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MMT1 queue - the nicest of Markov chains

For the stable queue, with load strictly less than one, it is

* Reversible

- Skip-free

* Monotone

- Marginal distribution geometric
« Geometrically ergodic
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Why then, can’t | simulate my queue?
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Reflected Random Walk

A reflected random walk

X(n+1) =max(0,X(n)+ A(n+ 1)),

where X (0) = zg € Ry is theinitial condition,
and the increments A are i.i.d.



Reflected Random Walk

A reflected random walk

X(n+1) =max(0,X(n)+ A(n+1)),
where X (0) = zg € Ry is theinitial condition,
and the increments A are i.i.d.

Basic stability assumption: 0 := E[A(n)] < 0

and finite second moment



MMT1 queue - the nicest of Markov chains

Reflected random walk with increments,

A(n) 1 with prob. « Ju <1
n) = =«
—1 with prob. u P "

Load condition



Reflected Random Walk

A reflected random walk

X(n+1) =max(0, X (n)+ A(n+ 1)),

Basic question: Can | compute sample path averages
to estimate the steady-state mean?

pi=lim EX()] ) = S X()

n—oo



Simulating the RRW: Asymptotic Variance

The CLT requires a third moment for the increments

| E[A(0)] < 0 and E[A(0)?] < o0

(1 — ,0)4 Whitt 1989

Asmussen 1992

Asymptotic variance = O(



Simulating the RRW: Asymptotic Variance
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Simulating the RRW: Lopsided Statistics

Assume only negative drift,and finite second moment:
E[A(0)] < 0 and E[A(0)?] < oo

Lower LDP asymptotics: Foreachr < n,

lim %log P{nn)<r}=—I(r) <0



Simulating the RRW: Lopsided Statistics

Assume only negative drift,and finite second moment:
E[A(0)] < 0 and E[A(0)?] < oo

Lower LDP asymptotics: Foreachr < n,

1 _
Jm ClogP{n(m)<r}=-I(r) <0

Upper LDP asymptotics are null: Foreachr > n,

1
lim — log P{n(n) > T‘} =0 M 2006

n—oo 1 CTCN

even for the MM1 queue!
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Lower LDP A

Construct the family of twisted transition laws

v

P(z,dy) = eex_A(Q)JFF(x)P(a:, dy)ep(y) 0 <0
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Geometric ergodicity of the twisted chain implies multiplicative

ergodic theorems, and thence Bahadur-Rao LDP asymptotics

Kontoyiannis & M 2003, 2005
M 2006



Lower LDP A

Construct the family of twisted transition laws

v

P(z,dy) = eex_A(Q)JFF(x)P(a:, dy)ep(w 0 <0

Geometric ergodicity of the twisted chain implies multiplicative

ergodic theorems, and thence Bahadur-Rao LDP asymptotics

Kontoyiannis & M 2003, 2005
M 2006

This is only possible when 0 is negative



Null Upper LDP: What is the area of a triangle? AQ

A= 1bh
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Null Upper LDP: Area of a Triangle? AQ

Consider the scaling T = n nin) ~n 1A

h = Y7L Base obtained from most
________________________ likely path to this height:

1 b= (*n
X(t) e.g., Ganesh, O’Connell,and Wischik, 2004

Large deviations for reflected random walk:

1
lim — log P{X reaches height yn by time n} = —I(v)
n—aoo T
V
Y t
------- 0 < > T i




Null Upper LDP: Area of a Triangle

Upper LDP is null: For any -,

1
lim —logP{n(n) > %vﬂ*n}
= lim —logP{n(n) >n""4,}
n—oo M,
1
! >  lim —log P{X reaches height yn}
n—oo 1

M 2006

— —I(’Y) CTCN 2008

(see also Borovkov, et.al.2003)
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What Is The Most Likely Area?

Are triangular excursions optimal?

Most likely path?

Y



What Is The Most Likely Area?

Triangular excursions are not optimal:

Better...

