
PERIOD IS A CLASS PROPERTY

Theorem 0.1. Intercommunicating states i, j have equal periods.

Proof. For k ∈ S, let Dk = {m ≥ 1 : pk,k(m) > 0}, so that the period of k is
dk = gcd(Dk).

Let i ↔ j and find m,n ≥ 1 such that

α := pi,j(m)pj,i(n) > 0.

By the Chapman–Kolmogorov equations,

(0.1) pi,i(m+ r + n) ≥ αpj,j(r), r ≥ 0.

By (0.1), di | m+ r+n for r ∈ {0}∪Dj . In particular, di | m+n, and hence di | r
for r ∈ Dj . Therefore, di | dj.

Similarly dj | di, and therefore di = dj. �
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