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The Primes: Pre-history

Theorem 0. [< 300 BC]

There are infinitely many prime numbers

Let π(n) = #{primes p : p ≤ n}
Theorem 0 in modern notation:

π(n) → ∞ as n → ∞
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An Information-Theoretic Proof of Theorem 0

Proof. [Following an idea of Chaitin (1979)]

Let N ∼ U{1, 2, . . . , n} and write it uniquely as

N = pX1
1 · pX2

2 · · · · · pXπ(n)

π(n)

This defines the RVs Xi. Since pXi
i divides N

2Xi ≤ pXi
i ≤ N ≤ n ⇒ Xi ≤ log n

Hence: log n = H(N)

= H(X1, X2, . . . , Xπ(n))

≤ H(X1) + H(X2) + · · · + H(Xπ(n))

≤ π(n) log(log n + 1)

Therefore: π(n) ≥ log n

log(log n + 1)
→ ∞ as n → ∞ �
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How quickly does π(n) grow?

We saw π(n) ≥ log n

log(log n + 1)

Gauss in 1792 conjectured what has come to be
known as the Prime Number Theorem (PNT)

π(n) ∼ n

loge n
as n → ∞

or, equivalently,

π(n) ∼ Li(n)
�
=

∫ n

2

dt

loge t
∼ n

loge n

Incidently, the Riemann Hypothesis is equivalent to:

π(n) = Li(n) + O(n1/2+ε)
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A Second Information-Theoretic Proof of Theorem 0

Proof. [Following an idea of Hardy & Wright (1938)]

Let N ∼ U{1, 2, . . . , n} and write it uniquely as

N = M 2 · pY1
1 · pY2

2 · · · · · pYπ(n)

π(n)

where M is the largest integer s.t. M 2 divides N and the RVs Yi are binary.

Since M 2 divides N , 1 ≤ M ≤ √
n

Hence: log n = H(N)

= H(M,Y1, Y2, . . . , Yπ(n))

≤ H(M) + H(Y1) + H(Y2) + · · · + H(Yπ(n))

≤ 1

2
log n + π(n)

Therefore: π(n) ≥ 1

2
log n �
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Chebyshev and the PNT

One of the major early players in proof attempts
of the PNT was Chebyshev

He didn’t prove it, but showed that eventually

A
n

loge n
≤ π(n) ≤ B

n

loge n

His proof was, in part, based on the following:

Theorem 1. [Chebyshev (1852)]

C(n)
�
=

∑
p≤n

log p

p
∼ log n as n → ∞
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Classical Proofs of the PNT

1896

PNT finally proved by Hadamard and independently by de la Vallée-Pousin

Proofs were mathematically heavy, relying on Hadamard’s theory

of integral functions applied to the Riemann zeta function ζ(s)

1921

G.H. Hardy:

“if anyone produces an elementary proof of the PNT ... he will show that ...

it is time for the books to be cast aside and for the theory to be rewritten”

1948

Selberg and Erdös announce finding an elementary proof!

In their proof, Chebyshev’s Theorem 1 was explicitly used
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Information-Theoretic Proof of Theorem 1: Preliminaries

Let N ∼ U{1, 2, . . . , n} and write it uniquely as

N = pX1
1 · pX2

2 · · · · · pXπ(n)

π(n)

This defines the RVs Xi. What is their distribution?

Pr{Xi ≥ k} = Pr{N is a multiple of pk
i } =

1

n

⌊
n

pk
i

⌋
≈

( 1

pi

)k

Similarly:

Pr{Xi ≥ k and Xj ≥ �} = Pr{N is a multiple of pk
i p

�
j}

=
1

n

⌊
n

pk
i p

�
j

⌋
≈

( 1

pi

)k( 1

pj

)�

Therefore: The random variables X1, X2, . . . , Xπ(n)

are approximately independent Geom(1/pi)
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IT Proof of Theorem 1: Billingsley’s Heuristic

log n = H(N)

= H(X1, X2, . . . , Xπ(n))

??≈
π(n)∑
i=1

H(Xi)

??≈
π(n)∑
i=1

H(Geom(1/pi))

=
∑
p≤n

[ log p

p − 1
− log

(
1 − 1

p

)]

