TOPOLOGY OF THE VAKIL-ZINGER MODULI SPACE

TERRY DEKUN SONG

ABSTRACT. We derive a set of generators for the rational homology of the desingularised genus
one mapping space M 1,n(P", d) constructed by Vakil-Zinger and qualitatively describe the rela-
tions among the generators. The results build on a detailed study of the stratifications of the mod-
uli spaces coming from tropical geometry and the constraints coming from the weight filtration on
the Borel-Moore homology groups of strata, extending the techniques from the previous study on
M, .. Our results imply that the even homology of M 1,,(P", d) is tautological and controlled by
genus-zero and reduced genus-one Gromov-Witten theory. We verify the Hodge and Tate conjec-
tures for M 1,n(P", d), completely describe its rational Picard group, and recover known results on
the vanishing of odd cohomology. Our techniques also apply to the pure weight homology groups
of genus one stable maps M ,,(P", d).
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1. INTRODUCTION

Let M1 (P, d) be the moduli space of degree d maps from n-marked smooth genus one curves
to projective space. The stable maps compactification

Ml,napra d) - ml,n(]}]}ra d)

is stratified by degree-decorated dual graphs with smooth locally closed strata. However, the
strata where the minimal genus one subcurve (the core) is contracted have excess dimensions,
so M, ,(P",d) is reducible. The main component M;’ff“(xw, d) C M, ,(P",d) is defined as the
closure of M, ,,(P", d) in M, (P, d). It is singular, and smoothability of stable maps is subtle to
characterise and work with.

In [VZ08], Vakil and Zinger constructed a beautiful desingularsation

—— main

My, (P, d) — M
1

(', d).

1n
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The stack M 1n(P",d) is given a modular interpretation by Ranganathan-Santos-Parker—Wise
[RSPW19] as a moduli space of maps from centrally aligned genus one curves: they constructed a
weighted strata blow-up Miez — M, , parametrising genus one stable curves together with con-
tractions to elliptic singularities, such that the natural map M 1.n(P",d) — M., factors through.

This work describes the rational homology of My, (P, d) by a set of generators and their
relations (Theorems A, B) by the stratification spectral sequence, topology of linear systems on
low genus curves, and how their basepoints control the relations among the homology classes.

1.1. Central alignment stratification. The generators in the presentation of H*(Mv 1n(P",d)) are
extracted from the stratification of M, ,,(P", d) by centrally aligned (1, n, d)-graphs: this was set
out in [RSPW19] and reviewed in [KS24a].

When a genus one subgraph has positive degree, a centrally aligned graph agrees with the
usual stable map dual graph, which we term as (1, n, d)-graphs, and so are the corresponding
strata in J/\/lvl,n(IP’T, d). When the core has total degree zero, the (1, n, d)-graph-typically denoted
as G—is decorated with the data of a central alignment p (Definition 2.4) that blocks a subset of
vertices into levels.

In this work, we coarsen the stratification to equivalence classes of centrally aligned (1, n, d)-
graphs under contractions and sproutings of rational tails - genus zero subgraphs that do not
receive a central alignment (Definition 2.9). Analogous to the ordinary stable maps [BM96, §3],
locally closed strata M (G, IN M 1.n(P", d) are the fibre products of (Lemma 2.15):

(1) a dual graph stratum in ﬂies , which is a torus bundle over a dual graph stratum in M, ,,

(2) a collection of pointed genus zero maps together with prescribed tangent vectors on the
attaching points, such that the maps collapse the sum of the tangent vectors,

(3) genus zero stable maps.

Example 1.1. A stratum [G, p] in M 13(P",4). The three fibre product factors are shaded in grey,
yellow, and green respectively. The dotted circle indicates genus zero stable maps, and the num-
bers indicate degrees.

1.2. Weight filtrations on strata. In the following, we use Borel-Moore homology as it receives a
cycle class map from Chow homology and is functorial with respect to stratification. For smooth
spaces, Borel-Moore homology groups are Poincaré dual to singular cohomology. The central
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alignment stratification of M 1.n(P", d) induces a spectral sequence in Borel-Moore homology

Ey,= @  HXMa,) = Hyy(Mia(P,d)).
[G.p]
dlmM[G o] =p

The first page differentials are induced by boundary maps, generalising the familiar excision
long exact sequence, and are compatible with mixed Hodge structures [Ara05, Lemma 3.8].
Because M, 2(P",d) is a smooth, proper Deligne-Mumford stack, Hp+q(/\/l1 ~(P",d)) is pure of
weight —(p+ ¢). Truncating the differentials of the spectral sequence Ey, — Ef . . pq atweight

E1 survives to £ . and that

—(p + q), we observe that only the pure weight quotient gr'" (0+0) v

there are successive surjections

k-‘,—l 00
gr (IH"Z)E el (p+q)E — 8 (p+tJ)E B qu

with
k+1 _ k W k k
gt (P+Q)E =8l (p+q)E /(1m : gr—(p+q)Ep+1q — gr (IH"I)E )

Remark 1.2. Dually, we may also truncate the stratification spectral sequence for the compactly
supported cohomology

Bl = @ HMMg,) = B Mo (P, d)
(Gl
dim Mg, ,=p

and have successive injections

P,q Ps pq P,q
EP C~~~Cgrp+qu+1Cgrp+qE --Cgrp+qE

given by

j 2 W g p+k,q—k+1 P:q
grp+qu+1 ker (grp+qu — grp+qE ) C grp+qE

The surjectivity (resp. injectivity) follows from the weight bounds on H?™ and H”.

Thus, the pure weight Borel-Moore homology groups

gV HPM(Mic ) @gYV-VkH (Mic,)

generate [, (.MV 1n(P",d)), and the relations among the generators are subquotients of the ‘off-by-
one’ Borel-Moore homology groups gr”, ., H?™ (Mg ;). The fibre product descriptions of the
strata ./\/l[G, o lead to Kiinneth formulas for their Borel-More homology groups (Lemma 2.15), so
the pure and off-by-one weight graded pieces are determined by the pure weight classes on each

tibre product factor, which we now discuss.
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1.3. Generators and relations. We approach the weight pieces of M, ,,(IP", d) via its partial com-
pactification by linear systems. Let
Picin — Ml,n

be the relative degree-d (rigidified) Picard stack over M ,. It has relative polarisation
© € A'(Pic{,,)

and universal Poincaré line bundle P, over Pic{, x4, , Cin. Let 7 : Pic{, x4, , Cin — Pict, be
the projection map, we define

Ql,n (PT7 d) = PPiC‘li ; (RT‘-*PSBT—FI),
It is a projective bundle over Pic‘f717 such that the fibre over (£, L) is
P(HO(E7 L)@T-ﬁ-l)'

It has hyperplane class
Hy € ANQ1,(P",d)).
There is an open immersion
My, (P d) C Q1 (P, d)
given by tuples of sections with no common basepoints.

The classes ©, H 5 produce Borel-Moore homology classes under the cycle class map. Together
with flat pullback from W_, H2M(M, ,,), they generate W_, HPM(M, (P, d)), and an analogous
description holds for its off-by-one weight cohomology (Lemmas 3.26, 3.26). The same discus-
sion applies to maps from nodal elliptic curves (Lemma 3.33).

We turn to second fibre product factor, which are genus zero maps together with tangent
vectors. Let My ; and My » be the Artin stacks of smooth rational curves with one and two marked
points, respectively. They are identified with classifying stacks of automorphisms of P! that
preserves the set of marked points. In particular, there are isomorphisms

H*(Mo,;) = Q[¢]
fori = 1,2, where
¥ € H*(My;)
is the 1)-class of any marked point and is well-defined up to a sign. These 1)-classes pull back
to classes supported on the genus zero vertices with factorisation property that are univalent or
bivalent, and these are their only contribution to pure weight Borel-Moore homology (Lemma

3.19). To see this, we first determine the cohomology of parametrised genus zero maps satisfying
the factorisation property:

(1) Given a tangent vector on the distinguished point p € P, say v € T,P", we define the
space of pointed maps with derivative v and determine its cohomology in Section 3.1.1.
Analogous to the results in [FW16] concering the moduli space Map};(P!, P") of pointed,
parametrized maps from P! to P7, they are largely independent of the degree of the map,
in which case their cohomology is isomorphic to that of A" \ pt.
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(2) We describe the space of admissible tangent vectors: they are tuples of tangent vectors in
T,P" satisfying suitable linear dependencies.

Combining information on the base and fibre directions, Corollary 3.16 states that the pure
weight cohomology of the space of parametrised maps with factorisation property is given only
by H" = Q. The only source of pure weight classes from the moduli space is hence the ¢)-classes
from taking quotients by the automorphism groups.

Finally, genus zero stable maps and their pointed analogues
Mo (P, d) = evi 1y (p) € Mosia (P, d)

are smooth and proper. Their homology groups are known to be generated by tautological
cycles [Opr06a], a complete set of relations have been derived via wall-crossing [MMO08a, MM07,
MMO08b], and their Betti numbers have been determined [GP06].

LG,p]

Theorem A (Corollary 4.2). Let [G, p] label a boundary stratum closure Mg ;] —— M 1n(P",d)
with interior Mg ,, let F € HP™ (Mg ) be a polynomial of the following classes:

(1) pullback from W_,HEM(M, ,,,) form < n +d,

(2) © € AY(Pic{,,) and Hg € A (M, (P",d')) defined above,

(3) pullback from H*(My ;) and H*(Myz), each generated by their ¢-classes,
(4) pullback from rational tails, which are isomorphic to Mg,/ (P, d'),

and let F' € HBM(Mg,,) be a lift' of the class F. The homology group H,(M,,(P",d)) is addi-
tively generated by classes of the form (1 ;). F.

Remark 1.3. The same technique shows that can be applied to the pure weight homology of
Kontsevich stable maps gr'V, H, (M, ,,(P", d)), which is generated by items (1), (2), (3) listed above.

The precise description of the generators is more refined than the statement above: see Corol-
lary 4.2 for more details. It is helpful to present the generators as centrally aligned dual graphs
with vertex or level decorations by Borel-Moore homology classes.

The relations among the generators are controlled by the off-by-one weight graded pieces of
the strata. A qualitative summary of the relations is as follows.

Theorem B. The relations among the generators are multiplicatively generated by:

(1) relations pulled back from ﬂies , which are generated by WDVV and Getzler’s relations
as well as 1/-class relations coming from the central alignment?,
(2) basepoint relations, which we define and compute in §5.1 and 5.4.

See Theorem 5.19 and definitions in that section for a more precise statement. The term ‘gener-
ate’ is intended as taking pulled back relations from each stratum closure and pushing forward

1Given open embedding U ¢ X with U, X both smooth, the restriction map on pure weight Borel-Moore homol-

ogy grV, HBM(X) — gr, HBM(U) is surjective. We discuss choices of lifts in §4.1.

2See §3.1.3 for the definition of the relevant v-classes and the relation.
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to M 1.n(P", d). The linear span of all such relations hence depends on the complexity of the dual
graph stratification of M, ,,(P", d).

The basepoint relations concern pure weight classes on positive degree cores of the strata,
which correspond to items (1) and (2) of the generators in Theorem A. The relations are derived
by considering maps of pairs’

(Min(P7,d) U Mg, Mig) = (91 a(P7,d), Q1 (P, d) \ My, (P, d)),

that ‘collapses’ rational tails (genus zero stable maps) to basepoints. This allows us to relate
the E'-page differentials on the left hand side to the boundary maps on the right hand side.
This is analogous to maps of pairs (Bl;X,E) — (X, Z), where £ C BlzX is the exceptional
divisor: the boundary map gr', HPM (X \ Z) — g™, HPM(F) is completely determined by the
map g’ 2 (X \ Z) — et HPM(Z).

Because the basepoint quasimaps have codimension r, the basepoint relations are in homo-
logical codimension no less than 2r. This implies that in low codimension, all the relations are
‘tautological” in the following sense.

