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Strategy

——nrt

Contribution from M (P, d)®" with d > 0:

chsys(Dih) 05, » x> (Caty,p).
n>0

chs,s(Dih,) Z Z ny - Xsﬂsk(Sg LSk/H) € N(S2).
k>2 HC D,

ny = #{decorated k-cycles with Aut = H}
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Characteristics of Cat

A=Qllp1,p2; - A2 @A = (pf @A) D (p2 @ A).
ag = ZXS"(MO,,,).

n>3
Caty = | |, Caty j is stratified by

MO,"1+2 M07Hk+2

1 1 1 1 + 239
SH> xS, _ 2
> X (Catgp) = =pf @ ——— + =P ® —— .
= 2 1—aj 2 1—1(ag

Operations: f' = 8f/8p1,1" = Of /Op2, ¢¥i(f) = pi o f.This gives us the
second term in

chsys(Dihy) o5, > x**(Catg ).
n>0
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Characters x2°(S,1 S/ H)
The characteristics live in A(S2) = Q[[p;, q; | i > 0]].
Hc D, = (p,T) C S50 5.

H X2 (S52 Sk /H)
(pf) for ji| k § e ols)ps”?
(p/, pT) for j | k and j even —p§/2 ' a2+ Zs|k o(s)ps/®
a,_/
flips
1 2 1 2
6.3 6.3
5 4 5 4
1.6 2
3(p1+2p3) pqu t5 (pl +2p3)
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Enumerating decorated cycles

Given H C Dy, we want to know the number ny of decorated cycles with
automorphism group H.

Related quantity: number n>y of decorated cycles with automorphism
group containing H.

These are vertex coloring and degree assignment on 'quotient’ cycles:

1 2
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Enumerating decorated cycles

H nZH
o g1
(p) for j | k 1 wj(r+1)
J = ~——
chromatic polynomial on j-cycle
degree assignment
dae
(p?t, pr) for 20| k K wi(r+1)
-1 ———
~=——~—" chromatic polynomial on path with k edges
degree assignment

n>p = Z ng = Ny = Z,U,(H, HI)nZHr
H<H'

where p(H, H") € £1 is the Mdébius function of the poset {H C Dy}.
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Calculating the plethysm
Now we know both terms of
chsys(Dih) 05, Y x> (Caty,p).
n>0

os, is a map A(S2) x (A2 ® Asg) — A.
From first principles:

© pno (3P @A+ 3p2®K)=pyofi,

© qno (3P @i+ 5P ®H)=paoh,

° p{T 052 f - (pn 052 f)J7 an 052 f - (CIn 052 f)J

Example:
1
SH3xSn _
pLos, Y x(Cata,p) = 1-af
n>0
1+2a
$2%Sp _ 0
105 E Cato ) = .
q 2 n>OX ( n) 1 _ ¢2(a/0/

Hence the main formula only involves ordinary symmetric functions A
rather than Sp-wreath symmetric functions A(S2).
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Main formula

——nrt

My, n(Pr 0)

ao(do + 1)+ 2m(al) 1
bnrt 1 4 _
AR e e e DS

d>2 =

+Zq and( (1—i_(26/a)0))k/2+1+29_]kd
Jlk

g

) 10g(1 — n(a))

1

Wj(ag))*i-

The factors 1y ¢(r) and 6} x.4(r) are polynomials in Q[r] given by the

formulas

Mk,d(r ZZ Z M(é)(lg 1>(fg+1+r)

p
J' U 2017 and Klde

ust)= 50 3 () (1)) v

k

JLli and k|d¢
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Main formula

Mg (P, d)

/
07
b1 = byt o <m+ P )

Xsn (ml,n(]P)r7 2))

24(")+17(%5 )

[108("5") +58("5)]=1

[330(57) +171("5) +6("y )]s [168("5") +65(75 1) +6(1) s

[1276("5 ") +a08(" ") +6("1 )]s +[096("5") +396 ("5 ") +12("1 )2
[1ea('37) +a0(75 1) +6("3 )]s

XSH (Ml,ngp,, 3))

216( 1) +247("51)+55("3)

[1300("}1)+1365("5)+260("5) st

[5380("F1)+5319( 3 )+945(" 5 )] s2+[3156( ;) +2991("51) +503("51)]s1.0

w [N|=O|S

N = Ol
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Features

@ The S,-equivariant characteristics are of the form

2ee(] )

for ny; € Z.
Fact: true for all x°"(Mg »(P", d)) [Kannan - S].
@ For r > 0, rational tails contribution dominates the S,-characteristics:

—nrt r r
n Xsn <M1,n(P 72)> bl‘fr(na 2)
0o 24("Fh) +17("51)
1] 2(F s 108("t1) +56("5) | st
r+1 r+1 r+1
2|3 r+1 r+1 [339( 3 )+168( 2 )+6( 1 )152
(5 s+ (5 )5 +[168("51)+64("5)+6("11)]s1a
1 1 [1176(757) +404("5)46( )]s
314("5)ss+2(" s | +[o96(5h)+304("11)+12(" ) se
+[144("5) +40("51) +6("1)]s1aa
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Future directions

@ Other classes of spaces: Vakil-Zinger desingularization, quasimaps;
targets: projective toric varieties and flag varieties.
@ Higher genus:
» a decorated k-cycle I has Aut(l") C Dx C 521 Sk = calculations in

A(S»).
» More generally, any decorated graph G has Aut(G) C [~ Si 2 Sy(q),
(v(G); := # vertices with valency i) = calculations in

A = ;-4 A(Si). [Kannan - S. ongoing]
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