FEraminer: F Wilkes

1 Let 7 denote the profinite integers and let Z, denote the p-adic integers for p
a prime number. Throughout this question you may freely use the Chinese Remainder
Theorem.

(a)(i) Prove that the ring Z, has no zero-divisors.
(ii) Let n € Z. Show that n is not a zero-divisor in Z.

(ili) Let n € Z and « € Z. Show that if an € Z then o € Z.

(b)(i) Let (Gi)ier be an inverse system of finite groups, let G = lim G and let p;: G — Gj
be the projection map. Let H be a subgroup of G. Show that H is closed if and
only if H = mpZ(H)

(i) Is Z a closed subgroup of Z?

(iii) Show that Z/Z7 equipped with the quotient topology, is a torsion-free compact
group. Prove that it is not a profinite group.

(c) Show that « € i/ topologically generates Z if and only if a does not equal p8 for any
prime number p and any S € Z.
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