











































































































Algebraic Geometry

PART II
Autumn 2023

LECTURE

Notes



i
The course is a STARTER KIT

mastery of scheme theory is NI a goal

scheme theory represents a SPECTACULAR

revolution in pure
mathematics I will try

to guide you towards an understanding

of why

Example sheets are crucial I



The plan

Basics of sheaves on topological spaces

Definitions of schemes morphisms

Properties of schemes morphisms

Rapid Introduction
to sheaf cohomology

03 Prerequisites

Basic undergraduate maths algebra topology etc

commutative algebra co requisite of willingness
to

read
O sources

Dhruv's course page notes

Tests Hartshorne Vakil Intuition Eisenbud
Harris

Commutative Algebra Atiyah
MacDonald PARTIII

Web MathOverflow G Math stackExchange

pseudolectures by Ravi
YouTube AGITTOC

Example sheets classes A SAGES reading group



oh whyheme theory Not examinable

Many motivations
more rigorous foundations

interactions with number theory
Weil conjectures

but also MODULI THEORY

Moduli already of interest in early 20th

century Italian school

IP Gut's Haling
varieties

t
are zero loci of a set of

homog polynonu

Study varieties of
a given type simultaneously

simple Examples
The ft of lines in P2 ax by CZ o

parametrized by ca.b.cl I
scaling

lines in P2 IP

set of degree d hypersurface
inphis pl

t

using same logic



Except not some degree d poly's f

factorize as f fi 72 f non const

or example is X 4 212 0 really a conic

so maybe ud E pl
l

a subset

of those f Sf Nlf is degree d

is enough But now limits of varieties

do not exist

In scheme theory Nlf E N 172 are

very different objects

Very generally scheme theory
finds these

limiting objects For example there is a

Ice var ppm e Hieb ph
schemes
in Ipn

I Contains all
Varieties in Ipn

limit points
his compactness is a sign of a more complete the



The

Let f e Z IT be a homogeneous polynomial

TwoWoriff Weil 1949

1 X V41 E P a lprojectivehypersurface

assume X is smooth
no point on X where fy.jp o forall

X is a compact topological space
in Euclidean top

Numbers bold b X1 ban Izmrstbel
In the Q Euclidean topology X can be

triangulated and I 1 alibi X Ytop Xl

2 Fix prime number p
with X smooth over Ip

Define Nm X Fpm



Now package this

six.tl exp É II tm
the Weil Zeta Function

UNBELIEVABLE THEOREN
Grothendieck

1 314,7 is a ratio of polynomials

Poet Pact Panet

Pict Pact Pan it

2 The degree of Pict is equal to

the Betti number bi

The topology of X over Q is connected to

the number of points on X over Iq
Again about families really the polynomial f

defines a scheme that sees both CE Fp
proserties



Beyond algebraic varieties

1 I Summary of varieties affine case

k algebraically closed field IAI k as a

set

tffin varieties are subsets of IAI of the form
NCS SE KEX Xn

common 3004
Note Nfs NCI S1set

Morphisms Given varieties v
in IAFElfin am

a morphism
is given by

4 V K W E Ang

17 Fml
where fi are

restrictions of polynomials in Xi xn

Isomorphisms are those with 2 sided inverse

Basic correspondence
Affine varieties V

p
over k

som

Tr

fin generated k algebras A

without nilpotent elements



Low Given v a representative of isom class

write V NCI E IA for radical ideal I

and send V KEI I

Conversely write A KEI I take

U NII Eek Independence

of choice To
The algebra is called the WORDINATE RING KEV

Functoriality of Basic Correspondence

Morphisms V W

I
RingHomomorphisms KEW

KEV

identity on K

n



topology V NCI E IAI
Zariski Topology

closed sets N S for S E KEV
NC ideal gen by s

Closed sets are where functions vanish

Exercise check this

Nutensatz Fix V with word ring KEV

Given peV we evaluate functions at P

eup
Ktv k mp

kernel evp

and conversely by Hilbert's Nullstellensatz

points of u a maximal ideals of KLM

POINTS OF V CORRESPOND TO MAXIMAL

IDEALS in KEV



1 2LimitA tions

Question 1
what is an abstract variety

should be something that is Locally an affine
variety

Example1.2.2
non algebraically closed fields

I XZ 12 1 E IRIX Y

then NCI O E IR

But I is prime therefore radical

Nullstellensatz fails since I is Not unit

Questionia
on what topological space

X is REX97 1 2 42
NATURALLY

the space of functions

QesI2 4 similar on what topological space

s IRA the ring of functions And the

rings I TEXT



ng

Examplet2 5 why restrict to radical ideals

Take C N Cy X2 E IA

D W y

C

K
C n D NC Y Y X2 W X2 y N X Y

I POINT

Now if Dg NC 1 87 Se C

Cn Dg I 58 2 POINTS

Intersections of varieties don't

want to be varieties

Zemel 2.6
Moduli If X B is a

morphism of varieties how is geometry of it
a

it Cb for a be B related
How do you

parameterize varieties



13 SPECTRUM OF A RING

Let A be a commutative ring
with

identity we will define a topological space

on which A is the ring of functions

efinitiont the Zariski spectrum of

A is spec A P EA I p is a prime ideal

Given a ring home
A B we get a map

it Spec B Spec A

Given felt we can evaluate at pespecA

by Ie Alp E FFCAlp
for any point pespectl

Functions are field valued but the field

changes from point to point and eup is
not

always surjective



Examplet2 A I then Spec I is

the set of prime muhers plus o

Pick a Function e g
132 E I

IEVALUATT 132 p
132 mod p

The codomain of the function

changes from point to point

Example
1.3.3 A IRIX then

spec
REX

G
complex

o

conjugation

Taisgroup
upper half plane in

122

4101
Exercised 4 Draw spec A for

A TEXT and A KEX for k arbitrary
field

Why not maximal ideals Functoriality



1 IOPOLOGY
ON SPECCA

Zariski topology zero sets of functions

Fix f EA d p e Spec A then

Nlf P especial I o mod p ie

tep

Points where f vanishes

Similarly for TEA an ideal

NCT Pe Spec Al f et for
all fed

i e TE p

reposition 1 the sets Nlt Spec A

for all ideals I EA form the dosed sets

of a topology the Zariski topology

Proof Easy facts O and spec A are closed



Since NCI Ia I V1 Ia arbitrary

intersections are closed I Iz is the smallest

ideal containing I uI2
REQUIRESSOME THOUGHT

WII n Iz NCI u NCIz

2 clear

Claim NII n Iz E NCI u NCI

I Iz E I n Iz e p with p prime then

I or Iz is contained in P
D

we used primality

Exampled2 How does this compare with
old skool

Let Kat and consider Spec KEXY
is

k plus one point for each irreducible
curve

and an extra point corresponding
to 101

what are closures of the weird points



co is dense
ROUGH

Cy 43 closure

ITURE h y2 x3
includes all

of WCy2 X3
Similar forPoints aren't CLOSED T
y y x y et

1.5 ELLISON OPENS

Let tea Then define Distinguished

Up Spec A 1 Net open

LEMA 1.5.1 The distinguished opens form a basis