Corollary C. The relations among the generators in H, EM(MV 1n(P",d)) for k < 2r are multiplica-

tively generated by relations in H, (M, ,,).

Remark 1.4. Let 97, be the moduli stack of prestable centrally aligned curves, and let ‘Bicglnien —
9Ny, be the relative degree-d Picard stackover it. One could consider the natural map

Ml’n (PT, d) —> mlcgﬁi?g,

stratify the image of the morphism ‘Bicgﬁ% C &Bic‘fmﬂ to determine the weight graded pieces of

HBM (mic;’gi) and then present M ,,(P", d) as the basepoint-free locus in the quasimaps moduli
space, which is a projective bundle over ‘Iiicgj}\{e%. This gives an alternative way to derive the

above generators and relations of H*(/W 1n(P7,d)).

1.4. Applications. The even homology of M, , is spanned by boundary classes [Pet14]. Com-
bining this with the description of generators given above, the even homology of M, ,,(P", d) is
generated by tautological classes and boundary strata. This allows us to deduce

Corollary D (Corollary 4.4). The Hodge and Tate conjectures hold for M 1a (P, d).

From another perspective, Theorem A implies that the even homology groups of M 1n(P7, d)
are entirely controlled by intersection numbers of tautological cycles, namely the reduced genus
one Gromov-Witten theory of P".

Via Poincaré duality, Theorem A also describes the Hodge structures in H *(Mv 1.n(P",d)). Fol-
lowing [CLP24], we denote

L := H*(PY),Spp1 := Wi HF (M ).

SHere, [G, p] is a (centrally aligned) (1, n, d)-graph consisting of a genus one vertex and a rational tail or a level.
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The Eichler-Shimura isomorphism states that S, corresponds to SL;(Z)-cusp forms of weight
k+1. They are possibly non-zero for odd k£ > 11. The Hodge structures present in H (M 1n(P7,d))
are products of L and S;4; for & > n + d. In particular, the odd weight Hodge structures in
H*(M 1n(P", d)) have weight at least 11. Since M 1..(P", d) has pure weight cohomology, we re-
cover the following result of Fontanari [Fon07].

Corollary E (Corollary 4.6). For odd k < 11 and all n, H*(M, ,,(P", d)) vanishes.

The presence of Hodge structures L7 [, Si’iH is tied to the graphical stratification of M 1n(P7, d).

This allows more precise descriptions of what each Hodge structure contributes.

Example 1.5 (§4.3). For r > 11, the lowest d such that H *(/W 10(P", d)) has non-vanishing odd
cohomology is d = 11. In this case, H'23(My(P",11)) # 0 is the first non-vanishing odd coho-
mological degree. The lowest odd cohomological degree k with H ’“(/K/lVLO(IP”’, d)) non-vanishing
is realised by k£ = 13 when d > 66.

Using the fact that gry’ H'(M, (P, d)) vanishes, we determine the rational Picard group of
M, (P", d) as follows.

Corollary F (Proposition 4.9). The second cohomology group H 2(M 1.n(P", d)) has a basis given
by ©, H s, and boundary divisors. The cycle class map

A My, (P, d))g = HA(Myn(P",d))

is an isomorphism.

It is natural to expect the basepoint relations in even homological degrees to admit lifts in the
Chow group of M ,,(P", d). In that case, the cycle class map A;(M;,(P",d))g = H* (M ,.(P",d))
is an ismorphism for all 7 > 0.

1.5. Related work. The strategy of understanding weight filtrations within a stratified space is
far from being new. The ideas can be traced back to the earlier work of Arbarello-Cornalba
[AC98] on M,, and have been utilised to great effect by Petersen [Petl4] on M, , with its
dual graph stratification. They also underly the recent breakthroughs on cohomology of M.,
and M, ,, by Bergstrom-Faber-Payne [BFP24], Canning-Larson [CL24], Canning-Larson-Payne
[CLP24,CLP23], and Canning-Larson-Payne-Willwacher [CLPW24a, CLPW24b, CLPW25].

Unlike the moduli of stable curves, the strata in the mapping spaces are in general non-trivial
tibre products. This has been investigated by Oprea in the setting of genus zero stable maps to
flag varieties [Opr06b].

The work combines the above perspectives and techniques with the recent study of combi-
natorics of genus one mapping spaces: this includes the plethystic structure involving stable
maps [KS24b] and the explicit genus zero geometry of rational functions satisfying factorisation
property [KS24a] that is inspired by previous work of Farb—Wolfson [FW16] on parametrised
pointed genus zero maps.
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Another important class of compactified mapping spaces is the moduli space of genus one
stable quotients [MOP11] Q, ,,(P", d). In particular, as Q, o(PP", d) is smooth and proper, we expect
that the technique and calculations in the present work are applicable. They will complement
previous work of Y. Cooper [Cool4] on its geometric and topological properties.

1.6. Future directions. Ongoing work of the author [Son26] returns to the generators and rela-
tions of H*(My (P, d)) using the dual graph stratification. The results obtained from this will
complement the ones given by Mustata—Mustata [MM08a, MM07, MMO08b] using wall-crossing
techniques; comparing the two seems non-obvious and is worth pursuing.

Regarding the interior M ,(P", d), the Betti numbers as well as the full weight filtration re-
main unknown: this work concerns the pure and off-by-one pieces, and the top weight cohomol-
ogy is known to vanish from [KS24a] using boundary complex techniques. On the other hand,
results about the cohomology of M, (P, d) and their strata closures in this work could shed
light on the graph complex that calculates the other weight graded pieces gr}V H*(M ,(P", d)).
The weight graded Euler characteristics of M, ,,(P", d) has been determined by the recent Serre
characteristics calculations in [KS26], which gives evidence towards degeree stabilisation in a
range of cohomological degrees.

While the present results do not immediately yield closed formulas for the Poincaré poly-
nomials of M, ,(P",d), ongoing work with S. Kannan aims to calculate their S5,,-equivariant
Grothendieck ring classes that specialises to Poincaré polynomials.

Battistella-Carocci [BC23] constructed a normal crossings compactification of M, ,,(P", d) by
combining the perspective of [RSPW19] with the theory of genus two Gorenstein singularities
and admissible covers. The techniques of this work, combined with Petersen’s previous work on
the cohomology of M, ,, [Petl5, Petl6], should lead to a description of the cohomology of their
construction.

Acknowledgement. The author is grateful to his supervisor Dhruv Ranganathan for enlight-
ening discussions and thanks Samir Canning and Siddarth Kannan for valuable comments on
previous drafts. Thanks are also due to Alexis Aumonier, Sam Payne, Michele Pernice, Oscar
Randal-Williams, and Ravi Vakil for helpful conversations and encouragement.

This work is supported by a Cambridge Trust international scholarship.

Convention. All (co)homology groups are taken with Q-local systems and carry mixed Hodge
structures unless stated otherwise. ‘Smooth” means smooth as a Deligne-Mumford stack, of
which the coarse moduli space may acquire singularities. For A/ a smooth DM stack of dimen-
sion m, we use [M] € HEM(M) to denote its fundamental class.

2. STRATIFICATION OF MAPPING SPACES

2.1. Dual graphs. We recall the decorated dual graph stratification on M, (P", d).
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Definition 2.1. [KS24a, Definition 1.1] Let g, n,d > 0.
A (g,n,d)-graphis a tuple G = (G, w, , m) where:
(1) G'is a connected graph;
(2) w: V(G) — Z>q is called the genus function;

(3) 6 : V(G) = Zx is called the degree function;
(4) m:{1,...,n} — V(G) is called the marking function.

They are required to satisfy:

(1) dimg H1(G,Q) + X cy(qy w(v) = g;
(2) EveV(G) 6(v) =d.

A (g,n,d)-graph is called stable if for all vertices v € V(G) with 6(v) = 0, we have
2w(v) — 2+ val(v) + |m~*(v)| > 0,

where val(v) means the graph valence of v.

The automorphism group of a (g, n, d)-graph is a graph automorphism that commutes with
the genus, degree, and marking decoration functions.

Given a (g,n,d)-graph G and an edge ¢ € E(G), we define G/e as a (g, n, d)-graph whose
underlying graph is the quotient graph G /e, and whose decorations are defined as:

(1) If e is not a loop, the two vertices v; and v, incident to e are combined into a new vertex
v’. Then

§(v") = 6(v1) + 6(v), w(v') = w(vy) + w(vy),

and m~1(v") = m~(v1) Um ™ (vy).
(2) If e is a loop, we increase w on the vertex supporting e by 1. The degree and marking
functions are retained.

The resulting (g, n, d)-graph G/e is denoted as the edge contraction of G by the edge e.

The set of (g, n, d)-graphs forms a category with morphisms generated by isomorphisms and
edge contractions.

Definition 2.2. Let G be a (g, n, d)-graph. Given a (naive) subgraph G’ of G, its enhancement G/
is the dual graph with genus and marking decorations restricted from that of G, together with
additional legs in bijection to edges connecting vertices in G’ to vertices outside G’. We denote
the set of additional legs as L'(G’).

In the following, ‘subgraphs’ will always mean their enhancements.

Definition 2.3. Let G be a (1, n, d)-graph. The core of G, denoted as G¢, is the minimal subgraph
of G that has genus one.
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There is a poset structure on V(G) \ V(G¢) where f; < f, if the unique path* from f, to G¢
passes through f;. We extend the poset structure to V (G) by declaring that all elements in V' (G°)
are tied as the unique minimum.

Centrally aligned dual graphs are (1, n, d)-graphs with a partially defined ordering on their
vertices. The locally closed strata of the normal crossings boundary /K/lvm(IP’r, d) \ My ,(P",d)
are labeled by centrally aligned (1, n, d)-graphs. The definitions below follow [RSPW19] and are
adapted from the exposition in [KS24a], which primarily focuses on the closely related and finer
stratification of radially aligned (1, n, d)-graphs.

Definition 2.4. A centrally aligned (1,n,d)-graph is a (1,n,d)-graph that has a core with posi-
tive total degree, or a (1,n,d)-graph G where the core has total degree zero, and the data of a
connected subgraph G, of G with a level map p : V(G,) — {0,...,|p|}. The pair (G,, p) are
required to satisfy the following conditions:

(1) the subgraph G, contains the core,

(2) the pre-image p~*(0) is equal to the core,

(3) in V(G,), only p~*(|p|) has positive degree vertices, and their degrees sum to greater than
one,

(4) the map p is a map of posets, where the poset structure on V(G,) is restricted from that
of V(G).

An isomorphism of centrally aligned (1,n,d)-graphs is an isomorphism of the underlying
(1,n,d)-graphs that commutes with the alignment functions.

Remark 2.5. The central alignment defined above is the same as [RSPW19, §4.6] with ¢ equal to
the contraction radius of the (1, n, d)-dual graph.

Example 2.6. The figure below shows a centrally aligned (1,7, d)-graph with n = 5 and d = 4.
The core has total degree zero, and the only the contraction radius vertices are assigned the
alignment function p.

p=2
————————— ,———-|TTL5

J? o

1

We require edge contractions among centrally aligned (1, n, d)-graphs to be compatible with
their levels.

*Notice that contracting the core of G gives a rooted tree, so the path is indeed unique.
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Definition 2.7. Let (G, p) be a centrally aligned (1, n, d)-graph. Given an integer i € {1,...,[p|},
we define the radial merge of (G, p) along i, denoted as (G\;, p\;) as follows:

(1) post-compose p with the surjection {0,...,k} — {0,...,k — 1} which decreases all j > ¢
by 1;

(2) whenever v,w € V(G) withv € f7'(i — 1) and w € f~!(i), such that there is an edge e
between v and w, perform the edge contraction of e as for (1, n, d)-graphs.

The set of centrally aligned (1, n, d)-graphs forms a category in which the morphisms are gen-
erated by isomorphisms, radial merges, and contractions of edges in (G, p) outside of G, as well
as edges connecting vertices in p~1(0).