Y

0 T

A concave perturbation: greatly increased
area at modest “cost”



Most Likely Paths

Scaled process
Y (t) = n X (nt)

LDP question translated to the scaled process

Better...
t
T

Duffy and M 20009, ...



Most Likely Paths

Scaled process
Y (t) = n X (nt)

LDP question translated to the scaled process

1
n(n) ~ An < /0 " (t)dt =~ A

Better...
t
T




Most Likely Paths /\ t

Scaled process
Y"(t) = n~ X (nt)

LDP question translated to the scaled process

1
n(n) ~ An < /0 " (t)dt = A

Basic assumption: The sample paths for the unconstrained
random walk with increments A satisfy the LDP in D[0,1] with
good rate function [y



Most Likely Paths /\ t

Scaled process
W (t) = n~ ' X (nt)

LDP question translated to the scaled process

1
n(n)%An@/O Y™ (t)dt =~ A

Basic assumption: The sample paths for the unconstrained
random walk with increments A satisfy the LDP in D[0,1] with
good rate function [y

no downward jumps

1
Ix (w) — 51-|— ¢(0_|_) _|_/0 IA(lA(t)) dt For concave 1), with



Most Likely Path Via Dynamic Programming

Dynamic programming formulation

min q9+¢(0+)+/ ]A(@b(t))dt

0
1
s.t. / Y(t)dt = A
0




Most Likely Path Via Dynamic Programming /\ t

Dynamic programming formulation
1 .
min 9T Y (0+) + / Ia(3(t)) dt
0
1
s.t. / Y(t)dt = A
0

Solution: Integration by parts + Lagrangian relaxation:

min 97 ¥(0+) + /01 Ta(4h(t)) dt + A(¢(1) _A- /01 b (1) dt)



Most Likely Path Via Dynamic Programming /\ t

min 9 (0+) + /01 Ta(W(2)) dt + A(¢(1) A /O1 t(t) dt)

Variational arguments where 1 is strictly concave:

Y linear here /.
P(0+) ~,

Strictly concave on (70, 7)

Y



Most Likely Path Via Dynamic Programming A t

min 9 (0+) + /01 Ta(W(2)) dt + A(¢(1) A /01 t(t) dt)

Variational arguments where 1 is strictly concave:

Y linear here ~ /:

Y(0+) ~, t .
~  Strictly concave on (79, 1,)

VIt) =b— Xt for ae te (T),T)



Most Likely Paths - Examples
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Most Likely Paths - Examples 'r:z;::\/\ |

Selected Sample Paths:
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RRW: Gaussian Increments
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RRW: MM1 queue

The observed path has the largest simulated
mean out of 10° sample paths
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Summary

It is widely known that simulation variance
is high in “heavy traffic” for queueing models

Large deviation asymptotics are exotic,
regardless of load

Sample-path behavior is identified for RRW when
the sample mean is large.

This behavior is very different than previously seen
in “buffer overflow” analysis of queues
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What about other Markov models?
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MMT1 queue - the nicest of Markov chains
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» Skip-free



Afn) = 1 W%th prob. «
—1 with prob. u

MMT1 queue - the nicest of Markov chains

What about other Markov models?

» Skip-free

?

—

The skip-free property makes
the fluid model analysis possible. Similar behavior in
» Fixed-gain SA
« Some MCMC algorithms
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* Heavy-tailed and/or long-memory settings?



What Next?

* Heavy-tailed and/or long-memory settings?

« Variance reduction, such as control variates
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What Next? s

* Heavy-tailed and/or long-memory settings?

« Variance reduction, such as control variates

A Performance as a function of safety stocks ‘ | /
LI
|1

(i) Simulation using smoothed estimator (ii) Simulation using standard estimator

Smoothed estimator using fluid value functionin CV: g = h — Ph = —Dh, =J

Henderson, M., and Tadi'c 2003
CTCN



What Next? @

* Heavy-tailed and/or long-memory settings?
« Variance reduction, such as control variates

» Original question? Conjecture,

1
lim —logP{n(n) >r} =—J,(r) <0, r >

n— 00 n

for some range of r
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