for the topology on Spec A

Proof Exercise Example Sheet I t

The localization a ring Rat Ser is Rs

LEMIA 1.5.2 the subspace Uf is naturally

homeomorphic to Spec Af

Prod Primes in Hf are primes in A

that miss f why Let j A Af
cal



be the canonical map Bijection is

ge Af a prime take j q
p EA a prime avoiding f take py p Af

claim this tf ie prime
To see this observe Aflpf Alply

But I 0 so Alp 7 EFFI Alp Thus

Aflpf is a domain d Pf is prime

BEFITS about distinguished open
sets

Uf n Ug Upg Easy

Upn Uf for all n 1 Easy

The rings Af and Ayn
are isomorphic

if f has an inverse x then f has inverse

X f
Containment Uf e Ug if

and only if

F is a multiple of g for some n



Proof if direction is clear Suppose UffUg
So Nfl 2 Nlg Recall

Nlf is the intersection of all primes

containing 7 but this is ref
use that nilradical is intersection of all primes

So now Ffl E Tgi as required y

ForeshADoWING

Fix A a ring X Spec A We have

an assignment
Distinguished a the

open sets
ngs

Uf 1 Af Ox Uf

Leaning Open Set 1
Functions on that

open

Functoriality Suppose Uf E Ufa
Thus

77 72.73 and so Uf Uff Ufa
Get a map Afa Af



Gel I

EEostforthnxtsteps Extend to an

assignment

Opens on Spec At Rings

General open

Oxcut families f veu v distinguished

of functions st if V Ewell

with W distinguished then fur restricts

to fr
Unnecessary
but ONU Oyly Bx Ey Ox

Bi

fancy
OBSERVE This is naturally a ring Every open

set in Spec A has a ring of functions

if U EU then there is a restriction

Oxtail Ox u

PUNCHLINE A scheme is SOMETING OBTAINED

BY GLUEING THE DATA STRUCTURES ABOVE

VECTORSPACES ME MANIFOLDS



2SHE_AVES

Sheaves formalizeobjects that you
know and the

behaviour we just saw

2 I PRESHEIES The basic instance

If X is a topological space

Open sets
Ab Groups

u f u Alf continuous

DEFINITION 2.1.1 A presheaf of
abelian groups

on a topological space X is an association

F Opens in X Ab Groups

U 1 FLU

such that if U Ev there is a

homomorphism rest FCU
FLU

with res id and restores rest
for U EVEN opens



Similarly presheaf of sets rings etc

Remark 2.1.2 Language A presheaf
is therefore a

Functor from the CATEGORY Open X

to abelian groups Objects Opens

Morphisms Inclusions

Horphismsbetween presheaves

what should it be Definition by DUH

DEFINITION 2.1 3 A morphism F G of presheare

on X is for each U a homorphism

Iu Foul
SCU commuting with

restrictions Foul GCU

rest at stapes
tens

Uv

morphism q F G of presheaves is

njective surjective if 4141 Fault Glu

s injectivesurjective for all U



y s

2.2 EAVES DEFINITIONS EXAMPLES

what additional properties
does the sheaf

of continuous functions satisfy

DENTON 2.2.1 A sheaf F is a presheaf

such that

I if U EX is open
and Ui is an

open
cover of U then for se FCU

with slug
vest s o for all i

then 5 0

Sz If u Ui as above given

Si e FCU
with Si Sj an Uinuj

Si glue
IMusingDEDUCTION If F is a sheaf on X

then FCO e

A morphism of sheaves
is a morphism of

the underlying presheaves
Sheaves on X form a category



y

Examples 2.2 If X is a topological space

the sheaf of continuous functions

FCU f U IR continuous

is a sheaf

Von example 2.2.3
Let X O with euclidean

topology set

Feu f use f bounded
analytic

his is not a sheaf bounded doesn't GIVE

on Example 2.2 4 Fix a group
G and set

F G

If U E U are disjoint then by sheaf

axioms ICU v62 is forced to be GxG

But it should be G



Examples
2.2.5 the constant sheaf I Fix G

and set Fca f U G f locally
constant

This is the sheaf that 2.2 4 wants to be

Exampleft If v is an affine projective

quasiprojective irreducible variety set

Oulu feker f is regular at p for all peu

RIV Frac KEV regular means near p can

write f Ys with scp 0

This is called the STRUCTURE SHEAF Ox

check sheaf axioms
obvious

In VARIETY THEORY KIVI gets used a lot

The sheaf is the same data but with

better more flexible user interface



82.3 BASIC CONTRUCTIONS F a sheaf on X

Terminology A section of F over U is some element

se FCU

Constructic2 3.1 stalks Fix p in X Then

Fp stalk at p
is.us seFcui

with Is U is U if there exists

nonempty we u nu such that

s w Stw

We call elements of Fp a gem at p

Examples 2 calculate Oyo the stalk of

the structure sheaf of 1A at 0

Using variety theory Ex 2 Answer it

is rational fetllgett with g lol 0

functions



fund us
the following shows the power of the sheaf axioms

Roper 3 3 If f F G is a morphism

of sheaves on X such that for all p

fp Fp Gp is an isomorphism

Then f is an isomorphism

Igwhat
Rod We will show that

fu FCU Gcu is an isomorph

or all U define f via fi

Exercise show that this defines an inverse

map of sheaves i e compatibility with restriction

Injectivity suppose s e FCU with fuls 0

Then the germ of S is o in every

stalk Fp for Pell by injectivity of fp
Unwind dfinition there exist opens Up around



every p with slup o Cover U by Up Use

sheaf axioms

Surjective Let t e Glu we will build se Feu

At the level of stalks we have an iso so this

etermines stalks in Fp for all pex Now
choose

epresentatives spUp with Spe Flap
By shrinking Up

if necessary we can assume

by def'n of equivthat tuft up Sp relation

Now injectivity shows that these glue So

writing Upg Upalg fupqlsplupq.seupd

tlupq tlupq 0

By sheaf axioms these glue By the sheaf

axioms the resulting section maps
to t

D

Take note of the logic injectivity was

needed for proving surjeckvity



REIKI 3.4 Even easier Exercises

it FCU IT Fp is injective by S1

Pell

Iii Given FITS with Up Up for all p

ther y Y

DEF N23 5 sheatification If F is a

resheaf on x then a morphism

su F F is a sheetcala

if Fsh is a sheaf and for any map

F L G with b a sheaf

there is a unique diagram

F I Ish
that commutes

engl 2 3.6 is unique if it exists if It

were another we get a diagram I Fsh
EIow use uniqueness to show isom

I Presheaf morphismsinducemorphisms of sheatification

Trivial exercise



stalks of presheavesmakesense fefp is at p
Propostconstruction 2.3 7

Sheafification exists Given a presheaf F
an X

define

Itu Ap peu ApeFp
E for every p there

exists an open Vp EU
containing p and

a section S e f up
St sq fq for all

9 Up

ROOF HIS WORKS

Restriction maps are clear dearly a sheet

The map
F Fsh is obvious

Exercise verify the universal property

Note Ish Ich

Cozllary 2.3.8 The stalks of I Ish coincide

Exercise 2.3.9 Find a nonzero presheaf whose

sheafification is zero This is actually rather stupid



2.4 KERNEL
COKERNELS ETC

Let y F G be a morphism of presheaves

The presheaf KERNEL IMAGE COKERNEL assigns

U Ker Flu Glu etc

If he is a map of sheaves then

Exercise 2.4.1 The presheat kernel of a mapof
sheaves is a sheaf
Beware of the cokernel

