that Proposition 2.1 gives a poor bound in general. Theorem 2.2 shows that (DV2)
actually implies (V4). Its proof is given in the Appendix, after the proof of Theorem 2.5.

Theorem 2.2 ((DV2) = (V4)) Suppose ® is i-irreducible and aperiodic. If (DV2) holds for
some V: X — (0,00], then (V4) holds for some Vy which is equivalent to v, := e for some
n > 0, in the sense that,

Vo€ LY and w,€ LY.

2.2 Spectral Theory Without Reversibility

The spectral theory described i in this paper and in [32] is based on various operator semigroups
{P” :n € Z4}, where each P" is the nth composition of a possibly non-positive kernel P.
Examples are the transition kernel P; the multiplication kernel I (z, dy) = G(z)d,(dy). for a
given function Gj; the scaled kernel defined by

Py(z,dy) := f(z)P(z,dy), (20)

for any function F: X — C with f = ef’; and also the twisted kernel, defined for a given
function h: X — (0, 00) by

Ja Pz, dy)h(y)

Py(x, A) := [Ipy PIn] (x, A) = Ph(z)

reX, AeB. (21)

This is a probabilistic kernel (i.e., a positive kernel with P, (z,X) = 1 for all z) provided
Ph(z) < oo, z € X. Tt is a generalization of the twisted kernel considered in [32], where the
function h was taken as h = f for a specially constructed f. It may also be regarded as a
version of Doob’s h-transform [40].

The most common approach to spectral decompositions for probabilistic semigroups {P"}
is to impose a reversibility condition [23, 5, 41]. The motivation for this assumption comes

12



from the Lo setting in which these problems are typically posed, and the well-known fact that
the semigroup {P"} is then self-adjoint. We avoid a Hilbert space setting here and instead
consider the weighted L, function spaces defined in (2); cf. [30, 31, 25, 35, 32].

The weighting function is determined by the particular drift condition satisfied by the
process. In particular, under (DV3) it follows from the convexity of H (see Proposition 4.4)
that for any 0 < n <1 we have the bound,

H(V) < —qW + bylc,  on Sy, (22)

which may be equivalently expressed as Pv, < e”[*‘SW*bHC]vn, where v, := eV, This bound
implies that Py : Lol — Lot is a bounded linear operator for any function f satisfying || F* ||y <
nd (where F't :=max(F,0)), and any 0 < n < 1.

Under any one of the above Lyapunov drift criteria, we will usually consider the function
v defined in terms of the corresponding Lyapunov function V on X via v = €". For any such
function v: X — [1,00) and any linear operator p: LY, — LY, we denote the induced operator
norm by, R
|Phl,
1]l
The spectrum S(P) C C of P is the set of z € C such that the inverse [Iz — P]™ does not

exist as a bounded linear operator on Lg,. We let §{ = ¢ ({P"}) denote the spectral radius of
the semigroup {P"},

1Pl = sup{ "o b€ L, (1Al £ 0}, (23)

E{P"Y) = lim P/ (24)

In general, the quantities H|]3|H,U and ¢ depend upon the particular weighting function v. If P
is a positive operator, then £ is greater than or equal to the generalized principal eigenvalue,
or g.p.e. (see e.g. [39]), and they are actually equal under suitable regularity assumptions (see
[2, 32], and Proposition 2.8 below).

As in [32], we say that P admits a spectral gap if there exists g > 0 such that the set
S(P)n{z: |z| > £ — €} is finite and contains only poles of finite multiplicity; recall that
2o € S(P) is a pole of (finite) multiplicity n if:

(i) 2o is isolated in S(P), i.e., for some e; > 0 we have {z € S(P) : |z—z| < e1} = {z0};

(ii) The associated projection operator
. 1 ~
S Iz — P dz, (25)
2mi O{z:|z—z0|<e1}

can be expressed as a finite linear combination of some {s;} C LY, {v;} € MY,

n—1
Q= mijlsi®v],

i.j=0

where [s ® v](z, dy) := s(x)v(dy).
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See [32, Sec. 4] for more details. Moreover, we say that Pis v-uniform if it admits a spectral
gap and also there exists a unique pole A\, € S (ﬁ) of multiplicity one, satisfying |Ao| = &( {ﬁt})
Recall that a Markov process @ is called geometrically ergodic [32] or equivalently V-
uniformly ergodic [34] if it is positive recurrent, and the semigroup converges in the induced
operator norm,
PP~ 1@y —0, n— o,

where 1 denotes the constant function 1(x) = 1. It is known that this is characterized by
condition (V4). Under this assumption, in [32] we proved that ® satisfies a “local” large
deviations principle. In this paper under the stronger condition (DV3+) we show that these
local results can be extended to a full large deviations principle.

The following result, taken from [32, Proposition 4.6], says that geometric ergodicity is
equivalent to the existence of a spectral gap:

Theorem 2.3 (Spectral Gap & (V4)) Let ® by a v-irreducible and aperiodic Markov chain.

(a) If ® is geometrically ergodic with Lyapunov function V', then its transition kernel P
admits a spectral gap in LY. and it is V -uniform.

(b) Conversely, if P is Vy-uniform, then ® is geometrically ergodic with respect to some
Lyapunov function V € LY0.

Next we want to investigate the corresponding relationship between condition (DV3) and
when the kernel P has a discrete spectrum in LY . First we establish an analogous ‘near
equivalence’ between assumption (DV3) and the notion of v-separability, and in Theorem 3.5
we show that v-separability implies the discrete spectrum property.

For any v: X — [1,00], finite a.e. [1)], we say that the linear operator P: LY, — LY
v-separable if it can be approximated umformly by kernels with finite-rank. That is, for each
¢ > 0, there exists a finite-rank operator K, such that I1P — K. ll, < e. Since the kernel K. has
a finite-dimensional range space, we are assured of the existence of an integer n > 1, functions
{si 1 <i<n} C LY, and probability measures {v; : 1 <i <n} C MY, such that K. may be

expressed,
n

Ke(z,dy) =Y " si®u. (26)

=1

Note that the eigenvalues of IA(E may be interpreted as a pseudo-spectrum; see [8].

The following equivalence, established in the Appendix, illustrates the intimate relationship
between the essential ingredients of the Donsker-Varadhan conditions, and the associated
spectral theory as developed in this paper. Note that in Theorem 2.4 the density assumption
from part (ii) of (DV3+) has been replaced by the more natural and weaker statement that
ICW(,,)PTO is v-separable for all r.! The fact that this is indeed weaker than the assumption in
(DV3) (ii) follows from Lemma B.3 in the Appendix. Applications of Theorem 2.4 to diffusions
on R™ and refinements in this special case are developed in [26].

Theorem 2.4 (v-Separability & (DV3)) Let ® be a i-irreducible and aperiodic Markov chain
and let Ty > 0 arbitrary. The following are equivalent:

'The notation 4P for a set A € B and a kernel P is used to denote the kernel I (x)ﬁ(m, dy).
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(a) Condition (DV3) holds with V: X — [1,00); W unbounded; and I¢,, - P™ is v-separable

for all r, where v =€V .

(b) The kernel PT0 is vg-separable for some unbounded function vy: X — [1,00).

We say that a linear operator P: LY — LY has a discrete spectrum in LY if its spectrum
S has the property that S N K is finite, and contains only poles of finite multiplicity, for any
compact set K C C\ {0}. It is shown in Theorem 3.5 that the spectrum of P is discrete under
the conditions of (b) above.

Taking a different operator-theoretic approach, Deuschel and Stroock [13] prove large de-
viations results for the empirical measures of stationary Markov chains under the condition of
hypercontractivity (or hypermixing). In particular, their conditions imply that for some T,
the kernel P70(z, dy) is a bounded linear operator from Ly(7) to Ly (), with norm equal to 1.

2.3 Multiplicative Regularity

Recall the definition of the empirical measures in (14), and the hitting times {74} defined in
(3). The next set of results characterize the drift criterion (DV3) in terms of the following
regularity assumptions:

Regularity

(i) A set C € B is called geometrically regular if for any A € BT there exists
n =n(A) > 0 such that

sup Ezexp(nTa)] < oo.
xeC

The Markov process ® is called geometrically regular if there exists a
geometrically regular set C', and n > 0 such that

E.lexp(nmo)] < oo, x e X

(ii) A set C € B is called H-multiplicatively reqular (H-m.-regular) if for any
A € BT, there exists n = n(A) > 0 satisfying,

sup E, [exp(nTA<LTA, H>)} < 0.
zeC

The Markov process ® is H-m.-regular if there exists an H-m.-regular
set C € B, and 1 > 0 such that

E. [exp(nmv(LTC,H))} < 00, xz € X.

In [34, Theorem 15.0.1] a precise equivalence is given between geometric regularity and
the existence of a solution to the drift inequality (V4). The following analogous result shows
that (DV3) characterizes multiplicative regularity. A proof of Theorem 2.5 is included in the
Appendix.
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Theorem 2.5 (Multiplicative Regularity < (DV3)) For any H: X — [1,00), the following
are equivalent:

(i) ® is H-m.-regular;
(ii) The drift inequality (DV3) holds for some V : X — (0,00) and with H € LY.

If either of these equivalent conditions hold, then for any A € BT, there existse > 0,1 >n > 0,
and B < oo satisfying,

E, |exp (era (Lo, H) +V(@(74)) )| < exp(rV(@) + B), @ €X,
where V' is the solution to (DV3) in (ii).

In a similar vein, in [44] the following condition is imposed for a diffusion on X = R™:

For any n > 1 there exists K,, C X compact, such that for any
compact set K C X,

g - (27)
sup Ez[e"™ ] < o0.
reK

In [44, 42] it is shown that this condition is closely related to the existence of a solution to
(DV3), where the function W is further assumed to have compact sublevel sets. Under these
assumptions, and under continuity assumptions similar to those imposed in [43], it is possible
to show that the operator P" is compact for all n > 0 [42, Theorem 2.1], or [11, Lemma 3.4].

We show in Proposition 2.6 that the bound assumed in [44] always holds under (DV3+).
We say that G: X — Ry is coercive if the sublevel set {x : G(x) < n} is precompact for each
n > 1. Coercive functions exist only when X is o-compact.

Proposition 2.6 Let ® be a -irreducible and aperiodic Markov chain on X. Assume more-
over that X = R"; that condition (DV3+) holds with V: X — [1,00) continuous; W unbounded;
and the kernels {ICW(T)PTO :r > 1} are v-separable for some Ty > 1. Then, there exists a
sequence of compact sets {Ky : n > 1} satisfying (27).

PrROOF. Lemma B.2 combined with Proposition C.7 implies that we may construct functions
(Vi, W) from X to [1, 00), and a constant b; satisfying the following: sup{V(z) : x € Cw, (1)} <
oo for each r; Wy, Vi € LY. ; Wy is coercive; and H(Vy) < Vi — Wi + by. Lemma C.8 combined
with continuity of V' then implies that (27) also holds, with K, = closure of Cyy, (n,) for some
sequence of positive integers {n;}. O

Proposition 2.6 has a partial converse:

Proposition 2.7 Suppose the chain ® is i-irreducible and aperiodic. Suppose moreover that
X = R"; that the support of 1 has non-empty interior; that P has the Feller property; and that
there exists a sequence of compact sets {K,, : n > 1} satisfying (27). Then Condition (DV3)
holds with V,W: X — [1,00) continuous and coercive.

PROOF. Proposition A.2 asserts that there exists a solution to the inequality H (V) < —%W +
bl with (V, W) continuous and coercive, C' compact, and b < co. Under the assumptions
of the proposition, compact sets are small (combine Proposition 6.2.8 with Theorem 5.5.7 of
[34]). We may conclude that C' is small, and hence that (DV3) holds. O
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2.4 Perron-Frobenius Theory

As in [32] we find strong connections between the theory developed in this paper, and the
Perron-Frobenius theory of positive semigroups, as developed in [39].

Suppose that {]3" n € Z4} is a semigroup of positive operators. We - assume that {P"}
has finite spectral radius £ in LY. Then, the resolvent kernel defined by Ry = [T\ — P]
a bounded linear operator on LY, for each A\ > § . We assume moreover that the semigroup
is ¢-irreducible, that is, whenever A € B satisfies 1)(A) > 0, then )7, P*(x, A) > 0, for all
x € X. If ® is a y-irreducible Markov chain, then for any measurable function F': X — R, the
kernel P = Py generates a i-irreducible semigroup. In general, under ¢-irreducibility of the
semigroup, one may find many solutions to the minorization condition,

Ry(z, A) = Z AFIPR > s(z)v(A), reX, AebB, (28)
k=0

with A > 0, s € BT, and v € M™, that is, s: X — R, is measurable with 1(s) > 0, and v is a
positive measure on (X, B) satisfying v(X) > 0. The pair (s,v) is then called small, just as in
the probabilistic setting.

Theorem 3.2 of [39] states that there exists a constant A € (0, 0], the generalized principal
eigenvalue, or ¢.p.e., such that, for any small function s € BT,

00 R =oo0 forall xz € X, A< A
3 Ak () (29)
k=0 < oo forae zeX[p, A>A

The semigroup is said to be A-transient if for one, and then all small pairs (s, v), satisfying
se Bt ve MT, wehave Y ;7 A k=1, Pks < o0; otherwise it is called \-recurrent.

Proposition 2.8 shows that the generalized principal eigenvalue coincides with the spectral
radius when considering positive semigroups that admit a spectral gap. Related results may
be found in Theorem 4.4 and Proposition 4.5 of [32].

Proposition 2.8 Suppose that {ﬁ” :m € Z4 } is a y-irreducible, positive semigroup. Suppose
moreover that the semigroup admits a spectral gap in LY, with finite spectral radius &. Then:

(i
(ii

(iii

he semigroup is A-recurrent.
18 v-uniform.

or any A > f, and any (s v) that solve (28) with s € BT, v € M™, the function
.= [ — (Rx — s @ )| "Ls, € LY, is an eigenfunction.

