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Part I11 Michaelmas, 2022

COMBINATORICS
B. B.

Examples Sheet I1.

If an exercise scems to make no sense, correct it and then solve if.

11, Lot 2 < 2k < n, and let A C [n)®) U [n]™*) be an antichain
(Sperner system). Set A; = AN [n]®. At most how large is

min {|Ak|, | An-k}?

12. Two partitions of P(2n) are orthogonal if no two sets belong to
the same chain in both partitions. Show that for n > 1 there are two
orthogonal partitions into (%) chains each.

n

13. Let A C P(n) be an antichain with

2 (ﬁl) -1

Show that A = [n]™ for some r, 0 < r < m.

14. Let A C P(n) be an antichain. Show that SacalAl < m(l),
where m = |n/2] + 1.

15. Show that if F C [n)(S¥) is an intersecting antichain then |[F| <
n—1

(k22)-

16. Let X be the disjoint union of sets Y and Z with |Y| and |Z|

even. What is the maximal cardinality of a set system A C P(X) if .
A, Be A, A# B and A C B imply that

ANY #BNY and ANZ#BNZ?

17. Let 1 < k < n. What is the maximal cardinality of a family M of
k x k submatrices of an n X n matrix, such that any two matrices in
M have a common entry?

18. An s x s matrix (a;;) whose rows and columns are permutations
of a set S with s elements is called a Latin square of order s, based on
S,‘ Two n x n Latin squares, (a;;) and (b;;), say, are orthogonal if the
n? ordered pairs (aijy biz) are all distinet,

(i) Show that for n > 3 there arc at most n — 1 orthogonal Latin
squares of order n.
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(i) Show that for n >3 there is a projective plane of order n if and
only il there is a (.mnplelo sel. of n — | orthogonal Latin squares of

order n.

19. Let A = {Ay,...,4,} € P(n) be a set system such that if
A AL A € A samslv /l NA; # 0, Ayn A # 0 and A0 A # 0
then 4 NA; N Ay ;LV) Show llml |A| < 2"~ n, and this bound can
be attained lm every n.

20. Let 71. .oy 2y be iid. Bernoulli random variables with P(Z; =
1) =p>1/2and P(Z; = 0) = 1 — p, and let Z be a convex linear
combination of the Z;. Thus P(Z; = 1) = p and Z = } ;" ¢iZ; with
Cly .+« Cp NON-Negative reals summing to 1. Make use of the Erdés-
Ko-Rado theorem to prove that

P(Z2>1/2)2p

21. Let F ¢ X™ be such that if A, B and C are three sets in F then
ANB ¢ C. Show that |F| < (Lr;’zj) + 1. What bound can you give
for the cardinality of F if we do not assume that it is uniform, i.e. we
assume only that 7 C P(n)?

22. A family A C P(n) is convex if A C B C C and A,C € A imply
that B € A. Show that if A C P(n) is convex then

S0 ()

AeA

23. Let z,z;,...,z, be positive real numbers. Without any reference
to the Littlewood-Offord section, show that at most (|,.),) of the sums

Y ica Li are equal to z.
24. What is the maximal cardinality of a family A C P(n) without
a chain of length five? [Thus A does not contain five nested sets,

Ay C-- C A5]
For what values of n > § is the extremal family unique?

25. Let zy,...,z, be real number of modulus at least [, andlet I C R
I)v an inter val of length ¢, For at most how many s(\qu(‘m es € = ()1,
= %1, do the sums Y7 2y belong to I?
vao a hound that can be attained whenever < 2n.