Example 2.4 2 X G Oy holomorphic
functions

and Of nowhere o
holomorphic x Now define
functions

exp Ox Ox Oxlai Out

kerlexp constant sheaf Ziti 2

okervelinot a sheaf Take



U Q Co o U2 0 0 o

U U v42 Q o

Take f z in Ox u This lies in the

presheaf cokernel of exp But on Ui

the cokernel is O because logarithm exists

T

DEFINITE 2.4 3 For a morphism q F 79 of

sheaves the sheet cringe is the

sheetification of the presheaf cokernel image

t morphism ee F 19
is invesurjective if

here 0 ima G

Rema 2 4.4 crucial the sequence

0 212 Oy Oy O is

exact as sheaves in fact for X a G manifold



Rene 4 5 Do the kernel cokernel deserve

their name What properties should they

satisfy
The kernel of E A B is the data

Ker ie A universal for

things becoming
0 for any diagram

K

Kerce
At B

sending k to 0 there is a unique filled in

diagram
noximat Notions

2.4.6

in Subsheaf FIG if there are inclusions

FLUTEGCU compatible with
restrictions

in Quotientsheaf the sheafification of

u to GCU FLU

Warmia 4.7 If 6 F G is surjective the

maps or any particular open
need not be



Acts 4.7 these follow from the same kindof

arguments we've used
I will not provide proofs

i stalks of kernel and image
are kernel and

mage of the stalk maps

11 Infectivity and surjectivity
are stalk local

properties BIT f surjectivedoes not
mean fu's are

always surjectiveExponential sequence

52.5 MOVULBETWEEN
SPACES

Given f X Y with Fa X sheaves

g on Y

DEFI 0N2.5 1 pushforward Define the presheaf

Fae F on Y by U 1 FCF ul

Jen

Proton 5.2 The pushforward is a sheaf

Proof Trivial
a



JEFINION 2.5.1 limerageel The inverse presheaf
image

is defined by

f gPyu
su u U open containing

flu Sue 914131
for VEX open

where identifies pairs that agree on a

smaller open
The inverse image is

f g f gpreysh

Example
2.5.2 why is the

sheafification necessary

Take f X Y with X Y LY

Take Ge constant sheaf F f 9
Pre

then fix VEY open
and U F v

But U VIV E YAY sois

Z x 2 axioms

Contradiction



Example 5.3 two simplest examples

For F a sheaf on X and it X pt
then tf is a sheet on a point i e

an abelian group which one

GLOBAL
sections

FIX TIX F HIX F

For i p x inclusion of a point

and 9 a sheet on p
ie an abelian

group A then its is the sheaf on X

st i G u
o f PEU
A if pe U

SKYSCRAPER SHEAF at p with

STALK A



3 SCHEMES SpecA has a sheet we globaliz

3 LAFFINE SCHEMES

Let A bearing and SEA multiplicatively

closed Then

5 A la s SES at A n

with as Cats s as a's o in A

for some s E S

Eixample 3.1.1 ti Take 5 1,77
in take s Sip with p

a prime

Ap will be the stalk of the structure sheaf

at P I now take the route of Vakil not Hartshor

SHEAF a BASE

Sheaf F on X gives I Baseopens Groups

natural restrictions

20th's Given a base Bi with

F Bi assignments res j satisfying



j

SBI if B U Bi with B in the base and

res3 f res jeg for all f E g
then fig

SBI If B UB with fi e Fa Bi and

agreeing an overlaps then there exists feFCB

with fly fi Go look at the discussion
at the end of 1

Call this a SHEAFana.BA B Ba

RODION 3.1.2
A sheaf on a base F withbaseB

determines a sheaf F by

FCB F Bi agreeing
with

restriction maps
where Bit B It is unique

up to unique isomorphism

ROI in Determine the stalks Fp via the basis

Iii Use sheafification trick
and define

u Fp eFp peu for
all pell there

exists

B a basis open
around p and se FCB

with sq fq for all a EB Sheaf axioms

are clear
rohism



Iii Natural Meps FCB FCB are isomorphism

check injective d surjective compatible germs

g p A has basic opens

Uf Spec Af

For t.ge A If Elly F g a for

some nest and some at A

key Nlg
E Nlf and Rgt is intersection

of primer containing Ig
So V77 Engl

If Uf Ug then by above Af
I Ag

Use universal property
to get maps

If the g
a there is a localization

map Ag invent Ag Afn Af
a



20POSITION 3.1.3 Let A be a ring The assignment

I pespec Al top n Af

s a sheaf on the base of distinguished opens

n Spec A If Uf EUg then the a g for

one 471 soget restriction maps Ag Ayn Af

well defined see collection 3.1.22

Roof We check SBI SBI on the base

set B Spec A in the verification for

simplicity general case is similar

Prologue If Ufilie cover spec A
then

finitely many
cover why I Fil

11

BI

Suppose
Spec A I Uti Uf Spect Wifi

Given SEA with slug so for all i

of localization
then fins o for appropriate

m
by defin

But fin fi C1 A ble Uf Cover
Spec A



I

1 I Vitim Now clear that

S I 5 0

SBI Say Spec A Uti and elements in

Afi agreeing in Afif do they ghee

First suppose I is finite

On Uti we have
gig

write gi fill

noting Ufo Ugi Overlaps Ugig why

overlap condition gigjtij.faigj ajg.it 0
Rewrite using algebra fact that Uf UfIfor
Assume me Mi by taking the largest