)
)
)
)

(iv

= “U>'ﬂ”*>

PROOF. Suppose that either (i) or (ii) is false. In either case, for all small pairs (s,v),

o0
lim V}A%)\s = Z{Lk*lyﬁks < 00.
AlE k=0
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It then follows that the projection operator @ defined in (25) satisfies V@s = 0 for all small
s € LY, v e Mj. This is only possible if @ = 0, which is impossible under our assumption
that the semigroup admits a spectral gap.

To complete the proof, observe that the semigroup generated by the kernel ]3@\ also admits
a spectral gap, with spectral radius 5 = (\ — é )~L. Tt follows that there is a closed ball D C C
containing 4 such that the two kernels below are bounded linear operators on LY for each
v € D\ {4}, R R

Xy=[Iy=R\J™,  Yy=[Iy—(R\—s®v) .

From (i) and (ii) we know that Rj is §-recurrent, which implies that vYzs = 1, and that
Ph = £h (see [39, Theorem 5.1]). Moreover, again from (i), (ii), since vY;s < oo it follows

that the spectral radius of (R) — s ®v) is strictly less than 4, which implies (iii). Finally, since
IY3]l, < oo we may conclude that h € LY, and this establishes (iv). O

On specializing to the kernels {Py : F' € L0} we obtain the following corollary. Define for
any measurable function F': X — (—o0, 00]:

(i) A(F)=1log(A(F)) = the logarithm of the g.p.e. for P. (30)
(i) ZE(F) =log(&(F)) = the logarithm of the spectral radius of Pr.

Lemma 2.9 Consider a ¥-irreducible Markov chain, and a measurable function G: X — R5..
If 2(G) < oo then G € LY.

ProOOF. We have || P[|,, < oo for some n > 1 when Z(G) < oo. Consequently, since G' and V/
are assumed positive, we have g(z) < Pjlv (z) < [|Pg[,v(), for all z € X. O

Proposition 2.10 Under (DV3+) the functional = is finite-valued and convex on LY°, and
may be identified as the logarithm of the generalized principal eigenvalue:

2Z(F) = A(F), FerLl.

PROOF. Theorem 2.4 implies that Py is v-separable, and Proposition 2.8 then gives the desired
equivalence. Convexity is established in Lemma C.1. U

The spectral radius of the twisted kernel given in (21) also has a simple representation,
when the function h is chosen as a solution to the multiplicative Poisson equation:

Proposition 2.11 Assume that the Markov chain ® satisfies condition (DV3+) with W un-
bounded. For real-valued F € LY, the twisted kernel Py satisfies (DV3+) with Lyapunov

00 !

function V :=V — F + ¢ for ¢ > 0 sufficiently large. Consequently, the semigroup gener-
ated by the twisted kernel has a discrete spectrum in L%, and its log-spectral radius has the
representation,

(1]

(G)=Z(F +Q), GelLl.
PRrROOF. The kernels Py and Pf are related by a scaling and a similarity transformation,

P;= )\(f)’lljzleIf.
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It follows that (DV34) (i) is satisfied with the Lyapunov function V, and we have V > 1
for sufficiently large c since f € LY . The representation of = also follows from the above
relationship between Pf and Py.

The density condition (DV3+) (i) follows similarly. Letting b, = [|A(f) ™ fLcy, (1)l we
have, under the transition law Pf,

pz{@(To) €A, TCw(r) > To} < fv_l(x)bgOBT(A), AeB, e Cw(T),

where (3,(dz) = B,(dz)f(z). To establish (DV3+) (ii) it remains to show that f~! is bounded
on Cyy(r).

Since the set Cyy(r) is small for the semigroup {PJ'E :t > 0}, there exists € > 0, 71 < oo,
and a probability distribution v such that

P;;Fl (z,dy) > ev(dy), x € Cw(r), yeX

It follows that 3 5 y
MO F=PRF>ea(f), xeCw).

Consequently, f~! is bounded on Cw(r). O

2.5 Doeblin and Uniform Conditions

The uniform upper bound in condition (DV3+) (ii) is easily verified in many models. Consider
first the special case of a discrete time chain ® with a countable state space X, and with W
such that Cyy(r) is finite for all r < ||W||s. In this case we may take Tp = 1 in (DV3+) (ii),
and set
Be(A)= > P(x,A), AcB.
z€Cw (r)
This is the starting point for the bounds obtained in [2].
A common assumption for general state space models is the following:

Condition (U) There exist 1 < T3 < T5 and a constant by > 1, such that
1 &
Pz, A) <bo— > P'(y,A), xyeX AcB (31)
b B

See [13, 12], as well as [43, 27, 29]. It is obvious that (31) implies the validity of the upper
bound in our assumption (DV3+) (ii). Somewhat surprisingly, Condition (U) also implies a
corresponding lower bound, and moreover we may take the bounding measure equal to the
invariant measure 7:

Proposition 2.12 Suppose that ® is an aperiodic, V-irreducible chain. Then, condition (U)
holds if and only if there is a probability measure ™ on (X,B), a constant No > 1, and a
sequence of non-negative numbers {5, : n > Ny}, satisfying,

‘Pn(xaA)_ﬂ-(A” < 5n7r(A)7 Aer .TZGX, nZNm ( )
32

limy 00 dp = 0.
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PROOF. It is enough to show that condition (U) implies the sequence of bounds given in (32).
Condition (U) implies the following minorization,

Y Py, A)>ew(Ad), AeByeX,
t=1

where e = Thb, !, and v(A) = PTi(z0, A), A € B, with 29 € X arbitrary. Since the chain is
assumed aperiodic and w-irreducible, it follows that the chain is uniformly ergodic, a property
somewhat stronger than Doeblin’s condition [34, Theorem 16.2.2]. Consequently, there exists
an invariant probability measure 7, and constants By < 0o, by > 0 such that,

IP" —1@x|, <e®ntBo neT. (33)

Condition (U) then gives the following upper bound: On multiplying (31) by m(dy), and
integrating over y € X, we obtain,

PTi(z, A) < bom(A), reX, AeB.

Let I' denote the bivariate measure given by, I'(dz, dy) = m(dx)P"' (x,dy), for z,y € X. The
previous bound implies that I" has a density p(z, y; T1) with respect to mx, where p( -, -;77) is
jointly measurable, and may be chosen so that it satisfies the strict upper bound, p(z,y; T1) <
by, for x,y € X. The probability measure I" has common one-dimensional marginals (equal to
7). Consequently, we must have [ p(z,y; Th)n(dz) =1 ae. y € X [x].

For n > 2T, we define the density p(z,y;n) via,

p(z,y;n) = /P"Tl (z,d2)p(z,y; T1), z,y € X

We have the upper bound sup, , p(z,y;n) < by for all n > T since P* is an Loo-contraction
for any k£ > 0. Combining this bound with (33) gives the strict bound,

playin) =1 = |[ Pl dz)(p(zy ) — 1)|
= ‘f P (x, dz)p(z,y;T1) — [ w(dz)p(z, y; T1)
< bol|PT — 7y < boeBobo(n=Th), n>T,z,y€X
This easily implies the result. O

Note that, for the special case of reflected Brownian motion on a compact domain, a similar
result is established in [3].

We have already noted in the above proof that the lower bound in (32) implies the Doeblin
condition, which is known to be equivalent to (V4) with V' bounded for a t)-irreducible chain
[34, Theorem 16.2.2]. Consequently, condition (U) frequently holds for models on compact
state spaces but it rarely holds for models on R"™. We summarize this and related correspon-
dences with drift criteria here.
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Proposition 2.13 Suppose that ® is an aperiodic, -irreducible chain.

(i) If ® satisfies Doeblin’s condition, then (DV4) holds with respect to the Lyapunov
function V = 1.

(ii) If @ satisfies condition (U) and Vo: X — [1,00) is given with |P||, < oo, then
(DV4) holds for a function V: X — [1,00) that is equivalent to Vy. And, trivially,
part (ii) of condition (DV3+) also holds.

PROOF. Result (i) is a consequence of [34, Theorems 16.2.3 and 16.2.3] which state that the
state space X is small under these assumptions, and hence (DV4) holds with V = 1.
To prove (ii) we define,

T—1

V(e)i=1+log(Esfexp(e Y ro(@())]),  wex,

i=0
where r > 1 is arbitrary, and € > 0 is to be determined. The functions V and Vj are equivalent

when e < 777 'r~T1+1 gince then by Holder’s inequality,

T1—1
Vi(z <1+*Zlog 2exp(Tier'Vp(@(0))]),  z€X,

and the right hand side is in LY since IP"]l,, < oo for @ > 0 under the assumptions of (ii).
Moreover, we have V' > €V by considering only the first term in the definition of V. Hence
V € LY and Vy € LY, which shows that V and Vj are equivalent. We assume henceforth that
this bound holds on e.

Holder’s inequality also gives the bound,

Ex |exp (€ X0 rVo(@(i + 1)) )|
1/q

< Efes(pte it rvi(e)] e o (o e )]

PevV

where we set p =7 > 1 and ¢ = r(r—1)~! > 1. Under Condition (U) we have ||P71e"?||,, < oc.

Consequently, provided € > 0 is chosen so that gr’'~le < 1 we then have, for some constant
bla

H(V) :=log(Pe") =V < —(1 —r YV +by.
This implies the result since the state space is small. O

2.6 Donsker-Varadhan Theory

In Donsker and Varadhan’s classic papers [14, 15, 16] there are two distinct sets of assumptions
that are imposed for ensuring the existence of a large deviations principle, roughly correspond-
ing to parts (i) and (ii) of our condition (DV3+).
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Lyapunov criteria. The Lyapunov function criterion of [16, 43] is essentially equivalent
to (DV3), with the additional constraint that the function W has compact sublevel sets; see
conditions (1)—(5) on [43, p. 34]. In the general case (when X is not compact) this implies that
(DV3) holds with an unbounded W.

It is worth noting that the nonlinear generator is implicitly already present in the Donsker-
Varadhan work, visible both in the form of the rate function, and in the assumptions imposed
in [15, 16, 43].

Continuity and density assumptions. In [43] two additional conditions are imposed on
®. It is assumed that the chain satisfies a strong version of the Feller property, and that for
each x, P(x,dy) has a continuous density p,(y) with respect to some reference measure a(dy)
which is independent of x.

These rather strong assumptions are easily seen to imply condition (DV3+) (ii) when W
is coercive, so that the sets Cyy(r) are pre-compact.

3 Multiplicative Ergodic Theory

3.1 Multiplicative Mean Ergodic Theorems

The main results of this section are summarized in the following two theorems. In particular,
the multiplicative mean ergodic theorem given in (35) will play a central role in the proofs
of the large deviations limit theorems in Section 5. For all these results we will assume that
® satisfies (DV3) with an unbounded function W. As above, we let BT denote the set of
functions h: X — [0, 00] with (k) > 0; for A € B we write A € Bt if ¢)(A) > 0; and let M™
denote the set of positive measures on B satisfying p(X) > 0.

As in (6) in the Introduction, we choose an arbitrary measurable function Wy : X — [1, 00)
in LY whose growth at infinity is strictly slower than 1. This may be expressed in terms of
the weighted Lo, norm via,

rll)fglo HWO]ICW(T)C HW = 0, (34)

where {Cyy ()} are the sublevel sets of W defined in (5). The function W} is fixed throughout
this section. R
Given F € L% and an arbitrary a € C, we recall from [32] the notation P, := e P, and

Sy = 8(13&) := spectrum of P, in LY,

where v :=e" and V is the Lyapunov function in (DV3+).
Next, we collect the main results of this section in the following theorem. Recall the
definition of the empirical measures {Ly,} from (14).

Theorem 3.1 (Multiplicative Mean Ergodic Theorem) Assume that the Markov chain ® sat-
isfies condition (DV3+) with an unbounded W. For anym > 0, M > 0 there exista > m,w > 0
such that for any real-valued F € LY with ||F|lw, < M, and any o in the compact set

N=Q>,w) ={a=a+iweC: |a <a, and |w| <w},

we have:
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(i) There is a mazimal, isolated eigenvalue A(aF') € Sy satisfying |N(aF)| = £(aF).
Furthermore, A(aF) :=log(A(aF)) is analytic as a function of o € Q, and for real
a it coincides with the log-generalized principal eigenvalue of Section 2.4.

(ii) Corresponding to each eigenvalue \(oF), there is an eigenfunction f, € LY, and
an eigenmeasure fi, € MY, where v:=e", normalized so that fio(fa) = fia(X) = 1.
The function f, solves the multiplicative Poisson equation,

ﬁafa = )\(&F)fa,

and the measure i, 15 a corresponding eigenmeasure: ﬂaﬁa = MaF)fiq.

(iii) There exist constants by > 0, By < oo, independent of c, such that for all x € X,
aeQ,n>1,

E, [exp(n[a(Ln, F) - A(aF)])} - fa(m)‘ < |afo(z)eloton (35)

PROOF. Lemma B.3 in the Appendix shows that (P, )?70*2 is v,-separable for any Fy € L¥°,
and Theorem 3.5 then implies that the spectrum of Py, is discrete. It follows that solutions
to the eigenvalue problem for Py, exist with fo e L3, fip € M]". The eigenvalue satisfies
IAN(Fb)| = £(Fp) < co. Smoothness of A is established in Proposition 4.3.

Theorem 3.4 establishes the limit (iii) for @ € C in a neighborhood of the origin.

Consider then the twisted kernel P = Pﬂn where a is real. Proposition 2.11 states that this
satisfies (DV3+) with Lyapunov function V :=V/f,. An application of Theorem 3.4 to this
kernel then implies a uniform bound of the form (iii) for @ in a neighborhood of a. For any
given @ > 0 we may appeal to compactness of the line-segment {a € R : |a] < @} to construct
@ > 0 such that (35) holds for « € Q. O

We note that this result has many immediate extensions. In particular, if condition (DV3+)
is satisfied, then this condition also holds with (V, W) replaced by (1 —n + nV, W) for any
0 < n < 1. Consequently, f € Loj for any 0 <7 < 1 when F € L.