Definition 2.8. The rational tail subgraphs of a centrally aligned (1, n, d)-graph (G, p) are the
maximal connected subgraphs of G that do not contain any vertex in G,. The coarse represen-
tative of (G, p) is the centrally aligned (1, n, d)-graph obtained by contracting each rational tail
subgraph to a single vertex.

Definition 2.9. Two centrally aligned (1, n, d)-graphs are coarsely equivalent if they have isomor-
phic coarse representatives and extend this to an equivalence relation on the set. We use [G, p| to
denote the equivalence class of (G, p). The morphisms among centrally aligned (1, n, d)-graphs
induce morphisms on their coarse equivalence classes. In particular, an automorphism of a
coarse class agrees with that of its coarse representative as a centrally aligned graph.

2.2. Graph strata of /T/lJl,n(IP”", d). We now describe the coarse strata M (G,p) associated to coarse
equivalence classes of centrally aligned dual graphs. Each stratum is a fibre product of:

(1) a stratum in the moduli space of centrally aligned genus one curves Mii‘; [RSPW19, §3],

(2) a collection of genus zero maps satisfying the factorisation property [RSPW19, Definition
41],

(3) pointed genus zero stable maps.

The factorisation property is defined in loc. cit. in terms of elliptic singularities and presented
in later work [BNR21, §2.4], [KS24a, Lemma 3.10] as a linear dependency condition on certain
derivatives of the genus zero maps which we will explain.

Definition 2.10. Let
Mg, (P d) € Moyir(P7, d), Mon(P", d) C Mo g1 (P", d)
be the fibres over p € P" of the evaluation maps
eVoy1 : Monsi (P d) = P", Mo g (P, d) — P"
which are Zariski locally trivial fibrations.

Definition 2.11. Let § € Z{,,m € Z% be a tuple of degrees and (numbers of) marked points.
Define P°V5 m) be the G/ !-torsor over I, MG .. (P, 6;) recording a collection of tangent vec-
tors [vy, ..., v, at the frozen marked point (namely p,,+1) up to rescaling.
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We define the factorisation mapping space as

y4
M5y = {((frr - fo) or, - 0d]) €PVismy | Y Ofi(vi) =0 € TP}
=1

This is a closed subscheme of Mf;’m)

Definition 2.12. Let (G, p) be a centrally aligned (1, n, d)-graph where the core has total degree
zero. Its contraction core, denoted as G*, is the maximal subgraph with vertices in V,(G)\ p~!(|p|):
they all have degree zero. The restriction of p to G* gives the pair (G, p|ge) the structure of a
centrally aligned genus one tropical curve [RSPW19, §3.3]. Let

3 7cen

M gleee) © My

be the locally closed stratum associated to the pair. For brevity, we may use notation Mge when
there is no risk of confusion.

—— cen

Remark 2.13. The M, , — M., is a sequence of welghted blow-ups along boundary strata
closures of /\/ll,n [RSPW19, Prop 3.3.4]. The stratum MGCC is the total space of a torus fibre
bundle over the stable curves stratum Mge C Mm-

Let |G, p] be a coarse equivalence class of centrally aligned (1, n, d)-graph such that its core has
total degree zero, and denote its associated stratum as Mg ).

Definition 2.14. Let
A qord v

be the finite cover that labels the vertices on p~!(| p]) and the rational tail subgraphs of |G, p|.
We have /\/l‘[)éd o/ Aut([G, p]) = /\/l[(; o Let (5[((;) pe [G ) be the tuples of degrees and markings
of the vertices on the contraction radius p~'(|p|). Let (dig ], m(c,,)) be the tuples of degrees and
markings of the rational tails subgraphs.

Lemma 2.15. The Borel-Moore homology of ./\/lom1 ; has the Kiinneth formula

HBM(Mfédp) = H,(P") @ H™(Mge) ® HBM(M(JM my) ® Hi H M, (P, 5)

Taking finite group quotient,

HPMOME ) awien = HM (Mg,

Proof. Restricting maps parametrised by Mvoéd ;) to the contraction core, vertices on the contrac-
tion radius |p| and the rational tail subgraphs exhibits /\/lord as a total space of a iterated Zariski
locally trivial fibration with fibres as tensor product summands shown above. The fibrations

are Zariski locally trivial because they are base changes of ev,; : Moerl(P’", d) — P" and
Mopi1(P7,d) — P d
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Remark 2.16. When the core has positive total degree, the stratum M (G,p) agrees with the asso-
ciated stratum in M ,,(P",d). Let Mg- C Ml,n’g (P, dge) be the genus one stable map stratum
specified by the subgraph G¢, and let (d;c ;. m|c,5) be the tuples of degrees and markings of the
rational tails subgraphs.

In this case, we have the similar formula

Nig,p]
HM(Mig,) = | H*(Mee) @ B*( [[ Mo, (P",6:)

7=t Aut[G o]

The Kiinneth formulas are compatible with weight filtrations. This reduces the pure and off-
by-one weight pieces of H?™ (Mg ) to those of its tensor product summands.

3. BUILDING BLOCKS

In this section, we determine the pure and off-by-one weight graded pieces of the Borel-Moore
homology groups of the mapping spaces from each vertex or level of centrally aligned (1, n, d)-
graphs. Because all the mapping spaces we encounter are smooth, it is often convenient to
determine their singular cohomology and apply Poincaré duality.

3.1. Genus zero maps with factorisation. The weight graded pieces of H PM(M&M)) are Poincaré
dual to those of H *(M&m)), which we describe via the concrete geometry of parametrised map-
ping spaces.

Definition 3.1. Let Map(P',P") = {f : P! - P | f(oo) =[1:1:---:1] =: p € P"} be the space
of parametrised pointed degree-d maps from P! to P". It is identified with the space of basepoint
free polynomials as an open subset of A("+1)d:

{(fo(t),---, fr(t)) € ATV £,(¢) € C[t] monic of degree d, ﬂ £710) = @),
=0

Definition 3.2. Let § € Z% be a degree vector. Define
k
Mapy" (P',P") C | | Mapj, (P', P")
i=1

as the subspace consisting of tuples of parametrised pointed maps such that the images of tan-
gent lines dDf; : T P' — T,P" satisfies some non-vanishing linear dependency: for any choice
of basis vectors v(®) € T, P!, there exists (a1, ..., o) € (C*)F such that 3% | a;d% f,(v®) = 0.
Let
Map, (P!, P") — Map}* (P!, P")
parametrise in addition the data of the non-vanishing linear dependency itself up to common
rescaling. Over a tuple of maps (fo, ..., f;) € Map}’F(Pl, P7), the fibre is

{[ar : -+ ag] € (CH*/(C*-1d) | Zaidgfi(v(i)) = 0}.
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Remark 3.3. Up to permutation of the entries, the mapping space Mgm is related to their

m("‘))

corresponding parametrised mapping spaces in the following standard way:

(1) fOI' mgr) = 0, 1, MES(T)J”(T))
(a Borel subgroup of PGL,(C)) or C* respectively, which acts on parametrised maps from

is the quotient of the parametrised mapping space by Aut(P!, x)

the corresponding univalent or bivalent component;

(2) for mgr) > 2, /\/lf:w) m(r) 18 Non-canonically isomorphic to the product of the parametrised

mapping space with an ordered configuration space’ Conf’"(”*z(IP>1 \ {0,1,00}).

3.1.1. Pointed maps with prescribed tangent lines. We start by studying pointed mapping spaces
with a prescribed tangent line along the marked point.

Via the open embedding
Mapj, (P',P") ¢ A%C+Y,

prescribing a tangent line is equivalent to taking an affine linear subspace in A%+ where
the coordinates are the polynomial coefficients. The affine coordinates specify a basis vector
v € T P!, and taking the derivative at v gives the map

k k
dwo : | [ Map;, (B, P") — [ [ TP,
=1

i=1
which is the product of maps
d) : Mapj, (P',P") — T,P".

An elementary calculation gives the following:
Lemma 3.4. [KS24a, Lemma 4.1] The map d%) factors through
Map, (P!, P") — A%(+D B0 pArst y popr

where the projection ps, 1 records the 2%~ !-coefficient of the (r + 1)-tuple of polynomials, and
the second map is the linear map C"*! — C"*!/C- (1,1,...,1) 2 T,P".

Definition 3.5. Let w € T,P", define
Map;™ (P!, P") := {f € Map;(P",P") | dw(v) = w}.

When there is no risk of confusion, we may use Map;™ to denote Mapy™ (P*,P") for sake of
brevity.

Remark 3.6. By Lemma 3.4, Map;* (P!, P") is the intersection of the open subset Map;(P',P") C
A%+ and the affine subspace

Ly = {(fo. . o) [ [(ps-1(fi))izg] = [w] € CT1/((L, 1, 1)) 2 TP},

so it is in particular an open in an affine space isomorphic to A°"+)=7,

5The numerics are one off from the standard isomorphism Map, (P!, P") 2 M, 3(P", d) because of the presence
of a frozen marked point.
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We calculate the cohomology of Map;* (P*, P") following the techniques in [FW16] which cal-
culated the cohomology of Mapj (P!, P").

Lemma 3.7. When ¢ > 2, for all w,

Q(—r), i=2r—1
H'(Map;™) = < Q(0), i=0
0, otherwise

When 6 = 1 and w # 0, Mapy™ = A', whereas the space is empty when § = 1 and w = 0.
Because Map;™" is smooth, there is Poincaré duality

HBM (Map;’w) ~ H2((6—1)(r+1)+1)—z‘ (Mapz,w)v
compatible with the weight filtration.
Remark 3.8. For § > 2, the cohomology of Map; " (P!, P") together with its mixed Hodge struc-
ture agrees with that of A"\ pt and are independent of § and w. This is closely related to the result

of Farb-Wolfson [FW16, Theorem 1.2] that when ¢ > 0, the cohomology of Mapj(P*,P") agrees
with that of A" \ pt and is independent of 4.

Proof. When w # 0 and 6 = 1, the space Map;™" (P!, P") is identified with the space of monic
polynomials {(¢t + ag,...,t + ) € A" | [(a,...,q,)] = w € C*/{(1,...,1))} and is hence
isomorphic to A'.

When § > 2, we use induction on d. The inductive hypothesis is that
Q(r+1)—2r+1),i=2(6(r+1)—2r)+1

HPM(Mapy®) = < Q(6(r +1) —r), i=206(r+1)—r)
0, otherwise
and that [, )., (Mapy™) is identified with the fundamental class of the basepoint locus under

the boundary map. The base case is split into cases w = 0 and w # 0.

When w = 0,5 = 2, Maps°(P!,P") = L, \ A% where A? is identified with the space of monic
quadratic polynomials and A? < LJ is the diagonal map. The inductive hypothesis for this case
follows from the excision long exact sequence.

When w # 0,6 = 2, Mapy® = L¥ \ (A' x Map;™) where A! x Map” — L¥ is given by
multiplication

(z,(t+ gy, t+a.) = ((t+2)t+ ), ..., (t+2)(t+ap))

and is an isomorphism onto the complement L,, \ Map;*. As Map;" = A' from earlier, we have
that Map;° = Ly \ A? and the excision long exact sequence implies the inductive hypothesis.

For the inductive step, we stratify Ly by the number of base points: let Ly, C Ly be the closed
subspace of tuples of polynomials with at least & basepoints and let L, C Ly, be the open
subspace of polynomials with precisely k base points. From [FW16, §3], the multiplication map
AF x Mapy, — Ly*, given by (f, (g0,.-.,9x)) = (fg0,- -, fgx) is proper and a homeomorphism,
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so the pullback is an isomorphism on compactly supported cohomology, compatible with mixed

Hodge structures. Now we apply the stratification spectral sequence associated to the filtration®
- C Lw,(kﬂ) & ngfk - ngo =Ly,

which is given by E!, = HPM (Lg°,) = HPY, (LY _,).