write bi ai gin his gilt

on each Uni have
bi hi

Overlap condition

hjbi hibj



But Uh cover Spec A so

I Irihi Vit A

Now write r rib with Ni bi as

aboveInstructive
Now verify this restricts correctly

elementary
algebra

when I is infinite pick a finite subcover

with Cfi fu A and Uf a cover

Construct was above Need that this satisfies
all restrictions

Now given Cfi tn f we get a new

V By SBI r r

Ts

Eton 3.1.4 the structure sheaf on Spec A X

is the sheaf associated to the sheaf on

the base
ay Ay Denoted Ospec A

Ox
Vote that the stalks are Ap



We are now basically there a scheme is

a pair IX Ox with Ox a sheaf of

rings locally isomorphic
to spec A Ospeca

Jrovided we can understand isomorphisms

Terminology 3.1.5
A ringed space X Ox is

a topological space
with a sheaf of rings

An isomorphism
it XOx Y Oy is a

homeomorphism an isomorphism

Oy Esta Ox

An affine scheme X Ox is a ringed space

isomorphic to spec A OspecA

DEFINITION 3.16
A scheme is a ringed space

XOp locally isomorphic
to an affine scheme

e every point pex
has a neighborhorhood

Up st up Ox up
is isomorphic

to

an affine scheme dependending on p



3EXAMPLES
OF SCHEMES

CXAMPLE S3 LI INTERESTING
RINGS

Xi Xu Quotients by ideals
THE GOLD
STANDARD

Monoid rings A toric monoid P is the

positive integer span of finitely
many elements

Vi Vic I 1 The MonoidRING
over 2

is IEP Eaux I ane E we P

Dummy

P IN E L then IEP E LEX Y

D 22 then 7172 LEXI Y

Invariantrings RG or kex nl Quotientsof

G a group Key
varieties

Artinianrings for instance KCET e or more

generally k algebras that are finite dim'd

c vector spares spare X
contains little to

no information here All Ox
j



Examples 3.2.2 Open
subschemes Fix a scheme X

UEX open
write i UGX Then set U Oxlu i to

simple case U Uf ESpee A

20PosiIN 3.2.3 The space
U Ox u is a scheme

I let pellex
since x a scheme find Ups

pen affine
nbd Now Vpn U is open in affine

But there is a distinguished open in Up
insideVpny

and these are always affine

Examples2.4
Take U A I determinant o

Gln is a scheme a group

Definition Affine n spare k Ak Spec key X

Example3.2.5
la non affine scheme

A Spec KEX
Y

a

U 1A 10,013 ix y
the ideal

CLAIM IU Ou not affine

Gated write Ux All Next

Uy AZ Ily

Vote U Ux uUy and Uxnay A2 Nlxy



Oulu KEX X y Ou Uy kex y y i

Oulu allyl kex x Y Y I

Restriction maps are obvious inclusions

By sheaf axioms Oulu
kEx y Contradiction

But Wy Use maximal ideal m with Nlm 1 0

CLARIFICATION Given in Lecture on Oct 27

Let X be a scheme and FETIXOyl
globalsection

Fix PEX a point The stalk

Ox p is
a ring

with a unique maximal
ideal

on an affine spec A
it is Ap

say I
vanishes at p if

restriction of f to

Oxp lies in the maximal ideal

Thus for fe X Ox Nlf vanishing locus

of f



Later we will do this more generally

replacing Fe TIX Ox by sections of
line

bundles or vector bundles

3.3 INTERLUDE ON GLUING SHEAVES

X a topologicalspace with a cover U

and sheaves I and isomorphisms inverse

image
sheaf

dap Faluanue Fluanupy

satisfying 10,002pct
on Napo
COCYCLES

with id Pap Off

Then this ghes to a sheet F an X

Construction 3.3.1 Given VEX define Foul as

tuples Sa with Sa e Fa Vn Ua with

CONDITION
Oap Salva Uae SB vnuap H



Propose 3.3.2 F is a sheaf and Fly is Fa

Ioof F is a presheaf given sale Flu

we v open take sa we
resumed
wnualsall

Gives an element of Flw because clap are

somorphisms of sheaves so commute with restrict

test trivial Axiom 52 fun trivial

But not done Claim Fr Fly on U and

here Te use cocycle condition

What is the isomorphism from Fy Flu
Given V E Uy and se FV

take its image in Flu to be

oralslunualla

But check this satisfies Condition H

Ypo Ora stunuanup Dop'slunuanup



3 LORE SCHEMES I

Take schemes X Ox CY Oy with

opens
U EX V Ey with an isomorphism

U Ox u V Oy u meaning
whet

Then we can glee

XHyung with the ghed structure

sheaf

This generalizes cleanly

Example 3.4.1 Bug eyed line
Let

X Spec KAT
Y spec ku

both A

U Spec kit E E v Spee ku
u I both

A pt
Glue via thru

compare from topology RT Hxny for x y 0

This is the canonical example of Hausdorff

failing But schemes are already not Hausdorff But
still



this scheme is not affine calculate
that

Ox x Ket but there is an extra point
Make

rigorous
Example

2 Projective line

X Spec Ket
Y spec ku

both A

U Spec kit E E v Spec Kyu I
both

A pt
Glue via taut

RODION
3.4.3 Pk has only

constants as

the global functions
in particular IP

is not

affine

Proof The only polynomials
in t that are

polynomials
in It are

constant

why is this
a proof

Use sheaf axioms

Example3.4.4
Take 1A with

doubled origin

Notice intersection of two affines
is not



GLUING SCHEMES EXAMPLE SHEET 1

Given schemes Xi ie I

open subschemes Xij EX Xii Xi

isomorphisms Lij Xij Xji fi id

such that fik fjk o fig
Xijnxik XjinXjk XijnXik

There is a unique scheme X with cover Xi

KEY EXAMPLE Projective space

A ring A Take Xi Spec A Ty

Uij Nl Xj Xi s Xi

Isom bij t Uji identifying 4,17 YI

Output a scheme IPA called projective

space



HEADS UP An important condition for us will

be separated
It will be the analogue of

Hausdorff It will imply that affine n affine

is affine

Appendix Prot construction
motivation

A few words of
motivation it is actually hard

to produce schemes that
are not open

in prop i e quasi projective
i.e PART II AG

separated
will be the AG Hausdorff

condition

Proper will be the AG compact condition

Hof constructions
will always give us proper

separated things

EFINION 3.5 A I grading
on a ring A is a

decomposition A An such that
n E Z

Ak A E Ajtk multiplication respects grading

But what is the geometry behind graded rings



RENZ 5.2 for motivation Let it be a

finitely generated nilpotent
free k k algebra

Let V mSpec A
ie the variety of A

then a Kt action on V given by a morphism

Kt X V V is the same thing as

a grading of A by 1

Variety Define Pia It Q is

Only homogeneous polynomials
make sense

Faa I a e IN with
ie

degree x d In other words

KEXo Xu Sd Sd is k span

of degree d monomials

Observe how both graded and k action

appear naturally



This works not just for IP but for projective
varieties irrelevant point

T closure of
T V T AY É

T in IA
I III quotient
V E IPE

WChonogenous poly's

Notice that T is kt invariant as is T

why
Therefore to get a projective variety

tin Take Te Ana a k invariant variety

ii throw out junk ie I ble it is dumb

iii Take a quotient



43.5 TIPROI CONSTRUCTION

We've lifted IAI into scheme theory

Lant
to do the same for IPL

spec kex axis gives the new scheme

theory IAI standard grading

Similarly Prof KEXo.IT will give the new IP

DEFINITION 3.5 A I grading
on a ring A is a

decomposition A An such that
n E Z

Ak A E Ajtk multiplication respects grading

I will only treat ProjA
in a simplified

setting Assume A
is 2 o graded Moreover

A is generated over Ao by degree 1 elements

Ao subring of A

A Ai ideal in A the irrelevant ideal

IEA is homogeneous if generated byhomog eft



DEFINITELY 3.5.2 The set Proj A is the set

of homogeneous primes
of A not containing At

If I EA ie homogeneous

NCI peProjA p contains I

The Zariski topology has closed sets

given by NCI

We now cover by affines using degree
Ielts

Let Fe A and Uf Proj A Nlf

These form a cover ringAlt is
2 graded

REHION35
2 Bijection between

Homogeneous primes
Primes in

they
ring AHHof A missing f

degree
for home primes in Af

o in localization
Proof Construction of bijection
tomog primes in Af are in bijection with



g
hom primes of A not containg f

uppose qe A 11ft a prime
then let

Uql be generated by

U at Ad EdEEG EA
d 0

Given Pe A homogeneous
take

help Ally p n Alya
Now check compositions yo y id easy
But Yoe is trickier

TposepefPvoj A if aepn Ad
then alfde clip

so aeyfelpi so

Pe Yiecpl one containment

If at Yiaspi then alfde help for
one d so there is bep st blye Mfd
soforsome k fkffdb feat 0

But Fett Ep so aep reverse container



Compatible with Zariski topology Exercise

Renard 3.5.3
A basis for the Z topology an

Prog A
is given by opens Up

Nlf

Notice we have a meal
identification At

Uf Spec A If by above

Statefth union Prof A is a set of

homogeneous prime ideals
it is covered by

Uf which
are spec of a ring and have

structure sheaves where by hypothesis

I can be taken to be degree 1

If Pro A If Nlf and

f g E Ai we have

Proj A If n Proj
A lg

is

Spec A 1731,571g Spec A fig 7

This gives gluing data couple condition

s immediate from properties of localization

ots of new examples Prog is not functorial



4 MORPHISMS

Whare now lots of examples of schemes coming

from variety theory We want LAPS

we've seen these in passing eg U
EX open

subscheme given A But specB spec A

54.1 MORPHISMS OF SCHEMES LOCALLY RINGED
SPACES

Given a scheme IX Ox the stalks Oxp are

local RINGS Given a function ft Ox U

we can ask whether I vanishes at p lov

ask ite value in Ox Oxp

DEFINITION 4 I I A morphism of ringed spaces

f XOx H Oyl is a pair If f

with f X Y continuous

F Oy to Ox sheaves of rings
on Y

this is the obvious idea But

Jossible to have f X Y with hip q



1 I q
and Uet open with qell and he Oylul
that vanishes at q but 7th does not

vanish at p
We simply impose

this conditionby hand

Given f X y ringed space map there is an

induced map 7 Oy fcp 1 Ox p

Careful Why does this map
exist

DEFINITION 4.1.2 XOy is locally ringed if stalks

Oxp are local automatic for schemes A

morphism of locally ringed spaces

F X Ox 4 Oy

with f mp e mfep
in stalks

fphm
DEFINITE 4 1 3 Ff X Ox YOy are

schemes a morphism of schemes is
a morphism

as locally ringed spaces



what does it buy us If 6 X Y morphism

of schemes if S e Oy yep is invertible

then UTS e Oy p
is too You can tell

where functions vanish by composition

THEOREM 4.1.4 there is a natural bijection

a
ring homomorphisms
A B

ROGUE A section seflul is a coherent collection

of eits in stalks Fp for PEU
PLOOF 1 A B induces a scheme map

2 Every scheme map arises
this way

Fiven e A B f spec B spec it sends

p to 6 p Gives map at topological
level continuity

is formal from

f NCI N UCI

Now we build

ft Ospeca FAOspec B

by specifying what happens at stalk level



I Y ng 11

take Avepi Bp

s

welldefined If see p then lesley p

It is automatically local The maximals are pBp

and 4 p Ace ep

Émpens
Given us spec A open

O
spec

ACU OspecBl lip ul

View sections as compatible collections of germs

pm sept t a meal scan
qe f tu

SipleAp when Cq Ay lat Bq
is map induced by localization

View Ospecalule InOspecitp and OspecB similarly
Does it definemap If s is locally at p written E
f sheaves
f Is is written as yea uch Thus f is a