Part (iii) of the theorem is at the heart of the proof of all the large deviations properties
we establish in Section 5. For example, from (35) we easily obtain that, for any F' € L°, the
log-moment generating functions of the partial sums

n—1

Sp =Y F(®(i)) = n{Ln, F)

=0

converge uniformly and exponentially fast:
1
—log E; [exp(an(Ly, F))] — A(aF), n — occ. (36)
n

We therefore think of A(«aF') as the limiting log-moment generating function of the partial sums
{Sp} corresponding to the function F', and much of our effort in the following two section will
be devoted to examining the regularity properties of A and its convex dual A*.

Following [32], next we give a weaker multiplicative mean ergodic theorem for « in a
neighborhood of the imaginary axis. Recall the following terminology: The asymptotic variance
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0?(F) of a function F : X — R is defined to be variance obtained in the corresponding Central
Limit Theorem for the partial sums of F(®(n)), assuming it exists. For a V-uniformly ergodic
(or, equivalently, a geometrically ergodic) chain, the asymptotic variance is finite for any
function F satisfying F2 € LY., and [34, Theorem17.0.1] gives the representation,
o*(F) = lim nEx[((Ln, F) — m(F))?]. (37)
A function F' : X — R is called lattice if there are h > 0 and 0 < d < h, such that
[F'(z) — d]/h is an integer for all x € X. The minimal h for which this holds is called the
span of F. If the function F' can be written as a sum, F' = Fy + F), where F} is lattice with
span h and Fj has zero asymptotic variance then F is called almost-lattice (and h is its span).
Otherwise, F' is called strongly non-lattice. The lattice condition is discussed in more detail

in [32]. The proof of the following result follows from Theorem 3.1 and the arguments used in
the proof of [32, Theorem 4.2].

Theorem 3.2 (Bounds Around the iw-Axis) Assume that the Markov chain ® satisfies con-
dition (DV3+) with an unbounded W, and that F € L0 is real-valued.

(NL) If F is strongly non-lattice, then for any m > 0 and 0 < wy < w1 < o0, there ewist
a>m, bg >0, By < oo (possibly different than in Theorem 3.1), such that

E. {exp(n[a(Ln, F) — A(aF)])} ‘ < v(z)ePo~bor reX, n>1, (38)

for all @ = a + iw with |a| <@ and wy < |w| < wy, where v:=e".

(L) If F is almost-lattice with span h > 0, then for any m > 0 and € > 0, there exist a > m,
bp > 0, and By < oo (possibly different than above and in Theorem 3.1), such that (38)
holds for all o = a + iw with |a] <@ and € < |w| < 27/h — €.

3.2 Spectral Theory of v-Separable Operators

The following continuity result allows perturbation analysis to establish a spectral gap under
(DV3). Recall that we set v, := e""; for any real-valued F' € LY we define f :=ef’; and we
let Py denote the kernel Py(x,dy) := f(x)P(x,dy).

Lemma 3.3 Suppose that ® is V-irreducible and aperiodic, and that condition (DV3) is sat-
isfied. Then, for 0 <n <1, n > 1, there exists b, < oo, such that for any F,G € L%,

|||Pf - Pgmvn < bT],nHF - GHWm

whenever ||Fllw, < n, and ||G|lw, < n. Moreover, for any h € Lol the map F +— Ph is
Frechet differentiable as a function from LY to Lg3.

PROOF. We have from the definition of the induced operator norm,

1P = Foll, = supeex (1/(2) — 90 555)

IN

supgex | f () — g(x)| exp(—ndW (z) +nbd) .
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Also, we have the elementary bounds, for all x € X,

f(z) = g(2)] = ") — F@] < |F(z) - G(a)|elF@IHEE)]
< |NF = Glw,Wo(@) exp((1F lw, + 1Glwe) Wo (@)
< |F = Gllw, exp((1 + [|Fllwg + [1Gllwy) Wo(2)) -

A

Combining these bounds gives,
1Py = Pyl < IF = Gllws sup(exp((1 + | Fllw, + IG]lwa) Woe) — noW (@) + b)) (39)

The supremum is bounded under the assumptions of the proposition, which establishes the
desired bound.

We now show that, for any given h € Lod, F € L0, the map G — Ig_ rPrh represents
the Frechet derivative of Prh. We begin with the mean value theorem,

Pyh — Pyh — Ig_pPrh = (G — F)[Pj,h — Psh]

where Fy = 0F + (1 — 0)G for some 0: X — (0,1). The bounds leading up to (39) then lead
to the following bound, for all x € X,

|[Pth = Pyh — Ig-pPsh] ()]
< (16 = FlwaWo(@)) (IF = Gllw, exp((1+ 1 Fllwy + | Follwo) Wolz) — ndW () +nb) ).
It follows that there exists b1 < oo such that

I[Pth — Pyh — Ig-pPrhll,, < biIF =Gy, G e Ly, |IF—Glw, <1,

I,
which establishes Frechet differentiability. O

Next we present a local result, in the sense that it holds for all ' with sufficiently small L'V -
norm, where the precise bound on || F||y is not explicit. Although a value can be computed as
in [32], it is not of a very attractive form. Note that Theorem 3.4 does not require the density
condition used in (DV3+).

The definition of the empirical measures {L,} is given in (14).

Theorem 3.4 (Local Multiplicative Mean Ergodic Theorem) Suppose that ® is y-irreducible
and aperiodic, and that condition (DV3) is satisfied. Then there exists g > 0, 0 < ny < 1,
such that for any complez-valued F € LY satisfying | F||w < €0, and any 0 < n < no:

(i) There exist solutions X, f and fi to the eigenvalue problems
Pif = f, @Pr=\i. (40)

These solutions satisfy f € L3, i € M7, (X)) = i(f) = 1, and the eigenvalue
A = AF) € C satisfies |A| = 5({P}}) Moreover, the solutions are uniformly
continuous on this domain: For some b, < oo,

IA(F) = MG)| S byllF = Gllw, | = glo, < byllF = Gllw,

whenever F,G € LY satisfy |F|lw < e, |G|lw < €o.
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Un

(ii) There exist positive constants By and by such that, for all g € Log, x € X, n > 1,
we have

Ex[exp(n(Ln, F) = nA(F))g(@(n)] ~ f(2)ilg)|

IN

HgHv enV(x)-i—Bo—bon
n

IA

| F[|yem )+ Bo=bom (41)

Ex [exp(n(Ln, F) — nA(F))] - f(x)]

with f, i, \(F) given as in (i).
(iii) If V' is bounded on the set C' used in (DV3) then we may take ny = 1.

PROOF. Assumption (DV3) combined with Theorem 2.2 implies that P is v,-uniform for all
1 > 0 sufficiently small (when V is bounded on C' then (DV3) implies v-uniformity, so we may
take n = 1).

It follows that the inverse [ — P + 1 ® 7|~! exists as a bounded linear operator on LoJ
[34, Theorem 16.0.1]. An application of Lemma 3.3 implies that the kernels Py converge to P
in norm

IP= P, =0, as|Flw—0, 0<p<l.

Consequently, there exists ¢; > 0 such that [Iz — Pf + 1 ® ]~ is bounded for all z € C
satisfying |z — 1| < €1, and all F' € LY satisfying || F||w < €.
We have the explicit representation, writing A:==[(z — 1)+ _¢P], H:=[I - P+ 1® ],
[Iz—Pr+1en™! = [H+A]"!
= [U+H'A'H!.

The first term on the right hand side exists as a power series in H~'A, provided
IAl,, < (E,,) ™ (42)
Moreover, in this case we obtain the bound,

Iz - Pr+1® 77]_1||| < |||H_1|an < 00 (43)
! o = 1= A, I7,,

For any F € LY we have the upper bound, |F| < [|F|l;;;6"1]6W, where § > 0 is given in
(DV3). Recalling the definition of the log-generalized principal eigenvalue functional A from
Section 2.4, and assuming that 6 := [|F||;;;,6~' < 1, we may apply the convexity of A (see
Lemma C.1) to obtain the upper bound,

A(F)| < ABSW) < OAGSW) < 0b = | Flly6~'b (44)

where b is given in (DV3).

From (44) we conclude that there is a constant ey > 0 such that ey < %61, and (42) together
with the bound [A(F) — 1| < %1 hold whenever ||[F||;, < €p. For such F, it follows that (43)
holds, and hence Py is vy-uniform. Setting H := [IA\(F) — Pr + 1 ® 7] we may express the
eigenfunction and eigenmeasure explicitly as:

. - TH-'1
= e H 11, c1 = ( .
/ 1 1 1
. 1
i = c 7TH71, co = ( = ) .
H 2 2 —H-11
The remaining results follow as in [32, Theorem 4.1]. O
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In order to extend Theorem 3.4 to a non-local result we invoke the density condition
in (DV3+) (ii). In fact, any such extension seems to require some sort of a density assumption.

Recall that, in the notation of Section 2.2 and Section 2.4, we say that the spectrum & in
LY, of a linear operator P LY, — LY, is discrete, if for any compact set K C C\ {0}, SN K
is finite and contains only poles of finite multiplicity. We saw earlier that condition (DV3+)
implies that P?70%2 is y-separable. Next we show in turn that any v-separable linear operator
P has a discrete spectrum in LY.

Theorem 3.5 (v-Separability = Discrete Spectrum) If the linear operator P: LY, — L%, s
bounded and PT0: LY  — LY, is v-separable for some Ty > 1, then P has a discrete spectrum
in LY.

PROOF. Assume first that 7h = 1. For a given ¢ > 0, set P = K + A with IA]l, < e, and

with K a finite-rank operator. Write K = """ | s; ® 14, and for each z € C define the complex
numbers {m;;(z)} via

mij(2) = (v, [Iz — Al 'sy),  1<i,j<n.

Let M (z) denote the corresponding n x n matrix, and set y(z) = det( — M (z)). The function
7 is analytic on {|z| > ||A[|,} because on this domain we have

Lz = A7 =3 AN iz = AT, < (2] = Al,) T < oo

Moreover, this function satisfies y(z) — 1 as |z| — oo, from which we may conclude that
the equation v(z) = 0 has at most a finite number of solutions in any compact subset of

{I=l > 1A, }-
As argued in the proof of Theorem 3.4, if v(z) # 0, then we have,

[[z— P! = [Iz—-A)—K]™!
= [Tz—-A]"YI - K[Iz—A]717L.

Conversely, this inverse does not exist when v(z) = 0. Recalling that € > ||A[|,, we conclude
that S(P)N{z: |z| > €} = {z: 7(z) = 0}. The right hand side denotes a finite set, and € > 0
is arbitrary. Consequently, it follows that the spectrum of P is discrete.
If Ty > 1 then from the foregoing we may conclude that the spectrum of PTo is discrete.
The conclusion then follows from the identity
To—1
[Iz — ﬁ]fl = Z z~k+To—1 <13k [IZTO — ﬁTO]fl), z e C. d
k=0
For each n > 1, we define the nonlinear operators A, and G, the space of real-valued
functions F' € L0, via,

A(F) = LlogE, [exp(n(Ln, F))]

Go(F) = logE, [exp(n[<Ln,F> —A(F)])}, FelLWo, zeX.

oo !

The following result implies that both sequences of operators {G,} and {A,} are convergent.
Smoothness properties of the limiting nonlinear operators are established in Propositions 4.3
and 4.5.
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Proposition 3.6 Suppose that (DV3+) holds with an unbounded function W. Then there
exists a nonlinear operator G: Lo — LY. such that f = e9F) is a solution to the multiplicative
Poisson equation for each F € Lo, Moreover, for each Fy € L0 and 5o > 0 we have,

sup  [|Gn(F) = G(F)llv — 0,
lF—Follwy <do

sup ||An(F) —A(F)HV — 0, n — oo.
| F'—Follw, <do

PROOF. Note that the second bound follows from the first. So, let 5o > 0 and Fy € L%° be
given, and consider an arbitrary F € L0 satisfying || F — Fo|lw, < do. We define F,:=G,(F)
for n > 0, and F' = G(F) :=log(f), with f given in Theorem 3.1. We show below that for any
n > 0, there exists b(n) < oo such that for all such F,

[F(z)] < nV(z)+b(n), zeX;

. (45)
|Fn(x)] < nVi(x)+b(n), reX, n>1

Taking this for granted for the moment, observe that we then have, for any r > 1, n > 1,

sup  |[[F = Flloy (e llv < 20+ b(n)r™1.
| F—Follwy <o

Moreover, Theorem 3.1 implies that for any r > 1,

sup | Fy — FUICV(r)HV — 0, exponentially fast as n — oo,
| "= Follwy <do

provided we have the uniform bound (45). Putting these two conclusions together, and letting
r — oo then gives,
lim sup sup |E, — Fllyv < 27.
n—00  ||F—Folw,<do

This then proves the desired uniform convergence, since 1 > 0 is arbitrary.

We now prove the uniform bound (45). We begin with consideration of the functions
{F :||F — Fy|lw, < 6o}, since the corresponding bounds on {F},} then follow relatively easily.

We know that f € Lod from Theorem 3.1. (If (DV3+) holds, then it also holds with V'
replaced by (1 —n) +nV for any 0 < n < 1.) This implies that F'(z) < nV(z) + log ||f||v,7, for
z € X. Hence it remains to obtain a lower bound.

Let 7 = min{k > 1 : |F(®(k))| < r}, with » > 1 chosen so that {z : |F(z)| < r} € BT.
The stochastic process below is a positive local martingale,

m(t) = exp (KL, (F = A(F)) ) J(@(1), L€ Zy.

The local martingale property combined with Fatou’s Lemma then gives the bound,

F(@) = Ex|exp(r(Le, (F = AN ) f(@(7))], weX,
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and then by Jensen’s inequality and the definition of 7,

F(x)

v

E.[F(®(7) + 7{Lr, (F = A(F))] )
> g E, [T<LT, F + A(F)|>} . zeX

The right hand side is bounded below by —ko(V + 1) for some finite ko by (V3) and [34,
Theorem 14.0.1]. However, this bound can be improved. Since F' € L% and since W € LY
with (Wy, W) satisfying (6), we can find, for any 79 > 0, a constant by(n) and a small set Sy,
satisfying

|F'+ A(F)| < bo(m0)Ls,, +noV- (47)
Small sets are special (see [39]), which implies that

sup E; [T(L7, Spy)] < o0. (48)
zeX

Moreover, it follows from [34, Theorem 14.0.1] that for some by < oo,
E.[7(L, V)] <boV (), x e X (49)

Combining the bounds (46-49) establishes (45) for F'.
From (35) in Theorem 3.1 we have, for any n > 0, constants B,, < co,b, > 0 such that,
whenever || F' — Fy|lw, < 1,

Fy(z) < F(z) +log(1 + exp(nV(z) — F(z) + By — byn)) , n > 1.