Recall that the inductive hypothesis states that for all ' < J, the Borel-Moore homology group
of Mapy,” is the fundamental class and the preimage of fundamental class of Mapy;”, under the
boundary map; for k > 0, taking the homeomorphisms between Lg”°, and A* x Map}", , a similar
description holds for L;>,. Because the d" differentials among the E'-pages H" (Ly°,) —
H B?ﬁ o q(L“f_o( »1)) are given by boundary maps, they are isomorphisms for all k > 1. Therefore,
E?, , vanishes for all £ > 1.

It remains to determine d' on the terms E', , and E; ,. Because the spectral sequence is in the
fourth quadrant, £, , = E> , which is a subquotient of HB}! (Ly) = HEY (A°CTH7") and
similarly Ef, = EgS. Therefore, E?, , = 0 for all ¢, and Ej, = 0 for ¢ # 2( (7’ +1) — r), and
E? | ys0i1)—r) = Q((r + 1) — 7). In other words, d; " are isomorphisms for all ¢, and d}? are
isomorphisms for all ¢ # 2(3(r + 1) — r), and EV?CUTD™) — pO20CED= — (4 1) — 7). We
deduce that the Borel-Moore homology of Map;* is given by

Q(6(r+1) —2r), i=2(0(r+1)—2r)+1

Q((r+1)—r), i=2(6(r+1)—r)

0, otherwise
and Hyj5(,. .1y _op 41 (Mapy™) is identified with H375 1,11y, 1) (A x Map;™)) under the boundary
map. This finishes the inductive step. O

3.1.2. Spaces of linearly dependent vectors. We describe the spaces of tangent vectors of P" that may
arise from maps with linearly dependent derivatives and determine the weight pieces of their
Borel-Moore homology groups.

Definition 3.9. Let V' be an r-dimensional vector space over C: for our purposes, V' = T,P".
Denote Dj C V* as the locus of vectors that admit some non-vanishing linear dependency. Let

~ 5,’; — Dj parametrise in addition the non-vanishing linear dependency itself up to common
rescaling. Abusing notation, we may replace the subscript k£ by an indexing set of size k, such as

k]l ={1,...,k}.
Let 6 € Z%, be a length-k degree vector. Define
D ={veD;|v#0ifd, =1,v;, =0if §; = 0} C Dy,
D} := n_(D}) C Di.
Remark 3.10. From the description in Lemma 3.7, the spaces Dj and 5} describe the realisable

—— x,F .
tangent vectors in the parametrised mapping space Map;; " (P!, P") and Maps (P', P") from Defi-
nition 3.2.

*When w = 0, L _(4-1) = L§_4, in which case we formally delete the item Ly _,; from the filtration.
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Remark 3.11. The space D; deformation retracts to (C*)¥/C*, and we present the cohomology
of D} as H*((C*)k/C* - 1d) = A <Q{a1, CTR VA0 DA ozl)) , where each o; € H*((C*)k/C*) is the

generator of the cohomology the corresponding factor in (C*)*.

Definition 3.12. For a multi-degree vector 4, define / él) ={i€ k]| d =1}and [ éo) ={i € k]|
8; = 0}. Denote [ks., := [k] \ I}

Remark 3.13. The projection map D — 5;‘;\0 gives an isomorphism D} 22 53\0 X ((C*)Iéo).
Using the open embedding D; c D;, we describe the pure and off-by-one weight graded
pieces as follows.

Lemma 3.14. Use N to denote dim D; = (r + 1)(k— 1).:Fhe pure weight Borel-Moore homology
of Dj is spanned by its fundamental class [Dj] € H3y| (Dj).
The off-by-one weight graded pieces gr",, ; HPM(Dj) is isomorphic to
QN =) e QN — 1),
where the two summands are respectively given by:

(1) the boundary map images of the fundamental classes of the closed subspaces {(v, a) €
D; | v; =0} 2 C* x Da\{ }forallj eIV,

(2) the torus factors coming from D*

—— x,F . .
Lemma 3.15. The parametrised mapping space Maps (P!, P") is the fibre product:

—— *F
Maps (P',P") —— []L_, Mapj, (P!, PP")

! !

D; s (T,P)®*

~ —— x,F
Thus, over a point ((vy,...,vx), a1, ..., ax]) € D}, the fibre of the map Map; (P',P") — D5 is
[15, Map; " (P', P").

Corollary 3.16. Denote dim,;, as the dimension of Hle Mapy " for any choice of (w;);_, such
that the product is non-empty. The pure weight Borel-Moore homology groups are given by

—— x,F
o', HPM (Vapy” (P, P")) = Q - [Map; (P, P),
The off-by-one weight graded pieces are given by

*,F r
gr W*HHBM(Mapa (]P)la]P) )= |er W*HHBM HMap

Lemma 3.14

o |Q-Bil® Qdimy, -5

~
ng*+1HBM (Hf:1 Mapy™'), Lemma 3.7
1
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Proof. We compute the compactly supported cohomology of 1\7[310;F (P',P") by the Leray spectral
sequence of the map

d.. : Mapy (P',P") — DL.
As the map is the pullback of the linear projection map

k k
HA&;(NA) N H(CTJrl N (Tp]P)r)EBk’
=1 =1

the locally constant sheaf (d)Q has trivial monodromy, so the E,-page satisfies the Kiinneth
formula. The claim follows from weight truncating the spectral sequences, applying Lemma 3.7,
and inspecting the weights and cohomological degrees. O

We set notation for the following classes corresponding to basepoints on the moduli spaces of
parametrised pointed maps.

— x,F
Definition 3.17. Let 3, € H*~!(Map; (P!,P")) be:

(1) when 4, > 2, the pullback from the factor associated to the vertex v of § € H*"~! (Mapy™)
(Lemma 3.7),

(2) when 8, = 1, the pullback from Q(N, — r) C grl\ H *([N):;) corresponding to the entry v
(item (1) in Lemma 3.14).

3.1.3. Quotienting by automorphisms. From Remark 3.3, the fibre of the forgetful map
k
Mﬁsm,m(m - H Mom,
1=1

T *7F . . .
is given by Map,s (P!, P"). We calculate the weight graded pieces of H *(/\/l&r),m(”)) using the
Leray spectral sequence associated to the above morphism.

We set notation for 1-classes on Mg 1, Mg 5. They pull back to pure weight classes on strata of
genus zero stable maps, the strata Mg(r)7m(r)), and Mc, o)

Definition 3.18. Let v € H*(Mg;) or ¢ € H?*(My2) be the standard generator under the iso-
morphism of stacks Mg; = BAut(P', *) and Mgy = BG,,. They agree with the psi classes of the
marked points up to a sign, which suffices for our purposes.

Let v be a univalent or bivalent vertex in a (1, n, d)-graph, possibly with central alignment.
The v)-class 1, of vertex v is the cohomology class in the corresponding mapping space stratum
pulled back from ¢ € H*(My;) or ¢» € H*(Mg5) along the unique inward pointing half-edge,
which is denoted as p, in [KS24a].

Lemma 3.19. The pure weight singular cohomology of /\/lg<,.>,m<,,.)) is:

(1) spanned by {1,v,...,4" '} when all vertices of p~*(|p|) are univalent or bivalent; the

classy € H 2(/\/125“) m(’"))) is the pulled back #-class of any univalent or bivalent vertex,

(2) H° =~ Q when there is any vertex that is not univalent or bivalent.



TOPOLOGY OF THE VAKIL-ZINGER MODULI SPACE 19

F

Asa W, H *(Mis(r)’m(r)))-module, the off-by-one weight singular cohomology of M i) .y i

generated by:

(1) when all vertices of p~'(|p|) are univalent or bivalent, the pullback from the codimension
one linear subspace (8, — fuw)vw C H 2’"*1(1\7[51):F(IP>1, P")) (Definition 3.17),
(2) when not all vertices are univalent or bivalent,
(a) pullback of H'(Mg ) for all m; > 4,
(b) pullback of [ov, — a,,] € H((C*)¥/C*) for all vertices v, w that are not univalent or
bivalent,
(c) B, for all vertices v.

Proof. By inspecting the weights and cohomological degrees of the Leray spectral sequence as-
sociated to M&Mm% — TI5; Mo m,, the possibly non-vanishing differentials concerning pure
and off-by-one weight graded pieces are multiplicatively generated by
(1) dy' : gtV EY' — erlV E7°, in which each [a, — a,,] € H'((C*)¥/C*) C gr} EY' is mapped
to ¢, — 1. This is because the (C*)¥/C*-bundle parametrises collections of compatible
isomorphisms between the tangent lines at the frozen marked points [BNR21, §2], see also
[KS24a, Lemma 3.2]. This implies the relation v, = 1, when pulled back to /\/l(l“;m )
so that all ¢, pulls back to zero when there is any vertex not univalent or bivalent, and
that they all pull back to the same class v’ otherwise,
@) dy? ' gt EP* T 5 @l B in which 8, — 1", This is the only possibly non-zero dif-
ferential after F,, and W, H *(Mgm m(7">)) would be infinite-dimensional if it were zero.
——— x F
This can also be seen by an explicit calculation of the C*-action on Map; (P',P") C
(C*)F/C* x TT5_, Mapj, (P',P"), where C* C Aut(PP", *) is a maximal torus, so that BC* —

BAut(P", %) induces a cohomology isomorphism.

O

3.2. Maps from smooth elliptic curves. We describe the weight graded pieces of M, (P",d)
via the partial compactification @, ,(P",d) defined in §1.3. The space Q,,(P",d) is the total
space of a projective bundle over the universal Picard group Pic{,,, such that the fibre over
((E,p1,...,pa), L) € Pic{,, is given by P(H(E, L)®"*1). It has relative hyperplane class H €
H(Qy (P, d).

Remark 3.20. While the notation is chosen to resemble that of the moduli space of quasimaps
[MOP11], the basepoints in Q,,(P",d) are not required to be disjoint from the marked points.
In this way, the space 9, ,(P",d) can be considered as a quasimaps moduli space where each
marked point has zero weight.

Lemma 3.21. The complement B, ,,(P", d) := Q1 ,(P",d)\ M ,,(P", d) receives a proper, surjective
map from Cy,, X, Q1 n(Pr d—1).

Proof. We identify C1,, = Ppi;1 (P1). The map Py K P77 — P77 over the multiplication map
® : Picy,, x Pic{ " — Pic{ , then projectivises to a map Cy,, Xa1,,, Q1,n(P",d — 1) = Q1,(P", d).
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Concretely, the map is given by multiplying sections of line bundles. The above description
shows that the map is projective, hence proper.

By construction, the image of the map has basepoints, so it lands in B, ,,(P", d). To see surjec-

tivity, it suffices to work over the fibre over a marked point. Given a tuple of sections [sg : - - - : s,
with basepoint divisor B, pick any degree one effective divisor p < B together with a choice of
setction s, (unique up to scalar multiplication), then [sy : - - - : s,] is the image of (p, [so/sp : - - :
Sr/Sp))- O

Definition 3.22. Let Pic‘f},;dQ denote the fibre product Pic‘f}n X M xPic‘ffn.

The pure weight graded pieces of the Picard groups Pic‘in and Picil}ﬁdQ can be related to those of
M, ,, by adapting the methods of Canning-Larson-Payne [CLP24, §2.2], which uses the partial
compactification by the fibre power of the universal curve & — M ;.

Lemma 3.23. (1) The pure weight cohomology of Pic‘in is given by
W H*(Pic{ ) = W, H*(My ni1) & W o H 3 (M) (1),

The Tate twist is given by © € H?(Pic{ ) as the image of 1 € H*(M,,)(—1) = H*(M,,)
under the Gysin pushforward; this is the class of a relative polarisation of Pic{, — M.
(2) There is an isomorphism

W, H*(Pic{}y®) & W, H*(Mi ni2) ® Wero H* 2 (M ) (= 1) @ W,y H* (M) (—2).
Similar to (1), the Tate twists are given by relative polarisations ©,,0, € H 2(Picdl’cb), and

1,n
©,U0B, € H4(P1061l’17;d2)

The same technique allows us to relate the off-by-one cohomology of the Picard groups Pic‘f,n
to Petersen’s interpretation of Getzler’s relation in gr}’ H3(M, 4) [Pet14].

