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Adaptive and non-linear MCMC algorithms

Outline

1. MCMC algorithms are a flexible family of algorithms to sample
distributions, known up to a normalisation factor,

2. This flexibility comes at a price... badly tuned MCMC can be very
slow to converge and the convergence may be difficult to diagnose.

3. In the last 10 years, several classes of algorithms have been
introduced to increase the sampling efficiency of the MCMC,
without demanding much additional user supervision. The common
idea is to let the algorithms self-learned from the past simulations
by adapting its parameters

4. Problem : the Markov property is not retained and the convergence
is more difficult to study

5. Today : the basic ingredients of successful adaptations.



Adaptive SRWM

» All MCMC algorithms depend on some design parameters...

» for the Symmetric Random Walk Metropolis (SRWM) with normal

proposal distribution, the design parameter is the covariance ¥, of
the Gaussian proposal.

» ldea : Tune these design parameters on the fly



Adaptive SRWM

» The scaling technique (the dimension d of the space — o),
suggests to set the covariance of the proposal ¥, proportional to ;.
» In practice ¥ is unknown : at iteration n, replace it by an estimate
obtained from the last simulated samples { X}, k < n}.
> Py : kernel of a SRWM algorithm with proposal A;(0,6),
> lIteration n
> draw : Xpq1 ~ Py, (X0, )
> update : Opt1 = ¢n (Ony, Xnig1).



Adaptive MCMC

» A family of transition kernels {Py, 0 € ©} such that, for all € ©,
the target distribution 7, is the stationary distribution of Py :
7T*P9 = Tx-

» An adaptive MCMC algorithm : process {(X,,0,),n > 0} on the
product space X x O :

» Sampling : given the past, draw

KXnt1 ~ Po, (Xn, )

> Internal adaptation : update the parameter 6,, from the past
values of the X and 6



Interacting MCMC

» a transition kernel P s.t. m, P = 7,
> a probability of swap € € (0,1)

» an auxiliary process {Y,,,n > 0} targeting a tempered version 2
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Interacting MCMC

> a transition kernel P s.t. m,P = m,

» a probability of swap € € (0,1)

> an auxiliary process {Y,,,n > 0} targeting a tempered version 2
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FIGURE: Example : Mixture of a 2D-Normal distribution [target / EE / Parallel
Tempering / SRWM]



Interacting MCMC

» a transition kernel P s.t. m,P = 7,
» a probability of swap € € (0, 1)

> an auxiliary process {Y,,,n > 0} targeting a tempered version 7%

> |teration n :

(a) with probability (1 —€) draw X,,11 ~ P(X,,")

Py, (X0, A) = (1 — ) P(X,, A) + - --



Interacting MCMC

> a transition kernel P s.t. m, P = m,
> a probability of swap € € (0,1)

» an auxiliary process {Y,,,n > 0} targeting a tempered version o’

> |teration n :

(b) with probability €, draw a point Y, among {Y1,---,Y,} and
accept/reject with probability a/(X,,, Ys)

Py (X, A) = (1 — OP(Xo, A) + ¢ { [ 0uta) a(xt)

+1A<Xn)/9n(dy) {1 _a(me)}}

where

(i) = =3 by, (dy).
k=1



Non-linear MCMC

» Construct an auxiliary process {Y,,,n > 0} s.t. its empirical process
lim,, #,, converges in some appropriate sense to 7(-) so that

asymptotically,
Pgn =~ Pﬁ'

» The acceptance ratio «(z,y) of the interaction is chosen s.t.
T, Pr=m,
» Heuristic :
1. if these two conditions are satisfied, then the distribution of (X4%)x>0

converges to 7, as k — oo.
2. wishful thinking The convergence might be faster in 7 is well chosen
and if the convergence of the auxiliary process is fast.



Non-linear MCMC : refinements

When sampling from the past of the auxiliary process, select the points :
introduce a selection g(x,y) function (satisfying g(z,y) = g(y,))

Po (o ) = (1= 9P, A) 4 e { [ 2 fg a(Xo0)

(%) [ e o n,w}}

where

On(dy) = % > ov(dy)  alzy)=1A M



Non-linear MCMC : refinements

When sampling from the past of the auxiliary process, select the points :
introduce a selection g(x,y) function (satisfying g(z,y) = g(y,x))
This yields :

P (X0, A) = (1=, ()P, Ay, (1) { [ ForBeax, o)

9(x,y)0n
! (X")/fg(x,y)ﬂn(dy{ —o "’y)}}

where

1 « m(y) 7(x
= E Z5Yk (dy) a(m7 y) = 1/\7# 69(‘1‘) = 6]]-f 0(dy)g(z,y)



Non-linear MCMC

» A family of transition kernels { Py, € ©} with invariant probability
distribution 7y : 9Py = my
» A non-linear MCMC is a process {(X,,,0,,),n > 0} on the product
space X x O defined as
» Simulation Given the past , draw

XTH-I ~ Pen (XTH )

» External adaptation update the parameter 6,, (here, a probability
distribution) according to

0r+1 < computed from an auxiliary process {Yi, k < n}



Adaptive and non-linear MCMC in a nutshell

» A family of transition kernels {Py,6 € ©} with invariant
distribution : 7, (internal adaptation) or my (external
adaptation).