From the forgoing we see that the right hand side is bounded by 2nV +b(2n) for some b(27n) < co
and all n.

To complete the proof, we show that a corresponding lower bound holds: By definition of
fr and an application of Jensen’s inequality we have for all n > 0,

Fa(@)fH(z) = BEo[f7H(@(n))] = (Ea[f(@(n))]) "

where the expectation is with respect to the process with transition kernel ]5];. On taking
logarithms, and appealing to the mean ergodic limit for the twisted process, for constants
B, < o00,b, >0,

Fulw) — ) > — log(E,[f(@(n))]) > — log(#(f) + exp(nV (z) + By —nby)),  n> 1.

This together with the bounds obtained on E' shows that (45) does hold. O

4 Entropy, Duality and Convexity

In this section we consider structural properties of the operators G, H and the functional A.
As above, we assume throughout that ® satisfies (DV3+) with an unbounded function W,
and we choose and fix an arbitrary function Wy € LY as in (34). Also, throughout this section
we restrict attention to real-valued functions in L% and real-valued measures in MI{VO since
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one of our goals is to establish convexity and present Taylor series expansions of G, H, and
A acting on L0, Recall from Proposition 2.8 that the log-generalized principle eigenvalue A
coincides with the log-spectral radius = on this domain.

The convex dual of the functional A: LYo — R is defined for u € M0 via,

A* (1) = sup{{u, F) — A(F) : F € L0}, (50)

A probability measure p € ./\/l‘fVO and a function ' € LY form a dual pair if the above
supremum is attained, so that A(F) + A*(u) = (u, F).

The main result of this section is a proof that A* can be expressed in terms of relative
entropy (recall (17)) provided that we extend the definition to include bivariate measures on
(X x X, B x B). Throughout this section we let M denote a generic function on X x X, and I a
generic measure on (X x X, B x B). The definitions of LY and MV are extended as follows:

W far . Myl _
P o= P = e (e win) <) o1
MYty = {r Tl = /X W)+ W) [D(dz,dy)| < oo} (52)

The following proposition shows that consideration of the bivariate chain ¥,

W(k) = (q)(g(;‘)l)) . k>0, U(0)eXxX, (53)

allows us to extend the domain of A to include bivariate functions, and then A* is defined on
bivariate measures via

AY(D):= sup ((I,M)—A(M)), TeMs. (54)
MeLl?,

For any univariate measure y and transition kernel P, we write 1 ® P for the bivariate measure
u@®P(dz,dy) := p(dx)P(z,dy). In particular, Proposition 4.1 shows that if ® satisfies (DV3+)
with an unbounded W, then so does W.

Proposition 4.1 The following implications hold for any Markov chain ®, with corresponding
bivariate chain ¥:
(i) If ® is Y-irreducible, then W is Vy-irreducible, with V9 : =1 © P;
(ii) If C is a small set for ®, then X x C' is small for ¥;
(iii) If C € B, p, and Ty > 1 satisfy PT0(y, A) < u(A) fory € C, A € B, then on

setting Co = X X C' and ps = 4 ® P we have,
P ((2,y), Ag) < pa(As), (z,y) € Ca, Az € Bx B,
where Py denotes the transition kernel for ¥;

(iv) If v € M is small for ® then vy :=v ® P is small for ¥;
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(v) Suppose that ® satisfies the drift condition (DV3). Then W also satisfies the fol-
lowing version of (DV3),

Ho (Vo) < —6Wo + blc, , on Sy, ,
where Ha s the nonlinear generator for ¥, Co = X x C, and

Va(z,y) = V(y) + 56W (z), Walz,y) = 5(W(z) + W(y)), z,y € X.

PrOOF. To prove (i) consider any set Ay € B x B with 13(A2) > 0. Define
g(z) = / P(z,dy)la,(z,y), =X
yeX

Then we have (g) > 0, and hence by -irreducibility of ®, > 3%, P¥g (z) > 0, for all x € X.
It follows immediately that > ;2 P§la, (z,y) > 0, for all z,y € X, from which we deduce that
W is ypo-irreducible. This proves (i), and (ii)-(iv) are similar.

To see (v), observe that under (DV3),

log Pye'? (z,y) = log/P(y,dz)e§5W(y)+V(z)

< 30W(y) +[V(y) — W (y) + blo(y)]
= Va(z,y) — dWa(z,y) + ble, (z,y), zeX, yeSy. O

We show in Theorem 4.2 that the convex dual may be expressed as relative entropy when
I" is a probability measure in M‘f@,

A(D) = H(T|# © P) = /

dl’
XXXlog (W(a@,y)) I'(dx,dy), (55)

where 7 is the first marginal of I' and © ® P denotes the bivariate measure [ ® P](dz,dy) =
7(dx)P(z,dy). When A*(I') < oo, we show in Lemma 4.11 that the two marginals agree.

Consequently, I' may be expressed as, I'(dz, dy) = [# ® P](dz,dy) = #(dz)P(x,dy), where P
is a transition kernel and 7 is an invariant measure for P.

Theorem 4.2 (Identification of A* as Relative Entropy) Suppose that (DV3+) holds with an
unbounded function W. Then:

(i) For any probability measure I’ € ./\/1‘147/20, if A*(T') < oo then the one-dimensional
marginals {I'1,T2} agree. Consequently, letting # = T'y denote the first marginal
of I' we can write, for some transition kernel P,

[(dx,dy) = 7t(dx)P(x,dy),

where 7 is an invariant measure for the transition kernel P.
(ii) If A*(T") < oo for some probability measure I' € MK/QO, then

A(T) = H(D || # & P) ::/

dr’
XxX log<m(x7y))r(d$,dy) , (56)

where [ © P|(dx,dy) := 7(dx)P(x,dy) and 7 is the first marginal of T'.
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(iii) For any ¢ > 0, the set {I' € MI{I’/QO : A*(T') < ¢} is a bounded subset of MK/QO

PROOF. Any probability measure T' on (X x X, B x B) can be decomposed as I'(dz,dy) =
#(dx) P(z, dy), where 7 is the first marginal for T'. We show in Lemma 4.11 that the marginals
of I must agree when A*(I') < oo, and this establishes (i).

Finiteness of A*(I") also implies that I' is absolutely continuous with respect to 7 ® P.
This follows from Proposition 4.6 (iv) below, applied to the bivariate chain ¥. Consequently,
the transition kernel can be expressed, P(z,dy) = m(z,y)P(z,dy), for z,y € X, for some
measurable function m: X x X — [0, o0].

With M = logm, Proposition C.10 gives the upper bound,
AT <{T,M)=H([I||x®P).

We apply Proposition C.4 to obtain a corresponding lower bound: There is a sequence { My :
k > 1} C Lo such that My — M point-wise, |My| < |M| for all £ > 1, and A(M}y) — A(M),
as k — co. Moreover, we have A(M) = 0 since P(z,dy) = m(x,y)P(x, dy) is transition kernel
for a positive recurrent Markov chain, and hence ‘1-recurrent [39]. Consequently,

A*(D) > (T, My, — A(M,)) — (D, M),k — oo.

We thus obtain the identity A*(I") = (", M), which is precisely (ii).
Finally, part (iii) follows from Proposition 4.6 (iii) combined with Proposition 4.10. O

4.1 Convexity and Taylor Expansions

We now return to consideration of the univariate chain ®, and establish some regularity and
smoothness properties for the (univariate) functional A and the nonlinear operators H and G.

We recall the definition of the twisted kernel Pj, from (21), and for any h: X — (0, 00) we
define the bilinear and quadratic forms,

(F.G)n = [Pu(FG) — (PF)(PG)]
On(F) = (F,F)n

When h = 1 we remove the subscript so that (F,G)) := P(FG) — (PF)(PG), and Q(F) :=
P(F?)— (PF)2. Tt is well-known that o2(F) :=7(Q(ZF)) is equal to the asymptotic variance
given in (37) [34, Theorem 17.5.3], where one version of the fundamental kernel Z: LY, — LY,
is given by Z = [I — P+ 1 ® 7]~ 1; see [34, 32] for details.

The fundamental kernels {Z),} for {P,} and the quadratic forms {Q;} determine the
second-order Taylor series expansions for A, G and H. We begin with an examination of A.

F,.Ge L. (57)

Proposition 4.3 Suppose that (DV3+) holds with an unbounded function W. Then the func-

tional A is finite-valued on LY, and has the following properties:

(i) A is strongly continuous: For each Fy € L0 there exists B < oo, such that for all
F e LYo satisfying ||F|lw, < 1,

|A(Fo + F) — A(Fo)| < Bl F|lw;
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(i) A: LYo — LY is smooth: For each F,Fy € LY, the function A(Fy + aF) is

oo !
analytic as a function of a. Moreover, we have the second-order Taylor expansion,

A(Fy + aF) = AMFp) + ang(F) + 2a*my(Qy(Z,F)) + O(a®),  a€R,
where g = fo :=e9F0)  gnd Ty 18 the invariant probability measure of Pg.

PRrOOF. Part (i) follows from Proposition 2.10 combined with Lemma 3.3.

To establish (ii) we note that A, (Fy + aF’) is an analytic function of a for each initial z,
and Fy, F € L0, Proposition 3.6 states that this converges to A(Fy + aF'), which is convex
and hence also continuous on R, and the convergence is uniform for a in compact subsets of
R. This implies that the limit is an analytic function of a.

The second-order Taylor series expansion follows as in the proof of property P4 in the
Appendix of [32]. O

We now consider H, viewed as a nonlinear operator from Lzo to L‘O/O. Proposition 4.4
establishes smoothness and pointwise convexity of H, and Proposition 4.5 gives analogous
results for G. See [6, Chapter 3] for related results for finite-dimensional positive matrices, and
various applications to optimization.

Proposition 4.4 Suppose that (DV3+) holds with an unbounded function W .

(i) H: L% — LY is pointwise convex: For any Fy, Fy € LY, and for any 6 € (0,1)
we have,
RO + (1 - 0)Fy) < OH(FY) + (1 - 0)H(F2),

where inequalities between functions are interpreted pointwise.

(ii) H is smooth: We have the second-order Taylor expansions, for any F, Fy € Lzo,
H(Fy + aF) = H(FY) + aA F + 2a*Qy(F) + O(a®),  a€R,
where g = fo := e9E0) gnd A, is the generator of ]59.

PrROOF. We first show that H: LYo — LY. To see this, take any F € L¥0. Since W € LY
and Wy € LY satisfies (6), we can find b(F) < oo such that |F| <V + b(F). It follows from
(DV3) that,

log(Pef) > log(Pe™V) —b(F) > —(V — W + b+ b(F))
log(Pef) < log(PeV)+b(F) <V — W + b+ b(F),

which shows that H(F) € LY. Given these bounds, the smoothness result (ii) is a consequence
of elementary calculus.

To establish convexity, we let H; = H(F;) and f; = ef*, so that Pf; = efif;, i = 1,2. An
application of Holder’s inequality gives the bound,

P < (PR (Pf2) 9 exp(0H; + (1 - 0)Hy) f1 15"
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With F:=0F, + (1 —0)F, = log(flefélfe)) we then have
H(F) =log(Pf/f) < OH(F1) + (1 = O)H(F?). 0

We can also obtain a Taylor-series approximation for G, but it is convenient to consider a
re-normalization to avoid additive constants. Define,

Go(F) = G(F) — m(G(F)), FerL,

Proposition 4.5 Suppose that (DV3+) holds with an unbounded function W. For each Fy €
LYo 0 <n <1, there is g > 0, by < oo, such that

||eSo(Fo+F) _ egO(FO)Hv,, < bo||F||w,
whenever || F|lw, < €o. We have the Taylor series expansion,
Go(Fo + aF) = Go(Fo) + aZ F + 30> Z;, Qf (Z;,F) + O(a”),  a€R,
where Zg s the fundamental kernel for Pfo’ normalized so that nZp F =0, Fe Lo,

PRroOF. The strong continuity follows from strong continuity of P, given in Lemma 3.3.
The Taylor-series expansion is established first with Fy = 0. Given F € LW 4 € R, we

[o ol

let f, = exp(aF), and let f, be the solution to the eigenfunction equation given by
fa=[Da— P, +1@7 1.

Under assumption (DV3) alone we have seen in Theorem 3.4 that this is an eigenfunction
in Lg, for small |a|. We also have I, = log(fa) = Go(Fa) + k(a), with k(a) = 7(F,). In
the analysis that follow, our consideration will focus on Fj, rather than Gy(F,) since constant
terms will be eliminated through our normalization.

We note that the first derivative may be written explicitly as,

d d
200 = Ao — P, +1® W]_l(%)\al —IpP;) [N — Py, +1 @7 1.
Observe that the derivative is in LY since both IrPf, and [I — Py, +1 ® 7]~ are bounded
linear operators on LY . Similar conclusions hold for all higher-order derivatives.
We define the twisted kernel as above,

Ja Pz, dy) fa(y)

. reX, AeB.
Pfa(x)

Py(z,A) := Pfa (x,A) =

As in [32] we may verify that the function F, = %Fa is a solution to Poisson’s equation,

PF,=F,— F+m,(F), m.(F)= diA(aF) ,
a

where 7, is invariant for P,. Setting a = 0 gives the first term in the Taylor series expansion
for Gy.
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To obtain an expression for the second term we differentiate Poisson’s equation:

d = d d , « ~ d -~ L~

—(F, — F + —A(aF)) = — (P,F,) = (=B, F, + B, F?.

da( + da (a )) da( ) (da ) + @ (58)
We wish to compute the second derivative, ﬁf) = jTZ? log( fa), which requires a formula for

the derivative of P,: For any G € LY,

4(n6) = P(,G)Pfu — P(JuG)(Pfy)
da a (Pfa)2 (59)
= Pu(F.G) — (PuG) (PuFa) = (F0, G,

Letting H, = (F,, ﬁa»fa’ the identities (58) and (59) then give,
P,E® = F? _ H, + A"(aF). (60)

Letting Z, denote the fundamental kernel for P, we conclude that

~

F® - 1(F?) = Z,Hy = Zo(Fa, Fu) f, -
Evaluating all derivatives at the origin provides the quadratic approximation for Gy,
GolaF) = aZF + 1a®Z[(F, F)] + O(a®)

where Z is the fundamental kernel for P, normalized so that 7Z = 0, and F=2ZF.