Lemma 3.24. For k odd, gr}’, H*(Pic{,) # 0 only when k = 3 and n > 3 in which case it is
isomorphic to gr})’ H3(M, ;1) and when k = 5 and n > 4 in which case it is isomorphic to
grl H3(My ,)(—1) under the Gysin pushforward along any section M, — Pic{ .

The class Hy € H*(My,(P",d)) comes from the projective bundle formula and records the
hyperplane class in the linear system. We relate it to hyperplane classes pulled back from P".

Lemma 3.25. Whenn > 1,d > 2, Hsy € H*(My,(P",d)) agrees with ev; H where H € H*(P")is a
hyperplane class and ev; : M, (P",d) — P" is any evaluation map.

Proof. Let Cy,(P", d) be the universal curve over Q; ,,(P", d). Namely, it is the fibre product

Con(P",d) —2— O,,,(P",d)

koo

. d . d
Cin XMy, Picy,, —— Picj,
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Let Cy ,(P",d) — M, (P, d) be the universal curve over M, ,(P",d), then C, ,,(P", d) is open in
QALn(IP”", d) pulled back from the open immersion M, ,,(P",d) C Ql,n(PT, d).

Let ev : Cin(P",d) — P" be the evaluation map, then ev*Op-(1) = (73Pa)lc, . (pr.a) Where re-
call that P, is the Poincaré line bundle on Cy,, x4, , Pic‘in. On the other hand, the line bundle
O, per+1(1) on Q1 ,(P", d) satisfies that T30 por+1(1) = (7EPa)le,,,. pr.0)- Therefore,

WEHQ |Cl,n(Pr,d) = eV*H

on H%(C;,(P",d)). We pull back both sides along the section s; : My, (P",d) — Ci,(P",d)
corresponding to the marked point p;: they are s; (W*QH olesnra) = (g osi)*Hy = Hy and
s;ev'H = ev;H. Hence Hy = evi H. O

Using the shorthand B for B, ,,(P", d), we have the excision sequence in Borel-Moore homol-
ogy:
o= HM(B) S HPM(Q1(P,d) = HPM (Mu (P, d) — HP(B) S HPY(Qua(P7d)) — -+

We describe the pure and off-by-one weight graded pieces of H*M(M, ,(P",d)) using weight
truncations of the long exact sequence.

Lemma3.26. (1) The pure weight piece grl¥ H*(M ,(P",d)) is given by grlV H*(Pic{,) ® H 5
for0<i<r.
(2) The off-by-one weight graded piece fits in a short exact sequence

gr%JrlHEM(QALn(PTa d))

0 0 = gl  HM (Mo (P, d)) = ker(arl9) 00 (1)
where
@) g, HPM(Q, (P, d)) is generated by pullback from gr'V,,, HPM(Pic{ ,) and their
cap products with H s,

(b) ker(gr?, . 1¢) C gr', HPY(B) is generated, under the surjection
grmHHP—N{(CI,n X M Ql,n(Pra d—1)) — ngHHP—I\/{(B)

by grl H*(Quns1 (P, d = 1)) N [Con X p, , Qun(P,d — 1)].
Proof. The multiplication map Cy ,, X1, Q1n(P",d — 1) — Q1 ,(P,d) given (over M, ,) by

(Qa (L’ [30’ ce 7571])) = (L ® O(Q)a [SPSO S SPSHD
factors through
Cin Xy, Qun(P',d —1) = B — Q1 (P, d).
Lemma 3.21 implies that the pushforward map
gr‘j/*-HHP—N{(CLn XMy, QAl,n(]P)Tv d—1)) — ngHHF_N{(B)

is surjective. We then have a surjection ker(gr", . ;m.) — ker(gr, . ,¢) along the proper pushfor-
ward. To compute this, consider the following diagram, where m’ : C; , X 4, ,, Pic‘li;f — Pic‘f’n.
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Cl,n X My p Ql,n(Pra d— 1) — QAL”(PT? d)

i I

s d—1 s d
P - P
Cl:n XMy, F1C 4 ! 1C1

Leto € HQ(Pic‘fyn) be the relative polarisation over M ,,, and let ©,,0, € H*(Cy, X m,., Pic‘f;f)
be the relative polarisations pulled back from Pic{," — M,, and C;,, — My, respectively.
We have m'"(©) = ©; + 0,. Applying projection formula, we see that the pushforward map
a € gt HPM(Pic{ ), it maps ©,N(m')*(a) = «, and ©,N(m’)*(a) — —a and vanishes otherwise.

In particular, the kernel is isomorphic to gr!” H*(Pic{ 1) N [C1.n X a1y, Pic,'].
Extending the map m'* by the projective bundle formula, the map m. maps

HY 0 (020 (m')(a)) = HE 1 f3(a),

HY O f1(010 (m)* (@) = —HS " 0 f3 (),
and vanishes otherwise. Items (1) and (2-b) follow from taking the kernel and cokernel of m,,
and (2-a) follows from applying the projective bundle formula on Q; ,,(P", d) — Pic{, . O

As a special case of the above Lemma, we record the following vanishing result of off-by-one
weight graded piece for later use.

Lemma 3.27. gr}/ H* (M, ,(P",d)) = 0.

Proof. Recall that dim M, ,,(P",d) = n + d(r + 1), which we denote as d,, , 4. By Poincaré duality
this is equivalent to

grg(dn’nd—l)Hgdl\fynd—l(Mlyn(]P)T7 d)) = 0

We inspect the short exact sequence in Lemma 3.26. When k£ — 1 > 2dim B; ,,(P", d), the term
gt HEM (B, (PT, d)) vanishes for dimension reasons. From Lemma 3.24, H"(Pic{ ,,) has off-
by-one weight cohomology only when k£ = 3. Applying Poincaré duality and projective bundle
formula, we see that

gr%(dn,r,d_l)H%Sdl\'r/zl,r,d—l(QLn(Pr’ d)) = 07

hence ker(gr", ,,¢) = 0 as well. The vanishing result follows. O

3.3. Maps from nodal elliptic curves. Let C; qm) be a degree decorated k-cycle with multi-
degree d and markings m, and let Mc, , ., be the mapping space specified by Cj, (a4 m)-

Definition 3.28. Define C; , as the underlying marked dual graph. Let Mc, . C My |m| be the
moduli of nodal curves of type C;, . Recall that

Mc, m = H Momy+2 | /Au(Crm),

UGV(Ck,m)

so it has torus stabilisers along vertices v € V(Cy ) with |m(v)| = 0.
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Let Picg  — M, . be the universal Picard group with multi-degree d, which is a G,,-torsor.
Let &c, . — M, ., be the universal curve, with Py the Poincaré line bundle over Pic‘clk w Xe,
€c, .- The projection map to the universal curve is denoted as

@) . p:.d . d
™ Pice, Xame, .. Cc,.. = Picg, -

Let QACM am Pic‘ékﬁm be the projective bundle P(wid)Pée’”“). As the case of M, (P",d) C

Q1.»(P", d), the mapping space M, (a.my Mmay be presented as the basepoint free locus in QAck, ()

Lemma 3.29. When m satisfies that |m(v)| > 1 for all vertices v on the cycle, the pure weight
cohomology of Picgk_m is pulled back from the base W, H*(9Mc, ), which is isomorphic to

Aut(Ck,m)

& H* (Mo2)

’UEV(Ck,m)
m(v)=0

consisting of Aut(Cy, m, )-invariant polynomials in the 1),-classes for bivalent vertices v € V(Cy m).
In particular, when all m(v) > 1, the pure weight cohomology of Picg v 18 given by H* = Q.

Its off-by-one weight graded piece is generated as a W, H *(Picgkym)-module by pullbacks from
the WDVYV relation in H'(M,,) and

Aut(Cr,m)

® H* (Mp2) ® Hl(Gm)

UGV(Ck’m)
m(v)=0

where H'(G,,) receives the sign representation of Aut(Cy ) C Dy.

Proof. Let C be a cycle of rational curves. Its Picard group with multi-degree d is computed by
the exact sequence

0 — H(C,0p) — H(C",08.) — € H(0;,) = Pic*(C) — 0,
ecE(C)

which is isomorphic to 0 — C* 25 (C*)V(©) — (C*)E(C) - Pick(C) — 0.
On the other hand, Aut(C) fits in the exact sequence 1 — D — Aut(C) = [[,cy()C" = 1
where D is the dihedral group of the cycle. We may compute that the Aut(C)-action on Pic?(C)

factors through the sign representation of Aut(C') — Z/27Z, and Z/27Z acts on Pic*(C)) = C* by
inversion. A similar statement holds after assigning marked points to C.

Denote 7 : Pic‘cik _— M, ., as the natural map. The action of Aut(C') described above deter-
mines the monodromy of R7,(Q as a local system on M, .. The claimed result now follows from
a sheaf cohomology computation. O

We define the following auxiliary moduli space of pairs of line bundles to describe the base-
point locus Qc, 4. \ Mc, (qm)-
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Definition 3.30. Let Picgi’ff — M, .., be the fibre product of the universal Picard group Picg;c =
Mc, . and Picd2  — M, .
,m k,m »m

Following the considerations analogous to the previous section, we have the following lem-
mas that lead to a description of the off-by-one weight graded piece of H;(Mc, 4. )-

Lemma 3.31. The pure weight cohomology of Picg;’:f is pulled back from the base W, H*(Mc, ..).

Lemma 3.32. Let D(Cy, (a,m)) be the set of non-negative multi-degrees é on C;, , such that § < d
and .y (c, ) 9(v) = 1. There is a proper, surjective morphism

|_| <P7T£5)P5 X Qck,(d—a,m)) - Qck,(d,m) \Mck,(d,m)7

0€D(Cy, (a,m))
where the box product is over Picg® ? and has fibres isomorphic to P(+D(@-1-1,
Corollary 3.33. The pure weight cohomology of Mc, .. is generated by H, d(r + 1) —r +
1 <i < d(r+1), where Hy € H*(Mc, ,,.) is the hyperplane class, and W, H*(Mc, ). The
off-by-one weight graded piece gr}’,; H*(Mc, ,..,) is generated as a W H*(Mc, q.m))-module
by gtV | H *(Picgk’m) and the pure weight basepoint classes gr}” H*(Qc, 4. \ Mc, q.m)» Which
receives a surjection

@ grl/VH*(]P)ﬂ-ﬁé)Pé |E Qck,(d—ﬁ,m)) — gr}:‘/H*<QACk,(d,m) \Mck,(d,m)>

€D (Cy (a,m))
4. GENERATORS

In this section, we use Kiinneth formula to assemble the results from the previous section and

—~

describe the pure weight graded pieces gr”V, HPM (Mg ).

Theorem 4.1. (1) When [G, p] has a genus one vertex with positive degree, gr', HPM (Mg )
are Aut(|G])-orbits of
(a) aclass in” gr', HEM(M, (Lo (o) (P, 8ge)), which is generated by
(i) pullback from gr'V HPM (M (1urryce)),
(ii) their cap products with H%,© ford(r+ 1) —r +1 <4 < d(r + 1) (Lemma 3.26),
(b) aclassin [],c;/(qe M;me (P, dy).
(2) When the core [G] is a cycle Ci qm) of genus zero vertices with positive total degree,
grlV, HPM(M,)) are Aut([G])-orbits of
(a) aclass in gr', HPM(Mc, ., ), which is generated by
(i) pullback from gr'’ HPM (M, ), generated by polynomials of t/-classes of biva-
lent vertices (Lemma 3.32) up to Aut(Cy m)-action,
(ii) their cap product with H s,

(b) aclassin [,c;(qe) Mo, (P7, 8¢).