We define a filtration F,,, and a process {(X,,,6,),n > 0} s.t.
» component 6,, : F,, adapted with internal / external adaptation
» component X, (process of interest) :

E[f(Xns)| Fo] = / Py, (X, dy) 1(y).



Convergence of the marginals

» Key ingredients to prove the ergodicity of an MCMC algorithms :

1. Markov Chain
2. the transition kernel is reversible w.r.t the target distribution

» These properties are lost when adapting the algorithms...

» Questions : Conditions to guarantee that the adaptation does not
destroy the convergence?



Adaptive MCMC : 1y = 7,

E[f(Xn)] = E[E[f(X)|Fn-n]]

E| E[f(X)Fu-n] =P f(Xn-n)

~
comparison with a frozen chain with transition Pgn_

N

+P9]::_Nf(Xn—N) - ﬂ'*(f) +7T*(f)'

ergodicity of the frozen chain




Diminishing adaptation

sup | Py, (z,-) = Py, (z,)[lrv —» 0
x

» Generally problem specific
.. But most often, amounts to check a condition of the type

sup [| Py, (2, ) = Po,_, (2,)lmv < C |00 = On—1 ][00
x

so that convergence in probability is implied by the adaptation
scheme.



Containment condition

liA{[nlimsupIP’(Me(Xn, 0,) > M) =0,

Mo (2,0) := inf{n > 1, | Pj(2,) — m |}y < ¢}

» Most often, deduced from ergodicity + homogeneity
» The easy case is when the ergodicity is uniform in 6 :

sup [ Py’ (z, ) = mullrv < p(n) U(2) lim p(n) = 0

M (z,0) < p~' (eCT'U(2)).



Adaptive MCMC

Theorem
Assume
1. (Diminishing adaptation)

sup || Py, () = Py, (,)llrv —p O
x

2. (Containment condition)

l'gfnlimsupP(Me(Xn,@n) > M) =0.

Then

lim  sup B [f(Xn)] = 7 ()] =0
" filfle<




Non-Linear MCMC : my Py = 7y

E[f(Xn)] = E[E[f(Xn)|Fn-n]]

= E E[f(Xn)|Fn—N]_PGJX_Nf(Xn—N)
comparison with a frozen c‘hrain with transition Py
+ B f(Xn-n) =70, _x(f)

Vv
ergodicity of the frozen chain

+7T0n_N(f) - W*(f)] + 7T*(f)'

n—N




Non-Linear MCMC : mp Py = 7y

E[f(Xn)] = E[E[f(Xn)|Fn-n]]

= E E[f(Xn)|Fn—N]_PGJX_Nf(Xn—N)
comparison with a frozen c‘hrain with transition Py
+ B f(Xn-n) =70, _x(f)

Vv
ergodicity of the frozen chain

+7T0n,N(f) - W*(f)] + 7T*(f)'

n—N

» (same) : Diminishing adaptation, Containment condition

» Convergence of the invariant measures {mg_,n > 0} to some m,



Non linear MCMC

Theorem
Assume

1. (Diminishing adaptation)
sup ||y, (2, ) = Py, (z,)|[rv —» 0
T

2. (Containment condition)

lg‘lgllimsup]P(Me(Xn,On) > M) =0.

n

3. (Convergence of the invariant distributions)

o, (f) — me(f) —p 0.
Then

lim [E[£(X,)] — m(f)] =0




How to check these conditions ?

» (Convergence of the invariant distributions)

70, (f) = m(f) =8 0.

We proved that if
(i) there exist x s.t.

lim. sup 155" (x,-) — mol[rv = 0,
(i) there exist 6, € © and a set A such that P(A) =1 and
Ywe A,z € X, B € B(X) lim Py, () (@, B) = Py, (v, B)

(iii) the state space X is Polish
then for any bounded function f,

0, (f) —a.s. TO, (f)



Back to the Interacting MCMC

Let 7, be positive and continuous on X s.t. supy m, < +00.
Let 5 € (0,1).

» On the auxiliary process :
» On the transition kernel P :

» On the probability of swap e :



Back to the Interacting MCMC

Let 7, be positive and continuous on X s.t. supy m, < +00.
Let 5 € (0,1).

» On the auxiliary process : for any bounded function f,
1 n
ﬁ Z f(Yk) —a.s. ﬂf(f)
k=1

» On the transition kernel P :

» On the probability of swap e :



Back to the Interacting MCMC

Let 7, be positive and continuous on X s.t. supy 7, < +00.
Let 5 € (0,1).
» On the auxiliary process : for any bounded function f,
I 8
- Z f(Yk) —as. T ()

n
k=1

» On the transition kernel P : P is phi-irreducible, 7, P = 7, the
level sets {m > p} are 1-small and

—7(1-0)
PV(z) S AV(2) +ble(w) V()= (SZI(,?J

for some A € (0,1), b < +o0, aset C, T € (0,1].