To establish the Taylor-series expansion at arbitrary ag € R we repeat the above arguments,
applied to the Markov chain with transition kernel P,,. This satisfies (DV3+) with V =
c+V — Fao for sufficiently large ¢ > 0, by Proposition 2.11. O

4.2 Representations of the Univariate Convex Dual

The following result provides bounds on the (univariate) convex dual functional A*, and gives
some alternative representations:

Proposition 4.6 Suppose that (DV3+) holds with an unbounded function W. Then, for any
probability measure p € ./\/l‘fvO :

(1) A*(u) = sup{{p, F) = A(F): F € Loy and F € Lo}
(i) A" (1) = sup{ (s, ~H(H)) : H € Log }.

(iii) There exists €9 > 0, independent of u € M‘I/VO, such that

e = 7[5y, W
A*(,u)zeo(—o), pe Mo
1+ ”N*WHWO !

(iv) If u is not absolutely continuous with respect to m, then A*(u) = oo.
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The proof is provided after the following bound.

Lemma 4.7 Suppose that (DV3+) holds with an unbounded function W. Then, F e Ly
provided the following conditions hold: F € LY ; A(F) =0; and F = Flcy, vy for somer > 1.

PROOF. From the local martingale property we have,

Toy (r)—1 . ¥

F(z) = logE,[exp( X155 F(@()) f(@(rcy ()]
= F(z)+1logE, [exp(f(@(TCV(r)))].

This then gives the bound, || F'||ee < [|F||oo + HF]ICV(T)”OO < 0. O

PROOF OF PROPOSITION 4.6. For any F' € L%, and any r > 1 we write, F, = Loy oy [F' = el
where v, € R is chosen so that A(F;) = 0. Its existence follows from Proposition 4.3.

From Proposition C.5 we can show that v — A(F'), and then also that A(F,) — 0 as
r — oo. Consequently, A*(u) = sup{{(u, F,) — A(F,) : F € LYo, r > 1}, and Lemma 4.7
implies that F, € Ly, for each r, which completes the proof of (i).

Part (ii) is essentially a reinterpretation of (i): From the equation H(F) = —F + A(F) and

part (i) we obtain the upper bound,

A(p) = sup{{u, F) — A(F): F € Ly}
sup{{p, —H(F)) : F € Lo}
sup{(p, —H(G)) : G € Lo }.

Conversely, for any function G € L, the function F':= —H(G) satisfies A(F) =0, F € Lq.
This gives the desired lower bound, A*(u) > (u, F) = (1, —H(G)), for G € L.

Result (iii) is obtained from the mean value theorem, justified by Proposition 4.3: For
any F' € L0, e > 0, there is 0 < & < € such that A(eF) = en(F) + 3e2A”(¢F). Let By =
sup{A”(eG) : ||Gllw, <1, 0 < e < 1}. Note that By < co by the Lemma following the proof.
Then, whenever |[F|ly, < 1, ¢ < 1, we have A(eF) < en(F) 4+ 1Bye?. The definition of the

convex dual then gives,

IN

)
)

IN

A* (1) + A(eF)

<
< A*(p) +em(F) + Boe?

and since this holds for any || F'|lw, < 1, we have the absolute bound,

u(F) =m(F)| < tA*(u) +5Boe®,  ||Fllw, < 1.
Letting € = \/A*(u) we obtain
e = 7llwo = sup  [u(F) = x(F)| < A" (1) + 5BoA™ (1), |A*(w)] <1,
1 Fllwg <1

which implies the desired lower bound on A*.
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To prove (iv), write u = puop + (1 — p)pu1 where g, p; are probability measures on (X, B)
such that uy < 7 is absolutely continuous and pg is singular with respect to w. Let S denote
the support of pg. We have A(F') = 0 whenever F' € L, is supported on S, and hence

M) > sup{(p, F) — A(F): F € LY, F =IgF}
= psup{(po, F): F € LOVEO, F =1gF},

which is infinite, as claimed. O
Lemma 4.8 By = sup{%A(aG) NGllw, <1, 0<a <1} < 0.
PROOF. (sketch) Let P, = P;, and let m, denote the invariant distribution for given ||G/|w,

1, and a € [0,1]. We let Z, the fundamental kernel for P,, normalized so that m,(Z,G)
7m(G), and we let G, = Z,G. Proposition 4.3 then gives the representation,

IIA

A"(aG) = 70(Qu(ZuG)) = ma (Pu(G?) — (P.Ga)?).
The proof is completed on showing that
sup [|mglly < o0, sup ”aaHV < o0,

where the supremum is over all ¢ and G in this class. This follows from the arguments above
— see in particular (45) and the surrounding arguments. O

In the following proposition we give another characterization of dual pairs (u, G) for A*.

Proposition 4.9 Suppose that (DV34) holds with an unbounded function W. We then have:

(i) For any H € LY, ﬂ'(H(H)) > 0, with equality if and only if H(H) = 0, in which
case H is constant a.e. [r].

(ii) If p € /\/l‘l/VO is not invariant under P then there is H € Lo, satisfying M(H(H)) <
0.

(iii) Suppose that p € M¥V0, and that there exists G € LY satisfying,
N () = {1, =H(G)) = sup{ (u, —H(H)) - H € LYo}
Then p is invariant under the twisted kernel Pg.

PROOF. The first result is simply Jensen’s inequality:

T(H(H)) = /log(Ex[eXp(H(Cb(l))—H(@(O)))])ﬂ(dw)
> Ex[H(2(1) - H(2(0))] =0.

If equality holds, it then follows that e’ is constant a.e. [r].
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To prove (ii) let F(z) = €[la — v lp], with € > 0, A,B € B" small sets such that
sup 4 V() is finite, and . > 0 is chosen so that A(F') = 0. The function H := F' = G(F) is
then bounded, by Lemma 4.7. Moreover,

W(H(H)) = —p(F) = —[u(A) — 7epu(B)).
Under (DV3+) we may apply Proposition 4.3 to justify the Taylor series expansion,
0 = A(F) = eln(A) — 77 (B)] + O(€),
which gives v = 7w(A)/7(B) + O(€). Choosing A, B so that u(A)/u(B) > w(A)/m(B) we see

that this function H satisfies the desired bound for € > 0 sufficiently small.
We now prove (iii). Applying Proposition 4.6 (ii), the convex dual A* for the kernel Py,

may be expressed as 5
= (g (s (20))

For any H € L0 set H' = H + G so that,

M) = _<ian/eL¥° <”’ 10g<%l;};/)>)
= _(ianfeLZZo <u, log<];ff/)>> + <u,log<%)> =0.

Thus p is invariant for P,, by (i). O

4.3 Characterization of the Bivariate Convex Dual

We now turn to the case of bivariate functions and measures.
Given any function of two variables M: X x X — R, we let m = e and extend the
definition of the scaled kernel in (20) via,

Pn(z,dy) :=m(z,y)P(z,dy), z,y € X.

The following result shows that the spectral radius of this kernel coincides with that defined
for the bivariate chain W¥. The proof is routine.

Proposition 4.10 Suppose that Py, has finite spectral radius A, in vy-norm for all sufficiently
small n > 0. Let Py denote the transition kernel for the bivariate chain ¥.

i) I, Po has the same spectral radius in vyo-norm for sufficiently small n > 0, with
n
vz, y) = exp(n[V (y) + 36W (2)]).
(ii) If Py, has an eigenfunction f, then I,,P5 also possesses an eigenfunction given by,

fo(@1,m2) = m(z1, ) f(2).
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For a Markov process with transition kernel P satisfying (DV3+), we say that M and M
are similar if there exists H € LY, such that

M(z,y) = M(z,y) + H(z) — H(y) ae. (z,y) e Xx X [1©® PJ.

The function M is called degenerate if it is similar to M = 0. The log-generalized principal
eigenvalues agree (A(M) = A(M)) whenever M, M are similar. This is the basis of the
following two lemmas.

Lemma 4.11 Suppose that (DV3+) holds with an unbounded function W. IfT" € M}/@ is a
probability measure with A*(T') < oo, then I’ < w © P, and the one-dimensional marginals of
I' agree.

PRrROOF. The conclusion that I' < 7 ® P follows from Proposition 4.6 (iv).
For any M € Lo(X x X), H € Lo, we have A(M) = A(M), where M(z,y) := M (z,y) +
H(xz) — H(y). Hence, for all such M, H,

A*(D) > (I, M) — A(M) = (D, M) — A(M) + (I, H) — (T, H)

where I'1 and I's denote the two marginals. If I'y # 'y it is obvious that the right hand side
cannot be bounded in H. O

Lemma 4.12 Suppose that (DV34) holds with an unbounded function W. Suppose moreover
that M € LY ,, and that the asymptotic variance of the partial sums ZZ;& M(®(k), ®(k +

00,27

1)), n > 1, is equal to zero. Then the function M is degenerate.

PRrROOF. Applying [32, Proposition 2.4] to the bivariate chain ¥ with transition kernel P, we
can find M such that

M(®(k), ®(k + 1)) — M(®(k — 1), ®(k)) = —M (®(k — 1), ®(k)) + m2(M)  a.s. [Px], k> 1,

where my = m @ P is the invariant probability measure for P,. Since ®(k + 1) is conditionally
independent of ®(k — 1) given ®(k), it follows that M does not depend on its first variable.

~

Thus we can find F € LXO satisfying
F(®(k+1)) — F(®(k)) = —M(®(k — 1), ®(k)) + m2(M)  a.s. [Ps], k>1,
therefore, M is similar to the constant function mo(M):
M(z,y) = m(M) + G(x) — G(y), ae. m™0O P,

with G(z) = PF (x). O
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Theorem 4.13 (Identification of Dual Pairs) Suppose that (DV3+) holds with an unbounded
function W.

(i) Assume that M € LZ?Q andI' € Mll/vg are given, such that A*(I') < oo and (M,T)
is a dual pair, i.e., (U, M) = A(M) + A*(T"). Define My as the Radon-Nikodym

derivative,
Mofe.y) = log( -5 (29))  myEX
' dix P} ’ ’
where 7 is a marginal of ' (see Lemma 4.11). Then, the function My is similar to
M — A(M):

Mo(z,y) = M(z,y) — AM) — F(z) + F(y),
where F = log(f), with f equal to an eigenfunction for P,,, with eigenvalue \(M).
(ii) Conversely, suppose that T' € MI{@ is given, satisfying I' < [ ® P, and suppose
that ifs one-dimensional marginals agree. Consider the decomposition, I'(dz, dy) =
(7 © P|(dz, dy), where & :=T'1 =T is the (common) first marginal of ' on (X, B),
and P is a transition kernel. Let
ar
M(z,y) = log<m

If M e LY, then A*(T) is finite and (T, M) is a dual pair.

00,27

(x,y)) x,y € X.

PRrROOF. Part (i) is a bivariate version of Proposition 4.9: We know that I' is an invariant
measure for a bivariate process, whose one-dimensional transition kernel is of the form,

P(z, dy) = eM@V-AOD=F@+FW) p(g dy).

Invariance may be expressed as follows:

D(dy, dz) = / D(de,dy)Puly,dz), .2 € X.
xeEX

Since I' has equal marginals, denoted 7, this identity may be expressed,

7t(dy)P(y,dz) = 7(dy) Pn(y, dz), y,z € X,

which is the desired identity in (i).

To prove (ii), let A(-) denote the functional defining the log-generalized principal eigenvalue
for the transition kernel P = P,,. Proposition 2.11 gives, A(N) = A(N 4 M) — A(M), for any
N € LZ?z' We can then write,

M) = supyer,, ((0,N) = A(N))
= supyer, ({0, N + M) = A(N + M)
= supyep, ({0 N) + (0, M) = A(N) = A(M))
= AY(T) + (T, M) — A(M).

We have A*(T") = 0 by Proposition 4.9, and consequently (T', M) = A(M)+ A*(T). This shows
that (M,T") is a dual pair. O
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5 Large Deviations Asymptotics

In this section we use the multiplicative mean ergodic theorems of Section 3 and the structural
results of Section 4 to study the large deviations properties of the empirical measures {L,}
induced by the Markov chain ® on (X, B); recall the definition of {L,,} in (14).

As in the previous section, we also assume throughout this section that the Markov chain
® satisfies (DV3+) with an unbounded function W, and we choose and fix a function Wy :
X — [1,00) in LY as in (34). Our first result, the large deviations principle (LDP) for the
sequence of measures {L, }, will be established in a topology finer (and hence stronger) than
either the topology of weak convergence, or the T-topology. As described in the Introduction,
we consider the 7"o-topology on the space M of probability measures on (X, B), defined by
the system of neighborhoods (16).

Since the map (z1,...,zy,) — %Z?Zl 0z, from X" to M; may not be measurable with
respect to the natural Borel o-field induced by the 7"o-topology on M, we will instead
consider the (smaller) o-field F, defined as the smallest o-field that makes all the maps below
measurable:

Vi /de, for real-valued F € LY0. (61)

Theorem 5.1 (LDP for Empirical Measures) Suppose that ® satisfies (DV3+) with an un-
bounded function W. Then, for any initial condition ®(0) = x, the sequence of empirical
measures {L,} satisfies the LDP in the space (My,F) equipped with the TV°-topology, with
the good, convex rate function

I(v) :=inf PH(v ® P|jv ® P) (62)

where the infimum is over all transition kernels P for which v is an invariant measure, and
v® P denotes the bivariate measure [v® P|(dx, dy):=v(dz)P(z,dy) on (X x X, Bx B): Writing
Un,z for the law of the empirical measure Ly, under the initial condition ®(0) = z, then for
any B € F,

- s 10

IN

lim inf 1 log py, o+ (E)
n—oo

< lim sup 2 log pin.(E) < — inf I(v),

- n—00 veE

where E° and E denote the interior and the closure of E in the 7V0 topology, respectively.