"The notation (L U L')(G*¢) is a short hand for L(G¢) U L/(G*), namely both the legs assigned to G and the legs
connecting G° to the remainder of the graph.
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The same formula holds for the stratum /K/lvm(]P”", d), with Aut(G, p) replacing Aut(G) in
the case of Mg .
(3) When the core has total degree zero and is a genus one vertex, gr'’, HPM (Mig,) are Aut([G])-
orbits of tensor products of
o ot HEM (M, 1oy ae)) ® H*(P),
e aclassin [[,c;/qq M, mZ(IP””, 0¢).
The formula for gr'”’, HBM(M g ) is the orbits of tensor products of the above pulled back
classes capped with ¢*, 1 < i, < r — 1, where v runs over all bivalent vertices in L'([G*])
(Lemma 3.19).
(4) When the core [G] is a cycle C; am) of genus zero vertices with zero total degree, the
pure weight Borel-Moore homology groups of the strata Mjg, and M (q] are spanned by
Aut(G)-orbits of tensor products of all the generators in the previous item apart from

gt HPM(My (owyae))-

Corollary 4.2 (Theorem A). With the same notation as above, there is a surjection

@ gr? HPM( M[G,p}) — H*(.//ql,n(IP’r, d)),

(Gl
and the pure weight Borel-Moore homology groups of the strata are spanned by the list of classes
from Theorem 4.1.

Remark 4.3. An analogous surjection

P o BN (Mg - e, Ho (M, (P, d)),

holds for the pure weight homology group of the stable maps space M, ,,(P", d).

4.1. Classes on strata closure. We relate the surjection to homology groups of the strata closures
Mia, C Mia,- The spectral sequence is induced by the filtration

@ZX,1C"'CchXp+1C CXdllinP’"d Mln(Pr )

where X, is closed substack given by the union of strata with dimension less than or equal to p.
By construction,

im(Hp+q(Xp) — Hp-;-q(-//—\;l:in(Pra d)))
im(Hpyq(Xp1) = Hpsg(Min(Pr,d)))

1m (@dimM[G,p]Zp Hyy(Mig ) = Hpeg(Maa (P, d)))
im (@dim/’\;l/[c;/_’p/]:p—l Hp+q (M[G’,p'}) — Hp+q(M1,n<]P)ra d)))

The second equality uses the fact that | |, M =p Mg, — X, is proper and surjective and
0

oo
pg

hence induces a surjective pushforward map of pure weight homology groups.

Combining the above with the surjection @, . fy g’y q)HE%(MV cp) — Ex, we see

that lifts of gr'¥, HBM(M,q,,) along the surjection from H,(Mg,;) generate H,(M,(P",d)),
leading to the statement in Theorem A.
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While there is no canonical way to lift pure weight classes on M (g5 to Mg, the modular
interpretation of the pure weight classes points to convenient choices of lifts:

(1) The pure weight cohomology classes on M, are the fundamental class and pullback
from S;,, = gr}V H*(M ), and it is known that H*(M, ;) — grlV H*(M, ;) is an isomor-
phism.

(2) Identifying Pic”f’n, with the universal curve over M/, the relative polarisation can be
lifted to the relative tangent bundle of the universal curve over ﬂl,n/ or MW and pulled
back to strata closures.

(3) When r > 2, fixing some codimension 2 linear subspace L C P", let H be the divisor in
M 1..(P", d) consisting of maps that meet the L. The same argument from [Pan99, Lemma
1.1.1] implies that when restricted to M, ,,(P", d), the class # is equal to 6, - H5 for some
Or € Zso. Hence, H /0, is a lift of Hg.

In short, the homology classes in M 1.n(P", d) are either tautological classes, boundary strata,
or (dual to) the cusp forms on M, ,,. We now use this to deduce qualitative properties of the
(co)homology groups of M, ,,(P", d).

4.2. Hodge and Tate conjectures. The description of the generators allows us to verify the
Hodge and Tate conjectures on the Vakil-Zinger space. We recall that the stack M ,(P",d) is
smooth and proper over Spec(Z).

Corollary 4.4. (1) The cycle class map A*(M 1n(P,d)g — H 2(M 1.n(P", d))q is surjective.
(2) Let K be a finite extension of Q or a finite field, and let M 1.n(P", d)% be the base change of
M, (P, d) to Spec(K), and similar for M ,,(P", d). For any /¢ invertible in K, the cycle
class map A*(My,. (P, d)x)g, — H* (M. (P", d)z, Q%)) E/K) is surjective.

Proof. In even degrees, all the generators given by Theorem 4.1 are cap products of tautologi-
cal classes with fundamental classes of strata. Lifting these tautological classes to their strata
closures in 4.1 and pushing forward, we see that the even homology groups of M 1n(P",d) are
generated by algebraic cycles, which proves item (1). We also observe that the algebraic cycles
corresponding to tautological classes are defined over K.

Suppose K is a number field, and fix embeddings ¢ : K — C and @ — C. Proper base
change [DA73, Exp. XII] gives a comparison isomorphism

H* (M, (P, d)) ©g Qu(%) = H*(Myn (P, d) i, Qe(%))

between the Betti cohomology of the complex analytic space /K/lvljn(]P”’, d)(C) on the left hand
side and the (-adic étale cohomology on the right hand side. Under the isomorphism, complex
conjugation® action on the left hand side corresponds to ¢ € Gal(K/K) on the right hand side.
As all the even Betti cohomology groups are Hodge—Tate, the comparison isomorphism gives

H?* (Mo (P7, d) i, Qo(%)) S E/ ) C HP* (M, (P, d) i, Q%)@ 2 HZ* (M, (P”, d)) @ Qu().

8For simplicity, we assume the embedding o is a real embedding. Analogous statements hold for the general
case.
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Since the right hand side receives a surjection from tautological classes that are defined over X,
item (2) holds. The same argument with the Frobenius automorphism in place ¢ € Gal(K/K)
proves the case when K is a finite field. O

4.3. Degrees with odd cohomology. The description of the generators controls the Hodge struc-
tures on H*(M,,(P",d)) and in turn implies vanishing results of cohomology groups.

In the following, let L = H?(P') be the Tate Hodge structure, and let W, H*(M, ;) =: Sk be
the weight £ Hodge structure corresponding to SL;(Z)-cusp forms of weight k& + 1 under the
Eichler-Shimura isomorphism.

Corollary 4.5. The Hodge structures present in H *(M 1.n(P",d)) are products of L and Sy.

Proof. The generators in Theorem 4.1 are either Chern classes-with Tate Hodge structure—or
pulled back from W, H*(M, ,,). It has been proven in [CLP24, §2] that each W, H*(M, ,,) is gener-
ated by pullback of the Hodge structures W, H*(M, ;) — W H*(M, ,,) along the forgetful maps
M, = M ;. Therefore, each W, H*(M, ,,) has Hodge structure Sy ;. O

As the smallest weight for the first non-zero SL;(Z)-cusp form is 12, Si.1; is non-zero for the
first time when k& = 11. This recovers the following vanishing result by Fontanari [Fon07].

Corollary 4.6. For odd k < 11 and all n, d, we have H*(M,,(P",d)) = 0.

Proof. As /f\/lvlﬁn(IP””, d) is smooth and proper, H ’“(/K/lvm(IF”", d)) carries a Hodge structure of weight
k. On the other hand, the above implies that the first odd weight Hodge structure that could be
present on H (M 1n(P",d)) is S12, which is off weight 11. Therefore, no odd cohomology groups
in degree less than 11 can be non-vanishing. O

On the other hand, when n > 11, the pullback from M, ;; gives H 11(/‘/717”(1?”, d)) # 0, for in-
stance. Taking a step further, we fix n = 0 and ask for the smallest smallest d such that M, ((P", d)
has odd cohomology.

Corollary 4.7. When r > 11, the smallest d such that M 1,0(P", d) has odd cohomology is d = 11.

Proof. By considering pullback from M ;; to strata in M 10(P", d), we see that d = 11 is a lower
bound. It suffices to show that the following centrally aligned type in M, ((IP",11) has non-
vanishing odd cohomology when r > 10.

|
:
11 |
|
|
|
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From Theorem 4.1, the pure weight cohomology contribution from the stratum is

11 -1 S11
[W*H*(Ml,ll) X ® (@ 1/’@)] )
j=1 \i=0

where S1; = Aut([G, p]). The odd cohomology all comes from setting = 11.

As an Sy;-representation, Wiy H (M 11) = sgn sy, @512, [Get99, §5]. Thus the odd cohomology
simplifies to S;2 ® A" (D], ¥') , which is non-zero if and only if dim (@]_, ¥*) > 11, namely
when r > 11. When r = 11, the corresponding cohomological degree on the stratum is 121 =
114 2- (%)), which maps to H'*(M, o(P", 11)) under the Gysin pushforward. Because the odd
degree generators are of pure weight carry Hodge structures S;,, the differentials to and from

them in the stratification spectral sequence for H *(/T/IJLO(]P”"7 11)) all vanish, so the generators
survive to H*(M; o(P", 11)). O

Example 4.8. The smallest odd cohomological degree k such that H k(/ﬁ 10(P", d)) # 0is realized
as k = 13 and d = () = 66. The relevant dual graph stratum is given by

which has trivial automorphism group. Therefore, the stratum contributes non-vanishing A,
which survives in the spectral sequence and Gysin pushes forward to H 13(M 10(P",66)). On the
other hand, we already know that the minimum & needs to be & > 11, but gr{y H'' (M, o(P", d))
vanishes for all r, d. Therefore the smallest such £ is & = 13.

4.4. Rational Picard group. As a prelude to the next section, we determine H Z(Mv 1n(P",d)) and
show that it is isomorphic to the rational Picard group.

For this section, we set D = dim M, ,(P", d). After dualising to HEM ,(M,,(P",d)) and in-
specting the stratification spectral sequence, we observe that H?(M, ,,(P", d)) is generated by the
classes ©, Hs on M, (P, d) (Lemma 3.26) and the fundamental classes of the boundary divisors.

Proposition 4.9 (Corollary F). The classes listed above form a basis of H 2(/\7 1n(P",d)), and the
cycle class map Ag(My,(P", d)) — H?(Mi,(P", d)) is an isomorphism.

Proof. We calculate H3) Q(M 1.n(P", d)) via the stratification spectral sequence.

For dimension reasons, the only £, pages that can possibly contribute are gr‘f’Q(D_l)Eﬁ)_LD_l
and gr‘fé(D_l)EP D=2 _ Hyp (M, (PT, d)). By considering the cohomological degree and weight,
the latter survives to E..-page as a subquotient of H_ P=U(m 1n(P7,d)).
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The page £~ ""~! is given by the direct sum of the fundamental classes of the boundary
stratum and is hence pure of weight 2(D — 1). For weight reasons, the only possibly non-zero
differential willbe d, : Ef, |, , = E}_;, and d' is non-zero if and only if the composition

D,D—1 _ -
E]%),D—l - ED—l,D—l — grQ(D—l)El = grQ(D—l)HcD 1(/\/ll,n(IED ,d))

is non-zero. However, the latter 1s dual to grl H?(M, ,,(P", d)), which vanishes from Lemma 3.27.
Therefore, the whole page ;""" survives to F,, as a subquotient of HXP7Y (Mv 1n(P",d)). The
basis of H*(M 1. (P",d)) follows from combining the two subquotients of H. (D_l)(ﬂ 1n(P7,d))
and dualising.

We turn to the Picard group of the mapping spaces. Recall that” A} (Pic{,) = (©), then by
projective bundle formula on 9, ,(P", d) — Pic‘fvn, we have that Adn,,,,d—1(Q1,n(Pr, d)) = (0, Hg).
Therefore, by excision sequences for the open embedding M, ,,(P",d) C Q. (P, d) as well as
My, (P, d) C M 1.n(P", d), we have that A@(/K/lv 1n(P", d)) is generated by the boundary divisors,
H and ©.

