Profinite Groups, Exercise Sheet 2 Lent 2021

[Key questions are marked with an obelus t. Fzpansion questions are marked
with a star *.]

1. Finite quotients of SLy(Z). The obvious way to get a finite quotient of
a matrix group SLy(Z) is to reduce all the coefficients modulo some integer
m > 0. The image is a matrix with coefficients in the ring Z/mZ which will
of course have determinant 1 modulo m. That is, there is a natural function
fm: SLN(Z) — SLN(Z/mZ)

(i) Prove that f,, is a group homomorphism.
(ii) Let a,b € Z be such that ab = 1 modulo m. Show that the matrix

(8 2) € SLy(Z/mZ)

lies in the image of f,,.

(iii) Let (a1,...,an)T be a column vector in ZY¥. Show that left-multipli-
cation by matrices in SLy(Z) can be used to reduce this column vector
to the form (b,0,...,0)T where b = hef(ay,. .., an).

Deduce that if (a1, ...,anx)" is a column vector in (Z/mZ)" then left-
multiplication by elements in im(f,,) can be used to reduce it to the
form (b,0,...,0)7.

(iv) Deduce that im(f,,) = SLy(Z/mZ). Deduce also that the natural map
SLn(Z) — SLy/(Z) has dense image.

2. SfQ(\Z) and SLo (Z) As you have just seen, the obvious quotients of the
matrix group SLa(Z) are the finite matrix groups SLg(Z/nZ). One might
guess that these are effectively all the finite quotients (‘effectively all’ mean-
ing ‘a cofinal subsystem of the set of quotients’). We will see in this exercise

that this fails dramatically, and the two profinite groups SL2(Z) and SLo (2)
are radically different.

(i) Show that the matrices

A= (_01 (1)> and B = (_11 é)
generate SLo(Z). Deduce also that SLa(Z) is generated by
0 1 11 1 0
(—1 0)’ (o 1) and (1 1)
[Hint: first show that the matrices
(3 e ()

associated to elementary row/column operations live in the subgroup
generated by A and B. Then imitate Question 1.]



13.

(i)

*(iii)

Let F be the free group generated by two elements a and b, and let K
be the kernel of the map F' — SLy(Z/27Z) sending

N 0 1 bis 1 1
@ -1 o) -1 0
Using a suitable covering space of a wedge of two circles, compute a

finite generating set S for K. [It may be helpful to recall that SLo(Z /27.)
is isomorphic to the symmetric group Ss.]

Let f: F — SLo(Z) be the map given by a — A, b +— B (which is sur-
jective by (i)). Noting that f(K) equals the kernel I'y = ker(SLy(Z) —
SLo(Z/27)), so that f(S) generates this kernel, show that I'y is gener-
ated by the matrices

(%) (63) ma (39)

It is a fact that the subgroup generated by the final two matrices is in fact

free,

so I's is in fact isomorphic to Z/2Z x F. In particular, I'y admits a

surjective homomorphism to Z, and therefore to Z/nZ for all n.

(iv)

(vii)

Now consider Gy = ker(SLa(Z2) — SLo(Z/27Z)). Show that the three
matrices from part (iii), considered as elements of SLy(Z3), generate

G topologically. Show that
1 16
0 1

must lie in the kernel of any map from G5 to an abelian group.
[Hint: recall that 3 has a multiplicative inverse in Zso, so that SLo(Zs)

contains a matrix
3 0
0 3¢

Conclude that there is no surjective continuous map Gy — Z/16Z.

Show that if the natural map ng(\Z) — SLQ(i) = [[,SL2(Z,) is an
isomorphism then fg >~ Gy X Hp;éz SLy(Z,).

which may be useful.]

By considering the image of a suitable generating set show that if p #
2 then any homomorphism SLo(Z/p°Z) — Z/16Z has trivial image.
Deduce that any continuous homomorphism SLy(Z,) — Z/16Z has
trivial image.

Conclude that SE(\Z) — SLy(Z) = [1, SL2(Zp) is not an isomorphism.

Remark. 1t is a remarkable theorem of Bass—Lazard—Serre that exactly the

opposite is true for matrices of size greater than 2: that is, SL/I-V(\Z) ~ SLy(Z)
for N > 3. Or, more plainly, any finite quotient SLy(Z) — F factors as a
map SLy(Z) — SLy(Z/mZ) — F for some m.

Prove that a profinite group G = I&n G has a topological generating set with
d elements if and only if every p;(G) has a generating set with d elements.



T4. Let X be a finite set, let F' be the abstract free group with basis X and
let F' be its profinite completion. Show that F' is a free profinite group with
basis X in the following sense: for any profinite group G and any function
i: X = G, there is a unique continuous homomorphism i: F — G extending
i.

5. Higman’s Group.
(i) Let p be an odd prime. By considering the group (Z/pZ)*, show that
pl2r-t—1.

(ii) Let p € N and let a,b,n € N. Show that if p | 2® — 1 then p | 2°™ — 1.
Show that if p | 2% — 1 and p | 2% — 1 then p | 2° — 1. Deduce that
there exists r > 0 such that

{n such that p | 2" — 1} =rZ

(iii) Let m > 1. Show that the smallest prime factor of n is smaller than the
smallest prime factor of 2™ — 1.

(iv) Let G be a finite group. Let g1, ..., g4 € G satisfy the relations
919201 =95 9y 9392 =93
95 9493 =095 91 9194 =9}

By considering the orders of g1, . .., g4, show that g1, ..., g4 are all equal
to the identity of G. Deduce that the group

-1 .2 -1 _ .2
T] ToT1 = T3, Ty !E3.’L‘2—.’L‘3,>

H = <x1, Ty ‘
ceey _1 2 _1 2
Ty T4y =Ty, T4 TiTg = T]

has no finite quotients other than the trivial group.
6. Prove that a direct product of two residually finite groups is residually finite.
7. Let I" be a finitely generated abstract group.

(i) A characteristic subgroup of T' is a subgroup A such that f(A) = A for
every automorphism f: ' — I". Show that any finite index subgroup
of I' contains a finite index characteristic subgroup.

(ii) Let I' be a finitely generated and residually finite abstract group. Show
that Aut(T") is residually finite.

(iii) Let I and A be residually finite abstract groups, with I' finitely gener-
ated. Let ¢: A — Aut(T") be an injective homomorphism. Show that
the semidirect product I" x4 A is residually finite.

8. Another characteristic subgroup one could define in the spirit of the Frattini
subgroup would be

U (G) = m{N | N a maximal proper normal subgroup of G}

Show that ®(G) C ¥(G), and give an example to show that equality need
not hold.



9. Frattini subgroups of p-groups.

(i) Let G be a p-group and let M be a maximal proper subgroup of G.
Show that M is normal and has index p.
(ii) Show that ®(F%) = {0} for d > 1.
(iii) Show that ®(G) = [G, G|GP.

110. Decide, for each of the following sets S, whether they (topologically) gener-
ate:

(a) The free pro-3 group 13(3) on two generators a and b;

(b) The free pro-5 group 13(5) on two generators a and b;

)
(c) The free discrete group F' on two generators a and b;
(