The proof is based on an application of the Dawson-Gartner projective limit theorem along
the same lines as the proof of Theorem 6.2.10 in [12]. The main two technical ingredients are
provided by, first, the multiplicative mean ergodic theorem Theorem 3.1 (iii) which, as noted
in (36), shows that the log-moment generating functions converge to A. And second, by the
regularity properties of A and the identification of A* in terms of relative entropy, established
in Section 4 and Section C of the Appendix.

As in Section 4, in order to identify the rate function for the LDP we find it easier to
consider the bivariate chain W. Recall the bivariate extensions of our earlier definitions from
equations (51), (52), (53) and (54).
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PrROOF OF THEOREM 5.1. We begin by establishing an LDP for ® with rate function given
by A*. Recall that Proposition 3.6 gives

T on

An(F) = L1ogE, [exp(n(Ln, F>)] SA(F), 1 — oo (63)

In order to apply the projective limit theorem we need to extend the domain of the convex
dual functional A* as follows. For probability measures v € M}"°, A*(v) is defined in (50),
and the same definition applies when v is a probability measure not necessarily in MI{VO.
More generally, let L' denote the algebraic dual of the space L = L0, consisting of all linear
functionals © : L — R, and equipped with the weakest topology that makes the functional

O—0O(F)=(©,F): L' =R

continuous, for each in F' € Lo, Note that each probability measure v on (X, B) induces a
linear functional ©, : L — R via

(00, F) = (i, F) = / Fav.

Therefore, we can identify the space of probability measures M with the corresponding subset
of L', and observe that the induced topology on M; is simply the 7"o-topology.
Next, extend the definition of A* to all © € L' via

A*(©) =sup{(©,F) — A(F) : Fe LY}, (64)

and observe that [12, Assumption 4.6.8] is satisfied by construction (with W = L = L% X =
L’ and B = F), and that by Proposition 4.3 the function A(Fp+ aF) is Gateaux differentiable.
Therefore, we can apply the Dawson-Géartner projective limit theorem [12, Corollary 4.6.11 (a)]
to obtain that the sequence of empirical measures {L,} satisfy the LDP in the space L’ with
respect to the convex, good rate function A*. Moreover, since by Proposition C.9 we know
that A*(0) = oo for © ¢ M, we obtain the same LDP in the space (M1, F), with respect to
the induced topology, namely, the 7V0-topology; see, e.g., [12, Lemma, 4.1.5].

Next note that, in view of Proposition 4.1, the bivariate chain ¥ also satisfies the same
LDP. But in this case, we claim that can express A*(I") for any bivariate probability measure
I" as follows:

H(|T e P), if the two marginals I'y and I'y of I agree;
o0, otherwise.

To see this, first consider the case when I'; # I'g; then Theorem 4.2 (ii) and Proposition C.10
imply that A*(I') = co. Suppose now that I'y = I'y. Then Proposition C.10 shows that A*(T")
must equal H(I'||T'; ® P) whenever A*(I') = co. And if the marginals agree and A*(I") is finite,
then the identification follows form Theorem 4.2 (iii).

Finally, an application of the contraction principle [12, Theorem 4.2.1] implies that the
univariate convex dual A*(v) coincides with I(v) in (62). Simply note that the 7"Vo-topology
on the space of probability measures is Hausdorff, and that the map I' — I'; is continuous in
that topology. O
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Theorem 5.1 strengthens the “local” large deviations of [32] to a full LDP. The assumptions
under which this LDP is proved are more restrictive that those in [32], but apparently they
cannot be significantly relaxed. In particular, the density assumption of (DV3+) (ii) cannot be
removed, as illustrated by the counter-example given in [18]. This example is of an irreducible,
aperiodic Markov chain with state space X = [0, 1], satisfying Doeblin’s condition. It can be
easily seen that this Markov chain satisfies condition (DV3) with Lyapunov function V(x) =
—3logz, x € [0,1], and with W given by

2—log{f‘_‘/2”i[\/%—§—\/i+§]} for x € [0,1/2);
2 — log(2+/) for x € [1/2,1].

W(z) =

Taking 6 = 1, C' = [0,1] and b = 2 yields a solution to (DV3), with the Lyapunov function V'
and the unbounded function W as above. But for this Markov chain the density assumption
in (DV3+) (ii) is not satisfied, and as shown in [18], it satisfies the LDP with a rate function
different from the one in Theorem 5.1.

The LDP of Theorem 5.1 can easily be extended to the sequence of empirical measures of
k-tuples Ly, i, defined for each k > 2 by

n—1
1
L= > S@),a@t),dk-1))  n>1. (65)
t=0

We write M j, for the space of all probability measures on (X*, B¥), and we let F} denote the
o-field of subsets of M, defined analogously to F in (61), with X* in place of X, and with
real-valued functions F' in the space

LWO —lp. Xk C: ||F — | s s <
ey { = 1Flw, Xt <Wo(i€1) oot WO(xk)> oo}

instead of LY°. Similarly, the TZV °-topology on My is defined by the system of neighborhoods

NE(c, ) := {veMp:|v(F)—c| <é}, forreal-valued F € L ceR,6>0.

00,k?

A straightforward generalization of the argument in the above proof yields the following
corollary. The proof is omitted.

Corollary 5.2 Under the assumptions of Theorem 5.1, for any initial condition ®(0) = =z,
the sequence of empirical measures {Ly, 1} satisfies the LDP in the space (M, Fi) equipped
with the T]ZV 9-topology, with the good, convex rate function

H(vg|lvg—1 © P),  if v is shift-invariant
Ik(l/k =

0, otherwise.

where v_1 denotes the first (k — 1)-dimensional marginal of vy.
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Next we show that under the assumptions of Theorem 5.1 it is possible to obtain exact
large deviations results for the partial sums .5,

|
—

Sy, X F(®(t) = (Lo, F), n>1, (66)

Il
=)

of a real-valued functional F € L%°. In the next two theorems we prove analogs of the
corresponding expansions of Bahadur and Ranga Rao for the partial sums of independent
random variables [1]. Our results generalize those obtained by Miller [36] for finite state
Markov chains, and those in [32] proved for geometrically ergodic Markov processes but only
in a neighborhood of the mean; see [32] for further bibliographical references.

First we note that, since for any F' € LOVgO the map v — (v, F') from M to R, is continuous
under the 70 topology, we can apply the contraction principle to obtain an LDP for the
partial sums {5, } in (66): Their laws satisfy the LDP on R with respect to the good, convex
rate function J(c) as in (19),

J(c) = inf{I(v): v is a probability measure on (X, B) satisfying v(F) > c}
= inf {H(FHFl ® P) : T € My with marginals I’y = I'y such that T'y(F) > c}.

Alternatively, based on (the weak version of) the multiplicative mean ergodic theorem in
(63), we can apply the Géartner-Ellis theorem [12, Theorem 2.3.6] to conclude that the laws of
the partials sums {S,,} satisfy the LDP on R with respect to the good rate function J*(c¢),

J*(c) = 3161]12 [ac — A(aF)], ceR, (67)

so that, in particular, J(c) = J*(c) for all c.
Now suppose for simplicity that the function F' has zero mean 7(F) = 0 and nontrivial
central limit theorem variance o%(F) > 0; recall the definition of o?(F) from Section 3.1. To

evaluate the supremum in (67), we recall from Lemma 2.10 that A(aF') is convex in a € R,
and since by Theorem 3.1 it is also analytic, it is strictly convex. Therefore, if we define

Frax = alin;o diaA(aF) = itelg diaA(aF),
then J*(c) = oo for values of ¢ larger than Fihax, and the probabilities of the large deviations
events {S,, > nc} decay to zero super-exponentially fast.

Therefore, from now on we concentrate on the interesting range of values 0 < ¢ < Fipax.
Note that, although in the case of independent and identically distributed random variables
it is easy to identify Fi,.x as the right endpoint of the support of F', for Markov chains this
need not be the case, as illustrated by the following example.

Example. Let ® = {®(n) : n > 0} be a discrete-time version of the Ornstein-Uhlenbeck
process in R?, with ®(0) = 2 € R? and,

o= (2)- [0 s ().
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where {N(k)} is a sequence of independent and identically distributed N(0,1) random vari-
ables. Let A denote the above 2-by-2 matrix, and assume that the roots of the quadratic
equation 2% + a;z + ag = 0 lie within the open unit disk in C.

Note that there exists v < 1 and a positive definite matrix P satisfying, ATPA < vI. One
may take P =3 ° 7~k (AF)T AR where v < 1 is chosen so that the sum is convergent.

Then & satisfies (DV3+) (i) with Lyapunov function V(z) = 1 + ez"Pz, and W =V,
for suitably small € > 0 (hence, the drift condition (DV4) also holds). Condition (DV3+) (ii)
holds with Ty = 2 since P?(x, -) has a Gaussian distribution with full-rank covariance.

Consider the functions

Fi(@) =g <1y, Fol@) =a2—21, F(z) = Fi(2)+ Fo(z), o= (x1,22)" € R%

The asymptotic variance of Fy is zero, and for any initial condition we have

n—1 n—1
STF@() = 3 Fu(®(1) + [Ba(n— 1) — 1]
t=0 t=0

We conclude that Fihax = (Fy)max = 1, although 7n{F > ¢} > 0 for each ¢ > 0 under the
invariant distribution .

Recall form Section 3.1 the definitions of lattice and non-lattice functionals.

Theorem 5.3 (Exact Large Deviations for Non-Lattice Functionals) Suppose that ® satisfies
(DV3+) with an unbounded function W, and that F € L0 is a real-valued, strongly-non-lattice
functional, with 7(F) =0 and 0%(F) # 0. Then, for any 0 < ¢ < Fpax and all € X,

Po{Sn > nep ~ Lt _goni(0

a\/2mno? ’

where a > 0 is the unique solution of the equation %A(QF) =c, 02 = %A(QF) >0, fa(z)
is the eigenfunction constructed in Theorem 3.1, and J(c) is defined in (19). A corresponding
result holds for the lower tail.

n — 0o,

The proof of Theorem 5.3 is identical to that of the corresponding result in [32], based on
the following simple properties of a Markov chain satisfying (DV3+). We omit properties P5
and P6 since they are not needed here.

Properties. Suppose ® satisfies (DV3+) with an unbounded function W, and choose and
fix an arbitrary 2 € X and a function F' € L% with zero asymptotic mean 7(F) = 0 and
nontrivial asymptotic variance 02 = 0?(F) # 0. Let S,, denote the partial sums in (66) and
write my(a) for the moment generating functions

my(a) := Ezlexp(aSy)] = Ezlexp(a(Ln, F))], n>1, aeC. (68)

The proofs of the following properties are exactly as those of the corresponding results in [32],
and are based primarily on the multiplicative mean ergodic theorem Theorem 3.1, and the
Taylor expansion of A(F") given in Proposition 4.3. Observe that by Theorem 2.2 we have that
the Lyapunov function V in (DV3+) satisfies m(V?) < oc.
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P1. For any m > 0 there is @ > m, @ > 0 and a sequence {¢,} such that
ma(a) = exp(nA(aF))[fa(2) + lalen], n>1,

and |e,| — 0 exponentially fast as n — oo, uniformly over all « € Q(a,w), with Q(a,©)
as in Theorem 3.1.

P2. If F is strongly non-lattice, then for any m > 0 and any 0 < wg < w; < 00, there is
a > m and a sequence {¢,} such that

mp(a) = exp(nA(aF))e,, n>1,

and |e),| — 0 exponentially fast as n — oo, uniformly over all @ = a + iw with |a|] <@
and wy < |w| < wy.

P3. If F is lattice (or almost lattice) with span h > 0, then for any € > 0, as n — oo,

sup |m, (iw)| — 0 exponentially fast.
e<|w|<27/h—e

P4. For any m > 0 there exist @ > m and @ > 0 such that the function A(aF’) is analytic
in @ € Q@,w), and for « = a € R we have A(aF)|qg=0 = d%A’(afﬂazo = 0, and

%A”(aFﬂa:o = 0% > 0. Moreover, o2 := (;%A(aF) is strictly positive for real a €
[_aaa]'

P7. For each m > 0 there exist @ > m and @ > 0 such that the eigenfunction f, is analytic
in a € Qa,w), it satisfies fa‘a:O = 1, and it is strictly positive for real a. Moreover,
there is some Wy € (0,w) such that

§(iw) = |1og fiw(z) — iwF ()| < (Const)w?,
for all |w| < @y, where F is as in Theorem 1.1.

An analogous asymptotic expansion for lattice functionals is given in the next theorem;
again, its proof is omitted as it is identical to that of the corresponding result in [32].

Theorem 5.4 (Exact Large Deviations for Lattice Functionals) Suppose ® satisfies (DV3+)
with an unbounded function W, and that F' € LKO is a real-valued, lattice functional with span
h >0, 7(F) =0 and 0?(F) # 0. Let {c,} be a sequence of real numbers in (e,00) for some
e > 0, and assume (without loss of generality) that, for each n, ¢y is in the support of Sy,.
Then, for all x € X,

P.A{S, > nep} ~ h e_"‘]”(c”), n — 00, (69)
(1 — e=han), /2rn A/ (ay,)

where Ay (a) is the log-moment generating function of Sy,

An(a) :=1ogE, [e“s’l} , n>1,aeR,
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each a, > 0 is the unique solution of the equation %An(a) = ¢y, and Jy(c) is the conver dual

OfAn(CL),
Jn(c) == A (c) == ilelg[)\c — A, (V)] n>1,ceR.

A corresponding result holds for the lower tail.