» On the probability of swap ¢ :



Back to the Interacting MCMC

Let 7, be positive and continuous on X s.t. supy m, < +00.
Let 8 € (0,1).
» On the auxiliary process : for any bounded function f,
1 n
=3 F(Vh) —as 7).

n
k=1

» On the transition kernel P : P is phi-irreducible, 7, P = 7y, the
level sets {m > p} are 1-small and

(z) —7(1-p)
PV (z) < AV (x)+ ble(x) V(z) = <W>
for some A € (0,1), b < +o0, aset C, 7 € (0,1].
» On the probability of swap ¢ :

1—A
0<
SN R e RV




Under these conditions,
» the diminishing adaptation condition holds
> a uniform-in-@ drift condition holds

A e (0,1), PV (x) < AV (z) + ble(z),

and we prove the containment condition.

» the invariant measures a.s. converge : lim,, mp, (f) = 7. (f) a.s. for
any bounded function.

Hence, for any bounded function f

E[f(Xn)] —n mel(f).



Strong LLN

Sufficient Conditions for the existence of m, s.t. the strong LLN
1 n
~ > F(Xk) s )
k=1

is satisfied for any function f in a (hopefully large) class of functions.



|dea : use the Poisson equation

S ) () = - ) (D) D, () — )
k=1 k=1

k=1

_

~- ~-
“Poisson term” Cesaro mean (is null when mp = 7,)



|dea : use the Poisson equation

1 & 1o 1
E Z f(Xk)_ﬂ-*(f) = ﬁ Z{f(Xk> - 770k_1(f)} + E Z Wak_l(f) - W*(f)
k=1 k=1 k=1
“Poiss;r: term” Cesaro mean (is n‘l.ﬁl when g = 7,)
if

(i) uniform-in-6 V-ergodicity for some z,

lim sup || P*(x, ) — mlv = 0,
n 0

(ii) There exist 6, € Qp and A s.t. P(p) =1 and
Yw € A,:L‘,B Pgn(w)(a?,B) — Pg* (LC,B)

(iii) Polish state space X
then

79, (f) —a.s. T, (f) for any f € Lya, a €0,1)



Decomposition

n

U T ()}

k=1

=n Z{fok—l(Xk) - P9k—1f9k—1(Xk—1)}
k=1

martingale term

n—1
+ % > APo o (Xi) = Po,_, fo, ,(Xi)}
k=1

Remainder term (1)
+ 07 {Po, fo, (Xo) = P, fo, ,(Xn-1)}

Remainder term (Il)

f—=mo(f) = fo — Pafo.

where fy solves



Decomposition

n
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Define 1Po(z, ) — Py (=, )|l
N o (2, ) — Py (z,-)|lv
Dy (6,0") := sgp V)
Theorem
Assume

(i) (uniform ergodic behavior) P, is phi-irreducible,
PV <AV + bl A€ (0,1),b < +oo,

and level sets of V' are 1-small.
(i) (strenghtened D.A.) >, 1V*(Xk) Dvo(6k,0k-1) < +oo a.s.
(iii) (convergence of the invariant measures)
Then : if E[V (Xy)] < oo, for any a € [0,1) and any f € Ly«

n

LY 5K —as Tl

k=1




Conclusion : when applied to the Equi-Energy sampler

Let 7, be positive and continuous on X s.t. supy 7, < +00.
Let 8 € (0,1).

» On the transition kernel P :
» On the probability of swap € :

» On the auxiliary process :
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Conclusion : when applied to the Equi-Energy sampler
Let 7, be positive and continuous on X s.t. supy m, < +00.
Let 8 € (0,1).
» On the transition kernel P : (same as those for the convergence of
the marginals)

» On the probability of swap € : (same as those for the convergence of
the marginals)

» On the auxiliary process : for any a € [0,1) and f € Ly«

% Z f(Yk) —aus. ! (f).
k=1



Adaptive and non-linear MCMC algorithms
|—Sm:rng LLN

Conclusion of Section IlI

Conclusion : when applied to the Equi-Energy sampler
Let 7, be positive and continuous on X s.t. supy m, < +00.
Let 5 € (0,1).
» On the transition kernel P : (same as those for the convergence of
the marginals)

» On the probability of swap € : (same as those for the convergence of
the marginals)

» On the auxiliary process : for any o € [0,1) and f € Ly«

n

S F00) s 7).

k=1

Note that : it is assumed that a strong LLN holds for the auxiliary
process and any function f € Ly, a € (0,1); in order to prove a strong
LLN for the process of interest and any function f € Ly«, a € (0,1).

— repeat the mecanism and prove the convergence of the marginals + a
strong LLN for the K-levels Equi-Energy sampler



Conclusion of the talk

» We prove convergence of the marginals for general adaptive MCMC
samplers with the main ingredients
» diminishing adaptation
> ergodicity of the kernels + some form of uniformity in 0
> For external adaptation : a.s. convergence of the invariant measures
o

n

» Under the same assumptions, a L.L.N can be established.
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