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Exercise 3.1. Suppose that S is a (1,1)—tensor and R is a (0,2)—tensor, both at least
C'—regular, which with respect to a local basis {e, } may be written:

S==5e,®e", R=R, e’ ®e.
Suppose V is the Levi-Civita connection.
i) With the notation of Lemma 2.5, show that:

V/{ (SuuRaT) = (vnsuu) RO’T + S'ull (VHRO'T) .
ii) how also that
Viots =0, Vg =0, V.g"".

Conclude that V, thought of as a map from (p,q)—tensors to (p,q + 1)—tensors
commutes with contractions and raising and lowering of indices.

Exercise 3.2. In a local coordinate basis, {% = %}, show that we can write
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Deduce that for a local coordinate basis
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Exercise 3.3. For V € X,(M), the divergence of V, written div,V € C"1(M;R) is
defined with respect to a local basis by:

divgV :=V,VF =¢e" (V. V).

Show that with respect to a local coordinate basis we have:

1 0
divyV = —=— (VIgl").
g \/E 81’“ ’g’
Deduce the expression for the wave/Laplace operator with respect to local coordinates,
using;:

g f = divy (gradgf) .

Please send any corrections to c.warnick@warwick.ac.uk



Exercise 3.4. Consider the sphere S? = {x € R? : |x| = 1}, and set

U=\ {(—V1-12,0,t): t € [-1,1]},

i.e. the sphere with a line of longitude from north to south pole removed. We define a
coordinate chart (U, ), where ¢ is defined in terms of its inverse by:

et (0,7) x (—m,7) — U
sin 6 cos ¢
(0, 90) — sin 0 sin ¢

cos 6

a) Show that with the standard identification of tangent vectors in S? with vectors in R?
that we have

P cos 6 cos ¢ 9 —sinfsin ¢
20 ~eg:=| cosfsing |, 3 ~ ey = sin # cos ¢
o1 (6.6) sin @ lom10.6) 0

b) Show that

<30769>’@71(9,¢) =1,
<69, e¢>>’¥,—1(9,¢) =0,
(e4, e¢)]¢_1(9’¢) = sin? 4.

where (,) is the standard inner product on R3.
¢) Deduce that in the 6, ¢ coordinates:

gs2 = db?* + sin® 0dg?.

d) Show that in these coordinates:
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e) Suppose f is a smooth function on S2. Show that:
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Exercise 3.5. In the case that (M, g) is the Minkowski spacetime and that {e,} is
an inertial frame, show that (2.18) agrees with the previous defninition of the energy
momentum tensor.




Exercise 3.6. a) Supposew € X;_;(M) and XY, Z € X;_1(M). By considering (2.21)
with f = w[Z], and recalling that X (w[Z]) = (Vxw)[Z] + w [Vx Z], show that:

w[R(X,Y)Z]+ (R(X,Y)w) Z = 0.
b) Deduce that in a local basis, the action of R(X,Y’) on a one-form is given by:
R(X,Y)w=—R 5, X'Y" w,e’
¢) Show that if S, So are Ck—1_regular tensor fields, then
R(X,Y)[51® 9] = [R(X,Y)S51] ® 2 + 51 @ [R(X,Y)S] .

d) Deduce that in a local basis, the action of R(X,Y’) on an arbitrary (p, ¢)—tensor is
given by:
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Exercise 3.7. Recall the Schwarzschild metric in Painlevé-Gullstrand coordinates (Ex-
amples 7, 9, 12) is a Lorentzian metric on M = R x (0,00) x S? given by:

2 2
g=— (1 _ m) dt? + 24/ 2 dtdr + dr? + r2gge,
T T

And let us choose the local basis of vector fields {e,}, as in Examples 7, 9. Let ¥ =
(0,00) x S? ~ R3\ {0}. Consider the map

v > o= M
(p, X) = (0,p, X).

In other words, the suface +(X) is the surface {t = 0}.
a) Show that the future directed unit normal of +(X) is given by:
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N=eyg=— —1/ ——.
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b) Show that the induced metric h is the canonical flat metric on R3 \ {0}:

h =dp® + p*gse.
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[Hint: consider k(b;, b;) for a suitable basis of vector fields on ¥ such that +*b; = e;,
and use (2.13)]

c¢) Show that:



d*) Under a change of coordinates = pX from polar to Cartesian coordinates, you are
given that h and k become:

h = 6;jdz"dx?

2m 31,‘1'1,‘]' i ;
k= |:B3<5ij—2|x|2>dl‘ dx?.

Show that:
k|2 — (Trpk)® =0,

and

divhk —d (Trhk) = 0.

[Hint: Note that since h is the canonical metric on R? in Cartesian coordinates,

(divpk); = Oiki; and (df); = 0, f ]