morphism of sheaves

Therefore A B yields a morphism of schemes

Spec B Spec A



I 1

Conversely take If ft Spec B spec A

Using global g Ospedyspecal
1 Ospelespee

B we

section maps get g A B Now phig

g into construction above Must show we get it f
as given

two things topological map E sheaf map

Since g is compatible with
restriction to stalks

T Spec A Aspect
TCSpec B Ospec B

I 2 I

OspecA tip
OspecB P

commutes Equivalently
By locality

A 9 B

t a d also commutes ft pBp tipi Afip
BpAfcp

y

By commutativity top g p thus topologically

we get the right map They agree on stalks so

we've done I



4.2 A FEW LASIC
NOTIONS HOUSEKEEPING

Open closed immersions closed subschemes

DEFINITIONS 4 2.1

F XI Y is an open immersion if f induces

an isomorphism onto an open subscheme of
Y ie

U Oyly VEY open

g X Y is a closed
immersion if gtp is

a homeomorphism ont a closed subset and

g Oy gaOx is surjective

Example 4.2.2 Take KCET Kettler and

take Spec This is closed

WKIRDDEFINITION
4.2.3 A closed subscheme

s an equivalence class of closed
immersions

where X Y X 747 if there is a

triangle X X
b y

t



scheme relicpoints let k be any field A

Lvalued point of a scheme X is a morphism

specked
We write the set of all

such maps as X K

Example4.2.6
Take X P Then Xcel is the IP

you know
and love

Tentark 4 2 5 For any ring R we could define

R valued points similarly
Intact we can do the

same for s any scheme
We will thefore

obtain

f rings
sets

R
X R

This functor of points
is eventually very useful

but I want to stay close to geometry

Fery concrete Given PEX there is an affine

open U around P Setting ICP
FF Oxp

we get spec kept U X Every point is

a schemetheoretic point



4.3 FIBRELFIBRE PRODUCTS

Motivation Fibre products are a common generalizali

of several operations o the right notion of product

i X G Y E X C Y closed subschemes

Intersection Xin X is a fibre produc

Hi Given X Y a morphism and yet

the fibre f ly is a scheme

iii the intuitive statement
that

IPI is obtained from PI and 740

DEFINITION 4.3.1
Let Y be morphisms of

Y S

schemes The fibre product
is a scheme X X Y

with maps xx y Ea y
1

commuting

by L
Y S



such that for any

Z X

I commuting there is a

L
Y S

unique map

Einix

I with all

I s

diagrams commuting If exists unique upto
unique i

Makes sense in any category If X Y B were

just sets
then X BY EX Y as pairs

that project to the same point of B

THEOREM 4 3.2
Fibre products of

schemes exist

TROI
Hartshorne Theorem 3.3 do look it up

1 Afficse If X Y S are affine with rings

A B R then Spec A RB satisfies the



universal property To verify notice that by

ame ideas in previous lecture a map

Z Spec ARB is a ring map

ADB TIE Oz

Globalization slowly turn
the 3 pieces into

offices

2 If X X Y exists and
U ex is open

then U xsY exists take py u with

open subscheme structure

3 If X is covered by Xi then if

Xi's Y exists they
can be ghed to Xx Y

Why
The schemes already ghee

10 X but the

maps to
Y can also be glued

this is easier than

you think
no cocycle conditions

4 For any X but Y Es affine
X X Y

exists since xd y are interchangeable X's Y



exists for affine S

5 Cover S by affines Si Let Xi Yi

be the Py Py preimages Xi xs.li exist

But in fact Xi Xs Yi Xi x y think about
intersections

You have

6 Now glue again flexibility

Notation z X Ts

y f
Little box

I says Z I the

fibre product

Éples43
3 with some honest geometry

I PI xspes.EE why

ill Take C Spec Glx.LT y ye

L Spec QCX.LT ey

Then C YALL Spec Q x x2 me or

FAT POINT



nil spec ftp.I spec est Familyof
total

y
mostly
conics

space of p is

family

spec Ey spec Act it

closed point O
DOUBLED X Axis

7.11
More generally

Iv Recall that given pes
we defined

Kep FF IA p with Spec A
US an open

neighborhood Given X s the scheme theoretic

fiber of X s at p
is

Ip
x

If S is arithmet

eg spec 2 fibres
live in different
FIELDS

SCHEME over Kepspec Kep



n In Ex hiii take spec actio spec act

The generic fibre of it

specify spec gift
I L td

spec acts spec et s

Consolidates information that is
constant on an

open set in the base s

4.31 Example sheet II
contains many basic

notions reduced irreducible integral
noetherian

finite type You should
read the

sheet at a minimum sis we will not need it

for now till I will supply a number ofexamples

later

angage 4
3.4 In scheme theory we often fix

a base scheme s and study the collection

h hole is



of schemes X S If no such choice is

made we take s spec z implicitly

tobject
a variety theory s Speck K K

he product of varieties X E Y is

special

n Schls given XIs 41s the

setsover
S

he product in this category
is X Y Y

he usual
PRODUCT never comes up until

on start using a Euclidean topology

Let KIK be a field A scheme X speak

is a variety if there exists a finite cover

Ui of X st Oxtul is a finitely generated

a algebra without nilpotent tseparated



4.4 SEPARATED MORPHISMS

Given X a scheme Xtop
is essentially never

Hausdorff But bugeyed line is worse than

A or IP why

Hausdorff is about separating pairs of points

and so can be phased in topology as

X is Hausdorff E Dy E Xxx is closed

Foduct topology

DEFINITION 4.4.1 Given X s a scheme map

the diagonalDy's's
the morphism below

x induced by
universal property

idx
x s

write D insted of Axis when clear

Useful If U VEX then X xxYxVl UnV

Propositon4 4 2 let X s be a schememap

the diagonal is a locally closed
immersion

e X
X



EOF we find open in X X X in which X is close

say S is covered by Vi affine opens and

X is covered by affine Uig so Uij
covers

preimage of
Vi

Let Uij Vi be the maps induced by
a Its

vow Uij X Vij is affine covers the diagonal

D U ij Xv Uij Uij Use Diagram
Also

For Uij affine

Uij to Uij XvUig
is clearly
if you remember

a closed immersion the definitions
I

Progeny Ift
x s is a map of

Axis is a closed

affine
immersion

AHA
A always surjective



DEFINITION 4 4 4 spooky A morphism X s s

s separated if the diagonal is a closed

immersion

Easy fact If X Y is a locally closed

mansion whose image is a closed topological

asset then it is closed definition chasing

Examples 4
4.5 4 For any ring R the

morphism
1A Spec R

is separated

Iii the bugeyed line Algy q
is Not

separated over Speck

Iii For a ring R IP spec R
is separated

vs Open a closed
embeddings are separated

V1 Composition of separated maps
are too

V11 Base extensions of separated morphisms

Exercises or we will prove later

PROPOSITION 4 4 6 Let R be any ring Then

Por Spec R is separated



recalling MT Proj Rao in

Ioof we want to show that

PI Phx P ph
D Ir T d

1pm Spec R

is closed Suffice to show after restricting

to an open
cover of IP x IP

R

recall from construction of IPI
set A REIT and Ui Spec A I

The schemes Ui yUj cover IP KIP
Now Ui Yj Spec RE Xi

tn xi Yilyj 747

Exercise restriction of diagonal is exactly

Ui n Uj Ui yall

RE 71 RE i

replace y'e with X's Map
is dearly

surjective so D is closed y



VICE

Ie
Closed in affine is always affine Exsh II

PROPOSITION 4 4.7 Let U V be affine opens

of Tseparated scheme X s Suppose s is

affine Then UnV is affine

Exercise In situation above UnV MY nd

Proof The following diagram is Cartesian

Un V Uxy
I s t

X Is XY

Since Axis is separated Unu Uxsv is closed
D

PIPERNESS
Recall from Exsh I f X Y is finite type

f Y has a cover by V23 St Va Spec Aj f v

has a finite cover by Uap affine such that

Uap Spec Bap and Bi is finitely generated

over An Example Spec k 13 1



I

DEFINIION 4.6.1
A schememap x y is closed

f f is a closed map It is universally closed

f f is also closed for any base extension

XYZ X

F d
o If II think about

z y
closed us compact

t scheme map f X Y is proper if it

is separated finite type and
universally closed

Example closed immersions
are proper Ak not

OBSERVATION If fix Y is proper and ZAY