Observe that the expansion (69) in the lattice case is slightly more general than the one in
Theorem 5.3. If the sequence {c¢,} converges to some ¢ > € as n — oo, then, as in [32], the a,
also converge to some a > 0, and

Px{Sn 2 TLCTL} ~ hfa(.'E) e*ﬂJ(C)7 n — oo,

(1 —e~ha)\/2mno?

where 02 := %A(aF).
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Appendix

A Drift Conditions and Multiplicative Regularity

Lemma A.1 allows us to bound the expansive term blo(x) in condition (DV3). We say that
a set S € B is multiplicatively-special (m.-special) if for every A € Bt there exists n > 0 such
that

21612 E. {exp (nTALTA (S))] < 00.

Lemma A.1 If ® is y-irreducible, then every small set is m.-special.

PROOF. Let S be a small set, and fix A € B*. For a given fixed T > 0, define the stopping
times {7, : n > 0} inductively via Tp = 0, and

T :inf{t > T, +T:0() e S}, n>0.
We consider the sequence of functions,

) =Efoa(n [ ws@o)a)], ez,

and we let B,, = By (1) = sup,ex gn(x), n > 1. Since S is small, there exists e > 0, T > 0,
such that P,{74 > T1} <1—e< 1 for all z € S. From the strong Markov property we then
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have,
gni1(z) = E, [exp (77 f[O,TA/\Tn+1) Ls(®(1)) dt)}
e"E, [H(TA < T1)}

+E, [exp (1 fig 1) Ts(@(1)) dt) Earyy [ex0 (1 fi 1y n,) Ts(@(0) dt) [ 174 > T1)|

IN

IN

e + (e"'\/B1(2n)P{ra > T1}) By < " + (e"'\/B1(2n)(1 — €))Bn,

for all x € S, where the last bound uses Cauchy-Schwartz.
This gives an upper bound for z € S, and the same bound also holds for all x since
1/2
gn(z) < supyeg gn(y). Choosing 1 > 0 so small that p := (e"ZTBl(Qn)(l — e)) < 1, we see

from induction that {B,} is a bounded sequence, and lim sup,, ., B, < (1 —p)~te"T. O

PROOF OF THEOREM 2.5.

Recall that, under (DV3), the stochastic process (m(t), F:) given in (9) is a super-martingale.
That is, for any stopping time 7,

Ex[m(7)] < m(0) = v(x), x e X (70)

Fix any set A € BT. An application of Lemma A.l implies that there exist constants by, by <
00, and 77 > 0 such that for any stopping time 7,

7—1

Ex [exp(DmIc(®@(s)) — bila(@(s)]) | < exp(ba). (71)

s=0

From (70), Jensen’s inequality, and Hélder’s inequality, for all sufficiently small > 0, and
all finite b3 > 0,

Ex[exp (nV (2(7)) + VS v a(s) - byla(®(5))])|
s=0

|
—

T

= E.[esp(nV(®(r) + VSV (@G5 - LbLo(@(s))]) exp(n Y [3ble((s)) - bsLa(@(s)]) |
s=0

]
Il
=)

=

< Efexp(20V(2(r) + o0 S W () - bl ((s))])|
5=0

x Eg [exp(Qn Tz_:l[ébﬂc(q)(s)) - b3]IA((I)(S))]>F
5=0
< VO, exp (2n§[bﬂc(@(s)) ~ bla(@(s))])| :
s=0
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Setting b = b1n; © we obtain from this and (71), for all < 1;(2b)!,

T—1
E. exp(nV (@(7) + 1 D_[W(®(s)) — bsTa(@(5))]) | < vy (@) exp@nbbri’),  weX. (72)
s=0

Setting 7 = 74 Am for m > 1, and then letting m — oo completes the proof. (|

PROOF OF THEOREM 2.2.

The construction of a Lyapunov function V, follows from the bounds given above, beginning
with (72) (note however that W = 1 under (DV2)). Assume that the set A € BT is fixed, with
V bounded on A. We assume moreover that A is small — this is without loss of generality by
[34, Proposition 5.2.4 (ii)]. Fix £ > 0, and define,

oa:=min{i > 0: P(i) € A}, T: =04 Nk.
Consideration of this stopping time in (72) gives the upper bound, for some b; < oo,
E.|I(oa > k) exp(nV (®(k)) + %nk)} < blvn(az)e*%"’“, reX, k>0,

and on summing both sides we obtain the pair of bounds,

vy(x) < Vi(z) :=E; {UZA exp(nV (®(k)) + %nk)} < (1_b€15n>vn(az) , x e X.
k=0

We now demonstrate that this function satisfies the desired drift condition: We have,

TA

PV, (x) = E.| > exp(nV (®(k)) + bnk) | < e™41Vi (@) + 0T (2),
k=1
with b’ = (11771177) sup,e 4 vp(y). This is indeed a version of (V4). O

Proposition A.2 Suppose that X is o-compact and locally compact; that P has the Feller
property; and that there exists a sequence of compact sets {K, : n > 1} satisfying (27): For
any compact set K C X,

sup Ez[e"n] < 00.
zeK

Then, there exists a solution to the inequality,

H(V) < —iW + bl

such that V,W: X — [1,00) are continuous, their sublevel sets are precompact, C € B is
compact, and b < co.
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PrROOF. Let {O,, : n > 1} denote a sequence of open, precompact sets satisfying O,, T X,
and K,, C closure of O,, C Op+1, n > 1. For each n > 1 we consider a continuous function
sp: X — [0, 1] satisfying s, (z) = 1 for z € O,, and s,(x) = 0 for x € O, ;. We then define a
stopping time 7, > 1 through the conditional distributions,

P{ra >n| Fu} =[[(1 - su(®(i))), n>1

i=1

From the conditions imposed on s, we may conclude that 7, > 70, > 7 > 70,,,, for each
n > 1.
For n > 1, m > 1 we define V,, ,,: X — R by,

Tn—1

V() i=log Ex[exp( 3 (n = 1) (1 = sm(@(@) )], wex.

=0

Continuity of this function is established as follows: First, observe that under the Feller
property we can infer that P,{7, = k} is a continuous function of x € X for any £ > 1. The
bound 7, < 7k, , n > 1, combined with (27) then establishes a form of uniform integrability
sufficient to infer the desired continuity.

Moreover, by the dominated convergence theorem we have V;, ,,,(x) | 0, m — oo, for each
x € X. Continuity implies that this convergence is uniform on compacta. We choose {m,, : n >
1} so that Vi, ., () < 1 on Op4q, and we define V,, =V}, 1, Letting W), = (n — 1) (1 — sm),
we obtain the bound H(V;,) < —W,, + 1. Let {p,} C Ry satisfy >, ~;pn =1, > ppn = oo,
and define, -

Wi=1+4 paWa, V=14 paVi.

n>1 n>1

Convexity of H then gives, H(V) <V —W 4 1. The functions W and V are evidently coercive
and continuous. Hence the desired inequality is obtained with C' = {x € X: W (x) < %} U

B wv-Separable Kernels
The following result is immediate from the definition (24).

Lemma B.1 Suppose that {ﬁz n € Zy} is a positive semigroup, with finite spectral radius
€ > 0. Then the inverse [Iz — P]~% admits the power series representation,

o9]
[Iz—P| ' =3 "271P 2] >,
n=0

where the sum converges in norm.

Lemma B.2 (i) is a simple corollary:
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Lemma B.2 Consider a positive semigroup {ﬁ” :n € Z4 } that is -irreducible. Then:

(i) The spectral radius £ in LY, of {ﬁt} satisfies € < by for a given by < oo if and only
if thel’e is a b < by, and a function vy: X — [1,00) such that vy equivalent to v,
and Pv; < buy.

(ii) The generalized principal eigenvalue \ (see Section 2.4) satisfies flg b < oo if and
only if there is a measurable function vy : X — (0,00) such that, Pvy < buv;.

PROOF. Part (ii) is a consequence of [39, Theorem 5.1].

To see (i), suppose first that b > ¢, and set v; = b[Ib — ﬁ]_lv =3 b="P". Then
vy € LY by Lemma B.1, and v < v; by construction. Moreover, it is easy to see that v;
satisfies the desired inequality.

Conversely, if the inequality holds then for any 0 <n <1, n > 1,

(n—lb)—n—lﬁnvl < b_l’l’]n+1n’l)1,
which shows that ||[In~1b — ]3]*1”\01 < (1—n)"tnb1. It follows that £ < 5~'b since v and v;
are equivalent. Since 7 < 1 is arbitrary, this shows that b > £, and completes the proof. O

The following result will be used below to construct v-separable kernels.

Lemma B.3 Suppose that Pisa positive kernel, and that there is a measure p € M7 satis-

fying R
Pz, A) < u(A), zeX, AeB.

Then P? is v-separable.

~

PrOOF. Consider the bivariate measure, I'(dz, dy) = p(dx)P(x, dy)v(y), for z,y € X. Under
the assumptions of the proposition we have the upper bound, I'(dz,dy) < v(y)u(dx)u(dy),
and hence there exists a density r satisfying r(z,y) < v(y), z,y € X, and I' = r[p x u|. It
follows that for any g € LY, we have

~

Pg(z) = /T(w,y)g(@/)v‘l(y)u(dy), a.e. z € X [p].

For a given € > 0 the function r can be approximated from below in L;(u x p) by the
simple functions,

N
re(xay) = ZazHAl(x)HBz(y) < T(;va)’ T,y € X7
1=1
and

[ [ = ettt < e

‘We then define R
Pe(z,dy) = re(z, y)o~ (y)uldy),  ,y € X,
and ﬁeg = ﬁﬁe The latter kernel may be expressed ]362 =Y s; ®v;, with

si(2) == P(z, A;),  vi(dy) =Tp,(y)v ' (Wuldy), =,y €X.
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We have s; € LY and v; € MY for each 1.
For any g € LY, x € X, we then have,

|Peag (z) = P*g (x)| = |P[Peg — Pyg)(x)]
[ P { [t »wm@mmﬂ@mwﬂ

[ @tﬂn% g (u(dz) )

mu//m% 2)\uldy)u(dz) < ellglo 0

IN

IN

Lemma B.4 Suppose that (DV3) holds with W unbounded. Fiz 0 <n <1, and consider any
measurable function F satisfying

Ft:=max(F,0) ¢ LY,
(73)
limy oo [[F ey, (ryellw - < 0.

We then have ]HICW(T)cPf]an — 0, exponentially fast, as r — oco.

ProOOF. For simplicity we consider only n = 1. Choosing rg > 1 so that ||F+]ICW(TO)CHW =
do < 9, we have,
PfeV < eV —(6=00)W+b < eV —(0—do)r+b on Cyy (r0)S,

and hence [[Icy, (e Prll, < e~ @00+ for all r > 1. O

Lemma B.5 Suppose that (DV3+) holds with W unbounded. Fiz 0 < n < 1, and consider
any measurable function F satisfying (73). Then (Pg)*10%2 is v, -separable.

PRrROOF. For simplicity we present the proof only for 7 = 1. We define the truncation,
Pr = (HCW(T)Pf)TO+1 .

For each r > 1 we have
Po(w, A) < F.(A) :_/ B,(da) Py, A) zEX, A€B.
Cw(r)

It then follows from Lemma B.3 that the kernel ﬁf is v-separable.
Finally, applying Lemma B.4 we may conclude that ||(P;)?70+2 — P2|| — 0, r — oo, which
implies that (Pf)?70%2 is also v-separable. O
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PROOF OF THEOREM 2.4.

(a) = (b). When (DV3) holds we can conclude from Lemma B.4 that ||P — I¢,, () Pll,, — 0
as r — oo. It follows that ||PT — ICw(T)PTmUO — 0 as r — oo for any T' > 1. In particular, this
holds for T" = Ty. Under the separability assumption on {ICW(T)PTO :r > 1} it then follows
that P70 is v-separable.

(b) = (a). We first show that each of the sets {Cy, () : ¥ > 1} is small. Under the assump-
tions of (b) we may find, for each € > 0, an integer N > 1, functions {s; : 1 <i < N} C LY,
and probability measures {v; : 1 <i < N} C M7° such that, with K =" s; @ 1,

I[P — K, <e. (74)
This gives for any r > 1,
11— Zsl(m)| = |PT1 (z) — K1 (2)| < evp(x) < er, x € Cyy(r).

Let A € B be a small set with v;(A°) < € for each i. From the bound above and using
similar arguments,

PTo(x, A°) < K(z, A + evp(x)
> si(@)vi(A°) + evo(z)
< (1+4er)e+er, x € Cyo(r).

IA

It follows that for any r > 1, we may find a small set A(r) such that PT0(z, A(r)) > 3, for
x € Cyy(r). It then follows from [34, Proposition 5.2.4] that C,(r) is small.

We now construct a solution to the drift inequality in (DV3). Using finite approximations
as in (74), we may construct, for each n > 1, an integer r,, > n such that

I(PIce, )l < WP Icg, [, < 7.

vg —
Since the norm is submultiplicative, this then gives the bound,

I(PIce )M, <boe ™, k>0,

where by := (| P[l,,,)"°
We then define for each n > 1,

oo

Vp = Ian Z Gkn(Plcgn)kUO .
k=0

From the previous bound on H‘(PICﬁn)kmvo we have the pair of bounds,

1 o—2n
lvnllv, < bol — = and | P |l < bol —= (75)
Finally, we set
Vo= (14300 )
W o= ble— H(V),
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where C' = C,(r) for some 7, and the constants b and r are chosen so that W (z) > 1 for all
z € X. The bounds (75) together with the lower bound v, > vge"I¢ce imply that

V(@)
li inf —H((V)) =1l inf ———— =
rlﬂlgo 161011(1")5 eXp( H( )) ngo zelCIql;(T)C (Pev) (LE) -
which implies the existence of r and b satisfying these requirements. U

In much of the remainder of the appendix we replace (DV3+) with the following more
general condition:

(i) The Markov process ® is y-irreducible, aperiodic, and it satisfies
condition (DV3) with some Lyapunov function V: X — [1,00), and an
unbounded function W: X — [1, c0). (76)

(ii) There exists Ty > 0 such that ICW(T)PTO is v-separable for for each r < oo.