≈
∑
p≤n

[log p

p
+

1

p

]

≈
∑
p≤n

log p

p
= C(n)
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IT Proof of Theorem 1: Lower Bound

To show lim inf
n→∞

C(n)

log n
≥ 1

Let h(µ) = entropy of a Geom RV with mean µ

= (µ + 1) log(µ + 1) − µ log µ

Recall h(µ) is increasing in µ

Note µi
�
= E(Xi) =

∑
k≥1

Pr{Xi ≥ k}

=
∑
k≥1

1

n

⌊
n

pk
i

⌋

≤
∑
k≥1

1

pk
i

=
1

pi − 1
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IT Proof of Theorem 1: Lower Bound

log n = H(N)

= H(X1, X2, . . . , Xπ(n))

≤
π(n)∑
i=1

H(Xi)

≤
π(n)∑
i=1

h(µi)

≤
π(n)∑
i=1

h
( 1

pi − 1

)

=
∑
p≤n

[ log p

p − 1
− log

(
1 − 1

p

)]

≤ (1 + εn)
∑
p≤n

log p

p

= (1 + εn)C(n)
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IT Proof of Theorem 1: Upper Bound

We just showed lim inf
n→∞

C(n)

log n
≥ 1

To show lim sup
n→∞

C(n)

log n
≤ 1

Note

µi
�
= E(Xi) =

∑
k≥1

Pr{Xi ≥ k} =
∑
k≥1

1

n

⌊
n

pk
i

⌋
≥ 1

n

⌊
n

pi

⌋
≥ 1

pi
− 1

n

Elementary Lemma. (Erdös 1930s)∑
p≤n

log p ≤ 2n

Proof. Simple trick involving binomial coefficients. �
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IT Proof of Theorem 1: Upper Bound

Since

P (N) =
1

n
≤ 1

N
we have

H(N) = E
[

log
1

P (N)

]
≥ E[log N ] = E

[
log

π(n)∏
i=1

pXi
i

]
=

π(n)∑
i=1

E(Xi) log pi
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IT Proof of Theorem 1: Upper Bound

Since

P (N) =
1

n
≤ 1

N
we have

H(N) = E
[

log
1

P (N)

]
≥ E[log N ] = E

[
log

π(n)∏
i=1

pXi
i

]
=

π(n)∑
i=1

E(Xi) log pi

hence

log n ≥
∑
p≤n

(1

p
− 1

n

)
log p = C(n) − 1

n

∑
p≤n

log p ≥ C(n) − 2

i.e.
C(n)

log n
≤ 1 +

2

log n
�
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Final Remarks

Counting-via-entropy gives rough bounds on π(n)

π(n) ≥ 1

2
log n for all n ≥ 2

Kolmogorov complexity arguments [Bergman, Tropp, Li & Vitanyi] show

π(n) � n

(log n)2
as n → ∞

Entropy-theoretic arguments give optimal results...∑
p≤n

log p

p
∼ log n as n → ∞

... as well as finite-n bounds, e.g., for all n ≥ 16

86

125
log n +

47

20
≤

∑
p≤n

log p

p
≤ log n + 2

� Information-theoretic proof of the PNT...?
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Proof of Erdös’s Lemma, paraphrasing Hardy & Wright

Let ϑ(n) =
∑

p≤n log p, take n ≥ 2 arbitrary, restrict attention to odd n.

Every prime n + 1 < p ≤ 2n + 1 divides the binomial coefficient

B :=

(
2n + 1

n

)
=

(2n + 1)!

n!(n + 1)!
,

since it divides the numerator but not the denominator, and hence the product

of all these primes also divides B. In particular, their product must be ≤ B∏
n+1<p≤2n+1

p ≤ B =
1

2

(
2n + 1

n

)
+

1

2

(
2n + 1

n + 1

)
≤ 1

2
(1 + 1)2n+1 = 22n,

and taking logarithms

ϑ(2n + 1) − ϑ(n + 1) =
∑

n+1<p≤2n+1

log p = log
[ ∏

n+1<p≤2n+1

p
]
≤ 2n

Iterating this bound inductively gives the required result
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