is a morphism XYZ Z is proper

DROPOSITION 4 6 2 Suppose is any
comment

ring Then IPR 1 Spec R
is proper

If Suffices to show PI t speak is

universally
closed But by taking covers

suffices to show for all R the map



I Speck
is dosed let Ze Ip

R

be Zariski closed Need equations for a Z

Let PER be prime and Kip
FF RIP

Want to know
For which p is the scheme

Zp Z x spec kept nonempty

Speck

Now say Z is cut out by 91,92

homogeneous

Then Zp is nonempty
if and only if

Tg X Xo Xnl

Notice Does not really depend
on p

Equivalently for all d positive integer

Xo Xu
d

191,92



Equivalently if 5 1213 with usual

grading
the map

Sd deglgil Sd

fi fi gi
is not surjective

This is a polynomial condition
with integer

coefficients independent of p

these precisely cut out ITCZ in Speer

so we have the claim

D

Proper morphism
have similar properties

Compositions of proper maps
are proper

Base extensions are proper

These will be proved in one way
in Exsh's

I will give another way

Here forward assume all schemes are Noetherian



A discrete valuation ring is a local PID

Examples 4.4.6
0421 OIA's Zep Iptiffgers

If A is a DVR spec A is a connected doubleton

Max'd ideal has
a gen

no GERMS OF Curves

called the uniformizer OPEN
CLOSED

There is a valuation A 0 27,0

THEEM4 6.2 VALUATE CRITERIA Leb X Y

be a scheme map Then f is separated

is separated if for any DVR A with FICA K

given Speck
X

there is at most

spe I
I lift

making everything commute
It is universally

closed if there is at least I lift It is

roper if there is exactly I lift and f is of
finite type

GROLLARI 4.6.3

a PI spec A
is proper

Iii AI specA for n is Not proper



Hi closed subschemes of IPI are proper
over

Spec A

live closed immersions are proper

e Composition of proper morphisms are proper

ay Consider X X Y X If f
f t T t t
Y S

s proper
then I is proper

tin Properness of f Xyy is local on Y

THEOREM 4.6.4 PI Spec A safeties

existtie uniqueness parts of valuative
crit

Poof from Hartshorne not lectured in 23

Ploof By base change can take H Z

We check the valuative criterion take

a DVR R F Spec R E let U Speck
where K FF R

Consider the lifting diagram



U IP

I t
t speak

By induction assume U NIX it for

all i where PZ Prog IEXo in

Now Xi x lie in the stalk at the

mage of U i e they are well defined

let Fij be the pullback in K and

note Fij fjk Fik

Now let 40 an be Uffio If

2k is the smallest then olfik 0

Now define ZIYI YI R

Xi x to Fik
I



SAMPLE USES OF VALUATIVE CRITERION

i A'k Speck is not proper

Waite Hk Spec Ktx

Take SpecketD and U spec kat

let

f
u a be given by

I x Map
does not extend

ii Compositions
X Y s proper

morphism So write

x

MespecI
First lift to spec A Y then lift

the resulting to spec A X



Iga
brief interlude on other types of morphisms

X Y a scheme map

N Elte cover Y by affines Spec Bi
Ui St

Vi f Ui is open affine spec Ai
and

Ai is a f g Bi MODULE

Examples Non constant maps of smooth
curves

closed immersions

il Eat At every pex the map

ft Oy yep Oxp makes Ox p

a flat Oy yep module I injectivity of Oypep

modules is preserved Everything is flat over afield

UITY Given Zy Pdt IPEety
closed

I 1
Spec acct spec atty

There exists a unique Z a Iggy that is

FLAT OVER GEED

d I s of



Ii More sophisticated ring theory gives notions of

e'tale map covering spaces unramified maps

immersions in topology smooth map
submersions

I have equipped you with enough background to

make sure the work to understand
such notions

s in the affine ring case



5 MOREOVER OX

5LMotivation

An Ox module is a sheaf of groups
with Ox

multiplication Before we do it formally I give

examples

Example 5.1.1 On Ep the variety Ant Say
ConsiderOpuldilul Italy Rational

homogeneous function

st degree is d and regular

on all points of u

Yotice Opuld Ph Degree d homogeneous

polynomials

Recall Opulul are rational ie ratios of poly's

same degree so we have a multiplicationmap

Ncte If do no global sections
but still

pretty interesting



Example 5.1.2 Given a module Nl over A

define the sheaf Fu Uf My by localization

Gluing is identical to what we know Notation

5IDEFINITIONS
of Oy modules

sometimes NT

Fix IXOy a ringed space

DEFINITION 5.2.1 A sheaf of Ox modules is

a staff of groups st for Ufx open
there

s a multiplication Ox u x FIU FCU

compatible w restriction

A sheaf of Ox algebras is defined similarly

standard Notions Kernel image cokernel direct sum

divetproduct submodule ideal sheaf
tensor

Iso Tensor product Hom requires
sheafification



Pretense xty a ringed space

morphism Given I a sheaf of Ox modules

the pushforward f F is a f Ox module

But we have ft Oy f Ox giving

an Oy module structure

Conversely for G a sheaf of Oy modules

define ftg f G Ox via

f Oy
the adjoint F f Oy Ox

Basic Fact 5.2.2 ft and ft are adjoint

functors for modules over ringed spaces

Ccf Ex Sh I 9141



5.3 OX MODULES ON SCHEMES XISCHEME

DEFINITION 5.3.1 A quasi coherent sheaf F of

Ox modules is one such that there exists

open cover Ui by affines with Flu the

shot associated to a module Mi over

Ui Oxtail It is coherent if Mi are fg

modules More than simply a condition on Flail

Basic Examples Ox on any scheme similarly

OY For 44 X lady is coherent

Affine case this is the sheaf associated to

ALI
REFERENCE Hartshorne I 55

PROPOSITION 5.3.2 An Ox moduleFis g ooh

if and only if on any U spec A affine

flu is the sheaf assoc to an A module

If X noetherian then F is coherent if and

only if M's are finitely generated



LEYLROUARY 5 3 3 9 coherent Ox modules ar

x affine are equiv to modules over Ox X

Pastrategy condition an random opens no

condition on distinguished random opens no condition

or any affine of your choosing

E LEMMA 5 3.3 X Spec A FEA and F

ooh Let se TIX.FI Then

1 If s restricts to 0 on Uf then 7ns o

or Some n O

Iii If t e Fay then tht is the restriction

of a global section for some miso

30th clear when F Msh for M an A module

Ioof There is some cover by things of the

form Spec B
V st Flu Msh for Ma

3 module Cover each U with things of form

Ug so Flu 1140 Ag Finitely many g

Mi on Ug Cover Now use properties of localization
D



D

ROOF OF 5 3.2 Given U Spec A EX and Far

9 ooh observe that Flu is still quasiooh

early There is a basis of opens where Flu is

heat assoc tomodule
Reduce to X Spec A

Now take M F x and let Msh be

the sheaf an X spec A
associated to it

we have a map
Msh F By the lemma

on a distinguished open Ug the map
is

an isomorphism therefore an isomorphism globally

Lesson Quasi coherence is local

STRAIGHTFORWARD proofs omitted

Images Kernels cokernels stay g coherentooh

Pullbacks stay q ooh ooh

Pushforward of q oh is q ooh

If fixes is proper then fr preserves coheren

How want to give you a feeling for coherentsheer

There is a Proj version Take A a IN

1 I hile Then



graded ring and M a grded A module Then

for U Nlf e Pooja with te Al we

know U Spec A Yf Now

U M If glues to

a sheaf Mst on Pro's A

WEDS A sheaf of Ox modules F is a vector

bundle if it there exists a Zariski open cover

St F restricts to a FREE module on

each

ine bundle aka invertible is locally free of rank 1
sheaf

An ideal sheaf is locally an ideal in Ox

ASIDE On a scheme top space X always have the

constant sheaf I Not a quasi coherent sheaf

in a natural way The structure sheet Ox is

coherent These are very different but equally

important



I

5.4 EHF RENT
SHEAVES Via PROT

on EP the old skool variety we defined dez

Ogpu d cu 71g I
homos rational function

degree d no pokes all

SCHEME THEORETICALLY
Instead of degree 0

elements in localizations take degree d

elements

DEFINITION 5 4 1 Fix A graded Mo a graded

M module Define M d the module whose

degree k piece
is Mad The sheaf A d

sh

ar Proj A is Ox d

Ite Ox d Ox1
d

ROPOSION 5 4.2 Ox d is a line bundle

Ioof Easy exercise