Theorem 2.4 states that this is roughly equivalent to (DV3+) with an unbounded function
W. In fact, we do have an analogous upper bound for P70:

Lemma B.6 Suppose that the conditions of (76) hold. Then, for each r > 1, € > 0, there is
a positive measure 3. € MY such that

PR (z) < Bre(h) +e|lhlly, € Cw(r), he LY.

PrROOF. We apply the approximation (74) used in the proof of Theorem 2.4, where {s; : 1 <
i < N} C LY are non-negative valued, and {v; : 1 <i < N} C M]° are probability measures.
We may assume that the {s;} satisfy the bound 1 = PT0(z,X) > " s;(x) — 1, 2 € Cw (), and
it follows that we may take (3, = 2 ZfL v;. O

The following result is proven exactly as Lemma B.5, using Lemma B.6.

Lemma B.7 Suppose that the conditions of (76) hold. Fix 0 < n < 1, and consider any
F e LY satisfying (73). Then (Py)?T0 is v,-separable.

C Properties of A and A*

In this section we obtain additional properties of A and A*. One of the main goals is to
establish approximations of A(G) through bounded functions when G is possibly unbounded.
Similar issues are treated in [13, Chapter 5] where a tightness condition is used to provide
related approximations.

Lemma C.1 For a y-irreducible Markov chain:

(i) The log-generalized principal eigenvalue A is convexr on the space of measurable
functions F': X — (—00, o0].
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(ii) The log-spectral radius Z is convex on the space of measurable functions F': X —
(—o00, o0].

PRrROOF. The proofs of (i) and (ii) are similar, and both proofs are based on Lemma B.2. We
provide a proof of (ii) only.

Fix [, Fy € L%, 1,0 € (0,1), and let b; = n71&(F;), i = 1,2. Lemma B.2 implies that
there exists functions {v1,v2} equivalent to v, and satisfying

Ex [exp(F3(®(0)) + Vi(®(1)))] := Ppvi (z) < bivi(), i=1,2, z€X.

We then define
Fy=0F1+(1—-0)F,, Vp=0Vi+(1—0)Vs,

so that by Holder’s inequality,

Prvg(z) = Eg[exp([F1(®(0)) + Vi(®(1))] + (1 — 8)[Fa(2(0)) + Va(®(1))])]
< Eg[exp(FL(®(0)) + Vi(®(1)))] Ex [exp (Fa(®(0)) + Va(®(1)))] '
< bbs (), z e X

The function vy is equivalent to v. Consequently, we may apply Lemma B.2 once more to
obtain that £(Fp) < bYbl~?. Taking logarithms then gives,

=(Fp) < Olog(b1) + (1 — 0) log(b) = 6(F1) + (1 — )=(F) — log(n).

This completes the proof since 0 < n < 1 is arbitrary. (]

The following result establishes a form of upper semi-continuity for the functional A.

Lemma C.2 Suppose that ® is i-irreducible, and consider a sequence {F,} of measurable,
real-valued functions on X. Suppose there exists a measurable function F: X — R such

that F,, T F, as n T oo. Then the corresponding generalized principal eigenvalues converge:
A(F,) — A(F), asn T oc.

PROOF. It is obvious that lim sup,,_,., A(F,) < A(F). To complete the proof we establish a
bound on the limit infimum.

Under the assumptions of the proposition we have PT > P ,forany T > 1, n > 1. It
follows that we can find an integer Ty > 1, a function s: X — [() 1] and a probability v on B
satisfying ¥ (s) > 0 and

sz;?zes@u, 1 <n<oo.

Let ( fn, An) denote the Perron-Frobenius eigenfunction and generalized principal eigenvalue
for Py, , normalized so that v(h,) = 1 for each n. For each n > 1 we have the upper bound,
Py, fn < Apfn. This gives a lower bound on the {f,}:

Fu = NPT fy > A0 (f)s = AT,

Let h = lim inf,, o0 fn, A = lim inf, o0 An. Then, by Fatou’s Lemma, Prh < Ah. We also
have v(h) < 1 by Fatou’s Lemma, and the lower bound h > A~70s. It follows from Lemma B.2
that A(F) < log(\). O
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In applying Lemma C.2 we typically assume that suitable regularity conditions hold so that
E(F) = A(F). Under a finiteness assumption alone we obtain a complementary continuity
result for certain classes of decreasing sequences of functions. One such result is given here:

Lemma C.3 Suppose that |P||, < oo, and that F': X — R is measurable, with Z(F) < oo.
Then, with F,, := max(F, —n) we have, Z(F,) | Z(F), as n ] oo.

ProoF. This follows immediately from the approximation, ||Pf, — P¢|, < e "|P|,,n >1. O

To establish a tight approximation for A(M), where M = logm is as in the proof Theo-
rem 4.2, we will approximate M by bounded functions.

Proposition C.4 Suppose that || P||, < oo, and that F': X — R is measurable, with Z(F') < oo,
and A(F) = E(F). Then, there exists a sequence {ny : k > 1} such that with F} := FI{—ny, <
F <k} we have:

A(Fy) — A(F) and ZE(Fy) — =2(F) ask — o0.

PROOF. Let FY := FI{F < k}. From Lemma C.2 we have A(F{) 1 A(F), k — oco. It follows
that we also have Z(F}) T E(F), k — oo, since £ dominates A.

We now apply Lemma C.3: For each k > 1 we may find n; > 1 such that with Fj :=
FI{—ny < F < k},

VANVAN

(FH+EY k>1. O
The following proposition implies that A is tight in a strong sense under (DV3+):

Proposition C.5 Suppose that the conditions of (76) hold. Then, for any increasing sequence
of measurable sets K, T X, and any G € L0,

(i) Tim A(Glgg) = 0
(ii) lim A(GIg,) = A(G)

The proof is postponed until after the following lemma.

Lemma C.6 Suppose that the conditions of (76) hold, and consider any increasing sequence
of measurable sets K, 1 X, and any G € LY. Then, on letting g, = exp(IgcG), n > 1, we
have
PP, — PP, -0, ool
PROOF. We may assume without loss of generality that G > 0. As usual, we set g = €©.
Under (76) we have || Py, ||, < [|Pll, < oo, n > 1. Consequently, given Lemma B.4, it is
enough to show that for any r» > 1,

ey ([P Py, — PR, — 0, 7 — co.
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To see this, observe that for any h € LY, z € X,

ey () [PT0 Py, = PR (2)| = |Igy, ([P™ Ik, [Py — P (2)]
< oy Pk, . [Py — P|h| (2)
< Rl lIPll, (Tey, ) PO Treg v ()
< NRllollPoll, [Bre(Trcev) + €v]

where the measure 3, € M7 is given in Lemma B.6. Consequently,

tim sup [y () [P Py, — PO, < Pyl

This proves the result since € > 0 is arbitrary. O

PROOF OF ProPoOSITION C.5. To see (i), consider any G € L0, and any sequence of

oo

measurable sets K, T X. We assume without loss of generality that G > 0.

Fix any b > 1, and define for n > 1, G,, = (Tp + 1)blg:G. In view of Lemma C.6, given
any A > 0, we may find n > 1 such that the spectral radius of the semigroup generated by
the kernel ﬁn = PTOPgn satisfies &, < €. With n, A fixed, we then have for some b,, < 0o,

]37’:1) < bpefMy for k > 1. This has the sample path representation,
k
E, [exp(z G(®((Th + 1)i — 1)))@((T0 + 1)k))] <bpefbo(z),  zeX k> 1.
i=1

Denote by hg () the expectation on the left hand side. We then have, for each j > 1,
hjn(@) == PThog(z) < o (P, v(2),  ze€X

Moreover, each of these functions has a sample path representation,

k
hin(e) = Ex exp (3 Gul(@(G = 1+ (Ty + 1)i) Ju(@(+ (T + 1)R) )|, zeX, j=1, k> 1.
=1

We then obtain the following bound using Holder’s inequality,

(To+1)(k+1)—1

Ecfon( Y b (@0)C(@(0))o(@((To + 1)k +1)))]

=Ty

< (H]Tio E. [exp(Ele Gn(®(j — 1+ (To + 1)Z’))>U(¢>((T0 Dk + 1)))])(To+l)—1
< 1P (TT20 Ex joxp (Thy Gul(@G = 14 (T + 1)) Jo(®(5 + (To + 1)k))]>(TO+1)7
= 12U, (T2 hje()) (To+1)-

< Ba(PL) (@), weX k> 1.

We conclude that A(IxcG) < A/(Tp+1). Since A > 0 is arbitrary, it follows that A(Ix:G) — 0,
n — oo.
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To see (ii), fix # € (0,1), and obtain the following bound using convexity,

ABG) = A6k, G+ (1—60)0(1 —6) Mk G)
OA(Ik, G) + (1 — O)A(6(1 — 6) k. G) .

N

From (i) we conclude that

A(G) < 0lim inf A(Ix,G), 0<6<1,

which gives A(G) < lim inf,,_, A(I[ K, G). To obtain the reverse inequality we argue similarly:
AIg,G) <OA(07'G) + (1 = O)A(—(1— 0) 'k G),
which shows that

lim sup A(Ig, G) <OA(07'G), 0<6 <1

This shows that A(Ix,G) — A(G) as claimed. g

Proposition C.5 allows us to broaden the class of functions for which = is finite-valued.

Proposition C.7 Suppose that the conditions of (76) hold. Then, there exists Wi: X —
[1,00) satisfying the following:

(i) Wy € L™ and Wiy € LXO,'

(i) sup{V(z) : € Cw, (1)} < 00 for each r > 1;
(iii) E(W1) < oc.

If the state space X is o-compact, then we may assume that W1 is also coercive.

PROOF. Fix a sequence of measurable sets satisfying K,, T X, with sup,cx, V(z) < oo for
each n. Proposition C.5 implies that we may find, for each k£ > 1, an integer nj > 1 such that
5(2’”1]1;(3% Wy) < 1. We then define

Wy = (1 + ZHKﬁk>WO'
k=1

The functional Z is convex by Lemma C.1, which gives the bound,
E(Wh) < 32@Wo) + Y 27" B kg, Wo) < 5(1+E(2W0)) < oo

To see that W € LXO we apply Lemma 2.9.

Finally, if X is o-compact, then the { K} may be taken to be compact sets, which then
implies the coercive property for Wj. O
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We have the following useful corollary. The proof is routine, given Proposition C.7 and
Proposition B.2 (i); see also [2, Theorem 2.4].

Lemma C.8 Suppose that the conditions of (76) hold. Then, for any N < oo, there exists
ro > 1, bp < 00, such that with T = Tcy, (o),

E. [exp(NT)] < boeV @), x e X

We now turn to properties of the dual functional A* defined in (64). The continuity results
stated in Proposition C.5 lead to the following representation.

Proposition C.9 Suppose that the conditions of (76) hold. Let © be a linear functional on
LZ?Q satisfying A*(©) < co. Then © may be represented as,

(0,G) =v(G), GelL,
where v € MII/VO is a probability measure.
PROOF. We proceed in several steps, making repeated use of the bound,
(0,G) <A* (@) +AG) <0, GeL, (77)
First note that on considering constant functions in (77) we obtain,

A*(8) 2 supl(©,¢) ~ A(e)] = supl(©, 1) ~ 1]e

It is clear that finiteness of A* implies that (6©,1) = 1. Next, consider any G: X — R4 with
G e Lgo. Then, since A(cG) <0 for ¢ <0,

A*(©) > sgp[(@, cG) — A(cG)] > sup(O, G)c.

c<0

We conclude that (©,G) > 0 for G > 0.
Consider now a set A € B of i-measure zero. Then A(cl4) = 0 for any ¢ > 0, and we can
argue as above using (77) that co > A*(©) > sup,-((©,14)c, which shows that (©,14) = 0.
Finally, we demonstrate that © defines a countably additive set function on B. Let {A;} C
B denote disjoint sets, and let G,, = z;’inﬂ [4,. Then 0 < @), < 1 everywhere, and G, | 0.
Proposition C.5 implies that A(bG,,) — 0, n — oo, for any b € R. Consequently,

A*(©) > lim sup, . [O(bGr) — A(BGr)
= blim sup,,_,., O(Gr).

It follows that lim sup,,_,., ©(Gy) = 0, which implies that © defines a countably additive set
function, so that © is in fact a probability measure. O
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More generally, we define A* for bivariate probability measures I" not necessarily in MK/S
using the same definition as in (54). Recall from Lemma 4.11 that the two marginals of T'
agree whenever A*(I') < co. Proposition C.10 provides further structure.

Proposition C.10 For any probability measure T' on (X x X, B x B) with first and second
marginal equal to some T,

A (T)<H(T||#® P), (78)
and, moreover,
AND)=HI|#@P)=00 for T ¢ M{%,. (79)

PROOF. If we view W as a function on X x X with W (z,y) = W(z), z,y € X, then we have
the bound, for all e > 0, n > 1,

(T, W An) < A(eW An) + A*(T) < A(eW) + A*(T).

Lemma B.5 shows that A(eW) < oo for € > 0 sufficiently small, and this gives (79).
Define P through the decomposition I' = 7 © P, and let E denote the expectation for the
Markov chain with transition kernel P. We assume that P is of the form

P(z,dy) = m(z,y)P(z,dy),  z,y€X,

and set M = log(m), since otherwise the relative entropy is infinite and there is nothing to
prove. We then have, for any G € Lo

00,27
AG) = limr_o %log<Ex [exp(T(LT, G))D
= limp oo 7 log(Em [exp(T(LT, G- M>)]>
> lim supp_, o TE [ (Ly,G—M >} (Jensen’s inequality)
= IG—-M) ae. z € X [7], (mean ergodic theorem for P)

where the application of the mean ergodic theorem is justified by the f-norm ergodic theorem
[34, Theorem 14.0.1]. The integrability conditions required in this result are obtained as
follows. First, recall that I'(|G|) < oo when A*(T) is finite and G € LY°. Also, as in the proof
that H(I'||# ® P) > 0, one can show that I'(M_) < oo, where M_ :=|M A 0]. Consequently,
(M — G)_ is T'-integrable, which is what is required in the mean ergodic theorem.

The above bound may be interpreted as,

H( || #® P) = (T, M) > (T, G) — A(G).

Taking the supremum over all G € LZ?Q gives (78). O
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