Let B be the vector space freely generated by the set of boundary divisors, H;, and ©. The
previous result on the basis of H 2(ﬂ17n(Pr, d)) gives an isomorphism H 2(M 1n(P",d)) = B, then
the cycle class map composes to the identity idp,

B — AL(Mi (P, d)) = H(M,,(P",d)) = B,

hence the cycle class map is an isomorphism. O

5. RELATIONS

Relations among the generators correspond to images of the differentials ngV(p v Brirgari1 =

gr (p +q)Epq- They are direct sums of boundary maps

w BM w
gr—(p+q)Hp+q+1(M[G7P]) — 8T (ptq) p+q(M[G' o ])

or their subquotients, where [G’, p'| — [G, p] is either a core edge contraction or level merge;
higher page differentials map between the subquotients of strata related by a composition of
o Hotir1(Mia ) and their modular inter-
pretation given in Lemmas 3.26, 3.19, and 3.33 allows us to qualitatively determine the differen-

such morphisms. The off-by-one weight pieces gr"”,

tials and describe the resulting relations in §5.4, 5.5. In short, they are:

(1) pullback of off-by-one weight classes on M, ,,; or M, ,,, corresponding to pullback of the
WDVYV or Getzler’s relation, respectively,

(2) classes associated to quasimaps with basepoints, corresponding to relations among strata
(possibly decorated by tautological classes) with rational tails, which we denote as base-
point relations,

9This follows from the fact that A' (M ,,) = 0 and Picin 2 C1,n, s0 we use the excision sequence @, A, (M1 ,) —
Ai(Cr ) = Aw(My 541) — 0. Each A°(M, ,,) pushes forward to ©, which is non-zero as it is mapped to a non-zero
class in the cycle class map.
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(3) Kiinneth tensor products of the above two with pure weight classes supported on ver-
tices, which are cup products of the above two types of relations with other cohomology
classes.

We now go over each source of off-by-one weight classes and describe their behaviours in the
spectral sequence.

5.1. Core with positive degree. This section deals with off-by-one classes on M, (P", d) when
d > 0. We note that the discussion applies to case of positive degree maps from a cycle of rational
curves as well.

We recall the short exact sequence from Lemma 3.26

ngVk+1HI}cBM(QA1,n(PT> d)) N 1"I/V
1m(q§) —k+1

where gr' | ¢ is the pure weight truncation of the pushforward map H>M (B) — H2M (Q1.(P", d)).

0—

HM(My (P, d)) — ker(gr™) 1) — 0,

The off-by-one classes on O, ,,(P", d) are generated by pullback from gr'V, | HPM(Pic{ ), which
by Lemma 3.24 are in turn generated by pullback from M ,,. Therefore, the off-by-one classes in
g, HPM(Q,,.(P", d)) /im () are pullback of WDVV and Getzler’s relations along H?(M,,./) —
H? (m[(;,p]) and H4(M17n/) — H4(M[G,p]).

Comparing the stratification spectral sequences associated to (strata of) M (P, d) and those
of ﬂo,n/ and Mm/ under pullback, we see that the off-by-one classes pulled back from moduli
of curves and their Kiinneth tensor products with pure weight classes do not survive to the E?-
resp. E3-pages of the spectral sequence.

We now focus on the cokernel in the short exact sequence.

Definition 5.1. We define By,_(n,r,d) := ker(¢ : gt . HPM (B) — gr% . HPM(Q1, (P, d))).

Because Bj_1(n,r,d) arises from the complement le(]P”", d) \ M1, (P",d) that corresponds to
tuples of sections with basepoints, we refer to elements in Bj;,_1(n,r,d) as the basepoint off-by-
one classes of M, ,(P", d).

5.1.1. Rational tail contractions. We describe the differentials from basepoint off-by-one classes
on M ,(P", d) associated to contracting rational tails.

Let d > 0 and let G be the (1,n,d)-graph given below. It specifies a coarse stratum M[Gé]
in My ,,(P", d) that agrees with the stable maps stratum specified by the same graph. Its unique
edge contraction recovers the (1, n, d)-graph associated to M, ,,(P", d).

mi, i € [n]

G5/€
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The basic geometric picture is that the stable map on the rational tail gets contracted as a base-
point on the genus one curve. As explamed in §1.3, the rational tail contraction induces a map
of pairs (M, U M[Gé], M Gs]) — (Q1.n(P",d), Q1 (P",d)\ My ,(P",d)) and hence a commutative
diagram that compares the boundary morphisms associated to the pairs. Since the basepoint
classes are pure weight classes on Q ,,(P", d) \ M, ,,(P", d), the behaviour of the basepoint classes
By_1(n,r,d) under the differential is completely determined by the comparison commutative
diagram.

Lemma 5.2. The boundary map 9 : gr™, ) H™(My (P, d)) — gr¥ ) HP? 1(/\4[@5 ) fits into the

following commutative diagram

T 9 M.
gr‘iv(k_nHI]?M(Ml,n(P ,d)) E— gr‘iv(k_l)HE_N{(M[Gé])

} d

Bk_l(n, T, d) —_— grmk,l)H;]?,N{ (Ml,n—‘rl(IP)ra d— 6))

where s sends o — o ® [pt] under the Kiinneth formula H3M(Mg,]) = HBM(M .1 (P",d—6)) @
H, (/V&O(IP”‘, 9)). The map s is a section of the proper pushforward map along the forgetful map
M[Gé} — M17n+1(]P>r, d— 5)

Proof. As g",,  HPM(Q,,(P", d)) is generated by pullback from gr, ,; HPM(Pic{ ), given any

g € gr‘j/k+1HI]csM<Ql,n<Prvd>>
im(¢)

we have 7,.0(g) = 0. Therefore, there is a well-defined map

Bia(n,7,d) = grj_y Hi2) (Mo (BT, d = 9)).

C gl ) HYM (M (P, d)),

In the following, we use dg as a shorthand for dim(B). Recall from Lemma 3.26 that the base-
point classes B, (n,r, d) receive a surjection from gryy ., H 205-%(Qy 11 (P",d — 1)). This allows us
to describe the boundary map geometrically as follows.

Consider the map Ql,n+1(Pr, d—20) — QALnH(IP””, d — 1) given as a map over M, ,,; by
(L, [so::5]) = (LOO(d—1)spt1), sgj& ® [so: -1 5]).

As the map lies over the isomorphism Pic{ n‘il — Picd ! 1 over My, given by £ — L ®
O((6 — 1)pnt1), the cohomology pullback is an isomorphism in cohomological degrees upto

dim Q1 41 (P",d — §). On the other hand, the proper pushforward sends [Q; ,.41(P",d — 6)] to

=D+
Q

map on the level of Borel-Moore homology groups. The desired boundary map factors through

[Q1.41(P",d — 1)]. Projection formula hence determines the proper pushforward

the commutative diagram

B*(TL,T, d) ? grzHPM<M1,n+l(Prad - 6))

I I

gt HPM(Qy 1 (P, d — 1)) «—— gt HPM(Qy 111 (P7,d — §))

—% T T %
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O

Remark 5.3. Since HBM(Mg,)) = HBM(M;,, 1 (P",d — ) ® H,(Mg,(P",6)), the pushforward
map M (Gs] = Mins1(P",d — 9) is the linear projection

HPM My (P, d = ) @ Ho( Mo (P, 8)) = HPM (Mo (P7,d — 6)) @ [pt].

Thus, the basepoint relations concern classes coming from the genus one core but not the ra-
tional tails. Informally, the complexity of the cohomology of rational tails seen on the homology
groups of each stratum ‘survives’ to the limit H, (M, (P", d)).

When there are markings on the rational tail, we apply flat pullback along the forgetful map
and reduce to the case of unmarked rational tails as treated above. Let I C [n]| be a subset, d > ¢,
and let G ; be the (1,7, d)-graph given below with specified stratum Mg, ;.

mi, 1 € [n]
G(;,[/e

We still have a map between pairs
(M, (P, d) U M. M[Ga,f]) - <Q1»|1|+1 (P", d), Q1,|I|+1 (P, d) \ My 41 (P, d)),

and the induced commutative diagram between the boundary maps is compatible with flat pull-
back along the natural map that forgets the markings in [n] \ I.

Lemma 5.4. Let G}[I be the (1,n — |I|, d)-graph given by forgetting the markings in I from G ;
as shown in the following figure.

The boundary map By, (n,7,d) — gr™, ) H (M (@s,]) is determined by the following com-
mutative diagram

Byn([nJ\ I, r,d) —— grzv(k—l—|l|)Hl]3—N{—\I|<M[G§fl )

J |

By_i(n,r,d) ——— ngV(k—l)HI]?—Ml (Migs))
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where the vertical maps are flat pullbacks along forgetful maps that forgets the marked points
indexed by I (and stabilises if necessary).

The above diagrams are compatible with the commutative diagram in the proof of Lemma 5.2.

Remark 5.5. We recall a result of Petersen [Pet14, Theorems 1.1, 1.3] that the pure weight coho-
mology classes on M, are either H(M,,,) or odd cohomology groups corresponding to cusp
forms. The behaviour of the latter classes under pullbacks along forgetful maps M ,, = M,
are described by [CLP24, Proposition 2.2]. These facts ensure that the above commutative dia-
gram indeed determines the boundary map.

Before moving on to rational tail contractions between strata of higher codimension, we make
the following observation.

Lemma 5.6. The basepoint classes By_1(n, r,d) do not survive to the F?-page.

Proof. Because Bj_1(n,r,d) arise from quasi-maps with degree one basepoints, the differentials
given by contracting degree one rational tails (with zero or one markings) map all of By_;(n,r,d)
to non-zero classes on the next term in the E'-page. O

Iterating the procedure described above determines arbitrary contractions of rational tails to
the core. Let G be an (1, n, d)-graph with positive core degree, and let e be an edge that connects
one rational tail to the core.

Definition 5.7. Let G(®) be the subgraph of G with all rational tails cut off except the one con-
nected to the core by e.

Recall from Lemma 2.15 that we have Kiinneth formulas for the Borel-Moore homology groups

of Mg® and MY/,
Lemma 5.8. The boundary map is gr‘i"(k_l)H,?M(MvG/e) — gr‘f’(k_l)H}fﬁ(/f\/lvG) is determined by

the commutative diagram

ngk—l)HEM(M(é?e> — grzv(k—nHl?ﬁ (Mg
ngV(kA)HEM(MG/e) — ngV(kA)HE—N{ (Mg)
Here the top horizontal map is the Kiinneth product of the boundary ma
P P p Yy map
gr%_l)HPM(ME%/E) — gr%_l)HPM(M%)

and identity on the other Kiinneth components, which are the cohomology groups of the other
rational tails. The two vertical maps are the quotient maps given by taking Aut(G/e) and
Aut(G)-actions.

Therefore, the Kiinneth tensor products of basepoint off-by-one classes on the genus one core
and any pure weight class on the rational tail also do not survive to the E*-page.
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5.1.2. Radial merge to the core. We describe the boundary maps induced by collapsing genus zero
maps on the contraction radius to the core. By the same considerations as in Lemmas 5.4 and
5.8, it suffices to consider the following level merge:

=0 p=1
(Gs,p)  Gs/p'(1)

mi, 1 € [n]

Contracting the genus zero maps to quasimaps with basepoints on the genus one core, stan-
dard functoriality properties again imply

Lemma 5.9. The boundary map 9 : gr', |\ HPM (Mo, (P7,d)) — g™, HPY (Mia,,) fits into
the following commutative diagram

T 9 A
ngV(kfl)HI]?M(MLn(P ,d)) ———— grzll(kfl)HlE\%(M[Ga,p])

! -

Bk—l (n> T, d) ” ngkfl)HE—N{ (Ml,n-‘rk (]P)T? 0))

I P

ngk—l)Hthq(B) <T gr‘j/(k—l)Hllij{(Cfn XMLn Ql,n(PTvo))

where 7 : M| (Gs.p] — Mintk(P7,0) contracts the collection of genus zero maps and records the
contraction points on the elliptic curve, the map m : M, (P",0) = B C le(P’", d) brings
in the last £ marked points as basepoints with multiplicities ¢, ..., d;, and ¢ denotes the open
embedding

Ml,nJrk(Pra 0) - Cfn XMl,n Ql:”GP)T’ O)

Remark 5.10. We will use (Gs m, p) to denote the centrally aligned (1, n, d)-graph that consists
of a degree zero vertex of genus one and a contraction radius with degree and marking distribu-
tions given by (4, m).