Remake 5.4.3 If A is generated over Ao in

degree 1 then Prog A
G IP and these

tonal functions



are restrictions of homogeneous
rational functions

Contain
5 4.3 source of line bundles

Given X D IP over any base we get a

7
line bundle ft puli an X Moreover we get

write the homogeneous
coordinates of Ipa by

Xo Xu we get sections very concrete

Si su e TIX FAO il

DEFINITION 5 44
Let L be a line bundle

on X Then his basepoint free if
there

exists x p st ft Oeil L It is veryemple

if inadditax cop is a locally closed embedding

his ample if 19 is very ample for
n 70

xample 5.4.4 Take A 04,4 Z W and

Oct the shifted A l il sheaf Then

3iProj A
G IP with 011,1 itOps i
L SEGRE EMBEDDING



n commutative algebra your intuition for

modules comes from quotients of free modules

DEFINITION 5 4.5 An Ox module is called

globally generated if
it can be written

as a quotient of Qt for some n

Equivalently there exist si E TIX Fl

whose images in Fp generate for
all PEX

Let i X P's closed and
let Ox lil be

restriction of Opa lil Note Oln 0111
0

THEOREM 5.4.6 Let F be a coherent sheaf

on X There exists do st for all diedo

Fidl I Old is globally generated

Ioof Formal properties equivalent
to show

Flat is globally generated on IP Reduce

Lo X PY

J



Write PY Prog RExo
Ya Cover IP

by standard open Ui where

Ui Spec R Xj x
all this ring
Bi

Fly Mt for some f g Bi module

take sije Mi
that generate

I claim that

kid Sig which is a sectionof Fld Ui for

d o is the restrictionof a global
section

tij E TIP F ldl Exercise I will explain the
idea

Why generate
On Ui the Sig generate

That on Ui multiplication by xd

xd I Fidh restricts to an

somorphiem between Flu Fld u
and

so xid.si j Xidtij generate

COROLLARY Every coherent sheaf
is a quotient

of Oyl dlt
on X in projective

d likely very negative



y

Aside How to do exercise

Sig is a section in Mi Fila

Xie 0 117

so Xid Sig E
Exo Old1 Iu

This is restriction of tije
Fld X

Iwhy Try IP first

U Pl O

7,42
p a

Sj E Flat
restrict to Uinuz

But we proved in 1 A5.3 gs

that for large d Isij extends



6 DIVISORION SCHEMES

Why In rings principal
ideals are key They are

xamples of height
I primes We will globalize

Recall Height of per
is longest chain

Poe Epn p of primer in R

We now discuss WeyDivisors and in such

discussion assume X is Noetherian integral

separated

If X is integral then in any affine open

Spec A the ideal lot EA ie prime Gives generic
point

n X One point independent of
choice of SpecA

If YE x integral codim
I we assume Oxya

DVR

6.1 TOPOLOGICALPRELIMINARIES

lil Dimension of X is length n of longest

chain of nonempty closed
irred subsets

Z G f Zn in X Follows

Dimension of NY is n from normality

in codimension of tax closed irred defined

imilarly 2 704 G Zn in X



ly
If A is a fg k algebra integral then

Krull Dim A height Pt Krull dim Alp
Host intuition from here fails in general

ii if X is a noetheian topological space then every
closed Z EX has a finite irred comp decomp

G 2 WEIL DIVISORS

DEFINITE 6.2.1 A prime divisor is a closed integral

subscheme of codimension 1 A Weil divisor is

an element of the free abelian group
on

prime divisors DivX

Divisor D is effective if
all coeffs are 70

CONSTRICTION 6 22 Let f Ek X what is this

practically Then take

dive f If my
Cf Y where

prime

my 17 is the valuation of f in Oxny



DROPOSITIN 6.2.3 The element divlf is a

divisor i e the sum is FINITE

FACT If YE X integral codiml Oxmy DVR
w

fraction field K x

PLOOF Take UE X affine U spec A St

f is regular i e f E A E KIX Then

Xiu Z is closed of codim 71 Thus arly

Finitely many Yi's are in Uc On the rest

any Yi for which Nyi f 0 is contained

in Nlf These are contained in Nlf So

we're done I

we used something here Given a closed

subset Zax there is a unique reduced

scheme structure on it Hartshomeex 3z.by

DEFINITION 6.2.4 A divisor of the form divif

s principal They form
a group The quotient
DivX Prin X CALX



the class group is a interesting ii Hard to

calculate simplest of the Chow groups

Basic alulations 6.2.5

X Spec A integral
Then A VFD 2 7 A

s integrally closed and CKX o

In particular
CLC Ak 0

Lii If Z ex closed with U Z open

then Cecil ctfu given by

intersection with U If codin z 72 this is

an isomorphism If Z is codimi d irred

then a cry ctfu o is exact

Excision sequence



i work over k

y

Itegrae da iodimension 1 then

D Nlf t homogeneous

degree d

Define deg D deg f

2 Extend linearly
to get

deg
Div IP I

claim deg is an isomorphism

deg
CHIP Z

well defined because if 7 9 h is rational

3 Surjective take H Nexon
divifl degree

Injective If D I Ny Yi If

Inti Coleg till
0 with Yi Vigil

take 7 1 giti Then divef D



Proof of Excision ZG X KU Z irred

i the map Cll x1 Celal induced by

Init m Ini Yin U is

well defined ble if fekly we can view

ft Klul so principal maps to principal

Surjective ble every integral
codim I in U

s restriction of its closure

ii Obvious

iii Kernel is divisors with support in Z

D



6 3 CARTIER DIVISORS

Commutative Algebra A is a VFD iff

all height I primer
are principal On

a scheme X st Ox n all UFD's Weil

divisors are nice

intuitively a Cartier divisor ie locally a principalideal

We need a few preliminary notions

For X a scheme take the presheaf assigning

affine U Spec
A s A S all nonzero

divisors

and sheafify to get Ky similarly take

U spec
A A to be

to get Out Now 194 sky subsheat of
invertibles

DEFINITE 6.3.1 A Cartier divisor is a global section

f the sheaf 11 But care is required
here

I I thi I fly



Remark 6.3.2 what does this mean practically

Given a cover Ui with rational functions fi on each

uch that on overlaps Fifi lie in Ofluinuj

mage of TIX Ky TIX Ky 01 are principal dir

Construction 6.3.3 If X is regular in codinel
and

Cinta noetherian separated then given R
a

Cartier divisor we get a Weil divisor by the rule

for YEX codim E integral and 12 represented

by lui fit with My Elli take My Ny fi

Well defined Fi f e Ox Uig so has valuatio

equal to 0

by the principal
divisor construction

RODIN 6.3.4 If X is wetheian integral Sep

with all local rings
VFD's regular in coolin 1

then the association construction

8 ons
6.33 Ivisors

respects principal divisors and
is a bijection



I

Ioof Follow nose d look at Hartshorne Key

if A is VFD then height I primes are

rincipal If Xe X then Ox n is a UFD so

for D E Div X D n spec Ox n
is direful

Extends to an open Ux
where D divify agree

Exercise verify it is bijective

PROPOSITI 6.3.5 If X is normal integral sep

noetherian then Cartier divisors are Weil divisors

that are locally principal

41 1 36
Given a Cartier w representative

LCR E Ky be the sub Ox

module generated by fit on Ui

well defined ble fi f invertible
on Minaj

TROPOSION 6.3.7
The sheaf 11121 is a line bundl

If On Ui we have Ou t Lidl by Itt l fi

In fact Cartier divisors up
to equiv are almost

same as line bundles

important Exercise X P D hyperplane show LCR1 01



1
A locally free sheaf of rank I line bundle h

has an inverse Hong
L Ox hi

and L L l O
he Picard group is

Piccy
Line bundles up to Group under

isomorphism

Under very mild assumptions leg projective
over ki

integral

the map farted is surjective

with kernel exactly the principal
divisors

Calculating these groups
is hard but they are critical

to understanding schemes

Movestructure lurking If
X proper dimension

n

then there is a natural map

Pic x
n z

In good cases we intersect n Cartier divisors

and count the number of points



7 SHELF COHOMOLOGY Hartshorne Ch III

Given a sheaf of abelian groups on a top spac

X the group TIX F is natural but loses

lots of information

EG X PI F Ox Fa G lconstant

have same global sections

Take X A Y 1A 10,07 we

saw t X Oy TY Oy Where has the

extra information gone
8711 Overview
Given IX Fl sheaf cohomology will give collection

of groups H X F ie IN with the following

features

1 The group Holy.FI TIX F

2 It's fundorial If 7 Xt Y and F is a

sheaf on Y then

H X F F Hi Y F ft



3 If I is the constant sheaf on a CW

complex nice top space H X Z is the usual

topological cohomology theory

4 It will take a SES

oaf's F F o and output

an exact sequence

04 HOLY F Holy F Holy F 1

H X F 7 H'lx F s

We will find interesting new invariants of

schemes that depend on the algebraic structure

eg
Hill Ox or if X Speck

is a scheme with a coherent sheet F

Xix F Itil dimkhilx.FI
Euler characteristic of a sheaf

Two facts If X affne I q oh
then

Hill F o for i o If X Apt H'IXQ1 0



72FORMAL ASPECTS

DEFITION7.1.1 An abelian group I is injective if

given E lifting I

A B

Remark 7.1.2 For abelian groups injective means

DIVISIBLE G divisible means gEG
ME IN

there is KEG st nh g
Ex Q Q I 68 arbitrary direct products

Nontrivial finitely generated is never divisible

ujective sheaf of abelian groups
is defined via

analogous lifting property
Constant sheet is not always injective

DEFINITIN 7.1.3 An injectiveresolution of A
is

an exact sequence
te

Ij injective

PROPINI 4 Injective resolutions of abelian groups



exist

Kt Every ab group injects
into a divisible group

Use G I 2k take 24 TIO quo

Now iterate o A

If
b k

o
Oh

D

COROLLARY 7.1.5 A sheaf of ab groups can be cab

into an injective sheaf

IF O Fx Ix for each stalk
Now

take 4 x ex and consider ul Ix

and F a IyllxlaIx Now use fact
I

that Housh G I Iythomap Gx Ix

Exercise If F is injective then given 0 7515,1
global sections stay exact

Given F replace by a complex of injectives

on F I and define

Hi X F Keggof
TCI at ith step

TCT



T Iii

IT II Iin

Attack Plan Replace a sheaf F on which you want to

appT TIX 1 with an injective resolution
Now apply

TIX 1
PROPERTIES 7.2.1 Ty
i Hilx is independent of resolution

is Given F 5 F 0 we get

connecting homomorphisms HilF Hit F1 giving

the promised LES

heareen 7.2.2 Grothendieckvanishing If X is

noetherian of dimension
n and F a sheaf of

ab groups on X HilX F o if in



LECH COHOMOLOGY

X topological space F a sheaf an X

U Ui ieI
an open cover of X Well order I

write Clio ip Uion slip
The group of deck p cochains

is

CPCU.FI IT Fluio ip
ios tip

There is a differential

CP d CPH given at CP

then date
apt

di I Pt
up im

Exercise d2 0

DEFINITION 7.3.1 the Cech cohomology groups are

17PM F the cohomology groups of the above

cochain complex



I

If U sucks then H will also suck For

example if U then you only detect 4

Examples 7.3.2 X S with F I the

constant sheaf Take U U V to be

a Intersection

Then 12 and C 12 with

d co C
Cech

cap b a b acochain
complex

11 I I kernel cokernel of d

This is super explicit

Assume all Uio Ip affine open
F q ooh

then tech computes cohomology

in particular g ooh cohomology
vanishes ofaffins

Work on IPE
THEOREM 7.3.3 Let F Opuld Then

as Traded vector spaces

HO IP F I k Xo Xn



H 11pm F I xnk xi Xi

HPIph Fl 0 for all other p

So help Old Td for deco

Wlan Old 1 I dn de n n

KF First part is trivial follows from def'n

secondpart standard cover Ui Mix it

observe F Vio ip KY Xxi Xip
K spanned by monomials

Yoko Xk with

Kio Kip E Z E rest in No

vectorspaces
are Ch KEY ing fi xn

In k Xo XDxo Xn



Since int o we get

P F Yim ch ch

K span
xoko Xin kick

k spanfxoto.r.xnkn.at
stoneki.oy

K span
monomials is all kilo

This is the claimed answer

at kuctionondision
View i P IP as N Xo Exact

sequence o Opnl l Opm iadpn.TO
Build this as an exact sequence of graded

modules over KEXo Xn Tensor with Opuld

By design we have a LES assuming result

for dimensions up to n 1 we get 3 seq



HOLIP FI HOCIP F THO IPn F H IP FI

sheaf on 1pm
1

H IP FI O

HPCIPh.FI HP IPYF 0kp2n 1

H up F H IP F H 1pm 1 F

H PF H IP F 0

The second sequence is also an isomorphism for

P 1 n 1by explicitly writing the first sequence

Now Xo makes HPIIP F a k Xo module

Calculate localization of this at Xo by localizing

the complex HP IP FI HP Uo Flu
0

Thus for any α EHI IP FI then ok 2 0

For some k But Xo is an isomorphism



SIMILAICALCULATION

If X A 10,017 then H XOy is

infinite dimensional

FACIF 3.4 Let X speak
be proper

F coherent on X Then HPCX F is

finite dimensional
over K

KExo Xi x2

If X N Ifd e IP f homog of degreed

Assume 11 0 01 4 X Then say

U Xn Nex E V Xn Nixa

can similarly write out tech complex

Get dimaHO X O
I

dink H'lx O

Calculating cohomology is hard
A simpler but

useful invariant is the Euler characteristic



Easiestcompute Euler characteristics

Given Xlk proper E F coherent on X

set XIX F til dink
H'IX F

Since 0nF Ft F 70 gives Les

XCX F XIX F X X F

Let X be a I dimensional scheme
The larithmet

genus of X
is palX I X c Oc

OROPIRTY suppose Z X Yee
Then

if F G are sheaves on X Y and

P p F P G Then

EP X X F 714,9

Vice COROLLARY No product of curves
of

ghee is a hypersurface in IP



7 4 CHOICE OF COVER

THEOR 7.4.1 let X be affine noetherian J

in hnt For any cover U Ui the

groups Hilx F o for 170

Ioof Define the sheatified tech complex

etat IT Fluio ripif hip
where i Uio rip X is the inclusion

The sheaves EPIFI are quasi coherent

and TIX eP f CPIFI the usual

group of p
chains

Differentials et F EH Fl as usual

You on affiner taking global
sections preserves

exactness Ex Sk IV 010

Now it suffices to prove exactness of



elf e'IF E F

Now can check exactness at stalk level

let qeX and let qeUj Now define

K E F EP F
q

α 1 Kla

The io Ip i factor of 1212
is equal to

djio ip_ where if the

indices are wrong order
and Gespt puts

it

in the right order this means

sgnfol.toglEliot Glip i

By direct calculation Exercise dktkd id

We know im et et kerlet epty

Conversely if deker eP ePt then

kdtdklkl dlkdltimlep 1 e.tl



LEMIA 7.4.2 Let affine and F q coherent

Fx U Ui Uk and 2 440 Uk Then

cohomology groups Fein Fl tifu.FI

3oof.sketch LetCPIF1 and It I be the

deck groups for these covers There are

maps
EP CP and JEEPIFI

is 12,201 where

HP ie.FI HMU F necpddoect.lt

by dropping no data Commutes w differential

gives a cohomology map

Exercise Use Them
7.4.1 to prove injectivity

and

surjeelvity by reducing to affine
schemes

COROLLARI 4 3 For a scheme X and F g ooh

the groups Hills Fl
are independent of cover

U of X



7.5 IHERTOPICS
in COHOMOLOGY

One can extract concrete consequences from

sheaf cohomology
For example let

Xd IP be W fd homog degd

Then if do 3 then Xd is not isom to a

sroduct lover spec kt of
schemes of dim 1

Similarly schemes Xd for different d are

never isomorphic calculate IX 0 1

KALIHEORY Given ZGX a closed subscheme

her I Keel It Ox Oz this is also coherent

EFINITION 7 4 3 the conormal sheaf is given by

I I4 where I is the shafification of the presheaf

UH I 4 U Notation Nyx



f X z have all regular local rings then N

a locally free sheaf of rank codim Z X

The normal bundle is N HomgzlNzix.dz

EFINITION 7.4.4 If X is separated define the

trenwedfine
Sx y N

xy

agglogy
Normal bundle of in

Tx

f X is non singular then
this is a bundle

locally
free

the determinant bundle is 11dm Rx Wx

SITAFASTOC.TO THE
PRESHEAF

IEM4 5 serve Duality If X is nonsingular

ojective over k of dimension n If F is

cally free of finite rank Oxmodule then

Hi X.FI Hn ilX FVxowxY

where might you go from here



gly g f