5.1.3. Core edge contraction. We consider the (1,7, d)-graph C; (4, given by a 1-cycle with a sin-
gle degree-d vertex and all marked points, as shown below. It specifies the locally closed stratum

Me, iy © Min(Pr,d).
d

m;, i € [n]

n])

CREAD).
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The basepoint classes By_1(n, r, d) do not contribute to the boundary map associated to core edge
contraction in the following sense.

Lemma 5.11. The kernel ker 0 of the boundary map
0: grﬁ/(kfl)Hl]?M<M1,n(Pra d)) — ngkfl)Hl]?fN{(MCL(d,[n]))

surjects onto By_;(n, 7, d).

Proof. Let Mc, ., C M, ,, be the locally closed substack of nodal elliptic curves with a single

node. We can construct the space Q' of quasimaps over M, ,, UMc, ,, as a projective bundle over
the relative degree-d Picard group of M;, U Mc, . In particular, we have Q = 91,(P",d) U
QACL (.0 and an open embedding Mc, , .. C ch,( ) A8 basepoint free quasimaps.

The excision long exact sequences associated to the two pairs M, (P",d) C M, ,(P",d) U
M, (4 a8 well as Qin(P",d) C Q1,(P",d) U ch,( 2.0 are compatible with the open embedding
Muin(P7,d) UMc, . C Q', so we have the following commutative diagram

gr?/(k—l)Hl]?M(QLn<Prvd)) - gr‘j/(k—l)Hl]?—N{(QCL(d,[n]))

| !

- b
ngV(k:—l)HI?M(MLn(P 7d)) — gr‘j/(k—l)HI]cB—N{(Mcl,(d,[n]))

!

Bi_1(n,r,d)
where the horizontal maps are the boundary maps in the long exact sequences. Since
gr‘j/(kfl)HEM(MLn(PTa d))
im(ge ) HPM(Q1 (P, d)))

Br_1(n,r,d) =

and the vertical arrow on the right is surjective, a diagram chase shows that ker(0) surjects onto
Bi_1(n,r,d). O

Intuitively, this statement says that boundary map associated to core edge contraction reflects
degeneration of the underlying curve and is hence ‘orthogonal’ to the basepoint classes. The
same construction applies to core edge contractions of nodal elliptic curves in general.

5.1.4. Core with loops. We briefly introduce the notation of basepoint classes associated to maps
from a cycles of rational curves. Recall that C; (5 ) denotes the (1, n, d)-graph given by an ¢-cycle
with degree and marking distributions given by é and m.

Definition 5.12. Define
Bk—l(cf,(é,m)) = ker(grlj/(k—l)HI?—N{(QCe,(s,m) \Mce,(s,m)) - gr‘iv(k—l)HI]cgiv:{(QCe,w,m)))'

It receives a surjection from gr', |\ HP¥(Mc, ; .0)-
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The behaviours of the basepoint classes Bj,_1(C,s,m)) in the spectral seqeunce differentials are
analogous to the classes By_1(n, r, d) associated to M ,,(P", d):

(1) The boundary maps corresponding to rational tail contractions or level merge from the
contraction radius send Bj,_1(Cy,5,m)) to pure weight classes on the core with lower de-
grees, which are extended to pure weight classes on the strata by taking ®[pt] in the
Kiinneth formula.

(2) Contractions of degree one rational tails lead to non-zero boundary maps from the whole
of Bi_1(Cy,(6,m)), so they do not survive to the E*-page.

5.2. Contracted core. The off-by-one classes potentially contributing to differentials that corre-
spond to radial merges are the off-by-one classes on the core: they are in turn pulled back from
the off-by-one classes on My, , Mj,/, and torus bundle fibers. As earlier, the relations they
contribute to are the WDVV and Getzler’s relations, and the relations in the strata closures of

i, which follows from the blow-up formula of ﬂii‘; — M, [RSPW19]. They contribute to
relations on M 1.n(P", d) through pullback from M‘fjj, to the relevant graph strata and pushing
forward.

5.3. Genus zero maps with factorisation property. Apart from the core, the other source of
off-by-one weight classes is genus zero maps that satisfy the factorisation property, which are
denoted as M&T)
the contraction radius. By Lemma 3.19, up to pure weight classes, the off-by-one classes on its

) the pair (677, m() indicates the degree and marking distributions on

,m(r
singular cohomology are given by

(1) pullback from H'(My /),
(2) pullback from H* ! (1\7121)2([@1, IP")), which we denote as the genus zero basepoint classes,
(3) the off-by-one classes coming from torus fibres.

Among them, item (1) again corresponds to pullbacks of the WDVYV relation. As with the
discussion on the torus bundles in the proof of Lemma 3.19, item (3) corresponds to the relation
¥, = 1, for any univalent or bivalent vertices v, w. This exhausts all the off-by-one classes from
torus bundles, which hence do not survive to the E?-page of the spectral sequence.

Remark 5.13. Since the torus bundles parametrising non-vanishing linear dependencies are

——cen cen

pulled back from strata of M, ,, [RSPW19], the relation ¢, = 1, is pulled back from M, .

The behaviour of the basepoint classes is similar to the discussion in §5.1.1: the rational tails
are contracted as genus zero quasimaps with basepoints. To be more precise, let [G] and [G/¢]
be the following coarse equivalence classes of centrally aligned (1, n, d)-graphs.
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: e \/\5/ ______ :___—:

0 | | 0/:/V|
0 ;TS
f\core/‘ : : (core) | !

7 N e

1o e | 1 e
I I ! I

I [ T [N

[G] [G/e]

By Kiinneth formula and compatibility with flat pullback - analogous to Lemmas 5.4 and 5.8 -
the boundary map of this edge contraction determines the general case of contracting rational
tails to the contraction radius. Let (67, m(")) be the degree and marking distributions on the
contraction radius of [G], and let ('™, m(")) be the ones on [G/¢], so that §'") = §) + §' - e, for
the vertex v on [G] and [G/e].

Let G* be the contraction core of [G], then HPM(Mq)) = HPM(Mgeq) © HEM (M (P, 8")).
Lemma 5.14. When ¢’ = 1, the boundary map
e HPM Migye) — e HiM (Mig))

sends f3, N [Mgm m)] tO [Migeq] @ [pt]. The boundary map vanishes on 3, N HEM(Mg ) C

g’ H ,?M(MV[G /) otherwise.

Proof. The boundary image in the case ¢’ = 1 follows from collapsing the genus zero stable map
as a basepoint of the genus one map on vertex v, similar to the genus one situation (§5.1.1).
(Co)homological degree contraints force the map to vanish in the other cases. O

Corollary 5.15. The (Poincaré duals of) off-by-one classes 3, do not survive to the E*-page.

5.4. Basepoint relations. It suffices to describe the images of the classes in the case of a single
rational tail, since taking their Kiinneth tensor products with classes supported on the rational
tails linearly span all the basepoint relations.

Definition 5.16. We define basepoint relations as the boundary map images of:

1)
By_1(n,r,d) — @ ngV(kfl)H}?ﬂV{(M[va}),

(G, p]:G loop-free
codimM [G,p] =1

(2)
Bir-1(Cr5,m)) — & gy H i (Miar ),

Cr,(5,m)~[G',p"]
rational tail contraction

(3) for all [G, p] with |p| = 1 and no rational tails,

g™, Ho(Mig,) D (8. N M) — b gl HEM (Mg ).

(GG 0]
rational tail contraction
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The homological degree on the target is 2(dim M G — (r—1)).

—~

Let B C @ g, et HM(Mig,)) be the vector subspace generated by taking the cap products
of the basepoint relations and all pure weight cohomology classes on the strata.

Combining Lemmas 5.2, 5.4, and 5.9 we give explicit formula of the basepoint relations coming
from B, (n,r,d) via the surjection

gtV HBMQ, 1 (P" d — 1) — By_1(r,n, d).

From Lemma 3.23 and projective bundle formula, a basis of pure weight classes on Q; 1 (P", d—
1) is given by

{((ar+©-a2)- HE) N [Quuis (P, 1]}

where

(1) ou, s runs through some bases of H*(M ,,42) and H*(M, ,,41) respectively,
2)0<m<(d-1)(r+1)—1.

Given such a basis element, consider all subsets I C [n] such that the pair (a1, a) is pulled back
from some (agl), 0451)) € H*(Mpi2) X H*(Mj4,) : for each I, such (&gl), ag)) is unique if it exists.
The basepoint relation is the collection of pure weight classes given by:

M [P +0-4") - H g_é(ﬂrl)] ® [pt] on M (G,,;) (defined before Lemma 5.4), and the term is
understood to vanish if m — §(r + 1) < 0,

@ (" +0-aP) - H 5_5(T+1)] ® [pt] on Mg, When the contraction radius has a single
vertex, and the markings on the core are the subset /,

(3) zero on all the other codimension one strata.

Remark 5.17. The basepoint relations are among classes of the form ¢ ® [pt] where ¢ is a pure
weight class on the mapping space from an elliptic curve and the rational tail or the contraction
radius is decorated by the class [pt]. In other words, the basepoint relations do not concern
algebraic cycles on genus zero stable maps.

Analogous formulas can be obtained for relations from Bj,_1(Cy (5,m)), and Lemma 5.14 already
determines the relation induced by the classes j3,.

5.5. Presentation of the homology group.

Definition 5.18. Let P C D g g HBM (M g,,) be the boundary images of the cap product
between any pure weight class and one of the following off-by-one cohomology classes:

(1) pullback from' H?3(M, 4),
(2) pullback from H' (M, 4),
(3) the off-by-one classes coming from torus bundles.

10S’frictly speaking, these classes will contribute to non-trivial differentials only at the E2-page, so it only make
sense to talk images of these classes under E?-differential.
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-3 cen

Again, the tuples of pure weight classes in P correspond to pullback of relations from M, ,
corresponding to Getzler’s relation, WDVYV relation, and v, = %, for two vertices v, w on the
same level.

Theorem 5.19. We have H, (M ,(P",d)) = B g, e, HM(Mc )/ (B, P).

Proof. The generators of the off-by-one classes B¢ gr‘f’(*_l)HPM(Mv [G,p]) are known to be pull-
back from the moduli of curves, torus fibres, and basepoint classes in genus zero and one (includ-
ing cycles of rational curves): see Lemmas 3.26, 3.19, and 3.33. The first two types of off-by-one
classes are covered in P and discussion at the beginning of 5.1 implies that they will not survive
to the E3-page. Lemmas 5.6, 5.15 and discussion in §5.1.4 state that the basepoint classes all have
non-zero images in the E'-page differential-recorded by B-and do not survive to the E*-page.

Therefore, after E*-page, there is no off-by-one class that produce non-zero images in the
spectral sequence differentials, which implies that we have exhausted all the possible relations
among the pure weight classes in the E*-page. O

Remark 5.20. It is more convenient to work with classes on H *(Mv 1.n(P",d)) and their relations.
The relations in P are known to be pulled back from relations on /Vie;; :

On the other hand, let 5 € B N @y, 7, ,_, 8 " HBM(Mg,,) be a basepoint relation among
p-dimensional strata, and let § € @ Dic .l H,(Mig,,) be a lift, such as the ones introduced in
§4.1. Then the pushforward of § in M, »(P", d) must lie in the pushforward image of (p — 1)-
dimensional strata. Setting up an induction on the dimension of MM(IP’ .d) (varying (n,r,d)),
the generators and relations on the (p — 1)-dimensional strata are known by inductive hypothesis
and Kiinneth formula. In short, we may iteratively produce a set of relations among the lifted
generators in H*(./T/lllm(]P’T, d)) that is in bijection with the span of B and P. This leads to the
statement of Theorem B.
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